Ritz-Volterra Reconstructions and A Posteriori Error
Analysis of Finite Element Method for Parabolic

Integro-Differential Equations

G Murali Mohan Reddy* Rajen K. Sinhaf
February 4, 2013

Abstract

We derive a posteriori error estimates for both semidiscrete and implicit fully dis-
crete backward Euler method for linear parabolic integro-differential equations in a
bounded convex polygonal or polyhedral domain. A novel space-time reconstruction
operator is introduced, which is a generalization of the elliptic reconstruction operator
[SIAM J. Numer. Anal., 41(2003), no. 4, pp. 1585-1594], and we call it as Ritz-Volterra
reconstruction operator. The Ritz-Volterra reconstruction operator in conjunction with
the linear approximation of the Volterra integral term are used in a crucial way to de-
rive optimal order a posteriori error estimates in L°°(L?) and L?*(H')-norms. The
related a posteriori error estimates for the Ritz-Volterra reconstruction error are also
established. We allow only nested refinement of the space meshes for the fully discrete

analysis.

Keywords. Parabolic integro-differential equation; finite element method; semidiscrete,

fully discrete; optimal a posteriori error estimate.

1 Introduction

In this paper, we address successfully the problem of obtaining a posteriori error estimates for
both semidiscrete and fully discrete approximations to the solutions of the initial-boundary

value problems for the linear parabolic integro-differential equations (PIDE) of the form

(1) u(z,t) + Au(z, t) = /0 B(t, s)u(x, s)ds + f(z,t), (z,t) € QxJ,
u(z,t) = 0, (x,t) €00 x J,
u(z,0) = wup(z), = €N
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Here, Q C R% d > 1 is a bounded convex polygonal or polyhedral domain with boundary
00, J = (0,T] with T < oo and w(z,t) = %(x,t). Further, A is a self-adjoint, uniformly

positive definite second-order linear elliptic partial differential operator of the form
A=-V.(AVu),
and the operator B(t, s) is of the form
B(t,s) = =V - (B(t, s)Vu),

where “V” denotes the spatial gradient and the coefficients matrices A and B(t, s) are as-
sumed to be in L™ (Q)dXd. Moreover, the initial value vy = ug(z) and the nonhomogeneous
term f are assumed to be smooth for our purpose.

Such problems and variants of them arise in various applications, such as heat conduction
in material with memory [10], the compression of poro-viscoelasticity media [11], nuclear
reactor dynamics [12] and the epidemic phenomena in biology [5]. The existence, uniqueness
and regularity results for above problems can be found in [22] and references therein.

A priori error estimates for such kind of problems and their variants are quite rich in
the literature. We refer to [4, 14, 16,20, 22] for optimal order a priori error estimates for
semidiscrete scheme and [23] for fully discrete scheme. Although a wide range of articles
related to a priori error estimates are available, a posteriori error estimation of such kind of
problems is still wide open.

A posteriori error estimation is the basis for efficient adaptive meshing procedures de-
signed to control and minimize the error. Over the last two decades, a posteriori error
analysis for the finite element methods for partial differential equations has been an area of
active research [1,6-8,13,15]. While much of interest has focussed on elliptic and parabolic
problems, relatively less progress has been made in the direction of a posteriori error anal-
ysis of PIDE. For an overview and summary of current research activities in the later area
we refer to the articles [18,19]. In the absence of the memory term, i.e., when B(t,s) = 0,
a posteriori error analysis for linear parabolic problems have been investigated by several
authors [2,6,8,13,15,21] in recent years. In [8], the authors have derived quasi-optimal error
estimates in L°°(L?(Q2))-norm via duality technique. Subsequently, optimal order estimates
in L?(H'(Q)) and suboptimal estimates in L>(L?({2)) norms are derived in [21]. In [13,15],
the authors have used the elliptic reconstruction in combination with energy techniques to
derive optimal order a posteriori error estimates for the heat equation in L>(L?(2))-norm.
Since then several authors have considered the elliptic reconstruction operator as an ana-
lytical tool to derive a posteriori error estimates in various norms for linear and nonlinear
parabolic problems [9,13,15].

In this paper, we have derived first optimal order a posteriori bounds for PIDE in
L (L?(2))-norm for the semidiscrete case and in L°°(L?(Q)) and L*(H(Q)) norms of the
error for the practically more relevant backward Euler fully discrete scheme. The proof of
a posteriori bounds for the semidiscrete and fully discrete analysis necessitates the careful
introduction of a novel space-time reconstruction operator and we call it as Ritz-Volterra
reconstruction operator. This Ritz-Volterra reconstruction may be thought of as a general-
ization of the elliptic reconstruction introduced earlier by the authors in [13,15] for parabolic
problems. An attempt has been made in this exposition to carry over a posteriori error anal-

ysis of parabolic problems to PIDE. Due to the presence of the Volterra integral term in
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(1) such an extension is not straightforward. The complications arises because the Volterra
integral term memorizes the jumps over all element edges in all previous space meshes. We
first prove optimal order a posteriori error estimates for the Ritz-Volterra reconstruction
error. Then, introducing Ritz-Volterra reconstruction operator as an intermediate solution
we derive a posteriori error estimates. For fully discrete analysis, we allow only nested
refinement of the space meshes.

We organize the paper as follows. In Section 2, we introduce some standard notations
and preliminary materials to be used in the subsequent sections. The Ritz-Volterra recon-
struction operator in the context of semidiscrete scheme is introduced in Section 3. Section
4 is devoted to the related a posteriori error estimates for the reconstruction error and a
posteriori error estimate for the parabolic error. Further, optimal order a posteriori error
estimate in L°°(L?) norm is derived for the semidiscrete scheme. Finally, optimal order a
posteriori error estimates for the implicit backward Euler fully discrete scheme are estab-

lished in Section 5.

2 Notations and preliminaries

Given a Lebesgue measurable set w C R?, we denote by LP(w),1 < p < +00, the Lebesgue
spaces with corresponding norms || - || 1»(,,). When p = 2, the space L?(w) is equipped with
inner product (-,-),, and the induced norm || - |z2(). Whenever w = Q, we remove the
subscripts of ||.[|z2(wy and (-, -),,. Further, we shall use the standard notation for Sobolev
spaces W™P(w) with 1 < p < 400. The norm on W™P(w) is defined by

1/p
HU”m,p,w = (/ Z |DaU|de> , 1 <p<oo

la|<m

with the standard modification for p = co. When p = 2, we write W™2(Q) by H™(Q) and
denote the norm by || - ||,,. In particular, H}(Q2) signifies the space of functions in H(Q)
that vanish on the boundary of 2 (boundary values are taken in the sense of traces).

Let a(-,-) : HE(Q) x H(Q) — R be the bilinear form corresponding to the elliptic
operator A defined by

a(v,v) = (AVo, V), Yo, € HEH(Q).
Similarly, let b(¢, s; -, -) be the bilinear form corresponding to the operator B(t, s) defined on
Hy () x Hg (2) by
b(t, s;0(s), ) == (B(t,s)Vu(s), V), Yu(s), v € HY(Q).

Let by(t, s;+,-) and bs(¢, s; -, -) be the bilinear forms obtained by differentiating the coefficient
of b(t, s;-,-) with respect to t and s, respectively.

We assume that the bilinear form af(-,-) is continuous and coercive on Hg(Q) i.e.,
(2) la(¥, 9)| < all$lilléli  and al¢,¢) > Bl4ll3, V4, ¢ € Hy(Q),
with o, 8 € R*. Further, we assume that the bilinear forms b(t,s;-,-) and bs(t,s;,-) are
continuous on H}(Q) i.e.,
3) [b(t, 53(5), )] < AY(s)lllgll, ¥ (s), b € Hy(),
) Ibs(t, 53 0(), 8)] < VW)l (), & € HE(Q),
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with 7,7 € RT.
The weak formulation of the problem (1.1) may be stated as follows: Find u : J — H}(Q)
such that

5) () +a(ud) = / b(t, s1u(s). 8)ds + (f.6), Vo € HY(Q), teJ,
u(0) = wupg.

3 Semidiscrete finite element approximations and Ritz-

Volterra reconstruction

Let h(z) = diam(K), where K € T, and = € K denotes positive piecewise constant mesh-
size function corresponds to 7, = {K}, a shape regular, conforming triangulation of . Let
En = {E} be the set of internal sides of 7. These internal sides are edges in d = 2 and
faces in d = 3. The union of all internal sides (e, £ be denoted as ), .

We associate the following finite element space corresponding to 7p:

Sp={x € H}(Q) : x|k € Pr(K), forall K € Ty},

where Py, is the space of polynomials of degree < k with k € ZT. The semidiscrete finite
element approximation uy, : J — S}, of u is defined by

(6) (e, X) + alun, x) / b(t, 51 un(s). )ds + (. x), Vx € S,

up(.,0) = P,?uo,

where P,guo is the L?-projection of ug onto Sj,.
Representation of the bilinear forms. For a function v € Sy, following [13], the bilinear
form a(u,v) can be represented as

a(v,¢) = Y (—div(AVv),d)x + Y (Jilv],$)p. Vo € HY(Q),

KeT, E€é&y
where Ji[v] is the spatial jump of the field AVv across an element side E € &), defined as
(7) Jiv)|e(z) = [AVv]g(z) == lig(l)(AVU(x +evg) — AVu(z — evg)) v,

where vg is a unit normal vector to E at the point x. For v € Sy, let Agv be the regular
part of the distribution —div(AVv), which is defined as a piecewise continuous function such
that

(Aav, @) = > (=div(AV0),¢), V¢ € Hy(Q).

KeTy

Thus, we can represent our bilinear form a(-,-) as

(8) a(v,9) = (Aav,¢) + (1i[v], ¢)x,, Vo € Hy(9).

Similarly, one can represent the bilinear form b(t, s;-,-) as

(9) b(t7 S U(S)a ¢) = <Bel(t7 S)U(8)7¢> + <J2[U(S)L ¢>Zh,’ V(b € H(}(Q)v
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where Be;(t, s)v(s) is the regular part of the distribution —div(B(¢, s)Vuv(s)), which is defined

as a piecewise continuous function such that

(10) Balts)i().0) = Y (~Av(B9Te).0), V6 € HHO),
KeTh
and Ja[v(s)] is the spatial jump of the field —div(B(t, s)Vv(s)) across an element side E € &,
as defined in (7) with B(t, s) replacing A.
For s € [0,t], following [18], we define the discrete operators Ay : HE(Q) — S, and
B (t,s): HX(Q) — Sy, by

(11) (Anw,x) = a(w,x) and  (Bp(t, s)w(s), x) = b(t, s;w(s),x), VX € Sh.

Recall from [14] the following Ritz-Volterra projection Wy, : J — S}, defined by
t —
(12) a(Whu — u, x) = / b(t,s; Whu —u)(s),x)ds, Vx €S, teJ.
0

Definition 3.1 (Elliptic reconstruction [13, 15]) For a given v € H}(Q), we define the
elliptic reconstruction operator R : [0,T] — HJ () associated with the bilinear form a(-,-)
and is given by

G(R’U, (b) = <Ah’U, ¢>7 V¢ € Hé (Q)

The following definition generalize the concept of elliptic reconstruction and we call it as

Ritz-Volterra reconstruction.

Definition 3.2 (Ritz- Volterra reconstruction) Define the time-dependent Ritz-Volterra re-

construction Ry, : [0, T] — Hg, which plays a crucial role in our error analysis, by

(13) a(Ryv, @) —/0 b(t, s; Ryv(s), ¢)ds = (Apv, d) _/0 (Br(t, s)v(s), d)ds,

for all ¢ € HL ().

The function R,v is referred to as the Ritz-Volterra reconstruction of v. Note that in
the absence of the memory term this definition is equivalent to the definition of the elliptic
reconstruction operator above. Although, similar to the elliptic reconstruction we define the
domain of definition of Ritz-Volterra reconstruction to be Hg (£2) but we will use it effectively
on the finite element spaces only. The wellposedness of the Ritz-Volterra reconstruction
operator follows analogously to that of the elliptic reconstruction operator [15].

Remark. For t € J, an important property of the Ritz-Volterra reconstruction operator
R,, is that for v € H}(Q), v— R,,v is orthogonal to Sj, with respect to a(-, -) —fg b(t,s;-,-)ds,

ie.,

(14) a(Ruv — v, 0) — / b(t, 51 (Ruv — v)(s), 6)ds = 0, V6 € S,

This property is known as Galerkin orthogonality and is important in the sense that it allows

to obtain a posteriori error estimates.
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4 Analysis for the semidiscrete scheme

In order to give a posteriori error bounds, we decompose the main error e := uj — u as
follows:
e:=p—¢€, where p:= Ryup —u, €:= Ry,up— up.
Here, € is referred to as the reconstruction error whereas the time approximation error
information is conveyed by p, which will be referred to as the parabolic error. Unlike for the
parabolic problem [13,15], we don’t have any a posteriori error estimators available in the
literature to control the error e. In this section, we first derive a posteriori error estimates
for the reconstruction error (¢) which will then be used to obtain a posteriori error estimates
for the spatially semidiscrete Galerkin approximations to the problem (1).
We now recall from [17] the following interpolation error estimates.

Lemma 4.1 ([17]) Let 11, : H(Q2) — Sy be the Clément-type interpolation operator.
Then, for sufficiently smooth ¥ and finite element polynomial space of degree I, there exist
constants C1; and Cs ; depending only upon the shape-regularity of the family of triangula-
tions such that for j <Il+1

177 (¢ = M) | < Collv s,

and
A1/ (¢ — )y, < Cojlloll;-

We shall use traditional residual type a posteriori error estimators.
Residual. Using the definitions of the discrete operators Ay and By (t, s) and the distribu-
tional form of semidiscrete equation (6), we have

Apup, — /0 By, (t, s)up(s)ds — Aequn —l—/o Bei(t, s)up(s)ds = Rlun] + (fn — ),

where Rup] = f —up — Aaun + fot Bei(t, s)upn(s)ds are the inner residuals and fj, = P,?f.
Further, we define

Jun] = Ji[us] 7/0 Jolun(s)]ds

as the jump residuals.

Below, we shall derive a posteriori error estimates for Ritz-Volterra reconstruction error.

Lemma 4.2 (Ritz-Volterra reconstruction error estimates)

For any v € Sy, the following estimates holds true:

[(Rwv = v)(#)]

t t
< Ch1h||Apv — Aqv — / By (t, s)v(s)ds + / Bei(t, s)v(s)ds]
0 0

P00 - [ Bloldsls,
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and

[(Rwv = 0)()]|

t t
< Csh?||Apv — Aqv — / B (t, s)v(s)ds + / Bei(t, s)v(s)ds||
0 0

t
2ol = [ Bl
0

where C;,7 =1,2,3,4 are positive constants independent of the discretization parameter but
depending upon the shape-reqularity of the family of triangulations and the final time T.

Proof. For all ¢ € H(Q2), using (8), (9) and (13) we have
t
oo =0.0) = [ btsi (B = 0)(). 0)ds
0
t t
= o) = [ Bults)o()ds. 0] —av,0) + [ bltsiv(s),0)ds
0 0
t t
= (Ahv—/ Bh(t,s)v(s)dS—Aew—l—/ Bei(t, s)v(s)ds, ¢)
0 0
t
AL R WPATE
0
An application of the Galerkin orthogonality (14) yields
t
oo =0.0) = [ bt.si (R0 = 0)(s). 0)ds
0
t t
= (Apv— / Br(t,s)v(s)ds — Aeqv + / Bei(t, s)v(s)ds, ¢ — o)
0 0

t
~(hlol = [ Blo()ds,o - o)y,
0
Now using Lemma, 4.1 with C; 1,7 = 1,2 as interpolation constants, we obtain

Ia(Rw’U -0, ¢)|
t t
< Coahllol | Anw — A —/ Bh(t,s)v(s)ds—i—/ Ba(t, s)o(s)ds|
0 0

t t
+Co B2 g1l o] — / Llv(s)]ds]s, + / 1b(t, 55 (Ruv — 0)(5), &)|ds.
0 0
Taking ¢ = R,v — v and using (3), we have
(a(Ruv — v, Ry — )|

t t
< ||Rwv — v1{0171h|¢4hv — Agv — / B (t, s)v(s)ds Jr/ Bei(t, s)v(s)ds||
0 0

1/2 v—tgvss t wU — V)(S)][1aS .
+Co,1 b 2|1 [v] /OJ[()]d Hzﬁv/o (R ) )Ild}

Now, coercivity property of a(-,-) and an application of the Gronwall’s lemma yield the
first inequality with C; = C1,¢(T)C;1/8,i = 1,2, where C ¢ is a constant appear due to
Gronwall’s lemma.



A POSTERIORI ERROR ANALYSIS OF FEM FOR PIDE 8

The proof of L? error estimate will proceed by the duality technique. For v € S, let
€ H*(Q) N H () be the solution of

(15) Ay = Ryv—wv in Q,
¥ = 0 on

satisfying the following regularity estimate (€ is convex) with the constant Cq depending
on the domain €2:

(16) [¥]l2 < Cal|[Rwv — 2.
Multiplying (15) by R,v — v and integrating over 2 and using Galerkin orthogonality (14),
we obtain

|Rwv —v||? = a(Ryv— v, — ) + a(Ryv — v, )

= a(RwU -0, ¢ - Hh¢) - /t b(tv S; (va - U)(5)7 ¢ - th)ds
) 0
+/ b(t, s; (Rywv — v)(s),)ds
0
= Ti+Iy+7s.

Using (8), (9) and (13), we arrive at
t t
i+Zy = (Apw—Agqu— / Br(t,s)v(s)ds + / Bei(t, s)v(s)ds,p — pa))
0 0

t
(o)~ [ lo(e)lds v - M)y
0
Now, using the fact

(17) b(t’ 53 (va - U)(S)a 7/’) = <(va - U)(S), B* (tv 8)1/1>,

where B*(t, s) is the formal adjoint of the operator B(t,s) and ||B*(t,s)y[ < Cp:[[¢]|2, we
obtain

|Z3] < Cps

Bl /0 |(Ruv — 0)(s)]ds.

The above bounds on 77, 7, and Z3, and an application of Lemma 4.1 with the interpolation

constants as C; 2,7 = 1,2, yields
t
|Rov — || < ||1/)||2{01,2h2||.,4hv —Agv — / By (t, s)v(s)ds
/ Be(t, s)v(s)ds|| + Cooh®/||.J1 [v] / Ja[v(s))ds]|s,

+os; [ ||<va—v><s>||ds}.

And hence, with an aid of (16), we have
¢ ¢
|Ruv — v|| < C12Cqh?|| Apv — Acv — / By (t, s)v(s)ds + / Bei(t, s)v(s)ds||
0 0

t t
+02}209h3/2||J1[v]—/ JQ[U(S)]dsHZhjLCQcB;/ (Ruv — v)(s))|ds.
0 0
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Finally, an application of the Gronwall’'s lemma yield the desired estimate with C35 =
Co.c(T)C12Cq and Cy = Cy ¢(T)Ca,2Cq, where Cs ¢ is a constant appear due to Gron-
wall’s lemma.

We now define the following error estimators.

(18) Oo(un()) := Csh®|R[un (D] + Cah®?|[3[un (®)]],

(19) Osc(g(t) := llgn(t) — g(®)]].

Here, (19) denotes the oscillations of g in L?*-norm where gy (t) = PPg(t).
The following lemma yields a bound for the time derivative of the reconstruction error.

Lemma 4.3 For any v € Sy, the following bound holds true in terms of the reconstruction

error:

[(Rov —v)¢]] < C’5h2H—{Ahv Aelv—/ Bh(t,s)v(s)ds+/ Bel(t,s)v(s)ds}ﬂ

+C h3/2||7 /J2 ds ”Z +C7/ [(Rwv —v)(s)||ds
+CS||Rw'U_UH'

In particular, for finite element solution uy, the following a posteriori error bound holds

true:

[ (Ruwun — un)ell

t t
< Csh? H—{Ahuh Aeluh—/o Bh(t,s)uh(s)ds—i—/o Bel(t,s)uh(s)dS}H

t

+ ol Gl = [ Bl (olds}ls, + Cx [ @utuns)is
+C’7Cg/o h? Osc(f(s))ds + CsOp(up) + CsCsh? Osc(f(t)),

where C;,7 =5,6,7,8 are the positive constants independent of the discretization parameter

but depending upon the shape-regularity of the family of triangulations and the final time T'.
Proof. Differentiating (14) with respect to ¢, for all ¢ € Sy, we have
(20) a((Rwv —0)i,¢) = bt 1 (Ruwv —v)(t), §)

- /Ot be(t, 85 (Rypv — v)(8), ¢)ds = 0.

Consider the dual elliptic problem with the forcing function to be (R, v—wv);. For v € Sy,
let ¢ € H2(2) N H}(Q), be the solution of

(21) A = (Ryv—v); in Q,
v = 0 on

satisfying the following regularity estimate (€2 is convex) with the constant Cq depending
on the domain €2:

(22) ]|z < Call (Ruwv —v)..
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We first multiply (21) by (R,v —v); and integrate over Q. Then, rearranging terms and

using (20), we obtain
(23) I(Ruwv — )l
¢
= a((Rwv—v)y, ¥ — pe) — /0 be(t, s; (Rwv — v)(s),¢ — Hpp)ds
—b(t, t; (Rwv — ) (), — ) + / be(t, 5 (Ruwv — v)(s), ¥)ds
0
+b(t, t; (Rwv —0)(8), %) =T1 + o+ T3 + Ta + Ts.

In order to handle the first three terms, arguing analogously as in the proof for the second

inequality in Lemma 4.2, we have
t
a(Ryv — v, — Ipeh) — / b(t, s; (Ryv — v)(8),% — pep)ds
0
¢ ¢
= (Apv— / B (t, s)v(s)ds — Aeqv + / Bei(t, s)v(s)ds,yp — )
0 0

~(hp = [ Blo)lds s~ )y,

We differentiate both sides of the above equation with respect to t. Then, use of Cauchy-
Schwarz inequality and Lemma 4.1 with the interpolation constants C;2, 7 = 1,2 leads

to

|a((Ryv — v)g, ¥ — Tpah) — /0 bi(t, s; (Rwv — v)(s), v — IIpa))ds

_b(ta t; (va - 'U)(t)’ ¢ - th)‘

= \(%{Ahv — Agv — /0 By, (t, s)v(s)ds + /0 B.(t, s)v(s)ds}, W — Ipep)
(G {nil = [ Blds} o -,

< ote{Cuak?l 5 Ao — A= [ Busiotsids + [ Bate.uisias}

d t
+CQ’2h3/2||${J1 [’U] —/O JQ[’U(S)]dS}Zh}
For the terms J4 and J5, use the fact
bi(t, s; (Rwv —v)(s),9) = ((Rwv —v)(s),B;(t,5)¥),

and (17) together with [|B (¢, s)¥|| < Cp;ll¥l2 and [|B*(t, )| < Cpy ]|z, where B (t, s)
is obtained by differentiating the coefficient of the operator B*(t,s) with respect to ¢, to

obtain

[(Ruwv = v)elf?

d

t t
< ||w||2{0172h2||dt{./4hv—Aew—/o Bh(t,s)v(s)ds+/o Ba(t, s)u(s)ds }|

0o b2 S ] - / Tafo(s)lds s,

vav}.

t
JrCB;/ [(Rwv —v)(s)|ds + Cpy
0
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Using (22), the desired estimate follows with constants Cs = C1 2Cq, Cs = C22Cq, C7 =
CB; Cq and Cg = C’Bé« Cq. The second estimate follows immediately from Lemma 4.2, (18)
and (19) with wuy, replacing v.

The first two terms in the previous error estimate can be handled in the following way.

H—{Ahv— ew—/ Bu(t, s)v )ds+/0 Ba(t. syu(s)ds |
:||%[ [un] + (fn — DI = [Re[un]l + Osc(fi(t)),

and

It = [ ivteas s, = bl
Now, we define the estimator for the time derivative of the reconstruction error by
(24)  ©os(un(t)) = Csh®|[Refun(t)]] + Csh® Osc(fe(t), L) + Csh®?|Jelun]ls,
+Cr /Ot Oo(up)(s)ds + C7C5 /Ot h? Osc(f(s))ds
+CsO0¢(up) + CsCsh? Osc(f(t)).
We now derive a posteriori estimate for the parabolic error p in the following lemma.

Lemma 4.4 The following estimates holds true for the parabolic error:

()]l < Co [IIP(O) |+ 2/0 {0, (un(t)) + OSC(f(t))}d81,

where Cq is a positive constant independent of the discretization parameter but depending
on the final time T.

Proof. Using (6) and the definition of the Ritz-Volterra reconstructions, we have the follow-

ing error equation for p(t)

<m@+da@f/bw$M%@$
0
= <Rwuh,t> ¢> + a’(Rwuha ¢> - /0 b(tv 53 Rwuh(8)7 (b)ds - (fa ¢>
:@wm@+MwﬁABNMW@@@*%@
(25) e d) + (- fd), tel

for all ¢ € H}(Q). Set ¢ = p in the error equation (25). Apply Cauchy-Schwarz inequality
and Young’s inequality together with (3) to obtain

i
33l + o) = (cr.p) + (= f)+ [ b(t530(5). )

2 t 2
< S Bllf + 5<AHMﬂm%>+(kd+Hh—ﬂme

(26)
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Integrate (26) from 0 to ¢t. Then, use coercivity property of a(-,-) and Cauchy-Schwarz

inequality to obtain

t C/(T)’YQ t s
2 2 2 T 2 T
lo@)I? + B / ol < o)+ S5 / / lo(r)|2drds
+2 [ (el + 1= 1)l

where C'(T') is a positive constant depending on the final time T. Applying Gronwall’s
lemma and letting ||p(f)|| = sup,<, [[p(s)l|, 0 < ¢ < t, with the notations (19) and (24)
yields the required estimate.

The semidiscrete a posteriori estimate in L°°(L?)-norm is presented in the following
theorem.

Theorem 4.5 (Semidiscrete a posteriori error estimate) Let w and up, satisfy (1) and (6),
respectively. Then the following a posteriori error bound holds for 0 <t <T:

_ <
Joax, [(w —un) ()| < Cy

1w(0) — un(0)]| + Oo(un(0)) + Csh?Osc(f(0))

+2/0 (@07t(uh(t)) + Osc(f(t)))ds + O¢(up(t)),

where Cy is as defined in Lemma 4.4.

Proof. Choosing the Ritz-Volterra reconstruction R,up € Hg () as the comparison func-

tion, express the error as
27)  e(t) = un(t) — u(t) = (Rwun(t) — u(t)) — (Rwun(t) —un(t)) = p(t) — €(t).
Also, we have

1) < [[u(0) = un ()| + | Rwun(0) — un(0)[| = [|u(0) — un(0) + [[€(0)]].

Combine Lemma 4.2 with Lemma 4.4 and (27) to complete the rest of the proof.

Remarks. (i) The a posteriori error estimator obtained in Theorem 4.5 generalizes the
result of purely parabolic problem to parabolic integro-differential equation. In the absence
of the memory term (i.e., B(¢, s) = 0), our error estimator is similar to that for the parabolic
problem [15].

(#i) Theorem 4.5 gives the dual a posteriori analogue of a priori error estimate for semi-
discrete finite element approximations to PIDE (cf. [14]).

(791) Note that Ritz-Volterra reconstruction operator defined by (13) is a partial right
inverse of the Ritz-Volterra projection [14] defined by (12). Let U denote the Ritz-Volterra
reconstruction of the finite element solution uy, then by Galerkin orthogonality property
(14)

U = Ryup = WiU = uy,.
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5 Analysis for the fully discrete scheme

In this section, we shall discuss a posteriori error bounds for the fully discrete Galerkin
approximations to the PIDE (1) based on backward Euler method. While dealing with
the fully discrete scheme, we use the same symbols introduced for the semidiscrete scheme
by dropping the subscript index h and using the index n. Here, we denote the fully dis-
crete finite element approximation by U as compared with the semi-discrete finite element
approximation uyp,.

In order to discretize in time, we introduce the partition 0 =ty < t; < ... <ty =T
of [0,T]. Let I, := (tn—1,tn] and we denote by 7, := t, — t,—1 the time steps. For
t=t,, n€[0:N], weset f*(-) = f(,tn).

Let h,(z) = diam(K), where K € T, and € K denotes the local mesh-size function
corresponds to each given triangulation 7,. Let S, denotes the set of internal sides of 7,
representing edges in d = 2 or faces in d = 3, and ), denotes the union of all internal sides
Uges, E.

Let (Tn)nepo:n) be family of conforming triangulations of the domain 2. Each triangu-
lation (7,), for n € [1 : NJ, is a refinement of a macro-triangulation M of the domain
that satisfies the same conformity and shape-regularity assumptions (cf. [3]) made on its

refinements. We assume the following admissible criteria as mentioned in [13]:
1. The refined triangulation is conforming.

2. The shape-regularity of an arbitrary refinement depends only on the shape-regularity
of the macro-triangulation M.

We allow only nested refinement of the space meshes at each time level ¢t = ¢, n € [0 : N]
ie,for0<j<i<N,&§NS; =S§;, (cf. [18]). The complications arises during mesh change
because the Volterra integral term memorizes the jumps over element edges in all previous
space meshes.

Now we associate with these triangulations the finite element spaces:
V"= {p € Hy(Q): ¢|x € P, VK € T, },

where P; is the space of polynomials in d variables of degree at most [ € Z™.
Let 0™ be the quadrature rule used to discretize the Volterra integral term. To be

consistent with the backward difference scheme, we use the left rectangular rule given by
n—1 tn
7"(5) = 3 mawty) ~ [ ul)ds
=0 0

For a function v € V™, the bilinear form a(-,-) can be represented in the same way as in (8)
ie.,

a(v, ¢) = (Aav, ¢) + (1[v], ¢)x,, Vo € Hy(Q).

But, the representation of the bilinear form b(t,;-, ) needs a little modification. For a

function v € HE (), we represent the bilinear form b(t,;,-) as

" (b(tn; v, 0)) = (0" (Barv), ¢) + (0" (J2[v]), ¢} . Vo € Hy(9),
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where Bgv and J2[v] have the usual meaning as in (10) and

n—1

" (b(tn; v, 0)) = (0" (B(tn)V0), Vo) = (3 7541 B(tn, t;) Vo (t;), V).
j=0
The discrete operators A™ and B"(s) at ¢t = t,, for the fully discrete case are defined in
the same way as in (11). Associated with A", let R™ be the corresponding fully discrete
elliptic reconstruction operator. Moreover, P§' denotes the L? projection operator into V.
The backward Euler-Galerkin fully discrete scheme may be stated as follows: Given
U% = PYu(0), find U™ € V*,n € [1 : N] such that

(28) T HU" = U1 n) + a(U", dp) = 0" (b(tn; U, én)) + (", dn), Vb € V™.

For all t € I,,, we introduce the continuous, piecewise linear approximation in time
defined by

Ut) :=l, (U +1,,(1)U™, forn € [1 : N,

where [,,_1(t) and [, (¢) are functions defined by

In(t) == f by and l,_1(t) := In = t.

Tn Tn

In the context of fully discrete error analysis, we now define the Ritz-Volterra recon-
struction operator R" : V* — H{ by

(29) CL(RZU, (b) - Un<b(t’ﬂ; va7 (b)) = <Anv7 ¢> - <U7L(an)? ¢>7 v ¢ € H(%(Q)

We shall use the following definitions in the subsequent analysis:

Uun — Un—l B Un — PnUn—l
U == U =PoU"=—9" _ Ype[l:N]

Tn Tn

and

r=ppgn.
Further, Lemma 4.1 holds true for the fully discrete case with II" : H}(Q) — V™ as the

Clément-type interpolation operator as introduced in [17].

Lemma 5.1 (Ritz-Volterra reconstruction error estimates)

For any v € V", the following estimates holds true:

IN

|Ryv — vl Cihp|| A — Agv — o™ (B"v) + o™ (Bev) ||
+CohY 2| J1[v] — o™ (Ja[v) s,
|REv—v|| < Csh2|A™v — Agv — 0™ (B"v) + o™ (Beo)||

+Cub 2|1 [0] = o™ (T2 []) s, »

where C;,j = 1,2,3,4 are the positive constants independent of the discretization parameters
but depending upon the shape-reqularity of the family of triangulations and the final time T'.
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Proof. The proof is same as that in the semidiscrete case. The discrete Gronwall’s lemma [23]
is used instead of the continuous one and the quadrature approximation is taken for the

integral term.

For any ¢ € HZ (), we have from (28)

(U™ + A"U™ — oc™(B"U) — f",¢) = (OU™ + A"U"™ — o™ (B"U) — f", P} ¢)
= (U™, F'¢) + a(U", Pg'p) — o™ (b(tn; U, P 9)) — (", F5' )

=7, (U" = PPU L Bg) + a(U™, P g) — o (b(tn; U, Po'9) = (", Pi'0)
=7, (U™ = UL Pio) + a(U", Pg') — 0" (b(tn; U, P'9)) — (f", F3'o)

The fully discrete scheme can be written in the following distributional form:
(30) oU™ + A"U™(x) = o™ (B"U(z)) + f*(z), Vr €.
For the sake of convenience, we shall use the following shorthand notation
w(t) = RyU(t), fortel,

to denote the Ritz-Volterra reconstruction of fully discrete solution U(t). Now, associate
w(t), t € I,, with the values w™ and w™~! by

Wt) = L1 (D)W 4 1 () w™.

Lemma 5.2 For eachn € [1 : N|, and for each ¢ € H}(Q), we have the following parabolic

error equation
t
B o) + alpo)— [ bltsipls).0)ds
t
= () +alo =" 0) - [ Htsus) o)
0" (b(tn; w, 0)) + (B3 f" = [, ) + 7, (PeU" ™1 = U 9).

Proof. For t € I,,, using (29), (5) and (30), we have V¢ € HZ(Q)
¢
o)+ alp.0)~ [ bit.sip(s), o)
0
= (o) +alwd) =~ [ Hsw(s).0)ds— (1.0)

- M@Haw@A%@$M$@$%@@W¢>
Fr BRUTY = U 0) — a(w™,6) + 0" (bt e, 6)) + (B 7, 0)
- @@+MWWﬂ@—[MwW®¢W+WWMw@)
B = £,0) + i RRUT = U g),

where we have used the fact that U™ = Uy(t), Vt € I,,.
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Remark. One can observe that in the absence of time-discretization error and mesh
change error ( i.e., in the absence of the second, third, fourth and sixth terms in (31))
fully-discrete parabolic error equation (31) reduces to the parabolic error equation (25) for
the semidiscrete scheme. This shows that space-time discretizations are properly adapted
to the space discretizations.

Similar to the semidiscrete case, define the inner residual for n € [0 : N] as:
R = AqU"™ — 0" (BaU) — A"U™ 4+ 0™ (B"U) = AqU" — 6" (BaU) — f* + 0U™,
R = AqU° — AU,
and the jump residual for n € [0 : N] as

(32) 3" = LU =" (LU]),
0 = Jl[UO]

(]

The inner residual terms can also be written in the following form

U" — ppuUn!

Tn

<R ¢ >i= Y (—div(AVU") + o"(div(B(t,)VU)) — P f(tn) +
KeTn

7¢>K

For the purpose of fully discrete analysis, we introduce the following estimators that are

local in time.

For n € [0: N],
(33) an = Cihy | R+ C2hl 213" s
(34) Bu = Csh2||R"| + Cahd 2|13 5,

are Ritz-Volterra reconstruction error estimators.
For n € [0: N],

n—1 n
(. .
(35) bn = 2(%31 ;{ajJFOéjfl}JrTﬁ;{%Jr%ﬂ}
n—1 n
+fn_12{||Uﬂ‘||1+|Uf‘1||1}+%5Z{||UJ‘||1+||UJ‘w})
Jj=1 j=1
+2")/\/1/3(7A'n2{04j+ij71}+’f'7212||anH1)
j=1 j=1

is the quadrature error estimator, where 7,, = max’;_, 7;.
For n € [1: NJ,

~ n—1
Tn n n
(36) Gn 1= cgcm(;) [hiuam |+ 122037 s, + gj]

are the space and mesh modification error estimators.

%H]ﬂ —oUt — AU, formn =1,

0 ””:{ Lrallo(f" — UM, forn € [25 N]
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are the time error estimators.
For n € [1: NJ,

Unfl

n

(38) pin = Criha||(Fg" = D(f" + )l

are the data approximation and mesh modification error estimators, and for n € [1: NJ,

1 [tn
(39) e M AR (01

are the data oscillations error estimators.
The following lemma yields a bound for the parabolic error p(t).

Lemma 5.3 (L>(L?) and L?(H') a posteriori estimate for the parabolic error). For each
m € [1: NJ, the following estimate holds:

b 1/2
(félf‘ﬁllp(t)l“rﬁ / ||p<t>|%dt) < lotto)] + 20 () (0 + 0F,) 2

where

m

O1,m = Z(Cn + Nn + )\n)Tna

n=1
m

U%,m = Z(fn + /Ln)2(7n/ﬁ)v
n=1
and C(t,) is a positive constant depends upon the time t,,.

Proof Set ¢ = p in the error equation (31) to obtain

G PO+ alo) = [ bltsipls).p)ds + (erp)

t
b alw—wp) =~ [ bitsi(s),p)ds + " (i, )
0
+ <P61fn_f7p>+Tr:1<P61Un_1_Un_17p>
Using (2), (3) and Young’s inequality, we obtain

2
1d 2 t
5O + §|p|%sgﬁ< / p(s>1d5> + lfet, o)

t

+ |a(w—w”,p)—/ b(t, s;w(s), p)ds + " (b(tn;w, p))]
0

+ (B = foo) + | Ut = U ).

Apply Cauchy-Schwarz inequality and then integrate from ¢,,_; to t,. Summing over n =
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1 :m and applying Gronwall’s lemma it now leads to

ot +5 [ 10l = lotao)? < 200

Z/( eult), ()

+la(w(t) —w™, p(t)) — / b(t, s;w(s), p(t))ds + o™ (b(tn; w, p(t))]
0
HUPG " = T HPFUTTE = UTY), p()] (" f(t),p(t)>l>dt]
C(tm) i(li + T2+ T3+ T = 2C (tm)Im,

where 7! denotes the spatial error, Z2 the time discretization error, Z3 the mesh change
error, Z2 the data oscillation error and C(t,,) is a positive constant appeared due to the
application of Gronwall’s lemma which will depend on t,,.

Denote t¥, € [0, t,,] the time for which

— t* = m .
e p@l = el = o]

Hence, we have
o2+ [ o0t < o) + 200

Spatial error estimates. To estimate the term Z}, for n € [1 : N], we note that

i = [ .ol

tn—1

n

tﬂ,
(40) — / (W™ — w1 — U 4 U, () dt.

tn—1

Since w™ — U™ is orthogonal to V™ with respect to a(-,-) — a™(b(tn; (+),-)), the first term
in the inner product is orthogonal to V* N V*~!. To give a simplified analysis, we exploit
here orthogonality property of the Ritz-Volterra reconstructions under the nested refinement
condition to introduce the Clément-type interpolation operator II™. We shall use duality
technique to estimate (40).

For t € (0,7), let v € H*(Q) N H(Q) be the solution of the following dual elliptic

problem in the weak form

a(x,¥(t)) = (x, p(t)),

satisfying the following regularity estimate:
(41) 1]z < Callpll, ¥x € Ho (%),

where the constant C depending on the domain 2. Now, using the definition of the Ritz-
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Volterra reconstruction and making adjustment of the terms, we have

<wn _ wn—l U™ + Un—l7 p(t))
(1))
(

= aW"—Ww"t U+ Uy
= a(W" —w"t UM+ UL () — T™p(t))

+0" (b(tnsw — U T"(2))) — 0" 7 (0(tn-1;w — U TT"(1)))
= a(w" =Wt U+ U (t) — TT™p(t))

—0" (b(tn;w — U, 1p(t) — II"4(1)))
0" (b(tn—15w — U, (1) — TT"9(1)))
+0" (b(tn;w = U, (1) — 0" (b(tn—13w — U, (1))

= (A"U" = o"(B"U) — AqU" + 0" (BaU), ¥(t) — I"y(t))
—(AMTIUT = o (BYTIU) = AqUn T A 0™ (BaU), (1) — (1))
+(o"(2[U]) — N [U”] a"” 1(Jz[U]) + AU, () - (s,
+0" (b(tnsw = U, (1) = 0" (b(tn-150 — U, (1))

Using the distributional form of the fully discrete scheme, on each interval I,,, we have

ArU™ — An—lUn—l 4 O,n—l(Bn—lU) _ Jn(BnU)
+ AU — AqU™ + 6™ (BaU) — 0™ (B U)
=R - R = —7,0R™.

Using (32) with J* — 3"~ ! = 7,,03", we now obtain

(42) (" ="t = U™+ UM p(t))]
< Tl0R(8) = P @)|| + 70T [, [14(2) = T (2) ],
Ho" (b(tnsw — U, (1)) — 0" (b(tn-150 — U, 9(1)))].

To handle the last term above, we use (17) by replacing (R,v —v) by (w —U) and Cauchy-
Schwarz inequality together with ||B*(t,,t;)v| < Cg:|[1[|2 for all j € [0 : n] to obtain

" ( ( n v(1)) = 0" (b(tn-150 — U, 1/J( )|
< |< Ti1(w = U)(E5), B (tn, 1) ZT]-H w = U)(t;), B*(tn-1,t;)¥(1))]
=0
< 7l Z w = U)A)B* (b, 1) ()] + Frr | Z w = U)(E) 1B (tn—1, t5) 9 (1)l
< CB*{ 3 Bj + Tn— 12_:5]“1/) (®)]|2
7=0
n—1

< [ B0 0z

<.
Il
o

where Cg: = 2Cp+. Using the above estimate in (42) and applying Lemma 4.1 with C1g =
4 1
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max (CBZ’ 1), we obtain

(43) [{w" ="t = U U p(1))]
n—1
< Croll@llafn [ |OR™ || + B3/ 203" |1, + Y Bs]-
3=0
Using (43) in (40) together with (41) yields
tn n—1
zio< Curt [ I ade 21090+ 12100 s, + 36,
tn—1 =0

<
< max||p(t)[|7atn,

where we have used (36). Summing from n =1 : m we obtain

STy < )Y k-
n=1 n=1

Remark. In the case of parabolic problem [13], the authors have introduced Clément-type
interpolation operator II" : H}(Q) — V*NV"~1 in order to handle spatial error term similar
to (40). But, in our analysis due to presence of the quadrature term, one has to look back
through all the previous time levels which will make the analysis much more complicated.
So, the introduction to such kind of operator is avoided using nested refinement condition.

Time error estimates. In order to count the time discretization error, let
. t
() = / B(t, 5)Veo(s)ds.
0
Then, for ¢ € I,,, we associate the integral vectors ¢(t,_1) and ¢(t,) with G(t) as

Qg(t) = lnfl(t)(lg(tnfl) + ln(t)qg(tn)

Then
[ sl pnds = tua(t) [ bltas.sials) o) ds
0 0
L) /O bt 5:0(s), p(t))ds.

By the definition of discrete time extensions, we get

IQ

[ latet) = p0) = [t s(5), 0 + 0" 05, ple) Nt

th_1 0

/ "l (00 L () — o, p(1)

tn—1

- [zm(t) / T s seao(s). p(1))ds

(1) / " bt 550(s), p(1))ds — 0™ (b{tn: w, p(1))) | |dt
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= [ @ o) = " bltrsn ()}
() = D alw", p()) = " (bltns 0, p(8))) }
1 (O] (bltn—1 0, p(1))) — / Bl(tn—1,53(s), p(t))ds |

1 (0{0" (0tuse () = [ bt si0(0).p(0) s .

Now, using the identity, llfl(fz(;)l = —1, for t € I,,, the definition of the Ritz-Volterra recon-

structions for the fully discrete case and by adjusting some terms, we obtain

@) 72 = [ ha@{A T p0) = " B p0) — (AU ()
(" (B V), p(0) } + bar ({0 b(tn-130 = U, p(1)))
—/0n_lb(tn_l,s;w(s)—U(s),p(t))ds}+ln(t){a"(b(tn;w—U,p(t)))
- / bt 5560(5) = U(s), p(t))ds bt + 11 (0) 0™ (b(tn 13U, p(1)))
- / b1, 5 U(s), p(0)ds } + ()] 0" (bt U, p(1)))

0
,/" bt 5 U(s), plt))ds bldt.
0

We know that if 91, (s) = (¢, — s), then we have

tn

(45) / " y()ds — Tay(tnt) = [ bin(s)

n—1 tn—1

dy

—Zds.
ds y

By setting y(s) = B(t,, s)Vu(s), s € I,,, we have

dy

0 = By (tn,s)Vu(s) + B(tn, s)Vug(s)
B;

= Bs(tn,s)Vu(s) + B(ty,, s)Vou"
= 1y_1(8)Bs(tn, 8)VU" ! 4+ 1,(5)Bs(tn, s)Vv™ + B(t,, s)VOou",

where we have used the fact v(s) = l,,_1(s)v" ! +1,,(s)v™ and vs(s) = dv™. Using (45), the

second term on the right hand side of (44) becomes

o (b(ty 1w — U, plt))) — /O T bt s w(s) — U(s), p(t))ds

nel o O Blta-1,5)V(w - 1)}
- CX | vt — s, V(1))
- z_: /t bs(tn—1, 53915 (s)(w = U)(s), p(t))ds

=X [ bty ()06 — Ul

j=1"7ti-1
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Thus, applying continuity of b(¢, s, -, ) and bs(t, s; -, ) together with the fact that [,,(t) <
1, tel,and l,_1(t) <1, t € I, we have

tn—1

" (b(tn—13w = U, p(1))) — / b(tn—1,85w(s) — U(s), p(t))ds|

0
fy/AQ n—1
< n—1 i 77 j—1 _ pri—1 }
< [ DR (o v
Jj=1
n—1 , . ) )
97s 3 {lle? U9 + [ - Uf-lnl}] o8-
j=1
Similarly, for the other terms, we have
tn
" Otwiew = Usp(®) = [ btnssia(s) — U(s), plt))ds
0

7’712 n . . . .
< | T2 S e~ U+ et~ 09 )

j=1

n

#78  { I = U+ o = Uj-lnl}] Ip(8)1

Jj=1

10" (blt—1: U, p(2))) — / " bt 5 U(s), p(t))ds]
0

~2 n—
S |:7l n—1

n—1
: {||UJ||1+||UJ'1||1}+m_12{||w||1+||Uf1||1}]||p<t>||1

1
j=1 j=1

and
™ (b{ta3 U, p(1))) — / " bt 5:U(5). plt))ds]

V' - j i—1 - j j—1
< |3 {071+ 107+ v S {107+ 109}l

=1 j=1

<.
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Using the above estimates in (44) and an application of Cauchy-Schwarz inequality yields

ln
I, < / (AU = o" (B TIU) = AU + 0 (BMU) | [l p(t) |t
t

n—1
,Y/ tn n-1 . ) . .
+Z / b ()72 3 e = U9l + = 07 ]
tn—1 i
j=1

N IR ([ e el
j=1
n

n—1
(720 > {07+ 107+ @72 Y o)+ ||U“||1}] ()t
j=1

j=1

tn n—1
+7/ [ln_l(t)ﬁ,_l > {||w] Uy + o’ = Uf—l\ll}
tn—1 j=1

n
i (tin 3 {llw? = U7 + w? = = 0971 }
j=1
o1 ()1 D NUT = UI Y|y + 107, Y (107 — UJ_1||1] p(t)||1dt.
j=1 j=1

With an aid of (33), we obtain

Iy < 12 mmax|p@)|| AU = o BYTIU) — AU + 0" (B"U))|
1/2 n—1

2 ([ aawa) RCETE

tn—1

tn 1/2 n
+ﬁ%( / z,%u)dt) S oy +ay 1)
tn—1 j=1
tn 1/2n-1 . '
s ([ ema) S o+ o)

tn_1 =
tn 1/2 n ) . tn 1/2
([0 ewa) S o] ([ teolka)
tn—1 j=1 tn—1
tn 1/2 n—1
+ [%-1 (/ li_l(t)dt) > foj a5}
tn—1 j=1

1/2 n

tn
+7n (/ l%(t)dt) Z{Oéj + aj_l}
tn—1 j=1
tn 1/2 n-1 '
+</ lil(t)dt) o1 U7 = U7y
j=1

tn—l

tn 1/2 n ‘ ‘ tn 1/2
+( / li(t)dt) %nZWJ—UHnl]( / ||p<t>||%dt)

tnfl tnfl

Jj=1



A POSTERIORI ERROR ANALYSIS OF FEM FOR PIDE 24

< 12 mmax p()] AU = 0" THBTTIU) = AMUT + 0" (BU)|

+4/1/3 71/?

n—1 n
7 (. .2
Bl (%1 Z{aj +ojt+7, Z{ij + -1}
j=1 j=1
n—1 n
720 3 {0+ T+ 72 S (o + ||UJ-11})
j=1 j=1
n—1 n
+7(fn—1 D Aaj+a b+ Y foj+aj1}
Jj=1 j=1

n—1 . ' n ) ) tn 1/2
aed ST = U 7 07— U)] ([ totoniar)
j=1 j=1

tn—1

IN

1/2 mumax [lp@)]| AU = 0" (BYTIU) = AU + 0™ (B"U))|

/ n—1 n
+7a/? [72 <ﬁf1 > oy +ajat+72) {aj+ a1}
j=1 j=1
n—1 n
+72, {||Uﬂ||1+|Uﬂ1||1}+%2Z{||Uf||1+||w11})
j=1

)

<

eI s+t + 323 lov )| ([ i)

j=1 tn—1
In view of (35) and (37), we have
m m m tn 1/2
S r <l omr Y ([ Iolia) e
n=1 n=1 n=1 n—1

Mesh change estimates. The term Z3 can be estimated using the orthogonality of
the L%-projection. Since V" C ker(P} — I), we have

(P =D(f"+7,'U" "), dn) =0, Vo, € V"

Using Lemma 4.1 and Cauchy-Schwarz inequality, we have

tn
3 = / (B — D™ + 7 U™, p(t) — T (1))t
tn—1 .
< Cuh, / 1By = D™ + 7 T D) 1p(0) ndt
e ‘. 1/2
< cnhnr,&“n(P&—I)(f”mlU"1>||< / l||p<t>|%dt> |

Therefore, in view of (38) we have the following estimate,

m m tn
73 /

n=1 n—1

1/2
Ip(t)llfdt> LT
Data Oscillation estimates. We have

tn
Tt < / 17— F0)]llo(e) e

tn—1

tn
(iréa}f ||p(t)|> /t 1f" = f(t)|ldt.

IN
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Thus, using (39) we obtain

m

m
ST < oD Anta
n=1 n=1

Combining these estimates we arrive at

tm
pr‘ll2+ﬁ/0 lp@®)IFdt < llp(to)]* +2C (tm)

”pln” Z(Cn + Nn + )\n)Tn
n=1

m tn 1/2
+Z< / |p<t>||%dt> A2+ )|
n=1

tn—1

To complete the proof of Lemma 5.3, we now use the following elementary fact. For
a=(ap,a1,...,am), b= (bo,b1,...,by) € R and c € R, if

la]? < ¢ +a.b,

then
la| < c| + ]

In particular for n = [1 : m], taking

tn 1/2
a0 = o7, an=<ﬁ / ||p<t>||%dt) L e= ot

tn—1
bo = 2C(tn) D (Go+ M + An)Tas b = 2C(t) (70 /B8)' 2 (€0 + pn),
n=1

we obtained the required result.
The main results concerning fully discrete a posteriori error estimates in L°°(L?) and

L?(H')-norms are stated in the following theorem.

Theorem 5.4 (Fully discrete a posteriori error estimates)

For each m € [1: NJ, the following error estimates hold:

max lu(t) = U@ < |IRLU° — u(0)] + ggx]ﬂn +2C(tm) (07 1, + 01 )2,

o 1/2
( / |u<t>—U<t>||%> < 072 IRLTY w0 + 20 (tm) o+ o )]
0
m 1/2 m 1/2
(E) " (E)”
n=1 n=1

where 03 ,,, 03, and C(ty,) are defined as in Lemma 5.3.

Proof. We decompose the error with Ritz-Volterra reconstruction as an intermediate solution

and obtain
(46) [u) = U@ < el + le@®,

where p(t) := w(t) — u(t) and €(t) := w(t) — U(¢).
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Also, we know that for ¢t € I,,
el = -1 ()"~ + La(®)e]| < max ([l e"]]).
Therefore, for ¢ € [0, t,,], using Lemma 5.1 and (34) we have

47 | < =) < -
(47) le®ll < max ()"l < max 5

Then, the first estimate follows from (46), (47) and Lemma 5.3.

To prove the second estimate, using Lemma 5.1 and (33) we obtain

tm 1/2 . 1/2
€ 2 _ 1 Enfl n En%
(/ H <t>||1> (/ ler (B + 1 (2) ||>

m 1/2 m 1/2
< <anai_1) + (Zm%ﬁ)
n=1 n=1

The rest of the proof follows from Lemma 5.3.

Concluding Remarks. (i) It is known fact that a posteriori error estimators for parabolic
problems in L>°(L?) and L?(H')-norms are of optimal order [13]. Since PIDE (1) can be
thought of as a perturbation to the parabolic problem, it is natural to expect that our a pos-
teriori error estimators should reflect the contributions to the error from the approximation
of the memory term. This fact can be easily observed through the estimator &, which is of
O(7). Further, in the absence of the memory term (i.e., B(t,s) = 0), the error estimators
obtained in Theorem 5.4 are similar to that for the parabolic problems [13].

(ii) We know that the constants appearing in the a posteriori error bounds should be
explicit or computable. For PIDE, the constants appeared in the bounds are time dependent
due to the use of the Gronwall’s lemma. However, the other constants (continuity constants,
interpolation constants etc.) are computable. Since the final time T is finite, the constant
appeared due to Gronwall’s lemma will be at most exp(7") and thus, it is finite.

(#i7) It is observed that the Ritz-Volterra projection is useful in apriori analysis for a
wide range of (linear and nonlinear) parabolic and hyperbolic integro-differential problems.
We strongly believe that, the Ritz-Volterra Reconstruction introduced in this paper, a coun-
terpart of the Ritz-Volterra projection in the apriori analysis, can be appropriately modified
to obtain estimators for a class of integro-differential problems.

(iv) The numerical computations of the proposed error bounds to study the behavior of
the estimators through adaptive algorithms and to verify the optimality of our results is a
challenging task which deserves attention and will be considered elsewhere. Also, we will
address the problem of obtaining the a posteriori error estimates for the Crank-Nicolson

scheme for parabolic integro-differential in near future.
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