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Abstract

A second-order difference scheme for a first-order elliptic system
with discontinuous coefficients is derived and studied. This approxi-
mation can be viewed as an improvement of the well-known scheme
with harmonic averaging of the coefficients for a second order elliptic
equation, which is first-order accurate for the gradient of the solution.
The numerical experiments confirm the second order convergence for
the scaled gradient, and demonstrate the advantages of the new dis-
cretization, compared with the older ones.
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1 Introduction

The single-phase fluid flow in a fully-saturated inhomogeneous porous media
that occupies a bounded domain Q@ C R"™, n = 1,2,3 is often modeled by

first-order system
V-u=f(z), u=—-KVp for z€Q, (1.1)

subject to various boundary conditions. Here u is the Darcy velocity, p is
the pressure, and K(z) is the permeability tensor. The first equation is
the continuity equation, while the second one expresses the relation between
the pressure gradient and the velocity by the linear Darcy law. We assume

that K (z) is a diagonal matrix with positive elements which may have jump
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discontinuities across given surfaces I' called interfaces. In this paper we

consider two types of conditions on the interface I': (a) a perfect contact:
[p]=0, [u-n]=0 for £eTy (1.2)
and (b) imperfect contact:

(u-n)y =(u-n)_ =ag(py —p-) for T (1.3)

Here n is the normal to the interface T’ unit vector (with fixed direction),
g+ (&) denotes the right and left limits of the function ¢ at point £, and
l9] =g+ —g-.

Often the velocity is eliminated so that the system (1.1) is reduced to
a second-order elliptic equation for the pressure. A modified finite volume
discretization for such a class of elliptic problems has been introduced and
studied in [2, 3] and numerical experiments, confirming second-order con-
vergence for the pressure, have been presented. In the present paper we
continue the research in [2, 3] by introducing a new approximation of the
velocity and studying its properties. We also study the relative accuracy for
the approximate pressure near the interface, and discuss its superconvergent
behavior in a particular case. We restrict our consideration to a class of inter-
face problems for which: (1) each interface is parallel to a co-ordinate axes,
and (2) the velocity is continuously differentiable in the normal direction to
the interfaces. Under these two assumptions, we construct a second-order
approximation of the system (1.1) on a staggered grid so that the pressure
values are computed at the centers of the control volumes, while the values
of the normal component of the velocity are computed at faces of the cells.
The numerical experiments show that the derived scheme has second order
convergence for both, the pressure and the velocity, and is superior to the
schemes with harmonic averaging, which exhibit second-order convergence
for the pressure and first order convergence for the velocity. The computa-
tions also show that for a smooth velocity the proposed discretization gives a
considerably more accurate pressure, compared to the results of the scheme

with harmonic averaging of the coeflicients.

2 Discretization of the Interface Problem

Here we present in detail the discretization of the one-dimensional (1-D) prob-

lems with perfect and imperfect contacts. The discretization of the multi-
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dimensional problem on a tensor-product grid is just a tensor product of 1-D

discretizations.

2.1 Discretization of the Perfect Contact Problem

In order to illustrate our approach, we first consider the perfect contact
problem (1.1) - (1.2) in the one-dimensional case. We introduce a stan-
dard uniform cell-centered grid, ©o = 0,21 = h/2,2; = z;—1 + h, i =
2,-+-,N,zny11 = 1, where h = 1/N. The internal grid points can be con-

sidered as centered around the control volumes V; = (x,;_%,x,; " %) where

Ty =T+ %h, Ty =T — %h. The values of the pressure and of the

right hand side are defined at the grid points x; and are denoted by p;, f;.
The values of the velocity are defined at the points z,, 1 and are denoted by
,, 1. Non-uniform grids can be treated in a similar way. Note, our approach
is defined locally, at a particular control volume level, and it can work with
standard vertex-based grids as well.
The second-order discretization of the continuity equation in (1.1) is
straightforward:
1 [Ti+g .
Uipr — U1 =h oy, @i = E/a: flx)dz, i=1,2,...,N. (2.1)

i-3
Next, consider the Darcy law, rewritten in the form

op _ u(x)

Cox k(z)’
and integrate this expression over the interval (z;, x,,,):

o Tit1 @ _ Tit1 u(x)
(Pisr — D) = /x (%Cdx = /x —k;(x) dx. (2.2)

i

We assume that the velocity u(x) is two-times continuously differentiable on

the interface, so it can be expanded around the point x; +1 in Taylor series:

8u,;+% " (z — xi+%)2 &u(n)
Ox 2 Ox?

After replacing the first derivative of the velocity at x, +1 by a two-point

u(x) =Uig ] + (:L‘ - x1+%) , nE (xi,xiﬂ). (2.3)

backward difference, we get the following approximation of (2.2):

it dx Uiy — Uiy [T (T — T y) 3
—(Pisr—p:) = Ups1 : 2 S THely R3).
(2.4)
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Finally, we rewrite this equation in the following basic form:

_pH Pivl TP Uiy s (g — g 1)+, (2.5)

where 9; = O(h?) and

1%+ gy \ 71 1 [T+l —x,1
H __ - i _.H - 3

Zi

Here kjﬁ 1 is the well-known harmonic averaging of the coefficient k() over
the cell (x;, z;11), which has played a fundamental role in deriving accurate
schemes for discontinuous coefficients (see, e.g. [4, 5, 6, 7]). This presentation
of the velocity u(x) is a starting point for our discretization. Since we have
assumed that the velocity is smooth, then the consecutive terms in the right-
hand side in (2.5) are O(1), O(h) and O(h?), respectively. Truncation of this
sum after the first term produces the well-known scheme of Samarskii [5] with
harmonic averaging of the coefficient. This scheme is O(h)-consistent for the
velocity at the interface points and second-order accurate for the pressure
in the discrete H'-norm. Further in the text, we call this scheme harmonic
averaging or HA scheme.

Now we derive an O(h?) consistent scheme for the velocity by disregarding
only the ¥;-term in (2.5). We denote by P; the approximate pressure at the
grid points in order to distinguish it from the exact values p;. Similarly,

the approximate velocity is denoted by U

it
indicates the right and left values of the flux at the point. Note, that the
exact fluxes are continuous, while the approximate fluxes may have different
U:I:

;

i+

U: 1 etc., where the sign +
2

values. Thus, we get

P — P _ —
P, —P;_ -
—kT, L= U, +a_y (U, -U"). (2.8)
i—3 h i—1 it+d i-3

In summary, the equations (2.1),(2.7), and (2.8) approximates the first-order
system (1.1) with local truncation error O(h%).  Further, we refer to this
approximation as a scheme with improved harmonic averaging or THA scheme.
Now we transform the discretization to a more suitable form. Subtracting
(2.8) from (2.7) we get
(+ayy—a_ U, -U")=—k1 P =B m Bz licy

ird -1 i+3 h i-3 h

. (2.9)
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Combining this with the discretization of the continuity equation (2.1), we

obtain

-1 1 P — P, P — P,
- (1 +aiy - a,;_%) 7 (’f%% - kf%%) = ;. (2.10)

On the other hand, solving the system (2.7), (2.8) for U~ , and U:l, we get
2 T2

it

P, — P P, —P;_

H i+1 v H d 1

U- ok () SR P
TFany —a  eun
TR T S e B S e

i1 I+a;,1—a;_1

The new scheme approximates the velocity with second-order accuracy,

independently of the positions of the discontinuity of the coefficient k(z).
H kH

ity Vieg
and a;;1,a, 1 with an error no larger than O(h?). Let a point & where

The price we paid is the necessity to evaluate the expressions k

the coefficient k(z) is discontinuous be in the form ¢ = x; + 6h for some 7
and 0 < 6 < 1. Now we consider particular realizations of this scheme. The
approximation of the integral in kf{% is done by splitting it into integrals over
(z4,€) and (&, 2;+1) and then applying the trapezoidal rule for each integral.
This approach will produce an accurate enough evaluation of kﬁ%:

0 /1 1 1-6/ 1 1 -1
o~ |2 (= ) 2.12
Bk {2 (ki * k5—0> M (ki+1 * k5+0)] (212)

Note, that k¢_o and k¢4 are known from the interface condition.

Further, we continue with the second integral in (2.6). We again split the

integral into two integrals and apply the trapezoidal rule for each of the two

integrals:
1 Tit1 (J) _ xi+1) B 1 £ (J) _ $7+§) 1 Tit1 (J) _ 377+§)
wl, et et w )
0 /0-05 0.5 1—-6 /05 0—0.5 9
B 5 ( k'EfO - k; ) 2 (ki+1 k'EJrO ) * O(h )

(2.13)
In the case of a piece-wise constant coefficient k(z) these formulas are exact

and reduce to

6 1-06\" 16(1—6)(k, — ki)
H _(Z == A E ey 2.14
l@+§ (kz + Fimt ) and a1 2 (1 —0)k, + 0., (2.14)
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Obviously, if the point of discontinuity £ is a midpoint of the grid, i.e. £ =
.1, then § = 1/2 so that (2.14) reduces to

—1
1 1 1/k —k

KT, =2 = da,_ 1=~ ~—").

3 (ki+ki+1> ane Gurg 4<k,.,—|—k:,;+1

Remark 2.1 Note that if f(x) = 1 then u”(x) = 0 and the local truncation

error is zero. Thus, HA scheme reproduces exactly piecewise linear solutions,

while the IHA scheme reproduces exactly piecewise quadratic solutions.

2.2 Discretization of the Imperfect Contact Problem

Discretization of imperfect contact problem in the case when interfaces are
aligned with grid nodes, is studied in [6]. A harmonic averaging type of dis-
cretization for interfaces aligned with control volume faces has been discussed
in [1]. Below we derive improved discretization for the case when interfaces
are orthogonal to a co-ordinate axis. Consider the 1-D imperfect contact
problem (1.1), (1.3). The discretization in this case is derived in a similar
way as in the case of perfect contact, so we shall only list the final results.
The second-order discretization of the continuity equation in (1.1) is almost

the same as in the perfect contact case:

1 ["i+3 .
U1 —U', =hy;, @= —/ flx)dz, i=1,2,...,N. (2.15)
it3 i—3 h . 1
i-3

A second order consistent discretization to Darcy law is given by:

Piy1 — P . _
For piecewise constant coefficients we have
hag 2 2
bi+% =(0—-05)+ E ((1 —0)°ki —0 ki+1) )

where

1-6 671"
Ae = k(1 — e)hag + k?i_;,_l(ki + ehag), kﬁ_l = |: + —] )
2 kiv1 ks

ket -t
" 1
L -SRI I
ﬂz+% 1+% (hOéH_% + )

Note, in this particular case, we have second order of approximation for the

velocity near the interface when 6 # 0.5, and third order of approximation

for the velocity on the interface when 6 = 0.5.
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3 Numerical Experiments

Numerical experiments were performed in order to study the behavior of
the proposed discretization (IHA) and to compare it with the widely used
discretization with harmonic averaging of the coefficients (HA). We approx-
imately solve model problems with known analytical solution in order to
assess the accuracy of the numerical solution. Three test problems have been
considered. First, we solve a 2-D perfect contact problem with different per-
meabilities in 4 subregions, and investigate the cases when the interfaces are
aligned with the control volume faces (i.e. # = 0.5), and when the grid is not
aligned with the interfaces (i.e. 6 # 0.5). We show that THA ensures second
order convergence for the velocity in both cases, while HA is first-order accu-
rate for the velocity in both cases. Both schemes are second-order accurate
for the pressure, however the constant of convergence in IHA is much smaller.
In the second test we solve a 2-D perfect contact problem with different per-
meabilities in 16 subregions. Superconvergence for the pressure (namely,
accuracy of O(h3)) is observed for this particular problem in the case of a
constant permeability in the whole domain 2. This is due to some symmetry
and some cancellation of reminder terms. Numerical experiments show that
for smooth velocity the THA scheme preserves this superconvergence for the
pressure in the case of discontinuous piecewise constant coefficients, while
HA does not preserve it. Again, IHA ensures second-order accuracy for the
velocity, while HA is only first-order accurate for the velocity. In the third
example we solve a imperfect contact problem.

We should note that these computations do not guarantee high order of
convergence for solutions with low regularity, for example, those produced
by discontinuous coefficients and f(z) = 1. Such solutions belong to the
Sobolev space H'*7 (), where v > 0 depends on the ratios of the jumps at

the intersection points of the interfaces and can be very small.

Example 1. 2-D perfect contact problem in a unit square with interfaces
at x =&, y =n (4 subregions). The permeability is a piecewise constant in
each sub-domain and takes values k = {1072,1,107%,10%%} in the 4 subre-
gions, counting from left to right and from bottom to top. The exact solution
in this case is: p® = gsin (Z) (z — &) (y —n) (1 + 2* + y?). Results from
computations are presented in Table 1 and Table 2. The following notations
are used: HA and THA denote harmonic averaging based discretization and

improved HA discretization for the case of aligned interfaces (i.e. 6§ = 0.5),
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respectively. The notation ”"6—" in front of the scheme’s notation is used
when 6 # 0.5. Maximum errors for the pressure and their ratios are pre-
sented in Table 1. It is seen that both schemes converge with second order in
both cases: aligned and non-aligned interfaces. The non-monotonic behavior
of the convergence in the non-aligned case can be explained by the fact that 6
varies from grid to grid, taking values larger or smaller than 0.5. In this way,
the maximum value of the solution in different subregions is involved in the
error estimate. Table 2 summarizes maximum errors for the velocity at the
vertical interface (or at the nearest vertical line z = x,, 1 in the non-aligned
case). It is clearly seen that THA is second-order accurate for the velocity,
while HA is only first-order accurate for it. Again non-monotone behavior of
the convergence, related to alternating values for 6 on the consecutive grids, is
observed. A monotone convergence will be observed for fixed 6, for example,
on grids contains 12 x 12,42 x 42,162 x 162 nodes.

Table 1. Maximum errors for pressure and their ratios
EXAMPLE 1. 2-D perfect contact problem with 4 subregions;

&= %,77 = %, (aligned) £= %,77 = %, (non-aligned)
Grid HA scheme THA scheme || 6-HA scheme | 6-IHA scheme
12x12 1.75d-2 - 3.34d-4 - 1.91d-2 - 4.48d-4 -
22x22 5.97d-3 2.9 | 7.64d-5 4.4 || 9.56d-3 2.0 | 1.45d-4 3.1
42x42 1.80d-3 3.8 | 1.94d-5 3.9 || 2.10d-3 4.6 | 4.02d-5 3.6
82x82 5.03d-4 3.6 | 497d-6 8.9 || 7.03d-4 8.0 | 1.10d-5 3.7

162x162 || 1.36d-4 8.7 | 1.26d-6 3.9 || 1.64d-4 4.3 | 2.80d-6 3.9

322x322 || 3.56d-5 3.8 | 3.17d-7 4.0 || 4.69d-5 8.5 | 7.19d-7 3.9

Table 2. Maximum errors for velocity and their ratios
ExXAMPLE 1. 2-D perfect contact problem with 4 subregions;

&= %, n= %, (aligned) &= %, n= %, (non-aligned)
Grid HA scheme IHA scheme 0-HA scheme | 6-IHA scheme

12x12 4.20d-2 - 1.18d-3 - 2.19d-2 - 5.26d-4 -
22x22 2.14d-2  1.96 | 2.73d-4 4.3 || 2.83d-2 0.77 | 1.27d-4 4.1
42x42 1.08d-2 1.98 | 8.07d-5 3.4 || 5.62d-3 5.03 | 5.30d-5 2.4
82x82 5.40d-3  2.00 | 2.20d-5 8.7 || 7.11d-3 0.79 | 5.44d-6 9.7
162x162 || 2.70d-3 2.00 | 5.77d-6 3.8 || 1.41d-3 5.04 | 3.93d-6 1.4
322x322 || 1.35d-3 2.00 | 1.50d-6 3.8 || 1.78d-3 0.79 | 3.77d-7 10.

Example 2. 2-D perfect contact problem in a unit square with inter-
faces at * = & =02, =z =& =05, =& =0T7andy = 7 =
03, y=mn =06, y=mn3 =0.8 (16 subregions). The permeability is
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a piecewise constant function and in each sub-domain and takes values k =
10x{10,1073,1,107%,1072,10,1073,1,10,1073,1,1073,1073,10,1072, 1} in
the 16 subregions, counting from left to right and from bottom to top with
exact solution p(z,y) = ¢ (z — &) (z — &) (x = &) (y —m) (y — m2) (y — m3).
The computational results are presented in Tables 3 and 4. For comparison
we have included also the results for the constant coefficient k(z,y) = 1 in
the whole domain . Notation “case B” is used to denote columns with these
results. One can observe superconvergence for the pressure in the continuous
case, which is also exhibited by THA in the case of discontinuous coefficients.
Table 4 shows that THA ensures second-order convergence for the velocity,
while HA is only first-order accurate. In our numerical experiments the exact
solution is zero at the interfaces, so the absolute values for the error there
might be small, compared to absolute errors far from interfaces, while the
relative errors can be very large. So in Figures 1 and 2, we plot the rela-
% computed by HA and THA, respectively. Here (z;,y;)

are the centers of the cells in the rectangular grid. Qualitatively, the results

tive error

look similar, but quantitatively they differ by orders of magnitude. The re-
sults show that IHA produces a considerably more accurate solution near the
interface.

Example 3. 1-D imperfect contact problem with interfaces at & = 0.2

and & = 0.7 with an exact solution:

d c
- =  st2_ = 2 b.
e v s LA T
The parameters k, ¢, d vary for the different subregions. The constants in the
imperfect contact interface conditions are a; = 102, ap = 10. Also, u(0) = 1,
u(l) =0, and s = {1,1,1}, k= {1, 10, 102} , c= {10, 1, 102} , in the three

subregions, counting from the left.

Table 3. Maximum errors for pressure and their ratios
ExXAaMPLE 2. 2-D perfect contact problem with 16 subregions;

k(z,y) =1 aligned
Grid case B HA scheme THA scheme
12x12 1.75d-3 - 3.91d-3 - 1.65d-3 -
22x22 2.89d-4 6.06 || 1.49d-3 2.62 | 2.87d-4 5.75
42x42 4.18d-5 6.91 || 5.07d-4 2.93 | 4.17d-5 6.88
82x82 5.64d-6  7.41 || 1.55d-4 3.27 | 5.63d-6 7.41
162x162 || 7.33d-7 7.69 || 4.39d-5 38.53 | 7.32d-7 7.69
322x322 || 9.34d-8 7.85 || 1.19d-5 3.69 | 9.35d-8 7.83
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Table 4. Maximum errors for velocity and their ratios
ExXAMPLE 2. 2-D perfect contact problem with 16 subregions;

k(z,y) =1 aligned
Grid case B HA scheme THA scheme
12x12 1.74d-4 - 2.02d-3 - 9.37d-4 -
22x22 5.85d-5 2.97 || 1.17d-3 1.78 | 2.91d-4 3.21
42x42 1.67d-5 3.50 || 6.20d-4 1.89 | 8.22d-5 3.54
82x82 4.42d-6  3.77 || 3.18d-4 1.95 | 2.39d-5 3.44
162x162 || 1.14d-6 3.88 || 1.60d-4 1.99 | 6.56d-6 3.62
322x322 || 2.89d-7 3.94 || 8.06d-5 1.99 | 1.75d-6 3.75

HA

3000

2500

2000

1500

100

o o

Fig. 1. THE RELATIVE ERROR IN EXAMPLE 2: HA SCHEME

Table 5. Maximum errors and their ratios

ExaMPLE 3. 1-D imperfect contact problem with 3 subregions.

PRESSURE VELOCITY
Grid HA scheme IHA scheme HA scheme THA scheme
12x12 4.56d-3 - 2.47d-3 - 3.87d-2 - 2.49d-2 -

22x22 || 1.33d-3 8.4 | 5.12d-4 4.8 || 9.70d-3 4.0 | 5.46d-3 4.6
42x42 || 3.58d-4 3.7 | 9.77d-5 5.2 || 2.43d-3 4.0 | 1.11d-3 4.9
82x82 || 9.24d-5 5.9 | 1.83d-5 5.3 || 6.07d-4 4.0 | 2.50d-4 5.4
162x162 || 2.35d-5 3.9 | 3.27d-6 5.6 || 1.52d-4 4.0 | 3.55d-5 5.8
322x322 || 5.92d-6 4.0 | 5.84d-7 5.6 || 3.80d-5 4.0 | 6.04d-6 5.9

The results from computations are presented in Table 5. As it was men-
tioned in Section 2.2 the IHA scheme approximates velocity at the interface

with third-order accuracy in the case when the imperfect contact interface is
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Improved HA

o [o}

Fig. 2. THE RELATIVE ERROR IN EXAMPLE 2: ITHA SCHEME

aligned with cell faces. In this case, the HA scheme approximates the velocity
at the interface to second order. This may explain the second-order conver-

gence for the HA scheme, and the superconvergence for the IHA scheme.
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