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ABSTRACT

Analysis of Finite Element Approximation and
Iterative Methods for Time-Dependent Maxwell Problems. (August 2002)
Jun Zhao, B.S., Nanjing University, China;
M.S., Chinese Academy of Science

Chair of Advisory Committee: Dr. Joseph E. Pasciak

In this dissertation we are concerned with the analysis of the finite element
method for the time-dependent Maxwell interface problem when Nedelec and Raviart-
Thomas finite elements are employed and preconditioning of the resulting linear sys-
tem when implicit time schemes are used.

We first investigate the finite element method proposed by Makridakis and Monk
in 1995. After studying the regularity of the solution to time dependent Maxwell’s
problem and providing approximation estimates for the Fortin operator, we are able to
give the optimal error estimate for the semi-discrete scheme for Maxwell’s equations.

We then study preconditioners for linear systems arising in the finite element
method for time-dependent Maxwell’s equations using implicit time-stepping. Such
linear systems are usually very large but sparse and can only be solved iteratively.
We consider overlapping Schwarz methods and multigrid methods and extend some
existing theoretical convergence results. For overlapping Schwarz methods, we provide

numerical experiments to confirm the theoretical analysis.
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CHAPTER I

INTRODUCTION

We consider the following time dependent Maxwell problem in a dielectric medium:

eE,—curlH = J, inQx(0,7T), @)
p*H;+curlE = 0, inQx (0,7),

where E and H are the electric field and magnetic field respectively, the current
density J = J(a,t) is the source term, and the permittivity e and permeability pu
describe properties of the material occupying Q C R3.

Computational electromagnetics is the numerical approximation of the solution
of Maxwell’s equations. These solutions describe dynamic effects in electromagnetics,
i.e. changing magnetic flux density produces a change in electric fields and vice
versa. A fundamental understanding of these phenomena is critical in the design of
many devices such as radars, computer chips, optical fiber systems, and mobile phone
systems.

The Finite-Difference Time-Domain Method (FDTD) for approximating (1.1),
as first proposed by Yee in 1966 [68], is a fully explicit numerical scheme based on the
regular cartesian mesh. Yee evaluated the electric field E and the magnetic field H
about a unit cell at centers of edges and faces respectively. For time derivatives, the
leap-frog scheme was used to obtain E and H at alternate half time steps. Taflove
was among the first to rigorously analyze Yee’s FDTD algorithm [62, 63]. For later
development of FDTD methods, we refer to [59].

Yee’s FDTD method has two main disadvantages [46] even though it is concep-

tually simple and easy to program. One is the lack of flexibility and accuracy in
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handling problems involving complex geometries and inhomogeneous media. When
0f) is a smooth curved surface, we can only use a stair-step approximation, which
leads to significant errors in certain problems. In [38], a computational example was
given to show that a stair-step FDTD model may require a mesh size eight times
as small as that for a piecewise linear, boundary-conforming mesh to yield the same
accuracy. Such errors have also been analyzed rigorously by Cangellaris and Wright
for the stair-step approximation of a planar surface tilted 45 degrees to the grid [22],
while Holland analyzed errors associated with a slightly tilted planar scatterer [37].
Another disadvantage is the use of an explicit scheme, which requires that the time
step be consistent with the spatial mesh size because of the so-called CFL condition.
This is especially the case for interface problems where a very small spatial mesh size
has to be used due to the low regularity of the solution to (1.1). In Section A, Chap-
ter III, we point out that the singularity of the solution to (1.1) is determined by the
singularity of the solution to certain interface Laplacian problems with coefficients
and p. Such singularities come from corners and edges on the interface where ¢ and
i are discontinuous and thus tetrahedra of small size have to be used in the region
close to the interface. These two problems can be avoided by using finite element
methods and implicit time stepping schemes.

The finite element method (FEM) has proven to be a powerful tool in numerical
modeling of numerous physical problems. There has been a great deal of work in
computational electromagnetics using (mixed) finite element methods based on vari-
ational forms and appropriate finite element approximation spaces. Possible choices
of finite elements can be vectorial Lagrange nodal elements, Nedelec edge elements
and Raviart-Thomas elements, whose definitions are given in Chapter II. In 1980,
Nedelec et al. [50] studied an implicit scheme on the time domain. For the spatial

domain, a pair of Lagrange and Raviart-Thomas finite elements was used to approx-



imate the solution of (1.1). In 1994, P. A. Raviart et al. [5] reformulated Equation
(1.1) as a constrained wave equation system with a Lagrange multiplier associated
with the condition div B = 0, where B is the magnetic induction. Then they ap-
proximated both the field B and the Lagrange multiplier with a mixed finite element
method using Taylor-Hood finite element spaces which consisted of piecewise linear
continuous (vector-valued) functions.

However, when vector-valued Lagrange elements are used, the convergence in
| - | E(cur;) can not be guaranteed. For a detailed description of this phenomenon,
we refer to [10, 11]. Also it is difficult to impose boundary conditions E x n = 0 or
B -n = 0, which can be seen from various ways in handling these boundary conditions
[5, 39, 50]. The introduction of Nedelec and Raviart-Thomas finite elements [49, 52]
avoids the drawbacks caused by the use of nodal vector-valued elements. It is worth
mentioning that the finite element method using the lowest order elements on cubes
is equivalent to Yee’s finite difference scheme in [68] on the structured mesh.

In 1995, Makridakis and Monk [45] analyzed finite element methods using Ned-
elec edge elements and Raviart-Thomas face elements. With estimates obtained in
[47], they were able to provide error estimates for finite element methods for problem
(1.1) with smooth coefficients ;1 and €. However, their analysis does not cover inter-
face problems, i.e. u and € being piecewise constants. In 2000, J. Zou et al. [23] gave
a different approach for the interface problem. They first obtained an equation for
the electric field by eliminating the magnetic field H in (2.13) and then introduced a
Lagrange multiplier corresponding the normal continuity of e E across the interface.
Finally they posed a mixed variational formulation for the electric field only. The
error estimates followed from the continuous and discrete inf-sup conditions [57].

It turns out that the approach in [45] works well for interface problems. One of

the goals of this dissertation is to provide a theoretical analysis of the effectiveness of



the semi-discrete scheme in [45]. By studying a Fortin operator, we provide an error
estimate for the semi-discrete finite element method in Chapter III.

We now turn to the second disadvantage of Yee’s FDTD method. The stability
of the FDTD method critically depends on the finite difference scheme chosen for the
time derivative [50]. When an explicit scheme is used, the CFL condition requires that
the time step be comparable with the spatial mesh size [44], and thus the computation
is slow. On the contrary, an implicit scheme, for example, the backward-Euler scheme,
allows the time step to be relatively large. For a detailed description of implicit and
explicit schemes for time discretization of equation (1.1) we refer to [44, 45, 50, 68].

However, for the implicit scheme one has to solve a linear system at each time step
and thus a fast solver is highly desirable. Note that it is often possible to eliminate
H in the coupled linear system without any matrix inversion (see Section D), which
leads to a symmetric positive definite system for E corresponding to the bilinear form
on Hj(curl; Q):

A(u,v) = (au,v) + (fecurlu, curlwv), (1.2)

where a and 3 are known functions determined by ¢, i, and the time step used in
the implicit scheme. We propose solving the discretized linear system corresponding
to (1.2) using the popular preconditioned conjugate gradient (PCG) method. The
convergence rate of PCG method depends on the condition numbers of the matrix of
the underlying linear system [33]. The remainder of the dissertation studies techniques
for developing preconditioners for (1.2).

It is well known [19, 27, 29, 60, 67] that domain decomposition methods and
multigrid methods provide excellent preconditioners for discrete systems resulting
from second order elliptic problems. It turns out [4, 35, 34, 64] that the same ideas

can be used to construct efficient preconditioners for the discrete system resulting



from the bilinear form (1.2).

Schwarz methods provide efficient and easily parallelized preconditioners for the
discrete system corresponding to (1.2). But the theoretical analysis is still less than
complete. In [64, 65], Toselli analyzed the convergence of overlapping Schwarz meth-
ods in the case of convex domains. In [34], Hiptmair and Toselli gave a unified and
simplified approach to Schwarz methods for problems in H (curl; Q) and H (div; ).

Multigrid methods are natural extensions to domain decomposition methods.
They are well known for their optimal work estimates and rapid convergence. Hipt-
mair originally adapted multigrid ideas to the discretization problem (1.2) and ob-
tained convergence results for V-cycle multigrid in [35]. Various numerical results were
also given in [35] to show the robustness of the V-cycle method. For the same problem
but a different construction of smoothers, Arnold et al. [4] presented another proof of
the convergence of the V-cycle multigrid in a multigrid framework which combines the
regularity and the smoothing conditions together. In 2000, Hiptmair [36] analyzed
multilevel methods of an eddy-current problem on a non-convex polyhedral domain
using approximate Helmholtz-decompositions of the function space H (curl; ) into
an H'-regular subspace and gradients.

Because of the large kernel of the curl operator, the Helmholtz decomposition
of an arbitrary vector field into solenoidal and irrotational components plays an im-
portant role in the abovementioned work. However, the solenoidal component is not
in general H'-regular when  is a non-convex polyhedron and many estimates in
[4, 35, 34, 64] fail in that case. In this dissertation, we overcome this difficulty by
splitting the solenoidal component further into a sum of a H'-regular vector field and
a gradient. The construction and estimates are given in Section A, Chapter IV.

In Chapter IV, we extend theoretical results in [34, 64, 65] on overlapping Schwarz

methods to a more general case. By using the regular Helmholtz-type decomposition



of vector fields in Hy(curl; 2) [8, 26], we provide a stable decomposition which is
critical in the estimate of the condition number of the preconditioned system.

In Chapter V, we give a convergence proof based on the framework in [14, 15].
To do this, we introduce a new (base) innerproduct in Hy(curl; ), and check all
conditions used in the abstract theory. The idea is borrowed from [13] in which the
negative one innerproduct was used as the base innerproduct to analyze multigrid
methods for pseudo-differential operators of order minus one. For our problem, we
impose the negative one norm on the gradient field of the orthogonal Helmholtz
decomposition and get a base norm weaker than the usual norm in L*(©2). The
detailed description is given in Chapter V. This approach is different from the one
used in [36].

This dissertation is organized as follows. Chapter II contains an introduction
to Sobolev spaces, finite element spaces and Maxwell’s equations. In Chapter III
we provide error estimates of the semi-discrete scheme for time dependent Maxwell’s
equations. In Chapters IV and V, we analyze overlapping Schwarz preconditioners
and multigrid methods for the linear system when fully discrete schemes are applied
to time dependent Maxwell’s equations.

Concerning notations, we use boldface type for vector fields, spaces of vector
fields, and operators between vector fields. Following a popular convention, we denote
by C, with or without a subscript, a generic constant whose value may differ at

different occurrences but does not depend on h, the discretization parameter.



CHAPTER II

PRELIMINARIES
In this chapter, we give a brief introduction of time dependent Maxwell’s equations
and finite element spaces. We start with some basic definitions and properties of
Sobolev spaces and finite element spaces. Then we discuss the existence and unique-
ness of the solution of time dependent Maxwell’s equations by using semigroup theory.
Some basic definitions and properties of semigroup theory and its application to evo-
lution equations are given in the appendix. We end this chapter by introducing the
semi-discrete scheme and a fully discrete scheme for time dependent Maxwell’s equa-
tions. The error analysis of the semi-discrete scheme will be given in Chapter III.

The discrete systems resulting from the fully discrete scheme motivates our work in

Chapters IV and V.

A. Sobolev spaces

Let D be a bounded domain in R* with a Lipschitz continuous boundary 9D in the
sense of [1]. In particular, domains with polyhedral boundaries belong to this class.

Let L?(D) denote the space of square integrable functions. We denote (L?(D))?
by L*(D). For conciseness of notation, we denote by || - ||, the norms on both L?(D)
and L*(D).

The Sobolev spaces H"(D), r € R, is well defined on the Lipschitz domain D.
When r = m is an non-negative integer, H™(D) is the space of all distributions u
defined in D such that D% € L*(D) for all |a] < m, where o = (ay, g, a3) is a

multi-integer with non-negative components and

olal
D%y = and |a| = a1 + ag + as.
0x* 0x5? 0x3® o




The norm || - ||;,p and the seminorm | - |,,, o in H™(D) are given by

lullpn =D ID%)? and Julfp= Y D%
jal<m jo=m

When r = m + o for some nonnegative integer m and o € (0,1), H"(D) is the space

of u € H™(D) such that, for all |o| =m

| Du(m) — Du(y)]?
// \a:— B0 dx dy < oo.

The seminorm | - |, and the norm || - ||,,» in this case are given by

Deu(x) — Du(y)|?
Jul?p = Z//‘ |m_ |3+20( I g ay

and
lull?p = llullfp + [ulfp-

When D is clear in the context, we will drop the subscript D. For r > 0, we denote
by Hj(D) the closure of C5°(D) in H"(D). For r < 0, we denote by H"(D) the dual
space of Hy (D).

Using the derivative in the distribution sense, we can define operators curl
and div on L*(D). Indeed, let {-,-) denote the duality pairing between C5°(D) (or
(Cs°(D))?) and its dual space. For any function v = (vy, vy, v3) in L*(D), we have,

for all w = (wy, wq, w3) in C§°(D)3,

{curlv, w) :/ v - curlwdz
D

— [ G2 - 52+ (G - T2 b (2 = ) s

Oz, Ors’  Ors On
and, for all ¢ in C3°(D),

<divv,¢):—/v-ngSdm:—/(m%%’ 2%**03a¢
D

dz.
0 XT1 (9]72 61'3) o



This leads to the following definition.

Definition II.1. The space H(curl, D) is the space of w in L*(D) whose curl is

also in L*(D) and is equipped with the norm
[ullz eurt,p) = llull” + [lcurlu]*,

The space H(div, D) is the space of v in L*(D) whose div is also in L*(D) and

15 equipped with the norm
l 7 aiv.my = Nl + || div .

It is shown [32] that any function w in H (curl, D) has a tangential trace u x 1 in
H~'?(9D), and any function v in H (div, D) has a normal trace v -n in H~'/?(9D).

This allows us to introduce “homogeneous” spaces:

H(curl,D) = {u € H(curl,D) |u xn =0o0n 0D},

H(div,D) = {u € H(div,D) |u-n =0on0D}.

When D is simply connected, each function w in Hy(curl, D) admits a unique

orthogonal Helmholtz decomposition [32]
u=2z+Vo, (2.1)

where z € Hy(curl,D) and ¢ € Hj(D) satisfies divz = 0. The vectors z and V¢
are called solenoidal and irrotational vector fields of the Helmholtz decomposition,

respectively.
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B. Finite element spaces

We suppose that 2 is a bounded and simply-connected polyhedron in R®. Further,
neither slits nor cuts are allowed, i.e., 9 = 99).

Let T} be a decomposition of ) consisting of closed tetrahedra. For each 7 in
Ty, let h, be the diameter of 7 and p, the maximum diameter of all balls contained
in 7. Throughout this dissertation we assume that the mesh 7 is shape regular and

quasi-uniform, i.e., there exists a constant C' such that

h .
max — < C and maxh, < C'minh,.
TETY p’?’ TETY TET

On each element 7 of T, and for each integer I > 0, we define the space P;(7)
of all polynomials of total degree < [ and its subspace fDl(T) of all homogeneous
polynomials of degree [.

Fix a positive integer k. The Lagrange finite element space S} consists of all
functions p(x) € H'(Q) such that p|, € Py(7) for all 7 in Tj. Degrees of freedom are

given by values of p(x) at the following points:

4 4
Se={w =Y Na; | Y N =1 Ne{0,1/k ... (k—1)/k1}, 1< j <4},
j=1 j=1

where a;, j = 1,...,4, are the four vertices of 7. In the lowest order case, k = 1,
those points are just the four vertices of 7. The interpolation operator I, onto S}, is
defined by (I, p)(x) = p(x) for all & in .

The Nedelec finite element space U, [49, 52] is defined by

U,={uec H(cur;Q) [u=a+bont,acP,(r) be ]Io”k(T)3, for all 7 € T},
where b satisfies b-x =0 on 7.

Definition I1.2. Let 7 be a tetrahedron in R® with edges denoted by {e} and faces
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by {f} and uw a function in H(curl;Q2). The degrees of freedom are the following

moments:
1. [(uw-t)qds, forallqe Py,
2. ff(u xmn)-qdS, foralqeP;_,,
8. [ w-qdz, foralqelP}_,.
Here t is a unit vector directed along the edge e.

The total number of degrees of freedom is k(k + 2)(k + 3)/2. In the lowest order
case, k = 1, there are six degrees of freedom, each of which corresponds to one edge
of 7. Based on degrees of freedom given above, we define the interpolant Il w such
that IT,u and u have the same degrees of freedom on 7, and define the interpolation
operator IT;, onto U by IT,u|, = IT,u on all 7 in T,. Due to the dependence on edge
moments fe(u -t) g ds, we require certain regularity of w for IT,u to be well defined.

The following lemma [3] makes the condition specific.

Lemma II.1. For any p > 2 and for any tetrahedron 1, the operator IL. is well

defined and continuous on the space
{u € L’(7) | curlu € L?(7) and u x n € L?(97)*}.
The Raviart-Thomas finite element space V [49, 57] is given by
Vi={veH(div;Q)|[v=a+bxonT,acP(r)’ be ]%k_l(T), for all 7 € T3}

Definition I1.3. Let 7 be a tetrahedron in R® with faces denoted by {f} and let v be

a function in H(div;Q). The degrees of freedom are the following moments:

1. ff('v ‘m)qdS, forall q € Py_q,

2. [w-qdz, forallqeP;_,.
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The total number of degrees of freedom is k(k + 1)(k + 3)/2. In the lowest order
case, k = 1, there are four degrees of freedom, each of which corresponds to one face
of 7. Based on degrees of freedom given above, we define the interpolant r,v such
that r,v and v have the same degrees of freedom on 7 and define the interpolation
operator 75 onto Vj, by rpv|; = r,v on all 7 in Tj. The operator 7, is well defined
for vector fields in H (div;2) N LP(Q) for any p > 2 [57]. It can be shown [2, 41, 55]

that for all v in H (div; Q) N H*(US;), the interpolation operator ), satisfies

h|v|auo, + hl|divo|, 0<a <1/2
o —riv) < ¢f [Plao, + Rldive] / (2.2)

1|V, a>1/2.

The finite element space W), is the subspace of L%*(Q) consisting of arbitrary
piecewise polynomials of degree at most k — 1. The degrees of freedom for W}, are
simply

/wpda:, for all p € Py_y(7).

The interpolation operator is denoted by wy.

A space symbol without overline stands for the corresponding finite element
subspace of functions with natural homogeneous boundary conditions. For example,
U, = Hy(curl; Q) (U,. However, W, is the subspace of W consisting functions
with zero mean value.

All the interpolation operators are indispensable tools in the analysis because of
the following commuting diagram property, which follows from definitions of interpo-

lations operators and theorems of Green and Stokes.

Theorem I1.1. The diagram
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HYQ) -5 Hy(eurl;Q) =2 Hydiv;Q) &% L2/R

b m b L

v div
— U, Vi — W,

curl
—

commutes when all interpolation operators are applied on sufficiently smooth func-

tions.

In analogy to the case of Hy(curl;2), each function uy, in Uj, admits a unique

orthogonal decomposition [32]
Up = 2R + V¢h, (23)

where z;, € U, is L2—orthogona1 to VS, and ¢, belongs to S,. We will call this

decomposition the discrete Helmholtz decomposition of wy.

C. Time-dependent Maxwell’s equations

We consider the following Maxwell’s equations:

D
aa—t —curlH = —J, (2.4)
B
aa—t +curl E =0, (2.5)
divD = gq, (2.6)
div B = 0, (2.7)

which hold for all (f,«) in (0,7) x Q. Here E and D are the electric field and
induction respectively, H and B are the magnetic field and induction respectively, J
is a known function specifying the applied current, and q is the electric charge.

The law of proportionality of fields and inductions is expressed by two constituent

relations;

D=c¢E, B=uH, (2.8)
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where ¢ is the dielectric permittivity and p is the magnetic permeability.

Equation (2.4) corresponds to the law of conservation of electric charge. For any
fixed domain D in €2, the change per unit time of the total electric charge contained
in the interior of D is produced by the flux of charges through 9D. This is expressed

by
0

— qu:—/ J -ndS, 2.9
375/9) oD (2.9)

where ¢ is the density of the electric charge, J is the electric current, and n is the
outward unit normal at the boundary of D. Since the electric induction D satisfies
q = div D, (2.9) shows that the vector 0D /0t + J has divergence zero on D. Since

D is an arbitrary domain in 2, the magnetic field H satisfies [30]

oD
E +J:CUI'1H,

which is (2.4).

Equation (2.5) corresponds to the Faraday’s law. This law says that the deriva-
tive with respect to the time of the flux of magnetic induction B across the surface
Y is the opposite to the circulation of electric field along the contour 0¥. This can

be expressed by

i/B-ndS—I— E - -ds=0.
dt Js o5

Since ¥ can be the closed boundary of any open set D in €2, the above implies
Equation (2.5).
Equations (2.4)—(2.7) are not sufficient in themselves; they must be supple-

mented with boundary conditions, e.g.,

Exn=0 and B-n=0 on 0, (2.10)
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and initial conditions
E(z,0) = Ey(x) and B(x,0) = By(x), in Q, (2.11)
where By € Hy(div; Q) satisfies
divBy =0, in Q. (2.12)

Equation (2.7) is a consequence of (2.5) and the divergence-free condition (2.12).
Therefore, instead of studying Equations (2.4)—(2.7), we need only study the follow-

ing equations

eE, —curl(p'B) = —J, in Qx(0,T),
t (1 ) ( ) (2.13)
B;+curlE = 0, in Qx(0,7),

together with initial conditions (2.11) and boundary conditions (2.10).
The existence and uniqueness of the solution to (2.13) and (2.11) are conse-
quences of the semigroup theory. We set H = L*(Q) x L*(f2), and set the innerprod-

uct to be

u u
, = (uw,u): + (v,v),-1 = (cu,u) + (u v, v).
v v
X
Since £ and p are piecewise positive constants, weighted innerproducts (-,-). and
(+,-)u-1 are equivalent to the usual innerproduct (,-).

We will define an operator A and write (2.13) in the operator form. The domain

D(A) is given by

D(A) = {(u,v)" € H |u € Hy(curl;Q2), and curl ~'v € L*(Q)},
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and we define A by

u —e teurl p~to u
A = , e D(A). (2.14)

v curlu v

Using A, we can rewrite equations (2.13) as

d | E E —e'J
y T A - . (2.15)
t\ B B 0

For properties of the operator A, we have the following lemma which is shown
in [30] under the assumption that € is regular. Our proof extends this result to the

more general case when (2 is a Lipschitz domain.

Lemma I1.2. The domain D(A) is dense in H and A is closed. We have
A*=—-A and D(A*) = D(A).

Proof. Evidently D(A) is dense in 3. To show A is closed, let ®; € D(A) such
that ®; = (u;,v;) and A®; converge to ® = (u,v) and ¥ respectively. We have
that u; — u, v; — v in L*(Q), and curlu; and curl z~'v; converge in L*(Q).
But curlu; — curlu, curlp~'v; — curlp v in the dual of (C5°(€2))?. There-
fore, curlu and curlp~'v belong to L*() and satisfy that curl u; — curlu,
curl g~ 'v; — curlp~tv in L*(Q). Moreover, u; — u in H(curl; Q) implies that
u; X n|go(= 0) converges to u x nlyg in H~?(0Q). Tt follows that u x n = 0 on
0 and thus ® € D(A).
Let ® € D(A*). Then there is ®* € H such that

(AW, ®)5c = (U, ®%)y, for all ¥ € D(A), (2.16)

and we have A*® = ®&*. Let ® = (u,v), ¥ = (z,y), and &* = (u*,v*). Then (2.16)
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implies that

(curl p™ 'y, u) — (curlz,v),1 = (z,u*). + (y,v"),-1. (2.17)
Taking & and p 'y € (C5°(Q2))? in (2.17) gives that

(n 'y, curlu) — (z,curl p o) = (z,u*). + (y,v"),-1. (2.18)

By choosing £ = 0 and y = 0 respectively in the above, we have that curlu = v*
and curl y~!'v = cu* belong to L*(Q2). To get u € Hy(curl;Q), we set = 0 and
p~ly € (C>*(Q))? in (2.17) and have that

(n 'y, curlu) — (curlp 'y, u) = (u 'y, curlu) — (p 'y, v*),-1 = 0.

By Lemma 2.4, Chapter I of [32], we have that u belongs to Hy(curl;2) and thus
® c D(A) and ®* = —A®P by (2.18).

Conversely, if ® € D(A), we have
(A, W)y = (®, A W)y = — (B, AW)g, for all ¥ € D(A*),
from which it follows that ® € D(A*) and A® = —A*P. O

By the above lemma and Stone’s theorem, A is a generator of a (Cy) unitary
group on H, and thus we have the following theorem [56], a proof of which is also
given in the appendix for completeness. We will denote by C™([0,T]; L*(f2)) (or
C™(]0,T]; H)) the space of m times continuously differentiable functions from [0, T’

into the space L? (or ).

Theorem I1.2. Assume that J € C*([0,T]; L*(Q)) and (Ey, Bo)T € D(A). Then
(2.13) and (2.11) have a unique solution (E, B)T € C'([0,T]; H). Moreover, for each
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t € [0,T], (E(t), B(t))" belongs to D(A) and satisfies
IE@ + 1B + [[BO)] + [ B:(1)]| < C. (2.19)

Remark I1.1. Since E(t) belongs to Hy(curl;Q)), a consequence of (2.12) and (2.5)

is that B(t) € Hy(div; Q) satisfies div B(t) =0 for all t € [0,T].

D. Finite difference time-domain method

Let (E, B) in Hy(curl; Q) x Hy(div; Q) be the solution to (2.13) and (2.11). Then,
(E, B) satisfies

(eEi,u) — (u'B,curlu) = —(J,u), forallu € Hy(curl;Q), (2.20)

(™ 'By,v) + (curl E, p'v) = 0, for all v € Hy(div; ).

On the other hand, the system (2.20) together with initial conditions (2.11) has a
unique solution. Indeed, let (E, B) be a solution to the system (2.20) with J = Ey =
By, = 0. Taking w = E and v = B in (2.20), we get (¢E;, E) + (n~'B;, B) = 0.
This shows

%[(eE, E)+ (1 'B,B)] =0,

and thus E = B = 0 follows from E, = By = 0.
So far we have shown that the weak form (2.20) is equivalent to (2.13) with initial
conditions (2.11). Using Nedelec elements and Raviart-Thomas elements introduced

in Section B, we can naturally transfer (2.20) to the semi-discrete scheme of seeking

(Ey(t), By(t)) in U, x V), satistying, for any 0 <t < T,

(eEns,up) — (W 'Bp,curluy) = —(J,uy), for all u, € Uy, (2.21)

(W By, vp) + (curl By, pto,) = 0, for all v, € Vy,
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with given initial approximations
E,(0)~ Ey, and E,(0)~ E,. (2.22)

We will discuss possible choices of initial approximations in the following chapter.

When we try to discretize time derivatives in (2.21), the stability of the resulting
fully discrete scheme critically depends on the finite difference scheme chosen for time
derivatives [50]. When the simple forward-Euler scheme is used, the so-called CFL
condition requires that the time step be comparable with the spatial mesh size, and
thus the computation is slow. An implicit scheme, e.g., the backward-FEuler scheme,
allows the time step to be relatively large. For a detailed description of implicit and
explicit schemes for time discretization of equation (2.13) we refer [45, 50, 68].

Here we describe the simple backward-Euler scheme for (2.21), which is also a
motivation for our work in Chapters IV and V. But this does not imply that other
implicit schemes, e.g., the Crank-Nicolson and Padé schemes, are less important. The
backward-Euler scheme reads as follows: Find (E", B") in U, x V), satisfying, for

any n=1,...,T/At,

L(E"—E" " u,). — (B",curluy),+ = (J,u), forall u, € U,

L(B"—=B" " vy),-1 + (curl E", v},),1 = 0, for all v, € V},
(2.23)

and

E’=E;(0) and B°= B(0).

To solve (2.23) at time step n, we transfer E" ' and B""' to the right hand

side, eliminate B"™, and obtain a linear system for E"

A(E",u) = (aE™,u) + (p 'curl E" curlu) = (f,u), foralluecU,, (2.24)
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where o depends on ¢ and A t, and f depends on J, E"' and B"!. To recover
B", we need only solve a linear system corresponding to the well-conditioned mass
matrix. This needs to be done at each time step.

We propose solving the linear system (2.24) using the popular preconditioned
conjugate gradient (PCG) method. The convergence rate of PCG method can be es-
timated in terms of the condition number of the preconditioned system [33]. Precon-
ditioners for (2.24) constructed using domain decomposition and multigrid methods
will be analyzed in Chapters IV and V.

We point out that the problem (2.24) also arises in eddy-current simulation [11]

and elasticity and Stokes’ equations with various boundary conditions [31, 49].
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CHAPTER III

ANALYSIS OF THE FINITE ELEMENT METHOD

In this chapter, we analyze the semi-discrete scheme for the time-dependent Maxwell’s
equations proposed in [45]. We start with investigations of the regularity of the solu-
tion of time-dependent Maxwell’s equations in Section A. Having the error estimates
developed in Section B, we provide the error analysis for the semi-discrete scheme.

For various fully discrete schemes for time-dependent Maxwell’s equations, we
refer readers to [45]. Our analysis can be extended to fully discrete schemes without
essential difficulties.

In this chapter, we assume that 0f2 is connected.

A. Regularity

To study the regularity of the solution E and B of (2.13), as in [24], we introduce
two more spaces X y(§2;¢) for electric field and X r(§2; ) for magnetic filed, which

are given by

Xn(Q;e) ={u € H(curl; Q) N H(div;&;Q) |u x n = 0 on 002}
and

X7(Qu) ={u € H(curl; Q) N H(div; 11;Q) | pu - m = 0 on 00},

where

H(div;£;,Q) = {v € L*(Q) | div (év) € L*(Q)}.

Note that our definition of X (€2; i) is slightly different from the one in [24] and
allows us not to assume that p is constant in a neighborhood of 9f2.

When ¢ (or p) is constant, we will drop € (or p) in the above notations. The
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norms in both X n(Q;¢) and X 7(92; &) are defined by
el = llwll® + [leurl | + |[div gu|*.

If u e Xy(Q¢e) and v € X7( p), then (u,v)? belongs to D(A) and v-n =0
on 0f).
By the following theorem, we need only study the regularity of vector fields in

X n(Q¢e) and X 7(9; 1) in order to study the regularity of the solution E and B.

Theorem III.1. Let A be as in (2.14) and g = (Ey, Bo)*. Suppose that J and div J
belong to C3([0,T); L*) and C*([0,T); L*) respectively. If g, —Ag + (J(0),0)" and
A?g—A(J(0),0)T+(J'(0),0)T belong to X n(Q; ) x uX (s 1), the solution (E, B)T
to (2.13) and (2.11) is such that E and E, belong to X n(Q;¢), and p 'curl E,

pteurl By and p='B belong to X ().
Proof. By (2.19), we have that

IE®] + B + lcurl E(t)]| + [|eurl p~ B(t)]

B+ 1B+ B0l + B @) + T@)] < C.
Note that div (¢ E;) = div J(¢t) by (2.13). Thus, we have
|div (eE(t))]]* < ||div (e E(0))]]* + C/Ot |div J(t)||?dt, t € [0, T].
So far we have shown that E € X y(Q;¢) and p~'B € X 7(Q; 1) satisfy
IE®|x + Il B®)|x < C, t€[0,T]. (3.1)

By Corollary 1, we know that (E, B)T € C3([0,T];H). If we differentiate
both sides of (2.15) with respect to t and repeat the above argument, we get that
E, € Xn(Q;¢) and p !B, (= ptcurl E) € X (Q; p) satisfy (3.1). Similarly, dif-



23

ferentiating both sides of (2.15) twice yields that u~'By(= p~'curl E;) belongs to

X7(; ). O

The regularity of vector fields in X 5(2;¢) and X (€; &) has been studied by
M. Costable et al. [24]. They began the analysis with the decomposition of vector
fields in X n(;¢) and X 7(; 1) as a sum of a “regular” part in H'(Q) and a “sin-
gular” part in the form of a gradient, which contains, in particular, all the jumps

through the interfaces.

Lemma IIL.1. Any vector field u € X n(€;¢) admits a decomposition
u=w+Vo (3.2)
where w € H'(Q) N X n(Q) and ¢ € H}(Q) satisfy
lwlls + ¢l < Cllulx. (3.3)

Similarly, any vector field v € X(Q;u) admits a decomposition (3.2) where w €
H' (Q)NX7(Q) and ¢ € H(Q)/R satisfy (3.3).

Proof. The proof is an exact rewriting of the proof of Theorem 3.4 in [24]. However,
since our X 7(Q; p) is different from the one in [24], we sketch the proof here.

Let w be as in the lemma. Since its curl is a divergence-free field in L* and Q
is simply connected with one boundary component, we can apply Lemma 3.1 in [24]
and find w in H'(2) such that curlw = curlu and w - n = 0 on 9. Then, u — w
is a curl-free field. Since (2 is simply connected, there exists ¢ in H'(€2) such that

v—w=Vo. U

Based on the above lemma, M. Costable et al. related the regularity of vector

fields in X n(€2;€) and X 7(£2; &) to the regularity of solutions of certain Laplacian
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interface problems. For example, for u € X1(Q;pu), we have u = w + V¢ where

w € H'(Q) and ¢ € H'(R) satisfies, for all ¢ € H(Q)/R,

[ avo-vids = [ ptu=w) Vode = (f.0) (3.4)

where f belongs to the dual space of H'(Q)/R. Often the solution ¢ to (3.4) is more
regular than H'((2) since the right hand side f is smoother than functions in the dual
space of H'(Q2)/R. Indeed, for any a € (0,1/2), we have

(G0l =1 [ - Voda = [ jw-Voda]
= |/Qdiv(,u'u,)¢dz— ;Mi/ﬂiw -V dz|
< Cll¥| + CZ [wllalIVYll-an, < CllY]li-a,

and thus f belongs to H1T*(Q).

M. Costable et al. [24] studied the regularity of the solution to (3.4). They
pointed out pointed out that the regularity of vector fields in X y(£2;¢) and X 7(€2; u)
can be very low (near L*(Q)). For a detailed description, we refer to [24] and refer-

ences therein. Throughout this chapter we will make the following assumption.

Assumption III.1. X n(Q;¢) and X 1(2; 1) are continuously imbedded in H*®(US;)

for some s € (0,1].
When ¢ (or p) is constant, we have the following imbedding result [3].

Lemma II1.2. There exists a real number r > 1/2 such that X x(Q2) and X () are

continuously imbedded in H"(£2).

The main result of this section is the following theorem, which follows from

Theorem III.1 and Assumption III.1.
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Theorem II1.2. Under Assumption I11.1 and assumptions in Theorem III.1, we have

that E(t), curl E(t), E(t), curl E;(t) and B(t) belong to H*(UQ;) for allt in [0,T].

B. Fortin operator 7,

The Fortin operator 7r;, which we shall now define plays an important role in the error
analysis of the semidiscrete scheme to Maxwell’s equations.

For any u € Hy(curl; Q), w,u € U, satisfies

(curlm,u, curlwy,),—1 = (curlw, curlwy,), -1, for all wy, € Uy, (3.5)

(mhw, Vibn) = (u, Vi), for all ¢y, € Sp,. (3.6)

If u is constant, this operator has been widely studied (see e.g. [9, 31, 47, 48, 55]).
It is shown in [32, 51] that 7r; is well defined. This is also an application of
the general results on mixed finite element methods in [57]. In the proof, one key

property [32] is that if w € Hy(curl; Q2) satisfies curlu = 0, then
u=Vp for some p € Hy(Q). (3.7)

Another key inequality [3] is that if w, € U, satisfies that (us, Vp) = 0 for all
pr € Sp, then
|lun|| < Clcurluy||. (3.8)

Note that both (3.8) and the existence of p in (3.7) are only valid when 02 is con-

nected.

Remark IIL.1. 7, is also computable. In fact, wpu = wy, where (wp,py) is the
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solution of the following problem: Find w, € U, and p, € Sy such that

(curlmpu, curlwy),—1 + (Vpp, w,) = (curlu,curlwy),—1, for all wy € Uy,
(mau, Vo) = (u, Vi), Jor all Yy, € S,
(3.9)

This was also pointed out in the remark of Proposition 1.1 in [57].

The following lemma extends previous results to the case that u is piecewise

constant and u is of lower regularity.

Lemma II1.3. Let s be as in Assumption II1.1. Under Assumption III.1 and III.2
below, if u € Hy(curl; Q) satisfies both u and curlwu belong to H*(UQ;), we have

that
|lu — wrul| + ||curl (w — mhu)|| < CR(|Jullsua, + ||curlu||sua,)- (3.10)

To show the above lemma, we need some approximation results in S;, and U,
which are stated below in Lemma III.4 and Lemma III.5 respectively. For the first

lemma, we need the following assumption.
Assumption IIL.2. There are no points on I that belong to more than two §;’s.

Lemma II1.4. Under Assumption II1.2, for all ¢ € HL(Q) N HT(U,), 0 < a <

1/2, there exists ¢y, € Sy, such that

|6 — dnl1.ao < Ch%||dll1+a.00;- (3.11)

Remark II1.2. Lemma I11.4 appeared in [12], and the proof follows the technique in
[18], which requires certain geometry reqularity of the interface T'.

However, without Assumption I11.2, we can show (3.11) for all o € [0,1/2).
Indeed we can take ¢y, = Pno, where Py is the energy projection onto Sy under the in-

nerproduct (V-,V-). Since the interpolation space between H} () and Hy(Q) (N H*(Q)
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is HY(Q) N H'™(Q) [6], we have
|9 — dnlia < Ch*|9]14a;

and thus (3.11) follows from the equivalence of || - [[1+a,u0, and || - ||14a.q. This is the

only place we use Assumption II1.2.

Lemma IIL.5. Suppose that uw € H(curl; Q) and that 1, is the interpolation oper-

ator onto Uy,. Then, we have the following estimates.
1. If u € H*(US) for some 1/2 < a <1 and curlu € V,,, then
|lu — ITyu| < Ch(|u|aua, + ||curlul]).
2. Ifu € H'(UQ,) and curlu € H*(UQ;) for some o > 0, then
|lu — ITyu|| + hllcurl (u — ITu)|| < Ch(|u|iuo, + |curlul, o, )-
3. If both w and curlw belong to H*(US;) for some a € (1/2,1], then
lu — Il gewse) < Ch(lufla + [lcurlull,).
4. If u € Hy(curl; Q) satisfies curlu € H*(UQ;) for some a > 0, then
inf |curlu — curlu,|| < Ch%||curlu||qug,.

wp €Uy

Proof. Inequality (3) is given in Proposition 5.6 of [2] (see also [55]), and the inequality
(4) is given in Theorem 4.8 of [3].

Inequality (1) is an extension of (2.4) in [4], and the proof follows same lines
there. For completeness, we also give a proof here. First by Lemma II.1 and the

Sobolev imbedding theorem, IT}, is well defined for vector fields in H(f2), o > 1/2,
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whose curl in V. Secondly, on the reference tetrahedron 7 of unit size, we have
[u —ILu| < C([[ulla + [[curlu|r=) < C(|ullo + [[curlu]),

by the equivalence of all norms in V(7). Since u — TI-1 vanishes for constant u, a

Bramble-Hilbert argument yields
@ — T4l < C(|la + [lcurlal]),

Finally, if we scale this estimate to a general tetrahedron using Lemmas 5.2 and 5.5

of [2] and sum over all the tetrahedra in T}, we get
Ju— Ml < O3 bl - Tl < €3 ([l s + leurl af3.)
<O 2, 4 eurlul?,
< Ch(ful, + lurl ul)

The proof of (2) is very similar. Again by Lemma II.1 and the Sobolev imbedding
theorem, II> is well defined for H' vector fields whose curl belong to H®. On the
reference tetrahedron 7, we have [|[@—II+l|o7 < C(||@]|, 7 +||curl @l|, 7). A Bramble-

Hilbert argument gives that
|lu — Isullo7 < C(|u]1 7 + |curlul, 7).
Similarly, we have

lcurl (@ — IL@) o> < [lcurl@los + [lcurl I-@los < ||@]is + C|TLa]o~

< C(||lullr7 + |lcurltllo7) < C(|uliz + |curli|y 7).
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A scaling argument using Lemma 5.2 and 5.5 of [2] gives that
|u — Iu|® + R?||curl (u — IT,u)||?
<O b (@ - TLal2, + leurl (@ — TLa)|2,)
<O h(fal - + feurlaf )
<O ho(heluf , + Wi curl@f? )

S Oh2(|u|iuﬂz + |curlu|i,uﬂi)‘

Now we can give the proof of Lemma II1.3 concerning error estimates of 7.

Proof of Lemma I11.3. Let uw be as in Lemma II1.3. From the first equation of (3.5)

and the third estimate of Lemma III.5, we have that
|curl (u — )|, = ing |curl (u — up)|| - < ChP||curlul|suo,. (3.12)
upeUy

In the following, we will bound |lu — wpul|. Let v = v + Vi be the Helmholtz
decomposition of u where v € Hy(curl;Q) and ¢ € H}(Q) satisfy dive = 0 and
vl Heurt,) + Y111 < Cllu||Heurto). Since dive = 0, the second equation of (3.5)
implies that (7 v, Vib,) = 0 for all ¢, € Sy,. Using (3.8) on m,v, we have ||mv|| <

C||curl w,v|| and thus

lw = mpul| < [lv —mpol| + [V — m, V|
< [lvll + Clleurlmpol| + [V

< [lv]l + Clleurly|| + [Ju]| < Cllu]|#euro), (3.13)

where we have used the first inequality of (3.12) on v.
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When s > 1/2, ||u — wpul| can be bounded as follows. Using the stability (3.13)

of 7, on u — IT,u and the third inequality in Lemma III.5, we have that

lw — mpull < [lu— Tl + [[(TT, — 7 )ul
= [lu = pu| + [[7a(hu — u)|
< COllu — Iy feuro) < CR*(lullsue; + [[curlullue,)-
The main difficulty comes from the case s < 1/2. Since v € Hp(curl; Q) has
zero divergence, by Lemma III.1, we can decompose v = z + V¢ where z € H*(Q) N

Hy(curl; Q) and ¢ € Hg(Q) satisfy |21 + [|¢]l1 < C||v| H(curt,0). Therefore, letting

p=0o¢+1 e HQ), we get a decomposition u = z + Vp which satisfies
[z]li + [lplh < Cllullgeuse).- (3.14)

Since u € H*(US;) and z € H'(Q2), Vp belongs to H*(USY;). By the second equation

of (3.5) and Lemma I11.4, we have

7

IVp —m,Vp| < inf [|[Vp— Vi < OR*|Iplli4s,00;
PrESH

< OR¥([Jull m(ewrse) + [lullsue;)- (3.15)
Once we have shown that
|z — mpz|| < CR*(Jlul| + [|curlu|/s ue,), (3.16)

the desired estimate for ||u — mpu|| will follow from (3.15), (3.16) and the triangle
inequality.
To show (3.16), by Lemma IIL.5, we first note that Il,z is well defined and

satisfies

|z = Tz|| < Ch([|z[l + leurl 2|[s uo,) < Ch((lul| + [lcurlulls ). (3.17)
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Then we decompose II,z — w,2 = w + V¢ where ¢ € Hj(Q2) and w € Hy(curl; Q)

satisfies divaw = 0. By Lemma II1.2, w belongs to H"(Q2) and satisfies

|wll, < Cllwl|aEwso) < Clhz — 7h2 | Hcurto)
= C|lmn(Ilhz — 2) || H(eurro) < Cllz — 2| H(curla)

< C([lull + [leurlullsua,), (3.18)

where we have used (3.12) and (3.13) on z and the second estimate of Lemma IIL.5.

Since curlw belongs to V},, by Lemma II1.5, IT,w is well defined and satisfies
lw — Iyw|| < CR([w], + [[curlw]]) < CB"(Ju]| + [[curlulls o). (3.19)

Note that

th — TRz = th + Hth = th + th

for some ¢, € Sj,. Therefore, we have, by the second equation of (3.5),

|z — mnz|)® = (2 — mhz, 2 — 2) + (2 — w2, M2 — 2)
= (2 —mpz, 2z — yz) + (2 — mpz, ILw + V)
=(z—mpz,z —II)2) — (z — mpz,w — Iw) + (z — T2, W)

<|lz —mpz||(]|]z — Hpz|| + [|[w — Mw|) + (2 — 72z, w).  (3.20)
To estimate the term (z — 7,2z, w), we define t € Hy(curl; Q) satisfying
curl (g 'curlt) =w  and  divt=0in Q. (3.21)

Thanks to divw = 0, t is well defined. Since curlt-n = 0 on 99, p~'curlt actually

belongs to X 7(2; ). Thus, by Assumption II1.1, we have

|curl t||s o, < Cllw|. (3.22)
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Using (3.21) and the first equation of (3.5), we have

(z —mpz,w) = (curl (z — w,2), curlt),—

= (curl (z — m,2), curl (t — wpt)), 1.
Since curl z = curlwu belongs to H*(US);), by (3.12) and (3.22), we conclude that

(2 — mhz, w) < CR*(|leurl 2|0, + [leurle] o,

< Ch*(||lul| + |lcurl w5 u0,)? (3.23)
Finally, the combination of (3.17), (3.19), (3.20), (3.22) and (3.23) gives that

lz = mpzl* < Ch*llz — mpz|| (Jull + [leurlull;oo,)

+Ch* ([Jull + [leurlullsue,),

from which (3.16) follows. O

C. Error analysis for the semidiscrete scheme (2.21)

We recall some equations in Section D of Chapter II. From the discussion given there,

the system (2.13) is equivalent to

(eEi,u) — (u'B,curlu) = —(J,u), forallu € Hy(curl;Q), (3.24)
(0 'By,v) + (curl E, p~'v) = 0, for all v € Hy(div; Q).

The semidiscrete approximation (Ey(t), By (t)) in Uy, x V), was defined, for 0 < ¢ < T,

by

(eEns,up) — (' By, curluy,) = —(J,uy,), for all u;, € Uy, (3.25)

(W' By, vp) + (curl Ep, p'vy,) = 0, for all v, € V3, (3.26)
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with E(0) ~ E(0) and B(0) ~ B(0). This scheme is uniquely solvable [45].

Some possible choices of Ej,(0) and B,(0) are as follows. We can define B, (0) =
r,B(0) since r,B(0) is well defined according to (2.2). We note that By, (t) is di-
vergence free for all ¢ in this case by the second equation of (3.25). We can define
E,(0) = 7, E(0) by solving (3.9). However, if E(0) is smooth enough, we can ap-
proximate E(0) by IT, E(0) and avoid the solution of (3.9).

In the following theorem, we give the L*-error estimate for the semidiscrete

scheme (3.25).

Theorem I11.3. Let (E, B) be the solution to (2.13) and (2.11) and (Ey, B}) be
the solution to (2.21) and (2.22). Let s be as in Assumption III.1. Under Assump-

tions II1.1 and II1.2 and the same assumptions as for Theorem III.2, we have that

1E() = Ex®)]| + [ B(t) = Ba(t)]]

< O(h* + | Ey — Ey(0)|| + | Bo — Bu(0)])), for allt € [0,T].

Proof. Let QZ be the Li,l—projection from Hy(div; Q) to curlU,,. Since div B = 0,
by the commuting diagram II.1, we know that divr; B = 0 and thus r, B € curl U,,.
Therefore, by (2.2) and the regularity of the solution given in Theorem II1.2, we have
that

|Q7B - B| < |r4B - B| < CI. (3.27)

We follow the strategy in [45] and split Bj(t) = B (t) + By (t) where Bj (t)
belongs to curl U, and Bj-(t) is in the Li_l—orthogonal complement of curlU}, in
V.

Due to (2.21), (Ey, B}) € Uy, x curlU, satisfy

(eEns,up) — (0 ' By curluy,) = —(J,uy), for all uy, € U, (3.28)
(/le;;t, zp) + (curl By, p7tz) = 0, for all z;, € curlU,,.
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In the same way, we can see that Bit(t) = 0 for any ¢.

From (2.20) and definitions of QZ and mr}, it follows that, for any w; € Uy,

(1 'QFB,, curluy,) = (' By, curluy,)

= —(curl E, p 'curluy,) = —(curlm, E, u 'curluy,).
Note that both QhZBt and curl 7, E belong to curlU,,. This implies that
Qth + curl 7w, E = 0.
By the second equation of (3.28),
(Q¥B: — B}, QB — B};),+ = —(curl (m,E — Ey), QB — By),-+.  (3.29)

Moreover, by the definition of QZ and the first equations of (3.24) and (3.28), we

have

(mhE; — Ejy,up). + (B — QFB, curluy,),—
= (mpE; — Epy,up). + (B — B, curluy,),—
= (wpEy — Epg,up). — (B — Epy,up)e
= (mn By — By, uyp).,

for any uy, € U,. In particular, choosing w;, = 7w, E — E},, we get that

(mhE; — Ep s, mpE — Ey). + (B — QZB, curl (m,E — E})),—

= (ﬂ-hEt - Et7 7ThE - Eh)e‘ (330)
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Adding (3.29) and (3.30) together yields

d
= [(ﬂ-hE — E,,mE - E)). + (Q?B — Bf ,Q?B — B}),:

= 2(7ThEt — Et, 7ThE — Eh)s-

Using Bit = 0 and the orthogonal property between Bﬁ and QZB — B}, we have

that
d

d
L

7B B{.QB - B{), = o

7B - B,,,Q?B — B},),1,

and thus

d
- (7hE — By, E — E),). + (QZB — B, Q7B — B},

= 2(7ThEt - Et, 7ThE - Eh)s- (331)
Integrating both sides of (3.31) over [0, ¢] yields

(mhE — Ey, 7, E — Ey). + (QZB — B),,QfB — B},
= (7 By — Ep(0), m,Eq — E,(0)).
+(QFBo — B1,(0),Q7B, — B,(0)),-
+2 /t(ﬂ'hEt —E, 7, E — E}).dr
0
< C(h* + ||[Ey — Ex(0)|]* + || Bo — Bx(0)]?)
+ Ch? /t | E — Ey|| dr.
0

For the last inequality, we have used (3.10), (3.27) and the triangle inequality. It

follows from Gronwall’s inequality that
lmnE — Byl + QB — Bl < C(1* + || Bo — Ex(0)]| + [[Bo — Br(0)l]).  (3.32)

The desired estimate then follows from (3.32), (3.27) and the triangle inequality. [
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Remark II1.3. If the initial approximation B (0) is divergence free, the splitting of
By,(t) into B} (t) + Bj:(t) in the proof is not necessary because of Bj (t) = 0. But
the above theorem shows that the initial approximation Bp(0) does not need to be
divergence free for the semidiscrete scheme (2.21) to result in good approximations of

E and B.



37

CHAPTER IV

OVERLAPPING SCHWARZ METHODS
In this chapter, we will analyze overlapping Schwarz methods for the problem (2.24)
in Chapter II. We only consider the case when ¢ and p are constants. To be more
specific, we will study overlapping Schwarz preconditioners for the problem: Find

uy, € Uy, such that
A(up, vy) = a(up, vy) + (curluy, curlvy,) = (f,v,), for all v € Uy, (4.1)
where « is a positive number. The above equation can be written as

Aflu, = f), = QJf, (4.2)

where QY is the L*-projection onto Uy, and AY : U — U, is defined by (AYu,v),) =
A(u,vy), for all v, € U,. When ¢ and p are not constants, the discrete system
corresponding to (2.24) can be preconditioned by preconditioners for (4.2) provided
jumps of € or u cross interfaces are not too large.

We begin our analysis with introducing a regular decomposition of vector fields
in Hy(curl;2) in Section A. After giving the construction of both additive and
multiplicative preconditioners in Section B, we provide a stable decomposition in
Section C which is critical in the estimate of condition number of the preconditioned
system. Our results hold uniformly for 0 < a < oo under standard conditions on the
overlapping subdomains. In Section D, we give the results of numerical experiments

to illustrate the theory.
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A. Decompositions of Hy(curl; Q)

Due to the different behavior of A(:,-) on solenoidal and irrotational vector fields,
the Helmholtz decomposition is an important tool in the analysis. For any uw €

Hj(curl; Q), we have the continuous Helmholtz decomposition
u=z+ Vo, (4.3)

where z € Hy(curl;Q),divz = 0 and ¢ € H(Q). Unfortunately, the vector field
z in (4.3) does not, in general, belong to H'(Q2) when the domain € is not convex.
Our analysis is based on a decomposition of z. The following two lemmas provide

the construction and estimates.

Lemma IV.1. For any u € Hy(curl;Q), there exists w € H"(Q) such that
curlw = curlu and divw =0 1in,

and the following estimates hold:
lwll < Jlull and  |wh < V2||curlul.

Proof. The proof follows the argument of Theorem 3.4, chapter I in [32]. Denote by
u the extension by zero of w. Then @ is in H (curl,R?). Let v = curlw. Note that
v has compact support.

Let u and © be the Fourier transforms of @ and v respectively. Since divev = 0

and v = curlu, we have

where i = v/—1 and & = (&, &, &)7 stands for the dual variable of © = (zy, 22, z3)7.

Define w = (I — #SST)?L where I is the identity matrix. It is not hard to see
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that the matrix I — #&“T has the eigenvalue 0 corresponding to the eigenvector &,
and the eigenvalue 1 of multiplicity two corresponding to two linearly independent
eigenvectors orthogonal to £. This shows that ||w|| < ||z|| and thus the inverse Fourier

transform w of w satisfies
|wllors = |wllogrs < [[llors = |lullogs = |l

By the construction of w, we also have

b
€12

o
)
I

§-u £-¢(¢"u) =0

and
i€ X W= i€ X U — ——(ETA)E x € = if X @.
Thus,
divw =0 and curlw = curla.
Since v = i€ X u,
Ex 0 =if x (£ x ) =i[(Tw)E — |¢]*u]
1 . 9~
@&TU) = —z|§|2w.

It immediately follows that |w|; zs < v2||v|lors < V2||curlul.

— il -

The restriction w to €2 is the desired potential. This completes the proof of the

lemma. O

The following lemma is an improvement of Proposition 5.1 in [25]. It provides the
additional stability estimate |w]| < C||z||. The proof mainly follows the argument
given there. Note that some modification has to be done for the case that 0f) has

multiple components.
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Lemma IV.2. For any z € Hy(curl; Q) with divz = 0 in Q, there exist w € H(Q)

and ¢ € HY(Q) with 1 being constant on each connected component of 0Q such that,
z=w+ V1,
and the following estimates hold:
[wll +[[¢h < Cllzl]  and |Jw], < Cllcurl 2.

Proof. Let I';, 1 < i < I, be the internal connected components of 92 and I'y the
boundary of the only unbounded connected component of R3\Q.

Define ¢; to be the unique solution in H'(f2) of the problem [3]
{ —ANg=0 in Q,
Glp, =0, @l =Cu, 1<k <,

where Cj, are constants on I'y. These constants are uniquely determined by the

following conditions

<g§]§)1>r =-1 <§Z}1>F =0, 1<k <1
0 k

For z given above, we define z by

I
z2=2z— Z<z -mn, 1)r, V.

=1

Then z € Hy(curl; Q) satisfies that

o . o
curlz =curlz, divz =0,

1

o aQ’L
(2-n, U, = (z-m, U, — ;g “n, Dr, <%, 1>Fk —0, 1<k<I,
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and
I
12l < Nzl + > [z -7, D] - 1 Vg
i=1
< [zl + Clizller@ive) < Cllz]]
It follows from Corollary 3.19 of [3] that
|z]| < C|lcurlz|. (4.4)

Denote by Z the extension by zero of z to an open ball B (0;7) which contains

Q. Let Q¢ = B(0;7)\Q. By Lemma IV.1, there is a w € H'(B(0;7)) such that
curlw =curlz and divw =0.

Moreover, ||@]lo.s0x < 12| and |@]1 50w < V2/|2| H(eurro) < C|lcurl z||. In the
last inequality, we used 4.4.

Since curl (w — z) = 0, there is a ¢ € H'(B(0;7))/R such that w — 2z = V¢
and ||@]l1,(0;) < Cllw — Z|o,B(0;) (cf. Theorem 2.9, Chapter I in [32]). Note that in
Q°, Vo =w € H'(Q°) since z = 0 and thus ¢ € H?(Q°). Using Theorem 5 in [61],

we can extend this @ in H?(Q) to ¢ defined on B(0;r) satisfying

HQOHI,B(O;T) < CH&HI,QC < OHﬂ’ - EHO,B(O;T) (4'5)

and

ell2,B0r) < Cliellz0e < Clwll 00+ [1Z]])- (4.6)

Now, we have
Z=w—-Vy=(w—-Vp)+V(p—9)

Note that w — Vi is in H'(B(0;7)) and its trace to 9§ from Q¢ vanishes. Thus,
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w — Vi is in H () and satisfies
[w = Vellosor < Cllwloser + Cllw = Z[os0r < Cllz] < ]

and

1@ — Vells0r < Cl@lh,500n + IZ]]) < Clleurl ]| = Cllcurl z].

We complete the proof by setting w to be the restriction to 2 of w — V¢ and v to

be the sum of 31_, (2 - n, 1)p,¢; and the restriction to Q of @ — . O

B. Overlapping Schwarz preconditioners

In this section, we give two overlapping Schwarz preconditioners for the discrete
system corresponding to (4.2). The overlapping Schwarz algorithms as described
in [28, 34, 64] are based on two levels of partitioning of 2. The first is a coarse
partitioning into (non-overlapping) tetrahedra {€; : ¢ = 1,..., No}. This forms a
mesh Ty of mesh size H. Next, each (); is further partitioned into finer tetrahedra
{Tij . j=1,2,...,N;}. The fine partitioning gives the fine mesh T} of mesh size h.
Both Tg and T}, are assumed to be regular.

Along with this partitioning, we assume that we are given another sequence of
(overlapping) subdomains Q. j=1,...,N in such a way that 90} aligns with the
h-level mesh. Then each subdomain (2} is also partitioned by tetrahedra in T} and
the space

U, = U, N Hy(curl; ), j=1,...,N,

is also a Nedelec finite element space. In the above definition, we regard Ho(curl; Q)
as a subset of Hp(curl; Q) by identifying functions in Hg(curl;(2}) with their exten-

sion by zero. It is convenient to set Qf = Q and U) = Uy. Similarly, we define
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the Lagrange finite element space S,{,j =0,1,..., N by replacing Hy(curl;(2}) with
Hy(€0)).

We assume that subdomains {€2}} are such that there is a partition of unity
{9]-}?7:1 where the partition functions are piecewise linear with respect to the fine
mesh and satisfy

IVO;llee <CH™, for j=1,...,N. (4.7)

We finally assume that the subdomains {Q;} satisfy a limited overlap property, i.e.,
each point of €2 is contained in at most ng subdomains where nq is independent of H
and h.

One can, for example, define the overlapping subdomains to be regions associated
with vertices of the coarse mesh, i.e., Q2 is the interior of the union of the closures of
the coarse grid tetrahedra which share the j'th vertex. In this case, the partition of
unity functions can be taken to be the nodal finite element basis functions associated
with the conforming piecewise linear coarse grid approximation to H'(). Alterna-
tively, one can use the classical approach of defining the overlapping subdomains by

extending the original coarse grid subdomains {€2;} so that
dist(0Q; N Q,00;,NQ) > 6H forall j=1,...,N. (4.8)

Here ¢ is some constant independent of h and H.
A key property to establish the effectiveness of the overlapping Schwarz precon-

ditioners is the following stability result. Its proof will be given in the next section.

Lemma IV.3. Suppose that the overlapping subdomains and partition of unity satisfy

the conditions above. Then there is a constant Cyqp such that for all w € Uy, we have
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a decomposition u = Z;V:O u; with u; € Ufz satisfying

N
Z A(uj,uj) < CanpA(u,u).

7=0
The overlapping Schwarz methods uses the solvers on the overlapping subregions

{2} For j =0,1,..., N, we define A; : UZ—>U?Iby
(Aju,w) = A(v,w), forall we U,

and set Q; : U, — U, to be the L*(Q)-projection.

The additive Schwarz preconditioner B, : U, — Uy, is defined by
N
B.=) A;'Q; (4.9)
5=0

The symmetric multiplicative Schwarz preconditioner B,, : U, — U, is defined as
follows. For a given g € U,,, we let B,,g = u” € Uy, where the u” is defined by the

iteration u=V~! = 0, and
w =w — AL Qg — Ay, j=—-N,-N+1,...,N. (4.10)

In practice, one can replace A;l by preconditioner for A; in either algorithm
and still get robust preconditioners for the operator AY. The results for the termwise
preconditioned algorithm easily follow [16] from those for (4.9) and (4.10) which we
give below.

The following theorem provides the upper bound for the conditioner number
of the additive and multiplicative Schwarz preconditioners. Its proof is well known
(cf. [16, 60]) and follows from the assumptions on the overlapping subdomains and

Lemma IV.3.
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Theorem IV.1. Under the assumption of Lemma IV.3, for any uw € U, we have

O—l

sta

s A(u,u) < A(B, AYu,u) < ngA(u,u),

and

(Cstap n%)_1 A(u,u) < A(B,, AhUu, u) < Au,u).

Remark IV.1. The above theorem guarantees that the condition number for the
preconditioned system remains bounded independently of h and H. This means that,
for example, a preconditioned conjugate gradient iteration using these preconditioners

1 gquaranteed to converge at a rate which can be bounded independently of h and H.

Remark IV.2. The theorem suggests that the additive method has a smaller condi-
tion number than the multiplicative. In practice this is not the case. In numerical
experiments, it is observed that the multiplicative method has a smaller condition

number.

C. Analysis of overlapping Schwarz methods

In our analysis, we will use the interpolation operator IT, and the L2-projection QY

onto Uj,. From Lemma II1.5, we have
|u — Iyu| < Chluly, for all uw € H'(Q) such that curlu € V,. (4.11)
For QY. we have the following stability and error estimates suggested in [34]:
|u — QYul| + h|lcurl Q¥u|| < Chl|u|,, for all u € H'(Q) (4.12)

although its proof was not given there. In a private communication, Hiptmair sug-
gested a proof of (4.12) using the operator B, introduced in [7]. The projector P, was

defined locally and replaced integration on the edges with integration on the faces.
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This produces an interpolation which is well defined on vector fields in H'. By ap-
plying a Bramble-Hilbert argument, Lemma 5 of [7] shows that |u —Pru| < Chlul;,
and ||curl®Brul| < Cluly, for all w € H'(Q). The first estimate of (4.12) follows

from the best approximation property of QY, and the second follows from
leurl Q¢ul| < CR7HI(QE — Pu)ull + Cllcurl Prul.

We now give a proof of Lemma IV.3.

Proof of Lemma IV.3. Pick an arbitrary u € U, and let u = z+ V¢ be its continuous

Helmholtz decomposition. Splitting z = w + V) as in Lemma V.2 gives
u=w+ Vp, (4.13)

where w € H(2) and p = ¢ + ¢ € H'(Q) with p being constant on each connected

component of 9€) satisfy
lwl[ +llplh < Cllull and  |w|y < Cfcurlul. (4.14)

Since w € H'(Q2) and curlw € V},, we can apply IT;, to both sides of (4.13) to
get
u = IT,w + Vp", (4.15)

where p" € S, is constant on each connected component of Q (see the proof of
Lemma 5.10, Chapter III of [32]). We will decompose IT,w and p” separately.

For the decomposition of p”, we define the piecewise linear function py in Sj, by

(4.16)

Qup", at nodes of Ty in €,
Po = {

", at nodes on 02,

where Qp is the L2-projection onto Sg. Using partition of unity {6, }j\le introduced
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in the previous section, we define the decomposition of p" by

p —po+th i(p —po)—poJerj, (4.17)
Jj=1
where I}, is the interpolation operator on Sj,. Note that Vp;, 7 = 0,..., N, belongs

to U; because py is constant on each component of 9Q and p" — py vanishes on 9.

To show the stability of the decomposition (4.17), we first note that
lpo = p"|| < CH|IVP"|| and [V (py —p")]| < C|IVP"|.

For details, we refer to Section 4 in [17]. Therefore, using (4.7) and the finite over-

lapping assumption, we have that

N N
IVpoll® + > IVpsll* < CUVP" P+ C Y 11V (0" — po)lI”

j=1 j=1
N
< IV + O S B2 = ol + 196" = )l )
j=1
< C|Ivp"|I?,
and thus
N N
ZA(ij,ij) = ozz |Vp;]12 < CA(VP", Vp") < CA(u,u). (4.18)
=0 =0

To deal with IT,w in (4.15), we first eliminate the low frequency components by

subtracting QYw from w, and get
M,w = (I,w — QYw) + QYw = w" + wy, (4.19)
By (4.11), (4.12) and (4.14), wy and w" satisfy,

A(wo, wy) < of|w|® + Clwli < CA(u, ), (4.20)
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|w"|| < ||[TTw — w|| + |lw - QFw]| < CH|w|, < CH||curlul. (4.21)
Alternatively, we have the bound

lw"| < | Thw — wl| + [w — QFw]|

< C(hljcurlul| + ||w]]) < C|ul|. (4.22)
Finally, by (4.15) and (4.12),

|curl w”|| < ||curl IT,w|| + ||curl Q5w||

< |leurlu| + Clwl|; < CJ|curlul. (4.23)

The remainder w” is decomposed in a classical way. We use the partition of
unity {6;}7_, introduced earlier and define w; = IT,(6;w"), for j = 1,..., N. Using
the fact that the partition functions {6;} are piecewise linear with respect to the fine

grid mesh, it can be shown (cf. Lemma 4.5 in [64]) that

L, (0;w") ]| < Cll6jw"| and
|curl IT, (0,0") < C||curl ;w"|.

The argument given there uses the property that 6;w" is a piecewise polynomial of

fixed order. Thus, we have
lwyl| < Cll0jw" ]| < Cllw"|| L2 qr)
and

|curlw;| < C|lcurl §;w"||
< O(HVQJHLOO||’wh||L2(Q)(Q;.) + chrl’whHL%Q)(Q;))

< C(H_lehHH(Q)(Q;) + ||Cur1’wh||L2(Q)(Qg.))~
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The above inequalities and the limited overlap property of the subdomains imply that

N
Y A(w; w)) < O((a+ H?)|Jw"|* + [[eurlw”|?)
j=1 (4.24)

< C(al|ul]? + ||curlu|?*) = CA(u, u).
The last inequality above followed from applying (4.21) and (4.22).

Finally, setting uw; = w; 4+ Vp; gives the desired decomposition of w. Indeed,

combining (4.18), (4.20), and (4.24) shows that

N N N
> A(ug,uy) < 2A(wo,wo) +2 ) Alw;,wy) +2)  A(Vp;, V)
j=0 J=1 J=0
< CA(u,u).
This completes the proof of Lemma IV.3. O

D. Numerical results

In this section we report the results of numerical experiments confirming and illus-
trating the theory of previous sections. All of the computations to be described use
lowest order Nedelec elements on cubes.

The domain € is defined to be the three-dimensional domain (0,1)/[0,1/2]*. On
this domain, the solenoidal component of the Helmholtz decomposition is generally
not in H'(Q).

We take the coarse grid to be the 7 cubes of size [0,1/2]*, whose union is the
closure of €. Q is meshed uniformly by cubic elements of size h. Overlapping subdo-
mains are constructed by adjoining just enough fine elements to the coarse elements
so that (4.8) holds.

Equation (4.1) with various « was solved using the preconditioned Conjugate
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Table I. Condition numbers of B,AY with § = 0.1
a 107* | 107* | 1072 | 107! 1 10 | 10% | 10 | 10*

h=1/4 || 718 | 718 | 718 | 7.18 | 7.18 | 7.20 | 7.24 | 7.74 | 7.95

h=1/8 || 7.78 | 7.78 | 777 | 7.77 | 7.71 | 7.20 | 7.01 | 7.05 | 7.07

h=1/16 | 13.17 | 13.17 | 13.17 | 13.16 | 13.11 | 12.38 | 7.00 | 7.00 | 7.00

h=1/32 13.24 | 13.24 | 13.24 | 13.23 | 13.18 | 12.43 | 7.01 | 7.00 | 7.00

h=1/64] 13.26 | 13.26 | 13.26 | 13.24 | 13.19 | 12.44 | 7.01 | 7.00 | 7.00

Table II. Condition numbers of BaAg with § = 0.2
a 1074110731072 107t | 1 10 | 10% | 10% | 10*

h=1/4 || 718 | 718 | 7.18 | 7.18 | 7.18 | 7.20 | 7.24 | 7.74 | 7.95

h=1/8 || 7.78 | 7.78 | 7.77 | 7.77 | 7.71 | 7.20 | 7.01 | 7.05 | 7.07

h=1/16 || 7.95 | 7.95 | 7.95 | 7.95 | 7.90 | 7.27 | 6.97 | 7.00 | 7.00

h=1/32] 791|791 | 791 | 791 | 7.86 | 7.26 | 6.98 | 7.00 | 7.00

h=1/64] 8.80 | 880 | 880 | 880 | 876 | 7.94 | 6.98 | 7.00 | 7.00

Gradient method. For the additive and multiplicative preconditioners, the Conjugate
Gradient method without preconditioning was used to solve the discrete problems on
the coarse mesh and on the subdomains. The condition numbers of the preconditioned
system as a function of h were obtained by using a Lanczos technique [33].

In Table I and Table II, we report the condition numbers of the preconditioned
system as a function of h for various values of a using the additive Schwarz precon-
ditioner (4.9) with 6 = 0.1 and § = 0.2, respectively. The results are uniform with
respect to a and h. Note that larger values of ¢ yield better preconditioners.

The condition numbers of the preconditioned system using multiplicative precon-

ditioner (4.10) with 6 = 0.1 are given in Table III. The multiplicative preconditioner



Table III. Condition numbers of B, AY with § = 0.1
a 107411072 | 1072 107 | 1 10 102 10° 10*
h=1/4 | 1.02 | 1.02 | 1.02 | 1.02 | 1.02 | 1.004 | 1.00025 | 1.005 | 1.008
h=1/8 | 1.08 | 1.08 | 1.08 | 1.08 | 1.07 | 1.05 | 1.001 | 1.0007 | 1.005
h=1/16 || 1.34 | 1.34 | 1.34 | 1.34 | 1.33 | 1.25 1.06 1.0002 | 1.002
h=1/321 135 | 1.35 | 1.35 | 1.35 | 1.34 | 1.26 1.06 1.0002 1.
h=1/64| 1.35 | 1.35 | 1.35 | 1.35 | 1.34 | 1.26 1.09 | 1.00032 | 1.

o1

performs better than the additive preconditioner in terms of the condition numbers.

Indeed the condition numbers for large o end up being very close to one.
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CHAPTER V

MULTIGRID METHODS
In this chapter, we will analyze multigrid methods for the problem (4.1): Find uy, €

U,, such that
a(up, vy) + (curluy, curlv,) = (f,v,), for all v € U,,. (5.1)

Multigrid methods are natural extensions of domain decomposition methods given in
Chapter IV.

We take the abstract theory in [14, 15] as the basis of our analysis. In Section A,
we introduce two new innerproducts in the finite element space U;,, C Hy(curl; )
by means of continuous and discrete Helmholtz decompositions. These innerprod-
ucts will serve as the base innerproduct in the abstract theory of multigrid analy-
sis. In Section B, we describe BPX-type and V-cycle multigrid methods based on
smoothers proposed by Hiptmair [35]. We present the analysis of both methods in
Section C. Essentially we construct the multilevel stable decomposition and show
that the strengthen Cauchy-Schwarz inequality holds.

We will only consider the case when o = 1 and 9f2 has one connected component.

A. New innerproducts in Hy(curl; Q)

Let uw be in the Nedelec finite element space U, and u = z; + V¢, the discrete
Helmholtz decomposition (2.3). Recall that 2z, € U, is L*(Q)-orthogonal to V Sy,

and ¢, belongs to Sj,. We define the norm || - ||, on U, by

el = lznl* + llonl (5.2)
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This norm naturally induces an innerproduct (-, -).  in U, by the parallelogram iden-
tity:

(w, ) =~ [lu+v|2, —[lu—v]7,], foraluveU,. (5.3)

RS-

On the other hand, v € U, is a function in Hy(curl;2), and thus has the
continuous Helmholtz decomposition u = z + V¢, where z € Hj(curl;(2) has zero

divergence and ¢ belongs to Hj (). We define the norm || - ||« on Hy(curl; ) by
el = [l21* + llell*. (5:4)

Similar to (5.3), this norm induces an innerproduct (-, -). on the space Hy(curl; Q).

The following lemma shows that both norms have a certain minimum property.

Lemma V.1. Let u = wy + Vi, be any decomposition of u € U, with wy, € U, and
Yy € Syp. Then,
[wlln < ClJwall + [[¢nl])- (5.5)

similarly, let w = w + Vi be any decomposition of u € Hy(curl; Q) with w €

Hy(curl; Q) and ¢ € H} (). Then,
lull < C(fJwll + [[4]]). (5.6)

Proof. For (5.5), let u = wy, + Vi, be as above, and u = z;, + Vi, be the discrete

Helmholtz decomposition of w. We first have
1znll* = (zh, wh + Vo — Vi) = (24, wn) < |25 [|lwal],

and thus

1znll < [lnl]- (5.7)
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Secondly, let uj, € S, solve

(Vin, V) = (¢n, x), forall y € S}. (5.8)

Then we have ||Vu|| < Cl|¢n| and

lonll? = (Vin, Veor) = (Viun, Vi + wy, — 2)
= (Y, Vo, +wp) = (n, ) + (Vin, wy)

< enlllonll + [V unllllwall < Cllenll([Un]] + lwal]),

which implies ||¢n]] < C(||¢n]l + ||wg]]). Combining the above gives the desired
estimate.
The proof of (5.6) is similar except we replace ju;, satisfying (5.8) by u € H}(Q)
satisfying
(Vi Vx) = (¢, %), for all x € Hy(Q), (5.9)

where ¢ is the solenoidal part of Helmholtz decomposition of w. O

Although || - || is convenient in dealing with elements in Uy, we need the level-
independent norm || - ||, for the multilevel analysis. It turns out that these two
norms are equivalent on Uj,. To show this equivalence, we need the following inverse
inequalities for both components in Helmholtz decomposition of a discrete function

in Uh.

Lemma V.2. Let u = z + Vi be the Helmholtz decomposition of w € U,,. Then, we

have the following inverse inequalities.
|curl z|| < Ch7Y| 2|, (5.10)

and

IVell < Ch™H|ull.. (5.11)
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Proof. The proof of (5.10) uses a scaling argument. Let 7 be the reference tetrahedron

of unit size. Each tetrahedron 7 € T}, can then be obtained from 7 by the affine map
F.(x) = B,z + b,. (5.12)

Under the map
U= BluoF,, (5.13)

we have

curlu(z) = B "curlu(z)B.*

T

and thus curlu(z) is a polynomial if curlu(z) is a polynomial on 7. A standard

scaling argument [49] shows that

Cllalisz < b lulls,, < C7H a4 (5.14)

and

Clleurlullj . < h'curl@|? . < C7 ' curlulf . (5.15)

Then, we have
|curl z||* = Z chrleg,T < CZh;lﬂcurl/z\Ha;
T T
<O eurd 32,
T

since curl z = curl u € V), and all norms are equivalent on a finite dimensional space.

By the definition of the norm || - ||, and integration by parts, we further have

1z 2
curlz|* < CY h7'( sup (curlZ, v) <CY» hzlEs
T T 0,7

veH}(7) [v]l1

<C) hzlE, < On72) =)™,

For (5.11), let u = 2, + Vi, be the discrete decomposition of u and u € H}(Q)
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solve

(Vi, Vx) = (¢n,x), forall x € Hj(Q).

Then, we have

lonll? = (Y, Vior) = (Vi, Vo — z5)

= (n, ) = (Vi z) < Cllgnll(llell + [[2nl]), (5.16)

which implies that ||¢n]| < C(||¢ll + ||zxl]). Therefore, by the inverse inequality, we
have

IVeonll < Ch7Hlenll < CRTH([lll + [12al)- (5.17)

Split z = w + Vi as in Lemma IV.2. Note that w belongs to H'(f2), and
curlw = curl z = curlw belongs to Vj. Thus, II,w makes senses by Lemma III.5.

Since u € Uy, we have, by Lemma 5.10, Chapter III in [32],
u = Ilw + I,V(p + ¢) = [ w + Vu,
for some py, € Sy. By (5.7), we get
[znll < [Myw| < flw = Ihwl| + [Jw]| < Chllwl]; + ||w],

where we used Lemma IIL.5 for the last inequality. Thus, using the stability in

Lemma IV.2 and the inverse inequality (5.10), we have

Izall < Chllz] Heurio) + Cll=] < Cl=]. (5.18)
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Finally combining (5.17) and (5.18) yields

Vel < [[Ve = V| + [V
< |z = zull + CR7 (Il + [l zall)

< Ch7H(llzll + llell) = Ch™H|ull..

Theorem V.1. There is a constant C' independent of h such that
Culls < |lullsn < Cllulls,  for all u € Uy,

Proof. Lemma V.1 gives lower bound for |||, . For the upper bound, let u = z+V
and u = z, + Vg, be the Helmholtz decomposition and the discrete Helmholtz
decomposition of u respectively. By the second inequality of (5.17) and (5.18), we
have

[wlln = llzall + llenll < CUlell + [124l]) < Cllae]].

B. Multigrid methods and smoothers

We consider a nested sequence of triangulations of €2, {‘J'j, 1<5<J } Assume that
h; = v~ for some positive constant 7. A typical ~ is around 2. In the following, we
will use h instead of h; when convenient.

These nested triangulations give rise to the nested spaces S; = Sy, U; = Uy,

and V; = V},.. For example, we have

U clU,C---CU,.
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For each j, the (-,-).-projection Q; : Hy(curl; Q) — Uj is defined by
(Qju,v). = (u,v),, forallvelUj, (5.19)
and the operator A, : Hy(curl; Q) — Uj is defined by
(Aju,vj). = A(u,v;), forall v; € Uj. (5.20)

Let A\; be maximum eigenvalue of A;. The following lemma gives a relation between

)‘j and hj.
Lemma V.3. There exits a constant C' such that
CTIN <h;2<CNj, foralll <j<

Proof. Let uw = z + V¢ be the discrete Helmholtz decomposition of w € U;. Then,

by Lemma V.1 and V.2 we have

Alu,u) = Az, 2) + Vol

< llzl* + Chy*|lz|* + Chy*|lully < Ch7?||ull,

and thus A\; < Ch;Q.
On the other hand, taking ¢ € S; such that |Vl > C’hj_1||cp|| (see e.g. [19]),

we have
AV, Vo) = IVl = O3 2l = CR 2Vl > Chy2 |Vl
and thus A\; > Chj’Q. O
The discretization of problem (4.1) can be rewritten: Find u € U, such that

A(u,v) = (f,,v)., forallveUy,,
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where f, € U; satisfies
(f.,v)e=(f,v), foralwvelU,.
Using A ;, the above problem can be written as
Aju=Ff,.

Given (-,-),~symmetric and positive definite smoothers R; : U; — Uj, we can

define the BPX-type preconditioner G, by
J

Ga - Z R]Q]
j=1

Remark V.1. If the action of R, f. can be computed using only (f., ¢;:)« data where
{¢;i}i is the finite element basis of U;, then the action G,f. can be implemented
without the solution of the Gram matriz problem for Q; or the explicit computation
of f.. This observation remains valid also for the multiplicative version G, which
we define below. For details, we refer to [19]. We will give an example of such a

smoother at the end of this section.

The V-cycle multigrid preconditioner G, is defined recursively. Let G} = A"

and, for j > 1, we define G/ b = y, where

yO = 07
| = g+ RyQ,(F. — Ayy).

v = vz + R;Q;(f. — Ay2).

Yy

We write G,,, = G2,

The following conditions are used for estimating the multilevel preconditioners.
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Condition V.1. There is a constant wi not depending on 1 < j < .J such that the

(-, -)«-symmetric and positive definite smoothers, R;, satisfy
wiR;'0,v), <A (v, )., foralveU;, j>1.

Condition V.2. There is a constant wy € (0,2) not depending on 1 < j < J such

that the (-, -).-symmetric and positive definite smoothers, R;, satisfy
A(v,v) < wy (Rj_lfv,v)*, forallv e Uj, j> 1.

Condition V.3. For any uw € Uy, there is a multilevel decomposition u = Z}]=1 Uu;
with w; € U; and a constant Cypg not depending on J such that
J
> Allwll? < Cuna Alu, w).
j=1
Condition V.4. There is a constant Cs.s and a number ¢ € (0,1) not depending on

J such that for all1 <i<j < J
A(“’ia“’j) < Clyes gjii)‘;/ﬂ‘uiHAHujH*? fOT’ all u; € ljia“’j € l'jja
where || - |3 = A(, ).

The following theorem (cf. [19, 21]) shows that provided that the appropriate
conditions are satisfied, the condition number K (G,A ;) is bounded by some constant

not depending on J.

Theorem V.2. Assume that the smoothers R;,1 < j < J, satisfy Condition V.1.

Assume, in addition, that Conditions V.8 and V.4 hold. Then, G, satisfies

2
nt (G u,u), < A(u,u) < Cacs

Csmd 1 _ S(G;LU’? /U/)*’ fOT a/ll v e UJ.

For the V-cycle algorithm, we have (cf. [19, 21])
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Theorem V.3. Assume that the smoothers R;,1 < j < J, satisfy Conditions V.1

and V.2. Assume, in addition, that Conditions V.3 and V.4 hold. Then, G,, satisfies
0<A(I —GLA v,v) < (1—-0§)A(v,v), forallve Uy,

where
(2 — w2)wy
Cfsmd(1 + QCSCS/(l - 8))2 '

5:

The proof of the above two theorems can also be derived from Lemma 4.6, The-
orem 4.1 and 4.4 in [67] with simple manipulations.

The construction of smoothers satisfying the above conditions is based on the
decomposition of U, and S}, as sums of spaces supported in small patches. Let 2} be
the union of the tetrahedra having the vertex v. We denote by S} the set of functions
in S, whose support is contained in ﬁz Similarly, we define U}, C U, corresponding
to an edge e. Functions in S} and Uj, will be called patch functions. Let V;, and &,
be the sets of all vertices and edges respectively in the triangulation T,. It is possible
' and u € Uy as u = )

[4] to decompose p € S, asp = > ®°¢ where ¥

veEV), ecly

and ®°¢ belong to S} and Uj respectively.

Both decompositions follow the same lines. For example, to obtain the edge-
based decomposition of U}, we note that the degrees of freedom of the space U, give
rise to a decomposition of u € U, as uw = ) u” where the sum runs over all degrees
of freedom of U, and u” is the element of U, with all degrees of freedom other than
r set equal to zero. It is clear that ||u"|| < C||w||L2(supp us)- Now to each degree of
freedom k, we assign an edge e such that u"” € Uj. When Uy, is a higher order Nedelec
element space, such a choice is not unique. ®° in the desired edge-base decomposition

is then the sum of all " corresponding to e. By the limited overlapping property of
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basis functions, we have that
Dol IP<Clpl? and Y (19 < Clull. (5.21)
vEV e€éy
To end this section, we give the construction of the additive smoother by Hipt-
mair [35]. The multiplicative version can be constructed based on the same space
decomposition. For details of such construction, we refer to [19, 67].
In analogue to (5.19) and (5.20), we can define Qf and A$ onto Uj. Similarly,
we can define Qj and AY into V.5;. Then, the additive smoother R} is given by
RS =) (A)T'Q+ ) (A)T'Qy, forall 1< <. (5.22)
ecéy vEV

The evaluation of R{ is local and only depends on the (+,-)«-innerproduct data.

Theorem V.4. Let Rf be as in (5.22). Then R, j =1,...,J, satisfy Condition V.1.

A properly scaled smoother YR will satisfy Conditions V.1 and V.2.

Proof. Clearly R} are symmetric with respect to (-, -).. It is well known that (see e.g.
[21]) for any u € U;,
((R?)’lu,u> = inf A(z%2°) + Z A(Ve", VoY), (5.23)
SR Gt Sy
eccy veEV),
where the inf is taken over all 2¢ € U; and " € S} such that u =Y _2°+ > V"

Let u = z; + Vy; be the discrete Helmholtz decomposition of w. Decompose

zj:sz and cpj:ZqD?,
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as we specified in (5.21). Then, we have

(R o) < DDA 2) + IV
<Z1+Ch )| 26)1% + Ch; 2 ZH%HQ
< Ch*(|lz;)1* + llgjl*) = Ch;2[|ul%.

In the last inequality we used (5.21). This shows that R} satisfies Condition V.1.
We now show the second part. For any decomposition of w to patch functions
u=>y 2+ V' where 2° € U; and ¢" € S}, by the limited overlapping of the

support of patch functions, we have
Alu,u) < C Z Az, 2%+ C Z A(Ve", V?),

and thus, using (5.23),
Alu,u) < C’0<(R§)_1u,u> .

*

Taking v such that wy = Cy/v € (0,2), we complete the proof.

C. Analysis of multigrid methods

In this section, we will give the proof of Conditions V.3 and V.4, which are key parts
of the multilevel analysis. The equivalence of the norms || - ||, and || - ||., on U, plays
an important role in this section.

It is required in [35] that the solenoidal component of Helmholtz decomposition
of any function u in Hy(curl; Q) be H'-regular, which fails when the domain €
is not convex. For an eddy-current problem on the non-convex domain, Hiptmair

[36] analyzed multilevel methods using approximate Helmholtz-decompositions of the
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function space H (curl; ?) into an H L_regular subspace and gradients. The approach
used here is to decompose the solenoidal component further as in Lemma IV.2.

The following lemma was essentially shown in [35] with w being the solenoidal
component of the Helmholtz decomposition. However, not like the solenoidal compo-
nent only satisfying w x m = 0 on 0f), the regular component of the decomposition
in Lemma IV.2 is in H(€2). This allows us to use the L*-projection Q7 onto (S})?
instead of (3,11)3 , and thus simplifies the construction for high order Nedelec elements.

For the lowest order case, we still use Hiptmair’s construction in [35].

Lemma V.4. Let w € Hy(2) be such that curlw € V. Then, there are w; € U

such that ITw = Z}]=1 w; and

J
S0 lw, | < Cluwl?. (5.24)

j=1

Proof. 1If k, the order of the Nedelec element, is greater than 1, we construct the
multilevel decomposition as follows. Let Q3 be the L*-projection onto (S})3, the
space of vector-valued piecewise-linear Lagrange finite elements. It is well known (see

e.g. [54, 67, 70]) that we have w; € (S})® C U, such that Qjw = ijl w; and
J
> 07wy < ClQGwl} < Clwf?.
j=1
Note that IT,w — wa belongs to U, and satisfies
Iw — QFwl| < CTw — w| + [|Qjw — w|| < Chlw;.

Setting w; to be w; + II,w — Qfw, we get the desired decomposition satisfying
(5.24).
If k is equal to 1, the construction is done in Section 5 of [35]. In this case,

Lemma 5.2 of [35] is critical. O
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Theorem V.5. For any uw € Uy, there is a stable multilevel decomposition u =

Z}]:1 u; and a constant C' not depending on J, such that

J
> Nlluil? < Cllulz.

j=1
Proof. Let u = z+ V¢ be the Helmholtz decomposition of u € U},. Split z = w+ Vv

as in Lemma IV.2. Thus, we have
u=w-+ Vo,
where w € H(2) and ¢ = ¢ + 1 € HL(Q) satisfy
[wlly + 9]l < Clluflaeurro)-
Furthermore, similar to the proof of Theorem V.1, we have a discrete decomposition
u = [lu =1,w+ Vo
for some ¢, € S;,. Note that

IVonll < (Vo[ + [[w — yw|| < |lull + Chlwly

< ||u|l + Ch|curlu| < C|lull.

We will split II,w and V¢, separately. For II,w, by Lemma V.4, we have

w; €U;,j=1,2,...,J such that IT,w = ijle and

J
> h P lw? < Clwlt. (5.25)

j=1

For V¢, by well known results (see e.g. [54, 67, 70]), we have ¢; € S;, 7 =1,2,...,J
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such that ¢, = Z}]=1 ¢; and
J
> Bl < Cléll} < Cllull?, (5.26)
j=1
Finally, letting u; = w; + V¢, in U, we have u = ijl u; and, by (5.25),
(5.26), and Lemma V.1,

J J
Yon sl < C Y by s+ [1651%) < Cllula.
j=1 J=1
U

The following lemma [20] says that the discontinuous piecewise polynomials have

certain regularity. The proof uses the real method of interpolation of Lions and Peetre

[43].

Lemma V.5. Assume that we are given a quasi-uniform triangulation T, of size h
on ) and consider any function v of discontinuous piecewise polynomials up to degree

k on this triangulation. Then, v is in H*(Q) for any s € [0,1/2), and satisfies that
lolls < Ch™*|]].

To prove Condition V.4, with \; =~ hj’2 and h; ~ v, we only need to show the

following theorem. Our proof is valid for Nedelec spaces of any order.

Theorem V.6. Let 1 <i < j < .J. Then, for any s € [0, 1),

hi\s
Al ) < O(32) b5 el allwgll, - or allw € Ui, € U,

Proof. Let u; = z + Vyp and u; = w + V) be the corresponding Helmholtz decom-
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positions. Then,

A(’U,Z‘, ’U,j) = A(’U,Z, w) + (ui7 V@Z))

= (u;, w) + (curlu;, curlw) + (u;, V1)).

We estimate the above three terms separately. For the first term, we have

(u;, w) < ||u;l|||w]|. For the second term, we have

(curlu;, curlw) < C||curl u;||s||curl w]| g

< Ch;*[leurlug| - b5~ w]),

where the last inequality follows from |curlw|_; < C|w||, Lemma V.2, and the

convexity. For the third term, we use the same technique to get
(ui, V) < Cllulls [V [l-s < Ch* [l - 5"l

Combining the above yields the desired inequality. O
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CHAPTER VI

CONCLUSIONS
Our studies provide a rigorous theoretical analysis of some existing numerical tech-
niques applied to the time dependent Maxwell’s problem. We build up a solid basis
for the study of regularity of solutions to time dependent Maxwell’s interface prob-
lem, give optimal error estimates of the finite element method for the time dependent
Maxwell’s problem, and analyzed some preconditioning techniques for linear system
arising in solving the discretized time dependent Maxwell’s problem.

In Chapter IT and III, we reduce the regularity of solutions to Maxwell’s equations
to the regularity of solutions of certain Laplacian interface problems via a lemma in
[24] and thus one can use results that are available on this subject (see e.g. [42, 53]).
This gives us a clear idea where singularities of solutions come from and how much
regularity we can use in the error analysis of numerical approximations to Maxwell’s
equations.

In Chapter III, based on regularity results, we give optimal error estimates for
the semidiscrete finite element scheme for the time dependent Maxwell’s interface
problem using Nedelec and Raviart-Thomas elements. This generalizes the result in
[45]. The error estimates of the Fortin operator 7, obtained in Section B may also
be used to study finite element methods to time-harmonic Maxwell’s equations and
eigenvalue problems [9)].

In Chapter IV, we extend the convergence analysis in [34, 64| for overlapping
Schwarz methods to the case of a simply-connected computational domain. The
results are uniform with respect to mesh sizes and the time step. An important tool in
our analysis is Lemma IV.2, by which we are able to decompose the weakly solenoidal

component of Helmholtz decomposition into a regular H'-field and a gradient. This
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technique is also crucial in our analysis of multigrid methods.

In Chapter V we present a new convergence analysis of multigrid methods using
the frame work in [19, 21]. This is made possible by introducing new (base) inner-
products in Hy(curl;€2). Then the estimate of condition numbers of both additive
and multiplicative multilevel preconditioners follows from the abstract theory. Our
analysis is valid for rather general computational domains.

There are still a few topics not discussed in this dissertation. The first is that
the model Maxwell’s equations studied here do not cover many interesting physical
problems [11]. For example, the material occupying €2 is assumed to be a dielectric
medium, and homogeneous boundary conditions are set on the whole boundary. Sec-
ondly, although implicit schemes are theoretically better than explicit schemes, we
have not done any numerical experiments to support our theory. The third is the
construction of robust preconditioners with respect to coefficients € and p. It is be-
lieved that substructuring methods provide robust preconditioners for second order
elliptic problems with strongly discontinuous coefficients [40, 58] and there is already
pioneering work on Maxwell’s equations [2, 66] for specific situations. Being short of

time, I have to leave these interesting problems to future study.
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APPENDIX
APPLICATION OF SEMIGROUP ON PARTIAL DIFFERENTIAL EQUATIONS

In this appendix, we state some definitions and properties of semigroup of class

(Cp) [69] and its application [56] to the following abstract Cauchy problem:

4y Aul(t) = 0<t<T,
{dt () + Ault) = (1) 01 < "

u(0) = wy,

where A is a linear operator from the Hilbert space (X, (-, -)) toitself, f(¢) : [0,7] — X

is an X-valued function, and ug is the initial condition.

Definition 1. If {T};t > 0} C L(X, X) satisfy the conditions

T.T, =Ty s, forallt,s>0, (2)

To=1, (3)

tliI? |Tib — T;,,b|| =0, forallbe X, (4)
—10

then {Ti;t > 0} is called a semigroup of class (Cy).

Lemma 1. Let {T;;t > 0} be a semigroup of class (Cy). There exist constants M > 0
and 3 < oo such that

T3] < MePt, for allt > 0. (5)

The operator A is said to be the infinitesimal generator of the semigroup {7};t >

0} of class (Cy) if
. Tpb—b
Ab= hli%lJr P (6)
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Theorem 1 (M. Stone). If the densely defined operator A is skew symmetric and
satisfies D(A) = D(A*), A is the infinitesimal generator of some semigroup U, of
class (Cy).

Theorem 2. Let X be a Hilbert space, and —A the infinitesimal generator of the
semigroup Ty of class (Cy) on B. If f € CY([0,T], X) and ug € D(A), the function
u(t) given by

u(t) = Tyuop + /Ot Ti—sf(s)ds. (7)

belongs to C*([0,T], X) and solves the problem (1).
Moreover, for each t € [0,T], u(t) € D(A) satisfies

[u@)] + [lu (@) SMem{HUoH+HAuOH+Hf(0)H+/O (Hf(S)HvLHf’(S)H)dS}, (8)

where M and (3 are in Lemma 1.

Proof. We will only show (8). Let u®(t) = Tyuy and u’(t) = fot Ti—sf(s)ds. It is easy

to see that

— —T,Aug, as h — 0,
and thus
[u™ @O + [luf ()] = [ Truoll + [T Auol| < MeP([luol| + || Auol|)- (9)

For u(t) we have

I B) — T t+h ¢
ul(t+h)—ul(t) 1 / Toon-ef(s) ds - T / T, (s) ds

1 [t 1
:E/hTtSf(S—l—h)dS—E/o thsf(s)ds

t h) — 1 t+h
:/O r-rt—sf(s—i_ })L f(s>d8+ﬁ\/t Tsf(t+h_s)d8




Note that

0<r<T

s+h
1(f (s +h) = f(s))/hll = Hh_l/ fl(r)dr|| < max [[f'(7)].
By Lebesgue control theorem, we have that

Lo flst+h) = f(s) : :

Tis ds — | T—s d
1/ i [ 1)l

' fls+h)—f(s)

< [imea B ) as

< [ NI g0

h

— 0, as h—0,

where we have used Lemma 1. Similarly, we can show that

1 t+h
E/ Tsf(t+h—s)ds — T, f(0), as h — 0.
t

Therefore, ul(t) = [3 Ti—f'(s) ds + T, f(0) and thus
el ()] + [l )]
= 117575 d ths ' d ﬂ 0
H/O F(s)ds]) + H/O F'(s) ds + Tof(0)]
<M / (| £ ()] + 117() ) ds + Me™ | FO)]]

The desired estimate (8) follows from (9), (10) and triangle inequality.

From the proof we can see that the derivative of the solution w is

t

W (t) = Ty(~Aug + fo) + / T, f'(s)ds.

0
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(10)
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Comparing the above with (7), we know that '(t) satisfies that
{ Ly(t)+ Av(t) = f'(t) 0<t<T,
U(O) = —AUO + fo,
Repeating the argument m times, we can get the following corollary.
Corollary 1. Under assumptions in Theorem 2, if f € C™([0,T], X), and (—A)*tug

+ 2 AY FE2(0) € D(A) for all k = 1,2,...,m, the solution u(t) given by
(7) belongs to C™([0,T], X).



83

VITA

Jun Zhao was born in Yangzhou, China in October, 1972. He earned his B.S.
degree in mathematics in 1995 from Nanjing University, China, and his M.S. degree
in mathematics in 1998 from the Chinese Academy of Science. In the fall of 1998,
he began his studies in the Department of Mathematics at Texas A&M University in
College Station, and received his Ph.D. degree in August 2002.

To contact Jun Zhao, write to the Mathematics Department, Texas A&M Uni-

versity, College Station, TX 77843-3368.



