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Numerical approximation of the solution of the Cauchy problem for the
linear parabolic partial differential equation is considered. The problem:
(pXug)e — gx)u = p(®)uy , 0 <2 < L0 <t < T5uf0,2) = fi(t), 0 <t < T
u(l,2) = f,(2), 0 < t < T; p(0) u.(0,2) = g(2), 0 < t, < t < T, is ill-posed in
the sense of Hadamard. Complex variable and Dirichlet series techniques are
used to establish Hélder continuous dependence of the solution upon the data
under the additional assumption of a known uniform bound for | u(x, t)| when
0 <x<1and 0 <t < T Numerical results are obtained for the problem
where the data f; , f, and g are known only approximately.

1. INTRODUCTION

Consider the numerical approximation of the solution u = u(x, ) of the
problem

0 0 0
@ 5 (b0 %) —d@u=pxz, 0<x<l, 0<t<T,

(b) u(0, t) Zfl(t)’ 0<t<T, (1.1)
(c) u(l, 1) = fo(t), 0<t<T,
(d) 20) 2 (0,1) = 502 0<ty<t<T,

where the data f, , f,, and g are known only approximately as f*, f¥, and g*
such that

@ Nfi—filen <e,
®) Qfa—follon <e, (1.2)

() g —&*liyn <€,
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168 RICHARD E, EWING
with ¢, > 0 and where for any function /& = A(2)

12 llta0r = sup | A(z)] .
agigh
The Cauchy problem (1.1) is not well-posed in the sense of Hadamard [5, 7, 10,
15-17, 23] since the solution does not depend continuously upon the data. We
shall show that under some reasonable additional assumptions, when the
solution exists, it depends continuously upon the data £, , f, , and g. We make the
following assumptions:

1. fi,f2s & P, g, and p are such that a classical solution # to (1.1) exists.
2. There exists a positive constant M > 0 such that

sup | u(x, t)] < M. (1.3)
0<z<1
ot<T
3. The functions p, p’, ¢ and p are uniformly Hélder continuous in
0 < x <1 and satisfy

(@) 0 <py <p(x) <p*
(b)) 0 < py < p(x) < p¥,
(0 0<gx<ylx) <g*
d [P <p™
(We shall denote these constants collectively as 2.)

4. f, and f, are continuously differentiable and a constant K; > 0 exists
such that

I fullto,r1 + 1A lto. 71 + 1 fa o0 + 11 fs Moo + 18 ey < K (1.5)

The study of ill-posed problems with approximate data often divides naturally
into two tasks: firstly, establishment of a priori stability estimates which assure
continuous dependence on data with the prescribed bound, and secondly,
development of adequate computational methods. This paper addresses both
tasks.

Carlo Pucci studied the Cauchy problem for a linear parabolic partial dif-
ferential equation in [23]. Under the additional assumption of positivity of the
solutions, he demonstrated the continuous dependence of the solution upon the
bounds for the solution and its first derivatives at a certain portion of the
boundary. He obtained no estimate of the degree of the continuous dependence.
In [16], Ginsberg considered the Cauchy problem for the heat equation, U, =
U, , and obtained Hélder continuous dependence upon the data. He produced a
numerical treatment where g(¢) = 0. In [5], Cannon presented estimates for
Hélder continuity for the heat equation and with (1.1.¢) replaced by u(x, 0) = 0,



THE CAUCHY PROBLEM 169

0 < x < 1. He then reduced the problem of numerical approximation to that
of mathematical programming techniques for solving Volterra integral equations
of the first kind. In [7], Cannon and Douglas considered the Cauchy problem for
the heat equation with the data specified on a curve x = s(¢) and a known initial
condition. Holder continuous dependence was derived and applications to the
Inverse Stefan Problem were given. In [10], Cannon and the author presented a
direct numerical method for the Cauchy problem for the heat equation in which
a Taylor series expansion for the data is numerically approximated.

Related types or problems have also been considered in the control theory
literature [19, 21, 24]. Coupling results like those of Seidman, MacCamy and
Mizel [19, 21, 24] on well-posedness of boundary controllability with results
like those of the author, Showalter, and Miller [13, 20, 25] on well-posedness of
the backward heat equation, one could obtain continuous dependence results
(without estimates of the degree of continuity) for problems related to (I.1)
with (1.1.c) replaced by

POZL =g, O<t<t<T (1:6)

A numerical approximation of this different problem utilizing the backward
heat equation approximation would be much more difficult than the method
presented here ([13, 20]). Slight variations of the methods developed here could
also directly treat the problem with 1.1.c) replaced by (1.6).

In Section 2, we use the linearity of the partial differential operator to split
the problem (1.1) into two simpler problems. We then state the continuous
dependence results which are known for one of these simpler problems and
present some preliminary estimates for the rest of the paper. In Section 3, we
use complex variable and Dirichlet series techniques to show the continuous
dependence upon data properties of the second of the problems defined in
Section 2. In Section 4, we obtain an asymptotic estimate for the degree of
continuity for the results of Section 3. We obtain Hélder continuous dependence
upon the data. Finally, in Section 5, we discuss numerical procedures in our
approximations. We again use linearity to split our problem. The first part is
then treated by standard finite difference or finite element techniques. Linear
programming methods are then used to obtain both a priori and a posteriori
error estimates for the second part.

2. PRELIMINARIES

From the linearity of our parabolic operator we see that the solution u of
(1.1) and (1.3) can be written as

u=w+=x (2.1)
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where w satisfies

o ow ow e
@ s(par)—aw=pg, O<v<l, 0<t<T,

“ox
(b) w(0, 1) = £i(¢), 0<t<T, 22
() w(l, t) = fy(t), 0<t<T,
(d) w(x, 0) = 0, 0<x< 1,

and 2 satisfies

d o= 0z -
(a) %(Pa)——qzng, 0<-x<1) 0<t\&\T)

(b) (0, ) = 0, 0<t<T,
© #(1,4) =0, 0<t<T, (2.3)
(d) 2(x,0) = u(x,0), 0<x<l,
© AOZOH=GE, 0<t<t<T,
with
G(t) = ¢(2) — p(0) 22 (0, 1). 24)

Elemantary potential theoretic representations [15] and maximum principle
arguments [15, 18] show that there exists a positive constant K, = K,(T, 9)
suchthatfor0 <<x <{land 0 <, <t < T

(2) | w(x, 8)] < Kalll 1 0.1 + 1 fo llto. 10}
(2.5)

®) [ 22w 0) | < Kall Albars+ 1K Trs + 1 fe o+ 15 T

Thus, since w and dw/dx depend continuously upon the data, it suffices to con-
sider the dependence of 2 upon the data. Also from (2.4) and (2.5.b), we see that
if

1 Gty =, (2.6)

then
7 <1 &lo.r1 + Pl fillto,r1 + 1 A lto,r1 + 1l fo Mk, 71 + 1 /2 ko, 71} (2.7)

is a measure of our data f; , f,, and g.
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We next consider the Sturm-Liouville problem which is associated with our

differential operator. Let A, and ¢, be the eigenvalues and corresponding
normalized eigenfunctions for the Sturm-Liouville problem

(@) (pgr) — 9%n + Plapn =0, 0 <x <,

(b) Pa(0) = @n(1) == 0.

(2.8)

From our assumption (1.4) and as in [6, 22] we obtain the following estimates on
our eigenvalues and eigenfunctions:

(@) A = (4L (P 4 4,) < M < () (Pt + g¥)
=2*
(b) | o)l < P3N <P P =y, O <( ],

’*An)1/2+P;<1/20‘nP* + q*)

© 12(0) g0 < (
SN + PR 2N* + 6%) =

(@) L pn(@)] <MY + 205705 ™ + ¢)
PPN+ IO+ 4 = b
0<s<1l. (29

3. CoNTINUOUS DEPENDENCE OF 2 AND 02/dx UPON THE DATA

The assumed smoothness of 2 from (2.3) allows us to use the eigenvalues and
eigenfunctions from (2.8) = into the formal series representation

B ) = 3 an exp{—Ayt) ga(¥) (3.
where
a, = fo Y o) 3, O) pu(x) d,  m=1,2,... (3.2)

are the Fourier coefficients of z(x, 0). Since the eigenfunctions are normalized,
from (1.3) and Schwarz’s inequality, we have

| @y | < p*12M. (33)
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The bounds in (2.9) and (3.3) show that the series representation for z converges

absclutely and uniformly and its partial derivative with respect to x can be
obtained by differentiating term by term. We see that this yields

F) = p0) 2 (0,1) = 3. ay expl{—\u} 74(0) 20)

(3.9)
= 3 enexpi—Aui
a1
where
Cn = a,@n(0)p(0), n=12,.. (3.5)
From (2.3.€) and (2.6), we see that
[F()] <7, 0<t<t<T (3-6)

Let { = ¢ 4 ¢r. Clearly, F({) is an analytic function in the complex domain
Re { > #,. Moreover, there exists a positive constant K, = K (%, M) such that
forall {withRe{ > ¢,,

Q) <K, 3.7
Using logarithmic convexity arguments as in [5-12], we can show there exists a

computable constant o = ofty, 7, 7*), 0 << a << 1, and a positive constant
K, = K,(%, M) such that for all { satisfying

(a) Reled =:[3,+ LT, ¥, + 3T]

(3.8)
(b)  [Im{]=<27%

we have

[F(O < Ky (3.9

A straightforward application of a lemma of Binmore [2, 4] yields, for t*e J
from (3.8),

[ ¢n exp{—Ant™}| < H(A,) Kyn® (3.10)
where
-1 T A i T A ~1
H(\, :§ cos (=5 ~— cos {5 <= E (3.11)
() = [T eos (5 35) T1 eos (357
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and 7* = 7%(2) is chosen to exceed every

1 S
neg s Yol et 612

2 Jj=n+1

We note that the above choice of 7* is possible since (2.9.a) implies that 7,
is a decreasing sequence after at most a few terms.

Applying Gronwall’s lemma as in [11, 12], we can obtain positive computable
constants Ky = K (2) and K; = K(Z) such that

| gu(0)] = p* 2 exp{—(Kgn® + Kp)}, n=1,2,... (3.13)
Then using (1.4), (3.4), (3.5), (3.10), (3.11) and (3.13), we have for n = 1, 2,..,,
| @n | < [9a(0) p(0)] ™ exp{dat} H(A,) Kyn®
< pRp* P expt™ + Ken® + Kq} HQ\) Kr'

Finally, we use (3.14) to bound the a, , n =1, 2,..., N, and (3.3) to bound a,
for n > N. Then, using (2.9), we obtain, for 0 <x <landz, <t < T,

N
@  |alx ) <qKpEe™ R Y paafl(A,) exp{A,(t* — 1) + Kyn® + Ko)

n=1

+ pMEM z tr1n €XP{—Anxlo}s

n=N+1

0 aor e N
(b) ‘ 'éz (%, 1) ' < 1°Kypip*? Y g HA,) expfd(t* — t) - K+ K}

n=1

+ MM Y gy exp{—Auuto}. (3.15)

n=N+1

We see that (3.15) is in the form

(2) | 2(x, )] < Ayym™ + Byy
(3.16)

o
®) | %@ 0| < Aur + By,

where limy_, A;x = o0 and limy_ ., B;y =0, ¢ = 1, 2. We thus have shown
the following theorem.
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THeoREM 1. If assumptions 1-4 hold, then for each N >~ 0, there exist con-
stants A,y and B,y , i = 1, 2, such that limy_, A,y == 0 and limy_,, B;y =0
and there exists a constant o, 0 << o << 1, such that for 0 << x <1 and ¢, <t
<7

() | 2(x, 1)] < Ay + Buy
(3.17)

oz
(1) |5 (6 8)| < Ao+ By
We see that for 0 <{x <1 and t; < ¢ < 7T, our theorem implies that
lim | 2(x, )] = li l-af(x t)l—O 3.18
-0 ’ - n};l(r)l ox - ( ’ )

and 7 and 03/0x, and thus « and du/0x, from (2.1) and (2.5), depend continuously
upon the data. In the next section, we shall determine the rate of convergence
in (3.18).

4. AN AsympTOTIC ESTIMATE AS 77— 0

An ill-posed problem in the sense of Hadamard is computationally feasible
only if the dependence of the solution upon the data is either Holder (O(n?),
0 < 8 < 1) or logarithmic, (O(log 1/9)7%, 0 < B < 1). In this section, we shall
obtain estimates that show that for our problem, the solution depends Holder
continuously upon the data.

Since (2.9) shows that 4,y << 4yx and By <X B,y in (3.15) and (3.16), it
suffices to consider A,y and B,y . We first consider 4,y . From (3.15) we see
that we must estimate H(A,), given in (3.11). We note that if A, > 22, , we
have

|

ogg <g—. (4.1)

>

k

From elementary calculations one can show that there exist positive constants
Ky = K(9P) and K, = Ky(Z) so that for

k= N, = (Kgn? + Kp)2. 4.2)

then (4.1) holds. Next, we estimate

©

Y. log cos % %’;— (4.3)

k=N,

cos (% —i\\-;‘—) = exp

n

=P

k
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by noting that

7 A, /200, /0p) 7 A \2
e[V 1 0w

and using (2.9.a) to obtain
[T cos 53 > expl—Kun — Ky 45)

2

I
2

i3

where Ky = K (%) and K, = K;,(2). At this point we must make an addi-
tional assumption upon the eigenvalues of our Sturm-Liouville problem. Let

d = inf(s — M) (4.6)

and assume that d > 0. Then, noting that

n cos (3-2) n cos (322 > fmin (o0s 722,74 con 7 V%)}”ﬁ

@.7)

we can finish the estimate for H(},). We thus obtain K, = K,,(2) and K, =
K,i(2) such that

H,) < d-N"(Km”z + Ki3) Na "3XP{K10”2 + Ky} (4.8)

Then elementary estimates yield the existence of K, = K 4(Z, d) and K;; =
K52, d) such that

CH()) < exp{Kyn® + Ky} (4.9)
Finally, from (3.15) and (3.16) we see that
Ayn < Aoy < exp{KieN? + Ky} (4.10)

where K,q = K14(2, 1, T, M, d) and K, = K,(2, t,, T, M, d).
We next see from (2.9), (3.15) and (3.16), that

Biw < Boy < exp{—K;sN? + Ky} (4.11)

where Kq = Ki(2,t,, M) and K,, = K,((Z, t,, M). Combining (3.16),
(4.10) and (4.11), we have

() | 2(x, )] < exp{K;eN? + Ky5} n* + exp{—K ;N2 + K},
(4.12)

oz
®) |2 (1) | < explKogN? 4+ Ko + expl—KgN* + Ko

409[71]1-12
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Setting
exp{K1glV? + Ky} 7% == exp{—K;3V* -+ K} (4.13)

to balance the effect of the two terms in the bound in (4.12), we see that by
picking NV such that

— Ky

N2 = 1 juint . ENS— Y .
L e +E = (@14)

we obtain, for 0 << 1,2, <t < T,

(a) | 2(x, t)] < 2exp

o K
R R K Kal{ 5

= Ko,
oz
(b) l B (=, t) ' < Ky

where 0 <<» << 1. We can thus establish the following result by combining
(2.5), 2.7) and (4.15).

THEOREM 2. If our assumptions 1-4 hold and if there exists a minimum positive
separation between the eigenvalues of the Sturm-Liouville problem (2.8), then the
norm of the solution of (1.1) defined by

0
sup | u(x, )| + sup —u(x, t) ’ , {4.16)
0<a<1 o<a<y | 0%
tot<T to<t<T

depends Hélder continuously upon the uniform norm of the data given by

(2.6) and (2.7).

5. NUMERICAL PROCEDURES

In this section we consider the problem of numerically approximating (1.1)
subject to the restriction (1.2). The restriction (1.2) comes from the fact that
data measurement is, in general, accurate only to within some measurement
tolerance ¢, . From the linearity of the operator, we note that the solution w of
(2.2) can be written as

W= w 1 w,. (5.1)
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Here w, satisfies

@ iy = o (p) 22) — g(o) s — o) Bt =0,

O<x<l, 0<t<T,

(b) @y (0,8) =fi —f1, 0<t<T, (52
() =w(1,0) :fz_f;k’ 0<t<<T,
(d) wl(xv 0) =0, 0<x <,

and w, satisfies
(a) Lw, =0, O<ae<l, O0<tLT,

(b) w2(0’ t) :fl*, 0<t T,

(5.3)

AN\

(© w(l,t)=f, 0<t<T,
(d) wy(x, 0) =0, 0<x <.

At this point we make the somewhat restrictive assumption upon the data
measurements f*¥ and f¥, that

@ | 5=

< €,
[0.7]
(5.4)

o) | Gh=s] <

From (5.2), (1.2) and (5.4), we use the same arguments as were employed to
derive (2.5) to obtain the existence of a constant K, such that for 0 <<x < 1
and 0 <t, <t < 7T,

() Faoy(x, 2)] < Ky,
(5.5)

®) | 52600 | < Kuso.

Standard finite difference or finite element techniques [1, 3, 14, 26] will yield a
numerical approximation w*(x, t) which is sufficiently accurate that we have for
0<s<land 0 <ty <<t < Tand g >0

(a) | wy(x, 1) — w*(x, 1)] < e,
(5.6)

*
%(xa t) - '%U—x'_(x! t)
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Next we consider the numerical approximation of 2 from (2.3) under the
assumption of approximate data. Let 2, satisfy

(a) Lz =0, 0<a<l, 0<t<T,
(b) #(0,2) = (1, 1) =0, 0<t<T,
(5.7)
© 00— -0 00  0<n<i<T
Recall that from (1.3) and (2.3.d), for 0 < x < 1,
| (s, 0)] — | (x, 0)) < M. (5.8)
Also note that from (2.3.e), (5.5), (5.6), and (5.7), for 0 < t, <t < T,
| 50) 20,0 — 20 2 0,9
= sty 90 22 0,0 — {g*0) — 20 S 0. ) |
(5.9)

<1800 — 01+ p0) | 52 0,0 — T 0,1
< € + p(0) [Kayeo + €] = Ko -
Then, from (5.9) and Theorem 2, we have the existence of computable constants
a=qoty, T, 7*, M) and K, = Ky(ty, T, 7*. M, D, K;;) such that, for
0<a<<land g, <t < T,

(a) | 2(x, £) — 2y(%, )] < Kpges®,
(5.10)

W |20 — 20| < K

We now pick N > 0 such that the tails of the series for 2(x, t), (92/0x) (x, t),
and p(0) (02/0x) (0, ) are small simultaneously. If we let

1, = max{p,, , ton » Ban} n=1,2,., (5.11)

from (2.9) and choose N >> 0 such that for some e; > 0

Y p*2M, exp{—Audo} In < &, (5-12)

n=N-1



THE CAUCHY PROBLEM 179

then we have for t, <t < 7,

(a) Z ay exp{—Ant} (%) | < e, 0<x <1,
n=N+1

(b) Y, anep{—Ai o) | <e, 0<ax<1, (5.13)
n=N+1

(c) Y anexp{—At} p(0) ¢,(0) | < e -

n=N+1

We note that integral estimates for the sum in (5.12) could be used in practice to
aid in the choice of N. Also, in practice, €, would probably be chosen as

(a) e&=c¢ from (1.2), or
(b) e = Kyey from (5.9), or (5.14)
() & = Kye*  from (5.10).
We next use available methods [, 14, 26] to numerically approximate the
eigenvalues and eigenfunctions of our operator. For n=1,2,..., N, ¢, >0,

and ¢; > 0, determine Q,,(x, £), Os(x, 1), and Q,,(¢) such that for 0 < x < 1
and 2, <t < T,

(@) [ Qunlx, 1) — exp{—A,t} pu(x)| < [NMp*1/2]-1,
(b) | Qun(®, 1) — exp{—Aut} @) < [NMp* 17, (.13)
(©) | Qanl?) — exp{—Ast} p(0) #,(0)] < es[NMp**/*] 7.
(Presumably ¢; could Be much smaller than e, with comparable work.)
We shall use a linear programming problem to determine 4%, n = 1, 2,..., N,

which approximate the a,, n =1, 2,..., N from (3.1) and (3.2) well. We shall
then define our numerical approximations to z and 9z/dx from (2.3) by

@ Ay t) =Y 470, 1)

- (5.16)
(b) Zﬁ: (&0 = T 450,51
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for 0 <x <1 and ¢, <t < T. Combining (5.10), (5.13), (5.15), and (5.16),
we obtain

[2(x, 1) — 235(x, 1)) < | 2(x, ) — 2y(x, 2)] 4 | 210, £) — 2)5(x, ©)]

< | z(x’ t) - zl(x’ t)’ + i ap exp{_’\nt} ‘Pn(x) ‘

n=N+1
| X aesptAut ) — Oule, 0] |
| X o= 4710, 1)

N
<Ky tateat|Yle,—400,m0). (17
n=1

Similarly, we obtain

oz ozx*
5&(9‘» t)— 'éx_N“ (x,1) | < Kype* + €5+ €+

. (2, — 471005 1) |
(5.18)

Therefore, in order to get good numerical approximation of z and 9z/dx, and
thus # and du/dx, we must find a set of 4%, n = 1, 2,..., N, which approximate
the corresponding a,, well.

Since we cannot measure z or dz/0x directly (even approximately), we cannot
use the last terms in (5.17) or (5.18) in a linear programming problem to estimate
the size of the terms directly. We can measure p(0) (9z/dx) (0, t) (approximately),
so we will define our linear programming problem in terms of this measurement.
Note that, from (5.15.c),

.

> AXQ,.(0) (5.19)

n=1

is our numerical approximation for this term while
ow*
£40) — 1(0) - (0, 1) (5.20)

is the approximation we measure (or compute from measurements in the case of
(0w*/6x) (0, t)). Therefore (5.19) and (5.20) should be close to each other.
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Suppose that there exists a set of 4%, | A | < p*/2M, n =1, 2,...,, N, such
that for t* e 7 from (3.8)

£ — 50 0.0 — $ 410,04 (521
Then from (3.4), (5.7.c) we obtain the following estimate.
> anexpl—t 50 P0) — 3 A5 expldat™ (00|
< |20V Z 0, %) — p(0) 2 0, 1%
+ |24 — 0 G2 0,14 - 2 470,,(% (522)

| T 4200 — T 43 exp{2,2 6,0 00)|

n=1L n=1
K Pp*Kpger™ + €51 01 -

Then, if we define 4% =0, 7 > N + 1, we can use (4.9) and the techniques of
Section 3 to obtain computable constants w, K,, , and K,; (now depending upon
2M where the corresponding constants in the earlier sections depended upon M)
suchthat 0 <w <land forn=1,2,..., N

la, — Ay | < CXP{Kmn + Koys} (p*Koes™ + € 1 01)”. (5.23)
Next we note from (2.9) and (5.15) that for n =1, 2,..., N,

(@) | Ounlr, D] < pan + [NMp*1/7]1 = 91,

(5.24)
(0) 1 Qunlw, )] < P¥pan + [ NMp*/2] 1 =

Finally combining (5.17), (5.18), (5.23), and (5.24) we obtain the following
a posteriori estimates,

Lemma 1. If 4%, |4 < (pM)'2 M, n=1,2,.., N, satisfy (5.21), then
Jor0 <o <landty, <t <T,

(2) | 2(x, 1) — 25(x, 1)| < Kgges® + €5 + ¢4 + 6,5,
(5.25)

oz oz*
(b) v (%, £) — Ere (%, 1) | < Kysea® + €3+ ¢4 + 6,8,
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where we define
S = N exp{K;yN* + Ky} (p*Kpges® + €5 -+ 0y). (5.26)

By improving the data measurements and by numerically approximating
Wy, Ow,/0x, A, , @y, and @, more accurately, it follows theoretically that «;,
i =1,2,..., 5 can be made arbitrarily small. We shall now show that there exists
a set of A%, n=1,..., N, such that ¢; from (5.21) is bounded in terms of
€1 ey €5

Consider

G() = | £t = 20) G- 0.9 — T 4wt |, (527

where 4 = (4; ..., 4,) and | A, | < (p*)}* M, n=1,2,...,N. Since G(4)
is a continuous function defined on a compact set, it follows that G(A4) assumes
its minimum for some A* in the set.

LemmMaA 2.

aed 4, A SKps®tate (5.28)
|4, 1<p"2M, n=1,2,...,.N

Proof. From (5.10)

S anexp{—at"} 93(0) 2(0)

0%, Xy _ % *
e <| GO —57 0|+ ¥
N
+ Z an[exp{_”\nt*} ‘;’;(0) P(O) - Qan(t*)]

-+

le [an - An] an(t*)

N
< Kzaeza + e+ 6+ Z [an - An] QSn(t*) . (529)
n=1

Since the set of Fourier coefficients a = (ay ,..., ay) from (3.1)-(3.3) satisfy
ia,| < (¥ M, n=1,2,.., N, and are thus candidates for 4, it follows that

by setting @ = 4,
G(a) € Kpye,® + €3+ €5 - (5.30)
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Since

a4y G <G) (5.31)
| 1<EHM, n=12,...,N

the result (5.28) follows from (5.30).
Applying the results of Lemmas 1 and 2 with (2.1), (5.5), (5.6) and (5.21) we
obtain the following a priori estimate.

TueoreM 3. There exist numerical approximations w*(x, t), (0w*[0x) (x, t),
O1n(x, £), and Qy,(x, t) and a set AT, AF,..., 4%, | A5 | < (p*)2M,n=1,2,..,
N, such that for 0 <y < land t, <t < T,

(a) |u(x, f) — w(x, ) — glAj:QM(x, t)l

< Kyiep + €1 4 Kogex™ + € + ¢ 4 60,5,
(5.32)

©) |G 0= G 0= 3 410,00

=1
< Kyigg + €, + Kose™ + €5 4 €4 + 6,5,
where
Sy = N exp{Ky,V? + K5} [(1 + p*) Koyes + €5 + 2¢5] (5.33)

and ¢, ,..., €; are defined above.

Since we now know that a set A, 4F,..., A% exists which yields (5.32), a
natural question is how to obtain such a set numerically for use in 2f and
02*]0xy . We shall use the method of linear programming to determine such a
set. Let t;,j = 1,..., K be a set of times distributed between #, and T. Consider
the inequalities ‘

(@ 4. <E92M,  n=1,2..,N,
0 * N i
b) |g5t) = pO) G- O )~ ¥ AQunlt) | <7 =120 K,
n=1

() y=0. (5.34)
The linear programming problem is the minimization of the linear function

L(4,y) =y (5.35)
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subject to the linear inequalities defined by (5.34). The linear programming
problem (5.34)-(5.35) is equivalent to finding

e £4(t) — 90 22 «>t>w-z;Aana»] (5.36)
A large K will bring more information from the data to bear upon the problem
through (5.34.b) and should thus yield a more accurate set of coefficients.
However a larger K would mean a correspondingly more complex linear pro-
gramming problem. K should be chosen to balance the greater accuracy with the
greater difficulty. Denote the infimum in (5.36) by p,. Then the continuous
function

» ow* N

R(Ay o Ay) = mas | £(6) = PO) o (0,8) = X 4:0ult)| (537
over the compact set X = {4 = (4, ,..., Ay): | A, | < (p*}*/% M} assumes its
minimum value at some point in X. Hence there is an 4* = (4¥,..., A¥)in X
such that

Yo = R(AS,..., 4%). (5.38)

Consequently, the linear programming problem defined by (5.34) and (5.35)
is feasible. Standard techniques for solving linear programming problems are
available. Suppose that y* and A¥*,..., A}* are a solution to the problem (5.34)
and (5.35). Then, in conclusion, the following a posteriori estimate of error can
be given.

THEOREM 4. Let
N
@@  x =Y A O 1),
n=1 (539)

Oz ¥* N ek
) Z =Y 401,
N n=1

where AX*, n = 1,2,..., N are obtained from the linear programming problem
defined by (5.34) and (5.35). Then for w*(x, t) and (dw*|0x (w, t) as defined above,
we have
(a) 1 u(x) t) - w*(x) t) - z;\kf*(xa t)l
Ko + €1 + Kpsex® + €3 + €4 + 6,5,

ou ow* oz**

(b) 50— e W 1) = . (%, 2)
Kyeo + 1 + Kpges® + €3 + €4 + 6,5,
where S, is S from (5.26) with oy replaced by y*.

(5.40)
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