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ABSTRACT. In this paper, we consider approximation of a second order elliptic
problem defined on a domain in two dimensional Euclidean space. Partitioning the
domain into two subdomains, we consider a technique proposed by Wieners and
Wohlmuth [23] for coupling mixed finite element approximation on one subdomain
with a finite element approximation on other. We consider iterative solution of
the resulting linear system of equations. This system is symmetric and indefinite
(of saddle-point type). The stability estimates for the discretization imply that
the algebraic system can be preconditioned by a block diagonal operator involving
a preconditioner for Hg;y, (on the mixed side) and one for the discrete Laplacian
(on the finite element side). Alternatively, we provide iterative techniques based
on domain decomposition. Utilizing subdomain solves, the composite problem is
reduced to a problem defined only on the interface between the two subdomains.
We prove that the interface problem is symmetric, positive definite and well con-
ditioned and hence can be effectively solved by a conjugate gradient iteration.

1. INTRODUCTION

One of the main problems in large scale scientific computation is the time required
to set up a problem. In applications which involve partial differential equations on
complicated domains, a great deal of effort is required to construct the mesh. Often,
complex domains are built up from simpler ones. The mesh construction problem
is greatly simplified if the simpler domains (i.e., the subdomains) can be meshed
independently. This, however, results in meshes which do not align on the internal
interfaces between subdomains. To get accurate approximation with such meshes,
various techniques have been developed.

Since meshes do not align, the resulting spaces are necessarily nonconforming.
Approximate continuity conditions are imposed by the use of a Lagrange multiplier
1], [2], [4], [5], [6], [7], [12], [14], [15], [16], [21]. There are two approaches for
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the analysis. The first treats the method as a nonconforming finite element ap-
proximation where the Lagrange multiplier constraints serve to define the noncon-
forming approximation subspace. The second approach is based on an appropriate
Ladyzhenskaya-Babuska-Brezzi (LBB) condition. With the second approach, the
discrete Lagrange multiplier is shown to approximate the continuous Lagrange mul-
tiplier, often a quantity of physical interest. In both cases, the Lagrange multiplier
space needs to be strongly connected to the approximation in the subdomains. For
the mortar finite element approximation, this connection comes from defining the
Lagrange multiplier space from the mesh on one of the subdomains [6]. For the LBB
condition, one often is required to use a multiplier space with a mesh size which is
somewhat coarser than the mesh sizes on the subdomains [1], [3], [9], [14].

We consider an approximation technique proposed in [23] which utilizes a finite el-
ement discretization on one subdomain and a mixed finite element discretization on
the other. This pair of approximations gives rise to a natural variational reformula-
tion of the original problem into a saddle point problem involving the two variables
(velocity /pressure) on the mixed side and the original variable (pressure) on the
conforming finite element side. No additional multipliers need to be introduced.

The purpose of this paper is to develop iterative methods for the solution of the
resulting system of algebraic equations. Because of the stability estimate, it is pos-
sible to precondition the full system if preconditioners for H j;,, (on the mixed finite
element subdomain) and H' (on the conforming finite subdomain) are available.
Here, we consider domain decomposition approaches. The domain decomposition
algorithms require solution of mixed and conforming finite element subproblems on
the subdomain and reduce the problem to one on the interface between subdomains.
We consider two algorithms of this type. The first iterates for the trace of the dis-
crete solution on the interface while the second iterates for the trace of a discrete
normal derivative on the interface. Both algorithms can be thought of as Neumann-
Dirichlet in that the discrete subproblems correspond to problems with Neumann
and Dirichlet boundary conditions on the respective subdomains.

The outline of the remainder of the paper is as follows. Section 2 gives the com-
posite mixed/conforming variational formulation of the original problem. Section 3
describes the corresponding finite element discretization and its stability properties.
The solution of the resulting system of algebraic equations is considered in Section
4. Finally, Section 5 gives the numerical results which illustrate the theory given in
the earlier sections.

2. VARIATIONAL FORMULATION

Consider the model second order elliptic problem on a domain 2 contained in R?,
(2.1) Lp=-V-aVp= f(x), z€,

with, for example, homogeneous Dirichlet boundary conditions p = 0 on 0€). Here
a(x) is symmetric and uniformly in € positive definite 2 X 2 matrix with piece-wise
smooth elements. With some abuse of the terminology we shall call the solutions of
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FI1GURE 1. Domain partitioning of Q = Q; UT U .

the equation L£p = 0 harmonic functions. Of course, if a is the identity matrix, then
p is harmonic in €.

We partition 2 into two subdomains by a interface boundary I', i.e., let Q =
2 UT UQy (see Figure 1). In ©; we will use a mixed setting of the problem (2.1).
That is, we introduce the new (vector) variable u = —aVp. To distinguish between
the problem settings we will write p; = p[Ql and py = p[QQ. The composite model
will impose different smoothness requirements on the components p; and p,. Indeed,

u € H(div,Q) =V,
p1 € La(y) = Qu,
P2 GH&(QQ,aQQ\F):{¢EH1(Qg)7¢:00naQQ\F}EQ2

Note that py is required to vanish on 02, \ I". We will denote || - [|[v to be the Haiy
norm on V.
We will use the following additional notation:

(v, q)r = /pqu,
N

(2.2)
a(p,q) = / aVp - Vqdz.
Qo

Whenever there is no ambiguity will use (.,.) to denote the Ly inner product with
respect to a domain (mostly € or £25). We will also use H*(£2) to denote the Sobolev
space on {2 of order s (see, for example, [18], [17]). The corresponding norm will be
denoted || - ||s.0-

Testing the equation a~'u + Vp = 0 by a function y € V, integrating by parts,
using the zero boundary conditions for p; on 9€; \ T" and the fact the trace of p; on
' is the same as for py on I' gives

(23) (a_1u7 X) - (ph V- X) + <p2’X : nl)F = 07 for all X eV.
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The second equation is obtained by testing V -u = f on 2y by functions from @);.
One gets

(2.4) —(w,V-u) = —(f,wy), forall w € Q.

Finally, testing the original equation (2.1) by a function ws € Q9 integrating by

parts, using the zero boundary condition for wy on 92 \I" and the fact that u-n; =
—aVp; -n; = aVps -ny on I gives

(2.5) (w2, u-ny)r — a(pz, wz) = —(f,wz), for all wy € Q.

That is, the three unknowns (u, py,p2) € V x Q1 X Q3 satisfy the composite system
(e 'u, x) —(p1,V-x) +Hp2,x -ny)r =0, for y €'V,

(2.6) —(wy, V- u) = —(f,wy), forw; € Q,
(wy,u-ny)p —a(pa, ws) = —(f,wg), for ws € Q.

2.1. Well-posedness of the composite problem. Following [23], we reorder the
unknowns and consider the generalized system

(&_lua X) +<p27x : nl)F _(pla V- X) = <F17X>7 for X € Va
(27) —<w2, u - 1’11>F +(l(p2, wg) = <F2, w2>, fOI‘ W9 - QQ,
—(wl,V-u) = <F3,U}1>, for w1 EQl.

Here Fi, Fy, and Fj are elements of the spaces V', @5, and @} of bounded linear
functionals in V, @1, and @, respectively. Finally, (-, ) denotes the pairing between
a space and its dual.

The analysis of the above problem [23] is based on considering it as a block
saddle-point problem of the form

Au+ BTp Fi,
Bu = FQ.

(2.8)

Here
A:VXQs— (VxQ), B:VxQ—Q), B:Q— (VxQ,
are defined by
(A(u,g2), (v,m2)) = (a7'u,v) + (g2, V- mi)r
(2.9) — (re,u-ny)r + a(ge, r2),
(B(u, g2),71) = (BTry, (u,q2)) = —(V -u, ).

Clearly, Ker B = {(u,q2) : V-u = 0}. It immediately follows that A is coercive
on Ker B. Moreover, the “inf-sup” condition corresponding to (2.9) is

Iptllon, < C sup 22 V%)
sev  ||ollv

which is the standard condition for the mixed method on €2; alone. The following
theorem is an immediate consequence [11].

for all p; € L*(Qy),
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Theorem 2.1. There exists exactly one solution (u, p1,pa) of (2.7) in V x Q1 X Qs.
Moreover, there is a constant C not depending on Fy € V', F, € Q) and F3 € Q)
such that

lullv + Ipllo.c, + lIp2llve, < C [IFlv + [ F2llgp + [ Fllqy] -

3. FINITE ELEMENT DISCRETIZATION

In this section, we present the finite element discretization of problem (2.7). Let
7, and 7, be triangulations of ; and €25. We assume that the triangles satisfy a
minimal angle condition but need not align on the interface I'. Let (V},, W;) be a
stable pair of mixed finite element spaces associated with the triangulation 77, for
example, BDM [10], BDFM [11], or RT [20]. Also, let W5 be a conforming finite
element space associated with 75. The functions in W; vanish on 92, \ I". Then the
discrete problem is as follows:

Find uy, € Vy, p1,, € Wi and py, € Wy such that,

(a_lthX) +<p2,h7X ' n1>F _(pl,h7 V- X) = <F17X>7 for X € Vh7
(3.1)  —(wa,up-ny)r +a(pon, wa) = (F3,wsq), for wy € Wi,
—(wl,V-uh) = <F2,w1>, for w; € Wj.

As in the continuous case [23], one groups together the spaces Vj, and W,. Then,
one can rewrite the (3.1) in a matrix form similar to the (2.8) in which the cor-
responding block operators are denoted A,, B, and B;‘f. It is immediate that Ay
is coercive on Ker B, and the corresponding “inf-sup” condition is exactly that
required for the mixed approximation pair (V,, W), i.e. for all p; € W7,

7v :
(3:2) 21|00, < C sup u
XEVh HX”V

The following result is an immediate consequence [11].

Theorem 3.1. The discrete problem (3.1) is uniquely solvable and if the finite el-
ement spaces (Vy,, W1) satisfy the inf-sup (3.2) then the following a priori estimate
holds for its solution:

(3.3) lupllv + [[prallog, + IP2nllie. < C [I1Fv + 1 Fallgp + 1 Fsllgy] -
The constant C' is independent of the mesh sizes hy of Ty and ho of Ts.

For the subsequent analysis, we shall need to use the L?-projection operators
Qin: Qi — Wi, i = 1,2 and the approximation operator II;, : VN H”(®y) — V,,

associated with the mixed pair of subspaces. We assume that the operators Qi ,
Q2. and 11}, satisfies the following properties:

(A.1) I, is a stable operator from V N H!(€;) and:
(a) satisfies the commutativity property

V- Ipx = Ql,hV~Xfor all x € V;
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(b) if w € V satisfies w-n; = wy,-n; on I for some wj, € V,, then (II,w) -n; =
wy, -ng on I,
(A.2) There is an integer k& > 0 such that for all v € (0, k]:
(a) [[(I —p)ullon, < ChY|lull,q, for allu e VNHY(Q,);

() I = Quu)pillo, < ChilIp1lly,, for all pr € HY();

(©) I(I — Qan)p2llogs < Chy™|Ipolligy.0, for all p, € HHY(Qy).

The above properties are standard for the well-known mixed finite element spaces
(BDM [10], BDFM [11], and RT [20]) and their associated approximation operators.
Similarly, the standard conforming Lagrangian finite element spaces will satisfy the
last estimate. Moreover, since the L%-projection is stable in H'(£2,) as a consequence
of (A.2.c) we have also the following estimate

(I = Q2)p1ll1.00 < Ch3||p2llisy.0., for all py € H'™7(€).

The error analysis is quite straightforward, namely, we prove the following error
estimate:

Theorem 3.2. Let (u,p1,p2) and (Up, p1a, p2n) denote the solutions of (2.7) and
(3.1), respectively. Let 0 < v <1 and assume that u € HY(Qy), V-u,p; € H7({),
and py € H7(Qy). Then

|lu —upl|[v+Ilp1 — Pralloos + P2 — P2nlli0:
(3.4)
< (Wl + K1V -l + il + el

with constant C' independent of hy and hs.

Proof. The approximation errors e, = IIu —uy, €1, = Q1p1 — Py, and eg), =
Q2.np2 — D2, satisty the discrete problem:

(a'en, x) —(e1n, V- x) +(ezn, x -ni)r = (P1,x), for x € Vy,
—(wy,V - ep) =0, for w; € W,
(wa, € - My)7 —a(eap, wo) = (P3,wq), for wy € Wy,
where,
(@1, x) = (a™'(Iu — u), x) + (Q2,4p2 — P2, X - 1)r
and

(P3, we) = —a(Qa,np2 — P2, w2) + (wo, (HHpu —u) - ny)r.
By the approximation properties (A.2) of I, Q1 4, Qap,

(@101 < (Rl + A P2l )y
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and

(@, ws)] < C (M Pl + T = ullv ) .

< C(h3Ip2lliss + BlIulhg, + AYIV -l s 0.

The above two estimates and Theorem 3.1 show that ||ep||v+|l€1sll0.0, + €2 1.0, 18
bounded by the right hand side of (3.4). The theorem immediately follows from this,
the approximation properties of IIj,, @1, and Q)2 and the triangle inequality. [

4. ITERATIVE SOLUTION

We consider the problem of computing the solution of (3.1) in this section. We
first consider preconditioning the composite system. This system is symmetric and
indefinite. Preconditioners result from the a priori estimates for the discrete solution
established in Theorem 3.1. The second approach is by domain decomposition. It
uses the solution of subdomain problems to reduce to an iteration involving only
unknowns on I'.

4.1. Preconditioning the composite saddle—point problem. We first consider
preconditioning the discrete algebraic system resulting from the composite problem.
Let X denote the product space Vj, x Wy x W7 and consider the operator A : X — X
given by

A, TT N7
(4.1) A=|-T A 0
N 0 0

Here

) (a_lx, 0) for all x,0 € Vp,

(Nx, wi) = (NTwy, x) = —=(V - x,wy) for all x € Vj,, wy € Wy,
(Tx, ws) = (T ws, x) = (wy, x - n1)r for all x € Vi, wy € W,
(Agv; wsy) = a(ve, wg)_for all vg_,wg e Ws. N

We also consider the block diagonal operator

A 0 O
D=]0 A, 0
0 0 I

where (Ax, 0) = (a™'x, 8) + (V- x, V-0) for all x, § € V},. By Theorem 3.1, for
any U € X,

(AU, 0)?

4.2 Ul||5 < C||JAU[||3-1 = Csup ——— < C|||U]|[3.
(4.2) I10llI> < ClllAU]lp- = C'sup D0.0) = Iyl
Here ||| -|||p denotes the operator norm given by ||| |||p = (D-,-)*/? and the pairing

(+,-) denotes the inner-product in the product space X.
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In practice, one represents the above operators in terms of bases. Combining the
bases for the three spaces which define X’ gives rise to a basis {V;} ;. Let A be
the matrix corresponding to the operator A, i.e.,

Aij - (A\Ifj, ‘Ifl)
The matrix D corresponding to D is defined analogously. The above inequality (4.2)
can be rewritten in terms of matrices as

(4.3) co(Dx) v < (A"D ' Ax) - v < ¢;(Dx) - x,

for all x € R". Here A" denotes the transpose of the matrix 4. The algebraic
problem corresponding to (3.1) is to find the vector x € R" satisfying

Az =b
for an appropriately defined b.
The inequality (4.3) implies that reformulated system

ATD ' Az = A"D M

can be preconditioned by D~'. This can be solved by a rapidly convergent pre-
conditioned iteration. In addition, the operators A and A; can be replaced by
preconditioners. Instead of preconditioning the normal system one can alternatively
precondition the original saddle-point system suing the same block—diagonal pre-

conditioner 5_1 in the minimum residual method.

4.2. Preconditioning reduced problems by interface domain decomposi-
tion. We next consider strategies based on domain decomposition. Specifically, we
consider the case when existing software is available for solving the mixed and finite
element problems independently. The idea is to reduce the original problem (3.1) to
a problem on I'. We give two examples of such reductions. The reduced problems
are symmetric, positive definite and well-conditioned with respect to appropriate
inner-products. These are Dirichlet-Neumann domain decomposition algorithms.

To develop the reduced system, we first introduce (G, P14, Pa.p) in Vi, x Wi x Wo
satisfying

(ailﬁhux) - (ﬁl,hy V- X) = <F17X>7 for K € Vh7
(4.4) —(wq, V- ap,) = (Fywy), forw, € Wy,
— a(ﬁgﬁ, wg) = —<F3,w2>, for Wy € Wg.

The first two equations above correspond to a mixed finite element problem on {2,
while the third is a finite element problem on . The remainder (v, qin, ¢2,n) =

(up, — Qp, P11 — D1, P2h — P2.n) satisfies

(@i, X) — (@nV-x) = —(Pan+aqnx -m)r, for x € Vy,

(45) —(wl, V- Vh) = 0, for wy, € Wh,

— a(gen,we) = —(we,(Qp+vy) -ny)p, for wy € Wa.
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In our analysis we shall need the following trace inequalities:

(46) Hw2||Hé/02(F) < CHU}QHLQQ for all wy € Qo,
and
(47) ||ﬂ . n||H—1/2(F) S ||ﬂ . l’lHH—l/Q(aﬂl) S OHQHV for all ﬂ eV.

Here H&/OQ(F) is the interpolation space which is halfway between H{(I') and L*(T)

and H~Y2(T") denotes its dual.
We will reformulate (4.5) in terms of operators on the spaces

WYA(T) = {x monI: xe€V,}

and
WY2(T) = {q|r : ¢ € Wa}.

We use the H(%Q(F) norm (respectively, the H~'/2(T") norm) on W'¥2(T") (respec-
tively, W~Y2(T")). Define £ : W/2(I') = W~Y2(T') by Eo = wy,(0) -1y on I where
(wp(o),r) € Vi, x W is the solution of

(a " 'wi(0), x) —(r,V-x) = {(o,x ny)r, for x € Vy,
—(wy, V- wp(0)) =0, for w; € W;.

The operator F has a meaning of discrete Dirichlet-Neumann mapping on I'. Indeed,
by (4.8) a given data o is first projected by the operator I, on the trace on I' of the
normal component of Vj, and then extended as discrete harmonic function wy (o) by
the mixed finite element method (with homogeneous Neumann data on the rest of
00); finally, the normal component wy,(o)-n; on I is the desired Dirichlet-Neumann
map.

In addition, define S : W~Y3(I") — WY2(I") by Sy = wy(7) on I' where wy, () €
Wy is the solution of

(4.9) a(wn(v),q) = (v, ¢)r for all ¢ € Wa.

Clearly, wy,(7y) is discrete harmonic. This is the Neumann-Dirichlet mapping gener-
ated by the discrete solution of the elliptic problem in 2.

It follows from (4.6) and (4.7) that both S and E are bounded operators on these
spaces with bounds which do not depend on h; or hs.

In terms of these operators, (4.5) becomes

(4.8)

Vi o0y = —E(Pa + C]QF,h)
Gop = S((W, + Vi) - 1),
Here q£ » 1s the trace of go, on I'. Eliminating v;, - n; gives

(4.11) (I+ SE)q;h = S(ty -y — Epay).

(4.10)

Note one can immediately recover the remainder (vy, q1.p, ¢2,n) from qg , (or v -my)
by one additional solve on each subdomain. Thus, (4.11) reduces the problem of
computing the remainder to a problem on the boundary I'.
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We consider the inner product on W1/2(TI') x W'/2(T") defined by
{{v,w)) = a(v, w)

where v and w respectively denote the discrete harmonic extensions of v and w in the
space Wy. It is well-known that the corresponding norm on W 2(T) is equivalent
to the H(%Q(F) norm. This equivalence holds uniformly independently of hy. The
following theorem shows that (4.11) can be effectively solved by conjugate gradient
iteration.

Theorem 4.1. The operator SE is symmetric and positive semi-definite with re-
spect to the inner product ((-,-)). Moreover, SE is bounded in the corresponding
norm with bound K independent of hy and hy. Thus, (I + SE) is symmetric and
positive definite on WI/Q(F) and has a condition number bounded by K + 1. The
resulting conjugate gradient iteration converges with a rate bounded independently

of hi and hs.

Proof. Let o be in WY2(T'). Note that w,(FEo) equals SEo on I' and is discrete
harmonic. Thus, for any v € W2(T),

({(SE0,7)) = a(wn(Ea),7) = (Eo,7)r.
But Fo = wy(0) - ny. Using the fact that (V- wy(0),w;) = 0 for all wy, € Wi gives

((SEo, 7)) = (a” wn(o), wa(7))-

This shows that SE is symmetric and positive semi-definite.
Finally, it easily follows from the stability properties of the mixed finite element
problem on €; and (4.7) that

(SEc,0)r = (a 'wy(o), wi(o)) < CHJH?{%Q(F).

The theorem follows from the equivalence of the norm ((-,-))!/? with the Hé’/o2(1j)
norm on W1/2(I). O

Remark 4.1. The operator E is the discrete analogue of solving a problem on €y
with Dirichlet boundary conditions on I'. The operator S corresponds to solving a
problem on y with Neumann boundary conditions on I'.

Remark 4.2. The inner product which makes I +SFE into a symmetric and positive
definite operator involves discrete harmonic extension with respect to the subspace
Wy. This poses no additional computational problems. In fact, a carefully imple-
mented conjugate gradient algorithm for (4.11) need only have one mized solve on
Qy and one finite element solve on Qo per iterative step (after startup).

Alternatively, it is possible reduce to an equation for vj, - n; on I' by eliminating
@, in (4.10). One then gets

(4.12) (I 4+ ES)(vh-n1) = —E(p2n + S(0y - ny)).
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Given uy - n; € WY2(I'), we define (@i, P) € V;, x Wy by

Up-n; =uy-n;onl,
(4.13) (e 'ap, x) = (V-x, P) =0, forall yinV, with y-n; =0onT,
(V-up,q) =0, for all ¢ in W;.

Let ((-,-)) denote the inner-product
(414) ((uh 1, Uy - Il1>> = (a_lﬁh, l_lh) for all u, N € W_1/2(F).
Lemma 4.1. Assume that the )1 mesh restricted to I consists of edge segments
{&;} which satisfy
(4.15) length(&;) > Chy, for alli.
Then the inner-product defined by (4.14) gives rise to a norm which is equivalent
(independently of hy) to || - || zz-1/2ry on W2(T).
Proof. The bound
s - o[y < Cla™ g, )
follows immediately from (4.7) and the fact that V - u;, = 0.

For the other direction, we reduce the problem to one of discrete (divergence—free)
extension. Let uy, - n; be in W~2(T"). Suppose that we have defined @, € V;, with
u,-n;=u,-n;onl, V-u,=0in ; and

[anllv < Cllup - nul[ g-172(y.-
Let up, = up + wy. Then wy, -n; =0 on I" and
(a 'wp,x) = (V- x, P) = —(a "y, x), forall x in V, with y-n; =0on T,

(V-wy,q) =0, for all ¢ in ;.

Here P is as in (4.13). Since the mixed finite element pair is stable,
[whllv < Cllanllv < Cllug - nallg-12y,
it is immediate from the triangle inequality that
(a_lﬁh, l_lh)l/2 S C’Huh -1 ||H—1/2(F)‘

This is the second inequality of the lemma. Thus, to complete the proof of the
lemma, we need only construct u,. A regularity—free proof for two—dimensional
domains is found in [19]. We below provide a simpler proof which relies on certain

minimal regularity assumption.
We consider the function ¢ satisfying

A¢ = 0, in Ql,
%:uh~n1, on I,
@nl

Qb:O, on 8QI\F
Then
(4.16) D(¢,0) = F(0),
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for all # € H'(Q;) with § = 0 on Q; \ T'. Here D(-,-) denotes the Dirichlet inner-
product on ©; and F' denotes the functional F'(f) = (u - ny,0)r. We define 0y, =
0,(Vo).

We clearly have that (V¢)-n; = up-n; on I' and so, by (A.3), (II,V¢)-n; = uy-n;
on I'. Furthermore,

IVollv < Cllap - nu | g-1/2ry.-

In addition, for any v in (0,1/2),
(L =11n)(Vo)llv < Chil[@ll14+,0,-

For some ~ in (0,1/2), we assume that the following regularity estimate holds for
the mixed boundary value problem: Solutions of (4.16) satisfy

[0]l147.00 < CONF( =144,
Now,

(up, -ny,0)

uy, -ng, 0
HFH*1+’Y791 = Sup M L= CHuh . Il1HH71/2+W(F).

o 10ll-y.0 o [|0l1/2-r

< C'sup

Here the supremum is over 6 in H'(Q;) with = 0 on Q;\I". By the quasi-uniformity
of the mesh on I,

Jan - || -2y < Chy Y, | -z .-
Combining the above inequalities gives
lallv < [IVollv + (I = 11)Véllv < Cllap - ma | -1/2(ry-
This completes the proof of the lemma. O

Theorem 4.2. Assume that (4.15) holds. The operator ES is symmetric and pos-
itive semi-definite with respect to the inner product ({-,-)) defined by (4.14). More-
over, ES s bounded in the corresponding norm with bound K independent of hy
and hy. Thus, (I + ES) is symmetric and positive definite on W~2(T") and has
a condition number bounded by K + 1. The resulting conjugate gradient iteration
converges with a rate bounded independently of hy and hs.

Proof. A straightforward computation shows that for uy, - ny, vy, - n; € W=12(T),
((ES(up, -my), vy -n1)) = a(wy(uy - ny), wp(vy - ny))

where wy,(-) was defined by (4.9). This shows that ES is symmetric and positive
semi-definite. The theorem is a consequence of the a priori estimate

[wn(an - 01|10, < Cllap - -1z

and Lemma 4.1. O
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5. NUMERICAL EXPERIMENTS

In this section we illustrate the method on the following two dimensional test
example:

e the domain is Q = Q; UT'Uy, where Oy = (0,1) x (0,1), ' ={(1,y), 0 <y <
b}, b < 1is a given parameter, and Qy = (1,1 + b) x (0, b);
e the elliptic problem in €, is —V - a1, Vp; = f1, where the coefficient matrix

14+102° +¢* 542 + ¢
ap = lyg242 1 212§
3 Y + 2 4+ 10y
the exact solution is p(z,y) = (1 — x)?z(1 — y)y, hence u = —a; Vp;.
e the elliptic problem in €2y is —V - a3 Vpy = fo, where the coefficient matrix is
just the identity, i.e. as = I, and the exact solution is py(z,y) = 10°(1 + b —

z)(z —1)%y(b —y).
Note that,

_ pl(xvy)u n Qh
p(,9) {m(:r,y), in Q,

is an H'(Q)—function since [p]|p = 0 and (a1Vp1) -n; = (a2Vp1) - ny on I'. Also, p
vanishes on 0f).

To discretize the problem we used lowest order Raviart—Thomas spaces on uniform
triangular mesh of size h; in €2y and conforming piecewise linear functions over
uniform triangles in {2y with mesh-size hy. We write the resulting linear system in
the form

A, NT 71T uy 0
N 0 0 pi,n | = | fi
T 0 —A D2, h f>

The corresponding Neumann problems on {2, we solve exactly by LU factoriza-
tion. Similarly, to compute the actions of the Schur complement S, that corresponds
to discrete harmonic extension in Qy, i.e., < Sws, vy >p= (aaVwsy, Vs), where vy
and wy are the discrete harmonic extensions of vy and wy — piecewise linear func-
tions on the interface I (vanishing at the end points of I'), we compute the matrix
representation of S explicitly, by appropriate exact factorization of the subdomain
(Neumann) stiffness matrix A,. Thus, the above discrete problem is reduced to
a problem for the unknown uy, p; 5, and pg’ h = D2, nlp by solving a Neumann
problem on €, i.e., by solving Asps , = f2. The latter leads to,

A, NT TZ uy, —TEpa,n
N 0 0~ Pipn | = f;
T 0 -S Do 0

We used the following solution methods:
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the MINRES (minimum residual method) for the above reduced system with
the following preconditioner:

B, 0
0 I
0 O

Mo O

Here, By stands for an algebraically stabilized version of the hierarchical basis
method (HB) from [13]. Details on the algebraic stabilization of the HB meth-
ods are found in [22]. The I is the (diagonal) mass matrix and S is a discrete
Neumann—Dirichlet mapping, which we invert exactly. (Le., it corresponds to
solving a discrete Neumann problem in ), and restrict the result to I'.) Note
that the thus described preconditioned MINRES method is exactly equivalent
to the preconditioned MINRES method applied to the original (unreduced)
problem with the block-diagonal preconditioner

B, 0 0
0o I 0|,
0 0 A

since the successive iterates and search directions are discrete harmonic (with
respect to Ay) functions in €2s.

e the CG method applied to the reduced problem (4.11); the stopping criterion

here was until relative residual reduction of 107 has been reached.

Let the grid in ©; have mesh-nodes denoted by (z;,v;), 0 <7 < n,, 0 < j < n,,
ngy = ny = 1/hy, hy = hy := hy. Most of the errors are computed at the shifted
by half step-size points, namely we use also the points x;_/, = x; — 0.5h, and
Yj—1/2 = y; — 0.5hy. Finally, I}, stands for the finite element interpolation operator.

In the Table 1 we show:

(1)

(i)

(iii)

(iv)

Ng Ny 2

5p = ||]hp1 - pl,h“h = Z Z hxhy(pl(l‘ifl/% yjfl/Q) - p1,h($i71/27 yjfl/Q))Q )
i=1j=1

i.e., a discrete L?>norm of the error p; — pp;

ng Ny

Ouy = H[hul — Up, 1Hh = Z Z hxhy(ul(xiayj—lﬂ) — Up, 1(%7%—1/2))2 )

i=0j=1
i.e., a discrete L?-norm of the error u; — Up1;

[N

S

Mg

Ty
Ouy = |[Intia — un2lln = | D0 3 hahy(ua(ziz1/2,y5) — un, 2(Tic1/2,95))? |
i=1j=0

Le., a discrete L>-norm of the error us — uy, o;

Ouspe = [[Mn(0 —up)|ln =

[N

n n
T Y 2

Z . hxhy ((u : n) (%‘—1/2, yj—1/2) - (uh : n) (%‘-1/27 yj—1/2)) )

i=1j=
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hi=1/16] hy = 1/32 | hy = 164 by = 1/128] ~
hg = b/16 hg = b/32 hg = b/64 hg = b/128 order

0p 3.18e-2 7.57e-3 1.83e-3 4.57e-4 2

Ouy 0.5749 0.1343 3.27e-2 7.87e-3 2

Ouy 0.3617 8.87e-2 2.21e-2 5.51e-3 2

B 03792 | 9.42e-2 | 2.37¢-2 | 5.93-3 2

Ops 0.1519 3.44e-2 7.71e-3 1.91e-3 2
# iterations 57 71 86 92
0 0.69 0.74 0.78 0.79

TABLE 1. Error behavior and iteration counts for the composite prob-
lem; b = 0.55.

ho

hy b/16 b/32 | b/64 | b/128
1/16 | 11, 0.21[ 12, 0.26 | 13, 0.30] 13, 0.30
1/32 | 12, 0.30 | 15, 0.39 | 15, 0.39 | 15, 0.39
1/64 | 10, 0.22 | 14, 0.36 | 16, 0.39 | 15, 0.39
1/128 | 9, 0.21 |11, 0.27 | 15, 0.38 | 16, 0.40

TABLE 2. Number of CG iterations and average reduction factors for
solving the system (I + SE)qgap = rhsap; b= 0.55.

i.e., a discrete L?>-norm of the error u-n — u, - n, where n is the unit normal
vector to the edge with end-points (x;_1,y;-1) and (x;,y;);
(v) a discrete H&{?(F)—norm of the error (Ip2 — pu,)|r;
(vi) the number of iterations of the preconditioned MINRES method;
(vii) an average reduction factors p.

The second test demonstrates the convergence of the CG method applied to the
matrix of the reduced problem (4.11). We have chosen a random 7.h.s.2 p,, and the
iterations were stopped after the norm of the residual has been relatively reduced
by 107%. Here we varied the meshes h; and hy to see the sensitivity of the method
with respect to the discrepancy of the grids. As it is seen, the convergence appears
to be fairly insensitive to the mesh sizes, all in good agreement with the theory (see,
e.g., Theorem 4.1).
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