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Abstract

In this paper, we consider mixed finite element approximations for solving sec-
ond order elliptic boundary value problems. An asymptotic error expansion is
obtained for velocity and Richardson extrapolation schemes are used to reduce the
error and to get a higher order approximation.
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1 Introduction

A substantial number of works has been devoted to asymptotic error expansion for the
finite element approximations. The research in asymptotic error expansion has been
augmented and inter-related with interesting and very important for the computational
practice results in superconvergence and postprocessing (see, e.g. [1, 4, 5, 6, 8]). The
corresponding results for the asymptotic error expansion of mixed finite element meth-
ods can be found in Wang [10], where the lowest order triangular elements have been
considered. In this work we concentarte our attention to the error in the Darcy velocity

Let Q be a rectangle in R? with edges parallel to the coordinates axis. We consider
the following model problem:

—Ap=f inQ
p=20 on 0f),

(1)

Let
W=I1XQ), V={pecl’Q? V-pelXQ)},
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and the Banach space V be equipped with norm || ¢ [lyy= ([[@ ]| + || V- ¢ ||?)/2. The
inner product and norm in L?(f2) are denoted by (-,-) and ||-||, respectively. And for the
sake of simplicity, (-,) and || - || are also respectively be used as the inner product and
norm in the product space L?(f2)2.

Let u = —Vp, then pair (p,u) € W x V satisfies the following mixed variational
equation:

(V'Uﬂ/’)z(fﬂb), V'l/)GI/V,
('u,,cp)+(V<p,p)=0, V‘PEV,

(2)

Given finite dimensional spaces W, C W and V, C V, 0 < h < 1, the so-called mixed
finite element approximation (ps, u,) € Wy, x V', to pair (p,u) € W x V is the solution
of the following problem:

(V ' uha"/’h) = (f’ 1/’1:), v "/)h € Wh, (3)
(uh7‘Ph,) + (V : ‘Ph)ph) =0, v $h € V.

In this paper, we restrict our analysis to the case of the lowest order rectangular
element. Let T}, be a partition of 2 into rectangles and be quasi uniform in the usual
sense. For each e = e;; € Tj, h; and k; are the lengths of the edges of the rectangle e;; in
x- and y-directions, respectively. Set h = Irz;a}x{hi, k;}. Associated with T}, define W, to

be the finite dimensional space consisting of piecewise-constant functions. To define V7,
let us denote by Q; ;(e) the space of polynomials of degree less than or equal to 7 in the
first variable and to j in the second variable restricted to e € T,. Define V, C H' ()
such that its restriction to e € Tj, is Q10(e) X Qo1 (e).

Let Q : L?(Q?) — W denote the L? projection and Il,: H'(Q) — V, be defined
such that
(V- (v-1Mw),p,) =0, Ve, € V. (4)

As we know, such a projection can be constructed locally as follows. For each e € T},
and v € H'(Q)

/l('v —W,v)-nyds =0, for every side ! of e € Tj, (5)

where n; is the outer normal of side [.

2 Error expansion for the velocity

In this section, we prove an error asymptotic expansion for the velocity.
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Theorem 1 Let (p,u) and (pn,us) be the solution of (2) and (3), respectively. If mesh
Ty, is uniform and uw € H4(S)), there holds the following error asymptotic ezpansion:

up — Myu = K2Iw; + h2 M w, + 7, (6)
where w1, wy are functions independent of h and the remainder r satisfies

3+1/2
I7l1< ek flull e

To prove this theorem we need the following lemmas.

Lemma 1 For u € H, we have Myu = (Myu);, (Mpu)e) with

(I[hu)l - / ul xz 1LY +'U/1(.'L'i,y)) dy
2%k; Jy,-

+m/ Oyu1(z, y)dzdy,

1 =i
(Hhu)z = oh (u2($>yj-—1)+u2(x’yj))dy
1 YTi—1

+y_yj___1_/_2/ Oyus(z,y)dzdy.

Lemma 2 For e;; = [Ti_1,%:] X [yj—1,y;] and g € W*(e;;), there holds

2k]/ 9(@ic1, ) + 9(zi,y)) dy
2
= 9(331'—1/2, yj—1/2) + ?zazzg(mi—l/% yj—l/z)

2
24ay2g(37i—1/2’ Yi-1/2) + O(h2) /e.'j

Vg |dzdy, (7)

and
1 o

- .)) d
T (9(z,yi-1) + g(z,u:)) dz

2
= 9(%’—1/2, yj—1/2) + _Slayzg(zi—l/% yj—1/2)

2

h
+ﬂ3zzg(:ri—1/2, Yi-1/2) + O(r*) /

Ci]‘

Vg |dzdy. (8)




Proof : Let g be a polynomial of degree less than or equal to 3. By Taylor’s formula,
we have

1 1 1
/_lg(—l,y)dy = /_1 (9(—1,0)+3yg(—1,0)y+ §3y29(—1,0)y2) dy
1 /1 .
+5 /_layag(—l,O)y dy
1
= 2¢(-1,0) + gayzg(—l,O),

and, similarly,
1

309(1,0).

[ 90,y =2901,0)+

Further, in virtue of
1 1
g(_l, 0) = g(O) 0) - 629((): 0) + §a$2g(0’ 0) - 6 x3g(07 0)>

1 1
8yzg(-1,0) = 8yzg(0,0) - amyzg(oa()),

and
3y2g(1, 0) = 6yzg(0, 0) + 8,,.yzg(0, 0),

it follows that
1 2
/_1 (9(-1,9) + 9(1,y)) dy = 4¢(0, 0) + 20,24(0, 0) + gayzg(O, 0).

Thus, using Bramble-Hilbert lemma, we complete the proof of (7). The proof of (8) is
completely similar.  #

Lemma 3 There holds
1) for g € W3l(ey),

g(ﬂ?, y)dmdy - g(xi—l/z, yj—1/2)
hikj eij
= M g y)ded +—k"—/a (z,y)dzd
= 24]{)] e 2 d\Z, Y Y 24:’_'1z i v2a\T,Y Y

+O(h/e_.

ij

Vig | d:cdy) .



2) for g € Whl(ey;),
1
/ 9(, y)dzdy — 9(%‘—1/2, Z/j—1/2)

hzk] 81']'
2 i
= ﬁaﬁg(ﬁﬂi—m, Yj-1/2) + iayzg(mi—l/z’ Yi-1/2)

Vg ’ dxdy) :

+0 (hZ/e..

Lemma 4 For u € W*(e;;) and @ = (¢1, p2) € Vi, there holds
4

h2 h
/ (Mpu); — u1) prdzdy = —1/ Oprurprdrdy + —— Opsu1 Oz 01 dzdy
12 Je, 720 Jes,

V| (s + bl Doy ). (9

€ij

+0 <h4 /

k2 k4
(Mpu)s — up) podazdy = =L [ Opuspedrdy + == [ 0,2us0,podrdy
12 720 Je,

€5

e‘,J

+0 (h4 /e Vi | (1] + k| Oy |)dxdy) . (10)

First of all, we assume that u, is a polynomial of degree less than or equal to

Proof :
3. By using Lemma 1 and Taylor’s formula, it follows, that
h2
(]Ihu)l —Uu = U (%‘-1/2, yj—1/2) - U1(~’Ea y) + _81:'612“1(371'—1/2, yj—1/2)
Tr— ;. k2
2l Oyurdzdy + ﬁayzul(xiq/z, Yj—1/2)

hik; &ij
= —(y- yj—1/2)3yu1($i—1/2, yj—1/2)

h? T — I 2

8 2
B2 (y—yj)’
n (ﬁ _ (y__yéﬁ_) Op2u1(Tiz1/2, Yj-1/2)

—(33 - xi-l/z)(y - yj—1/2)azyul(xi-—1/2, yj—l/?)
h? T —Ti1/9)°
( - — L—z'l-/—z)—) ($ - xi—1/2)az3ul(xi—1/2ayj—1/2)

24 6
2
T — X;- - 95—
N 1/2)2(y Y l/z)axzyul(xi—l/%yj—1/2)



ki (y—yi)”
(_2_:721. — (—TJW-)—) (.’L’ - IL'i_l/g)azy2U1 (mi—1/2> yj-—l/?)

3
Y — Yj—
—(——ém—)aywl(xi—l/m Yij—1/2)- (11)

Integrating (11) over e;; we have
[ (@) — ) (o |
— u .
€ij h ! ! hzkj €ij
h2
= Ié Or1dzdyOp2u (Ti—1/2, Yj—1/2)
e@J
h
= T Og2ur (2, y) 1 (z, y)dzdy. (12)
e,]
Multiplying (11) by z — z;_1/2, and then integrating over e;;, as well as making use of
Lemma 3, lead us to
[ (@su) = ) (¢ — 3i-1/2)dody

j

h3k; [ h; k.
= '—J< Opsurdzdy + —2 ayzuldxdy)

v1(€, n)dfdn> dzxdy

12 24k] eij 24h; Je;, z
hlk; R3K3
————480’ Oz3u1(Ti-1/2, Yj-1/2) — _2188J Dny2t1 (ZTiz1/2, Yj—1/2)
hi
= o5 g Oz3urdzdy (13)

Therefore, since ¢; can be written as follows

1 prdzdy + (37 - xi—l/Z) 0z01,

- hlk] €ij

we have shown the desired expansion when u, is a polynomial of degree less than or equal
to 3. By applying the standard Bramble-Hilbert lemma, we complete the proof.  #

Lemma 5 For u € W?*?(Q), there holds

1 1
2 _
| wn — I[h'“'”L”(Q)S ch “u||W2"’(Q)’ p>1, 5 + E =1

Proof of Theorem 1 For any g € L2(Q)?, let ¢ € Hj(?) be the solution of Ag = V-g
and v = g — Vq. Then (g, v) is the the solution of the problem:

{ (v,0) = (@, V-9)=(9,9), VpeV, (14)

(V-v,9)=0, VopeWw



We have || q||m@) + [|[v]|I< c|lgll.- Let (gn,vn) € Wi x V, be the mixed finite element
approximation of pair (g, v).

{ ('vh,‘Ph) - (Qh,v ) ‘Ph) = (ga‘Ph)’ Vo € Vi, (15)

(V * Vh, ,(»bh) = Oa th € Wh-
Then, by definitions, we have

(Mhu —up,g) = (vp,Tpu —up) — (4, V- (pu — uy))
= (Mpu—u,vp) + (P —pn, V- vp) = Mhu —u,vs).  (16)

Applying Lemma 4, we obtain
1
(Mpu — up,g) = - Z/ (h?@zzulvlh + kﬁayzugvgh) dzdy
ij e

1
+?§6 Z /e (hgazsmazvlh + k;*ayaugayv%) dzdy
i,j V&

+OU) ull e g llonll (a7)

Since T}, is uniform, h; = hy, k; = h,. By integration by parts, we have from (17)

1
(Tpu — up, g) = 5 /Q (hiazzulvlh + hzay2u2v2h) dzdy

B e
-+-—720 (/Ll + La) O3uqv - ndy + 50 </L2 + L4) Oy3us® - Nd
4
FO(RY) |l el oall (18)

Next, let G1 = %Z(azzul,O), G, = -11-2(0, 0,2uz). Denote by 6; € Hg(2) the solution of
A=V - -G;,i=1,2. Let w; = G; — V6;. Then, for i = 1,2, (0;, w;) satisfies

{ (wi, ) = (6;,V - 0) = (Gi, ), Vo€V, (19)

(V-w,¢) =0, VpeW

Let (0;p, wi) € Wy X V), be the mixed finite element approximation of pair (6;, w;),
i=1,2.

(wih)sah) - (oih> V- ‘Ph) = (Gi’ Soh)7 V(Ph, € Vh, (20)
(V-win,¥n) =0,  Vipp € Wi,
We note that 8; € W3?(Q) for any p € (1,2) and
0 gy < el 6 1V - Gillygrs < & Iull gy - @1)
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According to Lemma 5, (21) and the inverse property, there holds for any p € (1, 2) that

| Mpwy — win || + [ Mpwy — wo ||

< Ch1_2/p (” ]Ih'w1 — Wip “LP(Q) + ”]Ih'wg — Wap, ”LP(Q))
3-2/p
< b (||willygrangy + lwallyyes g
< e Yl e (22)
Further, applying the trace theorems, we have

'(/-i— )azaulv-ndyl+l</+ )8ysu2v-ndx‘
Ly L3 Lo Ly

< 7V Jlullgegllonll (23)
Thus, from (14) ), (19), (20) and (21) and Lemma 5,

, (15
hi(Gl, 'Uh) + h;(Gg, ‘Uh)
= h’i(g’ wlh) + hg(Q: w2h.)

= B(g,Tpwy) + (g, Tows) + O (1wl o) g (24
the expansion (18) now can be written as
(Mpu — up,g) = hi(g, Mpw:) + hZ(g, Lyw,)
FO(R2) [l o gy llon (25)

Finally, by letting ¢, = vn, ¥ = g in (15), we have (v, v,) = (g,vs) which implies
v |I<|lg|l- Hence, (25) has completed the proof.

3 Neumann boundary value problems

In this section, we consider the Neumann boundary value problem. Namely, we change
the boundary condition p = 0 on 9 of (1) into

Vp-m=0 or u-n=0. (26)
Since this problem is not uniquely solvable, we consider the following problem:

—Ap+p=f inQ
Vp-n=0 on 0,

(27)



Let V? be the subspace of V' consisting of functions v for which v - n equals zero on 99
and Vi, = V,NV. Let u = —Vp. The mixed variational form of (27) is the following:
Find (p,u) € W x V? such that

{(v-u,w)+(p,w)=(f,w), Vyew, (28)

(“a‘P)"‘(V‘S",P):O, V(PGV(),
The mixed finite element approximation (ps, us) € W, x V9 to pair (p,u) € W x Vs

the solution of the following problem:

{ (V- un, ¥n) + (Pr, ¥n) = (%), V ¥hn € Wy, (29)

(un, @n) + (V- @4, 08) =0, Ve, €V
The main result of this section is as follows:

Theorem 2 Let (p,u) and (py,up) be the solution of (28) and (29), respectively. If T},
is uniform and u € H(QY), there holds the following error asymptotic expansion:

Up — ]Ihu = hilIhwl + h;]lh'wg +r, (30)
where wi, Wy are functions independent of h and the remainder r satisfies
4—¢
17 1< k= ull g

for any fized € > 0.

Proof : For any g € C°(Q)?, let ¢ € H}(Q) be the solution of —Ag+¢ = —V - g and
v = g — Vq. As in the proof of Theorem 1, let (gx, vs) € Wi x V) be the mixed finite
element approximation of (¢, v). Then, we have
(Ihw — un, g) = (Thu — u, vs). (31)

Thus, in virtue of v, - n = 0, (18) shows that

1

(Myu — up, g) = 1_2/9 (hiaxzuwlh + hzayWth) dzdy
+O(BY) 1wl gro g, onll (32)

Hence, according to the proof of Theorem 1, we can get the desired expansion (30) easily.



4 Richardson extrapolation

As applications of the error expansions obtained in the previous sections, we employ
a Richardson extrapolation scheme to get higher accuracy approximation based on the
lowest rectangular element. Let Z, be the set consisting of centers of all elements in
Th. Let Ty/3 be the division of {2 obtained by dividing each element of 7}, into 9 equal
rectangles. Define the semi-norm

1/2
llwlll= ( > hmhyw2($i—l/2ayj—1/2)) » - vlll=llvdll + [Helll -

ei; €Ty

Theorem 3 Let (p,u) and (pn,up) be the solution of (2) and (3), respectively. If T, is
uniform and uw € H*(Q), then

u— 9uh/3 — Up ”IS ch3+1/2

I 3 lull oy - (33)

Proof : Applying Theorem 1, we have

119(unss — Mpysu) — (up — Lpu)l|
= |||R2(@nzwy — Mpwy) + h2(Mp3we — Wpws) + 9rp/s — 74|

S h3+1/2 | (34)

|u ||H4(Q) :

Theorem 4 Let (p,u) and (py,us) be the solution of (28) and (29), respectively. If Ty,
is uniform and u € H*(RQ), then

_ Suns —un

Up —e
e < ch®= flul o (35)

@ -

This error estimate may have various applications ranging from using it as criteria
for grid refinement to direct more accurate computations of the velocities especially in
ground-water applications. This will be a subject of our further study.
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