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Abstract. We present a two-scale finite element method for solving
Brinkman’s equations with piece-wise constant coefficients. This system
of equations model fluid flows in highly porous, heterogeneous media with
complex topology of the heterogeneities. We make use of the recently
proposed discontinuous Galerkin FEM for Stokes equations by Wang
and Ye in [12] and the concept of subgrid approximation developed for
Darcy’s equations by Arbogast in [4]. In order to reduce the error along
the coarse-grid interfaces we have added a alternating Schwarz iteration
using patches around the coarse-grid boundaries. We have implemented
the subgrid method using Deal.Il FEM library, [7], and we present the
computational results for a number of model problems.
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1 Introduction

In this paper we consider the Brinkman’s equations for the velocity w and the
pressure p:
—pAu+Vp+ ps~lu = f in (2,
V-u=0 in £, (1)
u =0 on 0f2.

Here p > 0 is the viscosity, {2 is a bounded simply connected domain in R",
n = 2,3, with Lipschitz polyhedral boundary having the outward unit normal
vector i, 0 < k € L>(£2) is the permeability and f € L?(£2)" is a forcing term.
Then problem (1) has unique weak solution (u,p) € (H(£2)", L3(£2)).
Brinkman’s equations adequately describe flows in highly porous media. They
are used for modeling many industrial materials and processes such as industrial
filters, with porosity above 0.9, thermal insulators made of glass or mineral wool
with porosity 0.99, or open foams with porosity above 0.95, see Fig. 1. Equation
(1) was introduced by Brinkman in [6] in order to reduce the deviations between
the measurements for flows in highly porous media and the Darcy-based pre-
dictions. This was done without direct link to underlying microscopic behavior
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Fig. 1. Microstructure of industrial foams

of the flow process, but as a constitutive relation involving a dissipative term
scaled by the viscosity. However, advances in homogenization theory made it
possible to rigorously derive Brinkman’s equations from Stokes’ equations in the
case of slow viscous fluid flow in the presence of periodically arranged solid ob-
stacles, see e.g., [1,2,9,11]. Also, system (1) has been considered from the point
of view of fictitious domain or penalty formulation of flows of incompressible lig-
uids around solid or porous obstacles; in this case the coefficients are piece-wise
constant: the viscosity p is constant and « is “small” in the solid obstacles and
“Infinity” in the fluid, (see, e.g. [3]).

Fig. 2. Microstructure and marcostructure of mineral wool

In this paper we derive and study numerical methods for solving Brinkman’s
equations (1) assuming that the coefficient x is piece-wise constant and has
large jumps. Moreover, the structure of the subdomains, where the coefficient is
constant, has quite a complicated geometry, see, e.g. Figure 1. For such problems
we shall construct and numerically test two-scale finite element approximations.
In the case of problems with scale separation the method captures well the
coarse scale behavior of the solution and enhances it with fine scale features.
Also, we extend such approximations to numerically treat problems without
scale separation. Enhancing the method by subdomains around the coarse-grid
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edges we devise an iterative alternating Schwarz methods, which converges to
the fine-grid approximate solution. All constructions are implemented within
the Deal Il finite element library. As a byproduct of this development we also
obtaine a subgrid finite element approximation of Darcy’s problem, a method
proposed and justified by Arbogast [4], and the discontinuous Galerkin method
for Stokes’ equations, proposed and studied by Wang and Ye [12].

In this note we present derivation of a subgrid approximation of Brinkman
equations and test the method on a number of model problems. Our further
goals include theoretical and practical study of the error of the method, testing
its performance on more realistic three-dimensional problems, and development
and justification of efficient solution methods.

2 Preliminaries

Here we use the standard notation for spaces of scalar and vector-functions
defined on §2. L%(£2) is the space of measurable square integrable functions in
2 and L3(£2) is its subspace of functions with mean value zero. The Sobolev
spaces H(£2) and H'(£2)" consist of scalar and vector-functions, respectively,
with weak first derivatives in L?(§2) and L?(£2)". Similarly,

Hy(2)" :={vec HY(2)": v=0o0n 00},
H(div; 2) :={v € L*(2)" : V-v e L*(2)},
Hy(div; 2) :={v € H(div;{2): v-n =0 on 02}

Further, P, denotes the set of polynomials of degree k > 0 and P} the set of
vector functions in R™ with components in Pj.

The two-scale finite element method uses various (mixed) finite element
spaces, which are defined below. Let 75 and 7; be quasi-uniform quadrilat-
eral triangulations of {2 with mesh-parameter H and h, respectively, such that
each Ty € Ty is an agglomeration of elements in 7;,. We will refer to 7y and 7},
as coarse and fine triangulation, respectively. Let £ denote the set of all edges
(n = 2) and faces (n = 3) of 7y, respectively. Also, we define Ey to be the set of
all internal edges/faces of Ty, i.e., Eg := {emg € En| en € 002} and &, to be the
set of all edges/faces of 7, that are internal for the coarse-grid cells Ty € Ep.
Furthermore, for each Ty € Ty we denote by 7, (Tx) the restriction of 7}, to the
coarse finite element Ty, 73, (Ty) is referred to as a fine triangulation of Ty.

We denote by (¥, #) and (¥4, #4,) the mixed finite element spaces cor-
responding to 7z (£2) and 7({2), resprectively. Likewise, for each Ty € Tg(£2)
and eg € £y let

(6% (Tr), 6#4(Tr)) € (Ho(div; Tir), Lg(Tw)) (2)

be mixed finite element spaces corresponding to 75, (Tr). We also consider the
direct sums of these local finite element spaces and set

(674, 6%0) == €D (64 (Tu),6#4(Tn)),

Tuc€Ty
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where functions in (6%, (Tw),0#4(TH)) are extended by zero to £2\Ty.We, fur-
thermore, assume that the finite element spaces satisfy the following properties:

V(S%l :57/}1 and VVH :WH7 (3&)
S#, L #y in the L%-inner-product, (3b)

and
Y N6V, = {0}. (3c)

We note that if we choose (¥i, #x) and (0% (Tw), 5%, (TH)), with Ty € Ty,
to be Brezzi-Douglas-Marini (BDM1) mixed finite element spaces of order one
(cf. e.g. [5, Section I11.3, p. 126]), then (3) is satisfied. The velocity for the BDM1
space in 2-D is given by

P} + span{curl(z3xy), curl(z 23} = PP + span{(z?, —22122), (22129, —23)}

on each cell, with the restriction that the normal component is continuous across
cell boundaries. In 3-D the spaces are defined in a similar manner, see, e.g. [5,
Section I11.3, p. 127]. Due to (3b) and (3c) the following direct sum is well-defined

(PanWan) = Ve, V) © (0, W) - (4)
S S S—
L L
MR
(a) (Y, #4). (b) (Y#,hs #5,n) with 2 coarse cells.

Fig. 3. Degrees of freedom of different mixed finite element spaces corresponding to
BDM1 elements for the velocity and piece-wise constant functions for the pressure.

3 Subgrid Method for Brinkman’s Equations

Now we outline the numerical subgrid approach for problem (1) in the way
T. Arbogast applied it to Darcy’s problem in [4].

It is well known that the mixed variational formulation of (1) reads as follows:
Find (u,p) € (H}(2)™, LE(£2)) such that for all (v,q) € (HL(£2)", L(£2))

a(u,v)—l—b(v,p)+b(u,q):/Qf-'uda:, (5)



Numerical Subgrid for Brinkman 5

where
b(v,q) = 7/ V - vgdz, (6a)
Q

a(u,v) = /Q(/iV’LL (Vo + puktu - v)de. (6b)

Now we consider a finite element approximation of (5) with respect to (Y& n, #u.n)-
Note, that g, ¢ H(£2)", and therefore it is a nonconforming finite ele-
ment space. However, we have that ¥z, C Ho(div;{2) and we can use the
discontinuous Galerkin approximation of Stokes equations, derived in [12]: Find
(Wi b, pH.B) € (Y ns Wa,n) such that for all (ve p, gu,n) € (Ve n, #un) we have

ap (Wi hsvan) + 0 (VanpER) + 0 (WH R, qHR) = F(van), (7)

where

ap (u,v) == Z /T (Vu:Vo+ru-v)de
h

TheTh

+ 30 [ (5 T o] — ()} o] — fo(o)} [u] )

ec&y” €

(8)

with the average {e(-)} and the jump [-] defined by

Lint - Vulps -7H)+n" -V(u|p— -77)) oneeé,
ey = 2 ( e 7)) " (9a)
n 'V(U|T}jr -T1) onee€é&
and .
Jwlpr T v TT one€ &y,
[v] = {'U|T:+ ST } onece€ &P (9b)

Here a > 0 is a sufficiently large stabilization parameter, n and 7 are normal
and tangential vectors to the edge e (with right orientation), the superscripts *
and ~ refer to the elements on either side of edge e, and &, and 5,? denote the
sets of all internal and boundary edges, respectively.

If H=h,ie 6%, =0, %, = 0, we have a single grid approximation of
Brinkman’s equations, a method proposed and studied by Wang and Ye in [12]
for Stokes equations. The approximate solution obtained on a single grid for H
sufficiently small will be further called a reference solution.

The subsequent derivation, which follows the reasoning in [4], is the core of
the numerical subgrid approach and essentially yields a splitting of (7) into one
coarse global and several fine local problems. Due to (4) we know that each
element in (¥# 5, #u ) may be uniquely decomposed into its components from
(Y, #u) and (6%, 0#4,). Thus, (7) may be rewritten as

ap (ug + dup, v + 6vy,) + b (v + dvp, py + 0pr) = F(v + dvy),
b(uH +(5uh,q+(5qh) =0, (10)
V('v,q) S (VH,WH) and V((S'U}L,(th) S ((57/}“5%».
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By linearity we may decompose (10) into

ap (uy + dup,v) +b(v,pg + pn) + b (ug + dup, q) = F(v),

11
V(v.q) € (Vi Vi),
an (wg + dup, 6vy) + b (6vn, pr + 0pn) + b (um + dun, dqn) (11b)
= F((S’l}h), V(évh,éqh) S (57/;“5%)
Due to (3a), (3b), and (3¢c) we may simplify (11) to obtain the equation:
ap (ug + 0up,v) +b(v,pr) +b(un,q) = F(v) (12a)
V(v,q) € (Vu, Wu)
ap (uH =+ 5’U,h, 5’1)h) +b (5’Uh, 5ph) +b (§uh, 5qh) = F((S’Uh), (12b)

Y (6vn,0aqn) € (574, 0W%).

Remark 1. This last step is crucial to ensure the solvability of (12b). In fact,
the equivalence of (11b) and (12b) is a major reason for requiring the properties
of the finite element spaces in (3). The requirements (3), however, significantly
limit the possible choices of finite elements that might be used in the subgrid
method.

Now, by further decomposing (dus, dpr) = (dup, + %h,%h + 5;9,1) and using
superposition, (12b) may be replaced by the following systems of equations sat-
isfied by (duy,,dp;,) and (duy, opy,), respectively, for all (svy,,dq) € (674, 6%4):

ap, (uH + @h,évh) +b (5vh, 5~ph) +b (57%, §qh) =0 (13a)

and
ap, (mh, 5’1)h) +b (&Uhy%h) +b (Rh, 5qh) = F(§vh). (13b)

We easily see by (13a) that (51?;,,,5}),1) = (S;Lh(uH),cﬂ)h(uH)) is a linear oper-
ator in wy. Unfortunately, as written, these two problems do not lead to local
(over the coarse elements) computations since they are connected through the
penalty involving the tangential component of Juy and duy, on Ty . We achieve
the desired localization by considering equations (13) over each coarse grid cell
with zero tangential component of the velocity imposed weakly by the penalty
term (for more details, see [13]). Keeping this in mind we further use the same
notation. In the following we refer to (3w, dp,) and (Suy(wy), 6py, (wy)) as the
responses to the right hand side and wp, respectively.

Plugging duy, + duy(ug) into (12a) we arrive at an upscaled equation, which
is entirely posed in terms of the coarse unknowns, i.e. for all (v,q) € (Y, #u)

ap (uH + S’tvl,h(uH),'v) +b(v,pg) = F(v) — ap (dup,v),

14
b(uH,q) =0. ( )

Now, due to the first equation in (13a) we see, by choosing dv;, = g’zvth(v), that

an (uH + Sun(um), sam) +b (@h(v), 5~ph(uH)> —0.
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The second equation in (13a) in turn yields b (gtvth(v),%h(u;;)) = 0 for any

v € Y. Combining these two results with (14) we obtain the symmetric upscaled
problem: find (up,pm) € (Y, #1r) so that for all (v,q) € (Y, #ir)

an (UH + dup(um),v + 5’%(’0)) +b(v,pu) +b(um,q) = F(v) — an (Jun,v),

(15)
One can set up this linear system by first computing the responces S'zvth(uH)
with wy being a coarse-grid basis function. This could be done in advance and
in parallel. Once (15) is solved for (wp,pm) we obtain the solution of (7) by

(Wi n,pan) = (Ul + &vluh(uH) + Oun, pr + 6pp, (wrr) + Opy,).- (16)

4 Subgrid Method and Alternating Schwarz Iterations

As noted in the previous section we presented a special way of computing
the solution of (7), i.e., the finite element solution corresponding to the space
(Yan, Wun). The difference between the spaces (Y n, #u,n) and (¥, #4) is
that the former has no fine degrees of freedom across coarse cell boundaries.
Thus, fine-scale features of the solution (u,p) across those coarse cell bound-
aries are poorly captured by functions in (¥ n, #u,n). Algorithm 1 addresses
this problem by performing alternating Schwarz iterations between the spaces
(Yan, Wun) and (¥ (em), #, (em)) that consist of fine-grid functions defined
on overlapping subdomains around each coarse-mesh interface ey € éH of size
H. Now, problem (17) is of exactly the same form as (7). Thus, by the same

Algorithm 1 Alternating Schwarz extension to the numerical subgrid approach
for Darcy’s problem — first formulation.

1: Set (u,p?) = (0,0).

2: for j = 0,...until convergence do
3:  if j > 0 then o
4: Starting from (w],p),) perform an additive Schwarz step with respect to
(W (em), #,] (em)) for all ey € Ex to get (uﬁl/?’,pfl/g).
5: else ]
6: (w,”, /%) = (uh, pf)
7:  end if
8: Find (ew,n,em,n) € (Ya,n, #u,n) such that for all (v,q) € (Ya,n, #u,n) we have
an (emn,v) +b(v,emn) = F(v) —an (’u{fl/:a,v) —-b (’U,p?—lm) ) (17)
b(eH,haq) =-b (uil-’_l/qu) .
9:  Set _ _ _ _
(Wi pi Yy = (@I TVE Y (e, enn). (18)

10: end for
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reasoning as in the previous section we may replace (17) by the following two
problems: Find (dey,, dep) € (6%, 0#4) such that for all (dvy, dqr) € (6%, 6#4)

Algorithm 2 Alternating Schwarz extension to the numerical subgrid approach
for Darcy’s problem — second formulation.

1: Compute duy, for all coarse velocity basis functions, i.e., solve (13a) with ug re-
placed by basis functions.
Set (uy,ph) = (0,0).
for j = 0,...until convergence do
Steps 3:—7: of Algorithm 1
Solve (19a) for (den, den).
Set (u), 2% pp %) = (w72 pi TP + (e, Ben).
Solve (22) for (en,emn).
Set (u ™, ph ™) = (uh ™ + en + dun(en), p " + e + opy (en)).
end for

ap, (0ep, dvp) + b (dvy, dey) = F(dvp,) — ah(uﬁg,évh) — b(évh,pﬁ%),

vy (19a)
b(den,dqn) = —b(u2+3,6qh).

Find (em,en) € (Y, #u) such that for all (v,q) € (Y, #u) we have

A (em,v) +b(v,er) = F(v) — ap(u) *,0) = b(v,p) ) — ap(Sen, v),

b
— (19b)
b (eHa q) = _b(’u’2+3 ) Q)

Here, (19a) and (19b) correspond to (13b) and (15), respectively, and analogous
to (16), (em,n,em,p) from (17) is obtained by

(eraenn) = (emen) + (Sun(en),opy(en)) + (den,der) . (20)

Now, define
i+2  j+2 i+3  J+%
(’U,';L sapjl d):: (ui; Svpi d)—’—((Sehﬂ;eh)'

Combining this with (18) and (20) we obtain

(Wit ity = (w3 pl ) + (em,en) + (Bun(en), opy(en)).  (21)

We observe that due to (3a) and (3b) we may simplify (19b) to obtain the
equality for all (v,q) € (Yu, #u)

EH(eHav) +b(v7eH)+b(eH7Q)

L2 .2 2 29
= F() —ay (w)F0) bt g bt E).

Thus, we may rewrite Algorithm 1 in form of Algorithm 2.
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Remark 2. Algorithm 2 also has a different interpretation than just being some
equivalent formulation of Algorithm 1. It is straightforward to see that for j = 0,
2 2 — — 2 a2
(uj,pp) = (6un,dpy,), i-e. it is the solution of (13b). For j > 1 (u?f?’,pifg’) is
the solution of (13b) with the homogeneous boundary conditions being replaced

11
by (in general) inhomogeneous ones defined by (uif" , pfl+3). Besides, (22) is of
exactly the same form as (15). Thus, Algorithm 2 can be viewed as a subgrid
algorithm that iteratively improves the local boundary conditions of the response

to the right hand side.

Remark 3. As a byproduct of our consideration we have a subgrid approxima-
tion of the Darcy’s equation. In this case the above algorithms reduce to an
overlapping Schwarz domain decomposition method. Such methods were stud-
ied in details in [8,10] where a convergence rate independent of H has been
established.

5 Numerical Results

We consider the following example to test the numerical subgrid approach for
Brinkman’s problem and the enhanced version with alternating Schwarz itera-
tions. The model problems has non-homogeneous boundary conditions, namely,
u = g on 0f2. Extending this subgrid method to problems with non-homogeneous
boundary data is possible under the condition that g is contained in the trace
space of ¥y on the boundary 0(2.This has been elaborated in the PhD thesis of
J. Willems, [13].

Ezample 1. We choose 2 = (0,1)? and

1

_ le3 in dark regions,
f=0, 95[0], =1, 51:{ s

1 in light regions,

where the position of the obstacles is shown in Figure 4(a) (periodic case) and
Figure 4(b) (media with small obstacles), and Figure 4(c) (media with relatively
large vuggs), respectively.

We have chosen a fine mesh of 128 x 128 cells that resolve the geometry.
For the subgrid algorithm we choose a coarse 8 x 8 mesh and each coarse-cell is
further refined to 16 x 16 fine cells. On all figures we plot the numerical results
for the velocity u; for Example 1.

On Figure 5 we report the numerical results for periodically arranged ob-
stacles: Figure 5(a) shows the reference solution, computed on the global fine
128 x 128 grid, Figure 5(b) — the solution of the subgrid method, and Figure 5(c)
— the solution after five iterations of overlapping Schwarz domain decomposition
method (Schwarz DD). The relative L?-norm of the error for the the subgrid
solution shown in Figure 5(b) is 7.14e — 2, while after five Schwarz iterations
(see Figure 5(c)) the L?-norm of the error is an order of magnitude better.

Likewise, on Figure 6 we show the numerical results for the two geometries
shown on Figures 4(b) and 4(c). The first row represents the reference solution
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0 1

(a) Periodic geometry. (b) Media with obstacles. (c) Media with large vuggs.

Fig. 4. Three test geometries. The dark regions indicate obstacles or porous media, i.e.
k™" is large, and the light regions indicate (almost) free flow regions, i.e. k™' is small.

(a) Reference solution. (b) Subgrid solution. (¢) Schwarz DD, 5 it.
Fig. 5. Velocity u1 for media with periodically arranged obstacles of Figure 4(a)

computed on the global fine grid with 128 x 128 cells. In the second row we
give the solution of the subgrid method and in the third row we show the so-
lution obtained after few Schwarz overlapping domain decomposition iterations.
In all cases we clearly see the error of the subgrid solution along the coarse-
grid boundaries. This error is due to the prescribed zero values for the fine-grid
velocity on the coarse-grid boundaries and is characteristic for the multiscale
methods (e.g. [14]). As we see in the numerical experiments, few Schwarz itera-
tions substantially decrease the error. For the geometry shown on Figure 4(c) the
improvement is achieved after just one iteration, while for the geometry shown
on Figure 4(b) the substantial improvement is achieved after 10 iterations. In all
cases the approximate solution of Schwarz overlapping method obtained in few
iterations is very close to the reference one.
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(a) Reference solution. (b) Reference solution.
(c) Subgrid FE solution. (d) Subgrid FE solution.
(e) Schwarz DD after 1 iteration (f) Schwarz DD after 10 iterations

Fig. 6. Velocity component u; for Example 1; on the left — the results for geometry of
Figure 4(b) and the right row — the results for geometry of Figure 4(c)



