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TIME-STEPPING GALERKIN METHODS FOR NONLINEAR SOBOLEV
PARTIAL DIFFERENTIAL EQUATIONS*

RICHARD E. EWINGT

Abstract. Three cases for the nonlinear Sobolev equation c(x, u)(@u/ot)—V - [a(x, u)Vu +
b(x, u, Vu)V(9u/at)] = f(x, t, u, Vu) are studied. In case I, the coefficients a and b have uniform positive
lower bounds in a neighborhood of the solution; in case II, b = b(x, u) is allowed to take zero values and
possibly cause the Sobolev equation to degenerate to a parabolic equation; in case III we only require a
bound of the form |a(x, u)| < K with a positive lower bound on b = b(x, u, Vu). A Crank-Nicolson-Galerkin
approximation with extrapolated coefficients is presented for all cases along with a conjugate gradient
iterative procedure which can be used efficiently to solve the different linear systems of algebraic equations
arising at each step from the Galerkin method. A priori error estimates are derived for each approximation.
Optimal order H'-error estimates are obtained in each case.

1. Introduction. We consider questions arising from approximate solution by
Galerkin methods of the nonlinear Sobolev equation

a1.1) cx, u)f;it‘—v- [a(x, W)Vu+b(x, u, Vu)v%‘-t‘] = f(x, £, u, Vi)

for xeQ, teJ =(0, T], where Q is a bounded domain in R%, d =3, with boundary 3.
We consider the Neumann boundary conditions for u. In particular, we assume that
ue C'(Q1x[0, T)) satisfies

2

ou du
,u)—+b(x,u, V
a) a(x u)av (x, u u)av Py

b) u(x, 0)=ue(x), xe,

=g(x, t), xe€d, tel,
(1.2)

where ou/(0v) is the normal derivative on the boundary of 0. We note here that all the
following analysis can be carried over immediately to the problem with zero Dirichlet
boundary conditions replacing the Neumann conditions provided that appropriate
finite-dimensional function spaces are used. Inhomogeneous Dirichlet conditions will
be considered elsewhere.

Problems of the form (1.1) arise in the flow of fluids through fissured rock [3],
[17], thermodynamics [7], [33], shear in second order fluids [32], consolidation of clay
[31], and other applications. See especially [3] for the boundary value problem
discussed here. For a discussion of existence and uniqueness results, see [8], [17], [20],
[25], [26], [28], [30]. Several applications of the nonlinear problem can be found in
[8], [20]. Various numerical treatments of semilinear problems can be found in [16],
[19], [34]. Also, Ford presents a predictor-corrector-Galerkin method for (1.1) where
there is no dependence on u in c(x, u) and b(x, u, Vu) in [18]. For an extensive
treatement of equations of the form (1.1) and a comprehensive list of references to the
existing literature in the area, see chapter 3 of [6].

In § 2 we present our smoothness assumptions on u and the coefficients in (1.1)
and the basic terminology of the paper. We then define a continuous-time-Galerkin
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approximation and an extrapolated form of a Crank-Nicolson—Galerkin approxima-
tion to (1.1). Since time-stepping with the Crank-Nicolson-Galerkin approximations
requires the solution of a very different set of linear equations at each time step, we
then define a conjugate gradient iteration technique which requires only one matrix to
be factored once for all time steps.

In § 3, in the case of uniform positive lower bounds for a(x, u) and b(x, u, Vu), we
present a priori estimates for both the extrapolated Crank-Nicolson-Galerkin
approximation and the conjugate gradient iterative approximation of (1.1). We
use approximation theory results of § 2 to derive optimal order H _norm rates of
convergence (see [9], [14], [24], [34], [35]). The L*-norm rates obtained are not
optimal.

In § 4, we consider some degenerate cases of (1.1). First, we allow b(x, u) to be
zero, in which case (1.1) and (1.2) degenerate into the standard nonlinear parabolic
Neumann problem. Some applications are discussed. Then we assume a positive lower
bound on b(x, u, Vu) while allowing the lower bound on a(x, u) to be possibly
negative. If a(x, u)=0, we have the equation for a model for long waves considered in
[4], [5], [29]. We discuss comparisons with a numerical treatment of this problem
presented by Wahlbin in [34]. In both cases, we give error estimates for both the
extrapolated Crank-Nicolson—-Galerkin scheme and the conjugate gradient iterative
variants.

In § 5, we present some rough counts of the number of arithmetic operations
required for computation of the various methods. We emphasize the great reduction
in operation counts obtained by using the conjugate gradient iterative variants rather
than solving the linear systems directly. We also present some machine-oriented
stopping procedures for the iterations which are improvements over the theoretical
bounds established in §§ 3 and 4.

2. Preliminaries and notation. Let (u v)=|, uvdx, lul? = (u, u), (u,v)=
foq uv do, and |ul? =(u, u). Let W¥(Q)=W¥ be the Sobolev spaces on Q with

norms
s ) 1/s
L (Q)

When s =2, denote ||¢|lwi=|¢|ln* =]/ Let {#,} be a family of finite-dimensional
subspaces of H'(Q2), parameterized by h, with the following property:
for reZ, r=3, and 3= p =, there exists a constant K,>0 such that for ¢ € H?,

e

lelws=( T |2

|la|=k

inf {llo = x+hlle =l +hllle —xl=+hlV(e =)=}
XEMn

2.1)
= Kollellh”

Also assume that our family {4} satisfies the following so-called “inverse hy-
potheses’’: there exists a constant K, independent of h, such that for all ¢ € #,,,

a) leli=Koh 'l¢|l  and

22) -
b) llell==Koh™*|e].

The various regularity assumptions on a, b, ¢, f and u from (1.1) are catalogued as
follows:
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Q: 1) There exist uniform constants such that for all xe(), teJ and —oco<
q1, 42 <%,
a) |f(x, 1, 41, ¢2)| =K1,
b) 0<c,=c(x,q:)=Kj,
2.3) c) case I: i) O0<a,=a(x,q)=K,,
ii) 0<by,=b(x,q1,q2)=Ki,
case II: i) O<ay,=a(x,q,)=K,,
ii) 0=b,=b(x,q:)=K;,
case III: i) a,=a(x, q;)=Kj, (a,=0),
ii) 0<by,=b(x, q1,92)=K;.

2) Let a, b, ¢, and f be continuously differentiable with respect to each
variable and assume uniform bounds for x e 2, t€ [0, T], and —00 <q,, g, <0,

d ab b
da| |90 _‘2__, _a_c,‘a_f’ 3_f§Kh
2.4 dq11 10q11" 19q21" 1991 19911 19q>
' da| |8°b| |8°b
b) |=—=|; |== |, |73 [=K:.
qu 8q1 aql

We note that under the hypotheses of the theorems and corollaries to follow, our
approximations converge uniformly to u; thus (2.3) and (2.4) actually need hold only
in a neighborhood of the solution.

Let

(2.5) lellrqasyx=MeC > Ollx@llLriasy-
R: For u, the solution of (1.1) and (1.2), and r from (2.1), assume
ou

=K,,
ot 2

a) [ulle=uwi+ - s
L™(J;W3)

Ju

(2.6) b) llull.2mn+ Py

=K,
L*(J;H")

S u
ar’

Fu
ar*

¢)

Let At>0, N=T/AteZ, and t° =cAt, 0 €R. Also, for integer n, let ¢"=
e"(x)=e(x,1"), ¢ "V =(e"""+¢")/2, and denote deo"=(¢""'—¢")/At and
die" =(¢""" =2¢" + " ")/(A).

We shall use the method of comparison with the solution of an auxiliary elliptic
problem used by Wheeler [35] (see also [9], [14], [24]). Define W and W, in 4, to be
the unique functions which, for ¢ € [0, T, satisfy respectively

a) (VIW(-, 0)=u(-, )L Vy)+(W(-, )~u(,1),y)=0,  yety,
b) (b(-, u(-, NVIWe(-, )= u(-, )], Vy)
+(We(-, )—u(-,1),y)=0, y € My
Clearly W and W, are weighted H'-projections of u, the solution of (1.1)~(1.2). Let

=K,.

L2(J;HY)

L%;HY)

2.7)



Downloaded 11/10/15 to 165.91.112.146. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

1128 RICHARD E. EWING

{M,} satisfy (2.1) and (2.2). Restrict Q such that the Neumann problem for —A+1 on
Q is H*-regular and 6() is Lipschitz. Then as in [14] we apply a lemma of Nitsche [23]
to obtain the following result.

LEMMA 2.1. Let W and W, be defined by (2.7) an let u be the solution of
(1.1)~(1.2). Let k =2 or k =o. For some p satisfying 2=<p=r, let ue L*(J; H") and
ou/(3t)e L*(J; HP). Then there exists a constant K, dependent upon ) and K, such
thatforn=u—W,s=0o0rs=1,and 2=p=r,

a) [[nllo.ns = Ksh®llulle g .n),

2.8)
u

b) ldllt e = Ksh? ™|l s+ [

Lk(J;H")}‘

Note that (2.8) also holds for n =u — W, and s = 1 with K; depending also on by, K;,
and a bound for ||au/at|| (... Also if 3*u/(3t*>)e L*(J; H?), then

ou

ot

Idinll gy = K3hp_l{”“”L"(1;H")+ at*

Lku:HP) L"(J;H")}

We shall now present a set of lemmas which will provide needed regularity
properties for W and W,. See [12] for typical proofs.

LEMMA 2.2. Regularity assumption R and the assumption (2.1) with r = 3 yield the
existence of a constant K; = K3(Ky, K,) such that

awl W, a3u1
| + 3
at at

a2 l
LemMA 2.3. In addition to regularity assumption R, (2.1), and (2.4), assume for
some K, >0,

2.9)

=K.

L2(J;L™) L2U;HY

u
. =K..
il L®U;H?)
Then there is a constant Ks = Ks(K,, Ky, K, K4) such that
oW, > W, >wW,
(2.10) R b gt =Ks.
ot llie=g,wiy Il 0t” liL2g,uty W ot lr2g,aY)

LEMMA 2.4. Assume (2.1) and that, for some K,>0,

ou

=K,.
at 4

LYWJ;H>)

Then there is a constant K; = K3(K,, K,, K4) such that

a
at

We now consider the continuous-time-Galerkin approximation of the solution of
(1.1)—(1.2). Let u,,:[0, T]—> M, be determined by

2.11)

=K,.

LY ;W)

) (cC, w) T2 )+ @, )V, V) + (B o Vi) 22, 9)
@12) = (Gt Vi) )+ 0y y el

b) (a(-,u(-,0)V[u(-,0)~uu(-,0),Vy)=0,  yeMy.
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A standard Crank-Nicolson-Galerkin approximation to the solution of (2.12) would
result in a time discretization error of the order (At)’, but would require the solution
of a different nonlinear system of algebraic equations at each time step. (For examples
of this property for associated parabolic equations, see [10], [24].)

We shall extrapolate the nonlinear coefficients (see [10], [24]) to obtain the
following form of the Crank-Nicolson-Galerkin scheme. Let U: {0=1tp, t;," -+, In =
T} My, where t; —t;,_, = At, satisfy (using the notation c(u)= c(x, u(x, t)) etc.)

(c(EU™A,U", y)+(a(EU"WU" %, Vy)+(b(EU", VEU™Vd,U", Vy)
=(f("*'?, EU", VEU"), y)+(g(t"""?),y),  yeM,,

forn=1,2,---,N—1, where EU" =3U"—3U""". With this definition of EU", we
see that information is required at two preceding time levels to advance in time. Thus
we need a starting procedure which will retain the overall accuracy of the method. A
predictor-corrector starting method (for example see [10], [18], [24]) will suffice. We
note that the method given by (2.13) requires only the solution of one linear system of
algebraic equations at each time step. (By comparison, the predictor-corrector
Galerkin approximation described by Ford in [18] for the simpler problem in which ¢
and b do not depend upon the solution, requires the solution of two linear systems of
algebraic equations per time step.) However, the solution of (2.13) requires that a
different system of linear equations be solved at each time step. We shall also consider
a modification of (2.13) which allows us to solve only equations associated with one
fixed matrix at all time levels.

Let M =dim . Let {¢,}}2, be a basis for 4, and, at the mth time step, let a
solution of (2.13) be given by

(2.13)

M
(2.14) u” =I§1 &l
Then define the following matrices and vectors:

2) C"O)= GO 5 0)=(c( - E £ o7e)or 0)
b) A™(0)= (a7 @) af®)=(a -, E L 07a)Ve, V),

9 B"0)=®7@)67@)= (b . E L 670, VE 1 670) V0, Ve,

(2.15) - " B Ny
&) F@)=(T O f7O)=(f " E ¥ 076, VE X 0701). o)

=1 =1

e) G™(0)=(g"(0)), g"(0)=(g(-, t™"""*), @1),
f) Co=((copp #:)) and Ag=((aoVe; Vei)),

fori=1,---,Mandj=1,---, M, where ao and c, are any fixed values of a and c.
Using the above notation, we can write (2.13) in the form

L@~ )=(Cr @+ B @+ > AN @))€~ ¢)
2

(2.16)
= — MA"©)E" +A[F"(§)+ G"(©)].

We see from (2.3.I) and (2.15) that L" is positive definite for each n.
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We next present a conjugate gradient iterative scheme which will greatly reduce
the work involved in solving (2.16) repeatedly with different coefficients. We use the
conjugate gradient method to solve for coefficients v/, =1, 2, - - -, M, to replace the
&M in (2.16) and then use

M
(2.17) V= ,Zl Yo

as an approximation to U", the solution of (2.13). A predictor-corrector method for

determining V° and V' can be obtained using the conjugate gradient method as in

[12]. Thus, assume V°, V!, ..., V" are known by some method. We find y"*' {and

thus V"”) using a conjugate gradlent iteration (see [1], [2], [11], [12]) as follows:
With

(2.18) Lo=Co+(1 +92—’)A(,,
let
a) xo=x5=v'-v%, n=1,
(2.19) Xo=x0"' =2y"=3y"'+y"%  nz=2,
b) go=50=L"(y)xo+AtA"(y)y" —At[F"(v)+ G"(v)].
Then for u, to be determined later,and k=1,2,-, - -, u, set

a) Xy = X t oSk, Wwhere a; = _(s L™ (7)5e)
k> k

(2.20) b) G+1=qx +aul” (v)sk,

( 0 Qk+1, 61k+1)

©) Serr=Lo s+ Bisio Where B ="=r=r = 05

Finally, set
(2.21) y”“=y"+x

where w is to be chosen independently of n. We define ¥"*' to be the exact solution

for one time step of (2.16) where the ¢" have been replaced by the y" computed by
the above scheme. We thus define "' to satisfy

(2.22) L"(p)(y"" ' =y")= —AtA" (y)y" + At[F" (y)+ G"(y)].

We know from the theory of conjugate gradient methods [1], [2] that there exists a
constant p <1 such that we have a norm reduction of the following form

a) [IL'(v)"*(F =¥ Mi=plIL'(v)"*F* =2y + ¥
b) IL"(¥)' (3" =y M =plIL"(v)2F" =3y +3y" T =", nZ2,

where the norm symbol refers to the Euclidean norm of the vector. For example, if we
let ap=1 and ¢,=1 in (2.15), then from (2.3.I) we obtain

(2.23)

T
2) 0<ypos L X _y ' gxxer™
xL
(2.24) b) Wo= mm{a* . }>0,

o) «p,s<1+%’) K, = o
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Then from Axelsson [1], [2], we have
1/2 1/2
1 Yo |*
)
We note that a choice of coefficients other than aq = co=1 in the definition of A, and
Co would slightly alter (2.24) and (2.25). A better choice for computational purposes
could be ao = a(x, uo(x)) and ¢, = c(x, up(x)). Next, letting

2.25) p <2{

(2 26) Vn+1 _ g:l -n+1
. S LY $

i=1

and using (2.17) and (2.26), we see that V" and V""" satisfy

. ‘_/n+1_vn ‘7"+1_ n
(c(-,Ev ) y)+(a(-,EV")V~—-3—V-, Vy)
Vn+1___ Vn
2.27) +( b(-, EV", VEV" )V -, Vy)
=(f(-, "2, EV", VEV"), y)+(g(+, "), y),  yed
Define

a) llelZ-=(c(-, EV")¢, ¢),
(2.28) b) llelz==Ga(-, EV")Ve, Vo),
) llelz==®(-, EV", VEV" Vg, Vo).

We shall abuse the notation of (2.28) in § 3 by replacing EV" by EU" in the
coefficients with the same notation. From (2.3), we note that for each n, |||~ is
equivalent to |-[|, and ||-|,~ and |||,» are equivalent to [|[V-||. In the notation of (2.28),

(2.23) and the triangle inequality yield
(2.29) a) V2= V7, =pK]8* V[,
’ b) [V = v =pK[8°V";,  n=z2,

where K depends upon the constants from the norm and semi-norm equivalences and
an upper bound on At and we define

a) 62Vn = Vn+1_2vn+ Vn—l’
b) 83V =V -3V 43yl
We note from (2.25) that if « >0 and

(2.30)

2.31) ué(log (2K)+a log (-Al—t)) / log(%),

then

(2.32) pK < (A1)~

In particular, if u is chosen from (2.31) with a =1 for n =1, (2.29a) yields
(2.33) V=V =At6*V'],.

We shall use (2.29b) and (2.33) in the next section to obtain a priori bounds on
the difference ("= V" —W". We emphasize that the conjugate gradient method
outlined above is only one way to obtain the necessary norm reduction. The remaining
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theory depends only on the inequalities (2.29) and (2.33) and not on the method of
obtaining them.

3. A priori H' error estimates. In this section for case I, we develop a priori
bounds for the error U"—u" and then for the error in the conjugate gradient
modifications, V" —u", defined in § 2. We then use the weighted H'-projection W,
defined in (2.7b) and the notion of a negative-indexed norm to reduce the smoothness
assumptions on du/(dt) when spaces J#, with large r are used. In each case of the
conjugate gradient semi-iterative method, the error at each time step need only be
reduced by a fixed (sufficiently small) factor that is independent of n, At and h. We
obtain optimal order H'-estimates.

We shall first state the following lemma which can be proved using the techniques
which follow in this section.

LeEMMA 3.1. Let case 1 of (2.3), (2.4a), R and the restrictions on {#,} of §2 be
satisfied. Let W be defined in (2.7a) and u be the solution of (1.1)(1.2). Define U° to be
the L*-projection of ug(x) into My,. Then a predictor-corrector Crank—Nicolson—Galer-
kin method can be defined for U" (as in [10], [12], [24]) which satisfies for At =,

G U= WO+ U= W+ @02 (U° = WO = Ci{(Ar)* + "}

where 19 and C, are positive constants with C; depending on
Ay, b*, Cy» Ko, K], Kz, K3, and ||u0||,.

Using Lemma 3.1, we prove the following error estimates for the solution of
(2.13).

THEOREM 3.1. Let case 1 of (2.3), (2.4a), R and the restriction on {M,} of §2 be
satisfied. Let

ou

(3.2) ”

<I{2

LU ;W)

and let (3.1) hold. Then there exist positive constants 1o and C,, with C,=
Cy(Q, Ky, K>, K3, Cy) such that if h =70, At=h"’, and r= 3,

(3.3) sup U = ull, = G{(At)> +h" 7'}
Proof. Letting n" =u"— W" and Z" = U" — W", we see that
(c(EU™AZ", y)+(a(EU™VZ" 2 Vy)+(b(EU", VEU™)V d.Z",Vy)
= BV " )= (| e(BU™ da” =t ) 5 7))
+(a(EU"Wn" 12, Vy) = ((a(EU™)Vu"""2 — a(u(e""/?))Vu(e""'/?)], Vy)

(3.4)
+(b(EU",VEU " Vdn", Vy)— ([b(EU", VEU"Wdu"

—b(u(t"+1/2), Vu(tn+1/2))v ?9_': (tn+1/2)]’ Vy)
+([f(tn+1/2, EUn, VEUn)_f(tn+l/2, u(tn+1/2), Vu(t"+1/2))], y), y e‘/“h'

We shall obtain estimates on the H'-norm by using y = Z"*'~Z"=6Z" = Atd,Z" as
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a test function. Using (2.28), we obtain
(c(EUMZ",8Z")+(a(EU™WVZ"*2 V8Z™)+(b(EU",VEU"\VA,Z",V8Z")
(3.5) = At|d.Z" e+ At|d Z o+ {127 o~ 1272}
zgAddzZ" i+ {1z = 12"l

where B =min {by, c,} from case I of (2.3). We shall use Holder’s inequality and the
inequality

2
3.6) vlvzé(-v—l+£1/§)/2, >0,
€

to split all the terms on the right side of (3.4). We choose ¢ in (3.6) so as to have small
quantities multiplying each of the contributions from the test function. For example,
we use a generalized Holder inequality and the fact that H' < L® continuously for
d =3 to obtain

[(@a(EU™Vu""?,Vd,Z")At— (a(u(t" " ?)Vu("*'/?), Vd,.Z")Al|

=|At(@EU™)Vu" "2 =Vu (" "?), vd,Z")
+|At(a(EU™)— a(EW™)[Vu("*"?), vd,Z")|

+|At([a(EW™)—a(Eu")+a(Eu")
_a(u(tnﬂ/z))]vu(tnﬂ/z), Vd,Zn)l

BT ™ = e, + IIEZ oy HEn s
+HEu" —u (@™ |es@llullwild.Z "l
éB_()”dZ i+ CAdlm™[i+In" R +IZ"E+IZ" 5+ Coyn(B)?
where
(3.8) 01=J . it ’S)

and the last constants in (3.7) depend upon K, from (2.6 a). Similarly, we treat the
sixth term on the right of (3.4) as follows:

(b(EU™, VEU"WVdu",Vd,Z")At—(b(u(t""""?), Vu (t"+’/2))v Vd,Z")At‘

u
du" ——
ot

+[IEZ" 1+ 1y 1B w2

3.9) = cm{

1

ou .
=, iz

éﬁ—6lle I+ A"t +lln" "I +1Z"1F +1Z"

+ C[O’]m + Cl'z’"](At)4

where

In+1

63 2
(3.10) Tan =J uc s s
" at 1
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and the last constants in (3.9) depend upon K, from (3.2). Clearly, the last term in
(3.4) can be estimated as above. In a similar manner, we treat the first, third, and fifth
terms on the right of (3.4) as follows

At|(c(EU™)dm", dZ")+(a(EU")Vn"""/?,Vd,Z" )+ (b(EU",V EU"\Vdm", Vd,Z")|

(3.11) At
=Lz + A"+ 10" + ™ ).

Using similar estimates, combining the results, and subtracting the small multiples of
BAt|d,Z" |} from both sides, we sumon n=1,- - -, [~ 1 to obtain

§ @Baddz i+ G~z 2}

(3.12)
-1 -1 -1
=CAr L In"li+dm" i1+ CAr 127+ C@AN" ¥ [o1n+02].

We note that assumption (2.6¢) implies that
N-1

(3.13) Z [0'1’" +02,n]§2K2~

n=1

Then from (2.8) and (3.1) we have that

-1
L {pAddz "1z =1z
(3.14) .
=C{An*+r> B+ CAr Y ||Z7)R.
n=1
In order to use the discrete Gronwall lemma in (3.14), we need a telescoping sum in
the || - |l,» semi-norms. We use an idea of Rachford [24] to establish comparabilities

|Z" |2~ and ||Z"|2»-1 to obtain this telescoping sum. Note that

|1Z"an=1Z" a1+ [a(BU™)— a(EU" HVZ", VZ")

(3.15) = ||Z"||§n—1+([———E(Z" zZ"" 1)+ E(W” W"’l)]VZ", VZ")
=[Z"ar1+ Closn +18Z" =@y + I8Z" le=@HIZ" [}
where
oW
(3.16) T3.n =J' “———( , S ds.
n=2|| dt L)

Thus, as in [12], [22], we have
-1 > -1 >
G.17) = ¥ |27 =— X 1Z"fa
-1
+C L {oant]6z "M@ HIBZ" =@ HIZ" |-

Then, using (3.17) in (3.14) and (3.1), we use the telescoping property of the sum to
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obtain

W

-1
x Az i +IZ'-
-1
(3.18) =C{A' +h¥ I+ CAt Y 127
n=1

-1
+C 22 {030 H8Z" Loy +I8Z" =@M Z" .
W=

Next we note that we must introduce an L*-component on the left side of (3.18) to
combine with the | - |-~ term to obtain terms equivalent to the H'-norm to apply the
discrete Gronwall lemma. We also note that if At=g/(8a,), then

a I1Z" P =127} = 2a,A0(d,Z", Z™) + ay(Ar)|d, 2"

At " "
=Bz R+ caz .
Summing (3.19) from n =1 to n =1-1, adding the result to (3.18), and multiplying

the result by max {1, 2/8, 1/a,}, we obtain

(3.19)

1-1 -1
L Addz"[f+Z'[= CA@n +h* 7 + Cabt & 1z
=1 n=
(.20)
-1
+Cs Y 030 +[8Z" =@+ 18Z" L= Z"Il}-
2

n=

Since Zi:z 03, =2K; from (2.9), in order to apply a version of the discrete Gronwall
lemma, we must show that for some Cs>0,

-2
(3.21) Y 18Z"| =@y = Cé-
n=0

We shall use an induction argument as in [12], [22], [24] to yield (3.21) with the
summation starting at n=1. For /=2, the inequality (3.20) and the estimate (3.1)
yield

Az +AtdZ '} = CAA) + h* 2+ Cbd| Z '

3.22
3.22) = Ce{(Ar)* +h¥ 2.

We note that if

a) h=(Q2Cs) ¥4,
(3.23) b) Ar=h*"?,

c) rz3=3d+1,
then
(3.24) At|dZ°; + At)d,Z 2 = h*.

Assume the following induction hypothesis:
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For h sufficiently small,
k
(3.25) At Y |VAdZ"|P=h?, forlsk=I[-2.
n=0

If we use the inverse hypothesis (2.2b), (3.25), and the fact that NAt = T, we see
that

= 12 & 2 12
L 162" mey= (1= 1) X 12" i)

-2 1/2
=N"Kh (X ||az"|]2)
(3.26) " . o
g(Az)—'/ZT‘”KOh*"/2(At)‘/2(At 5 I|Vd,Z"||2>
n=0
=T'K,.
Then, with Cs= T'/°K,, we apply the discrete Gronwall lemma in (3.20) to obtain

-1

(3.27) Y AdZ i +|Z']F = Col(Ar)* + A>T
n=1

where

(3.28) Co=C5exp {CyT+2Cs[K3+ T'* K]}

Then, with Cy in (3.23a) replaced by Cy, we see that the induction argument is
completed. Since (3.27) holds for each [ =1 to [ = N, we have

(3.29) sup [U — W[, = Crof (A1)’ + "1},

Then (2.8), (3.1), (3.29) and the triangle inequality yield the desired result.
COROLLARY 3.1. If b in case 1 of (2.3) is independent of Vu (i.e., b = b(x, u)) then
the results of Theorem 3.1 will hold with (3.2) replaced by

ou

(3.30) -

=K.

LY W3)

Proof. The norm [|0u/dt| w2 in line 2 of (3.9) can be replaced by ||ou/at||w: by using
the generalized Holder inequality as in (3.7) and the fact that H' = L® continuously.

The results of § 2 will now be applied to develop a priori estimates for the error
for incomplete iterative approximation. Let {" = V" — W™,

THEOREM 3.2. Let the assumptions of Theorem 3.1 be satisfied. Assume V° and
V' are determined to satisfy

(3.31) Vo= WY, +||[V'= W+ (A1) d, (V= WO, = Cp{(A1)* +h""}

and V? satisfies (2.33). Then there exist positive constants Cy,, Cy3 and 7o such that if u
is chosen independently of n, h and At for n =2 such that pK = C,, in (2.29b), and
r=3,

(3.32) sup |V —ul = Cis{(Ar)* + R},

The constants C11 and C13 have the same dependencies as C,.
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Proof. A predictor-corrector version of the conjugate gradient method presented
in § 2 and similar to that discussed in [12] will yield (3.31). From (2.7), we note that
W" satisfies an analog to (3.4) with EU" replaced by EV" in the coefficients. The
analog of (3.4)for ("= V"—-W" is

(c(EVYdL, y)+(a(EVMVE2 Vy)+(B(EV", VEV™")VdL", Vy)
=BV )~ ([ BV = e ) T @) y)

+(a(EV")Vn""1?, Vy)
_([a(EVn)Vun+l/2_ a(u(tn+l/2))vu(tn+1/2)]’ Vy)

(3.33)
+(B(EV", VEV"WVdn", Vy)

d
- ([b(EV”, VEV"Wdu"—bu(""'?), Vu(" ')V Eﬂ Vy)
+([f(" 2 BV VEV) = {2, u(@™ ), Vu ), y)

n Vn+l_‘7n+l n Vn+1_‘_/n+1
+{(c(Ev Yt ,y)+<a(EV )\7(———2 ),Vy)

n+l __ ‘_/n+l
+<b(EV”, VEV")V(V—T—), Vy) } yet,

By comparing (3.4) with (3.33), we see that the only significant difference in the proof
of this result is the method of treating the last term in brackets in (3.33). Using (2.33),
(3.31), and the equivalence of norms, we have

v? Vi-V?

( cEvy Y=V Atd,{l) + ( a(Evl)V( ) V(Atd,g“l))

At

2
At

+(b(EV, VEV'Y y V(d,{‘At))’

=ClvZ= V7 ldd Il
=CAl8*V|; ldg 'l
=cade? + 82 Wi lldd 'l
= cm{ ld2 At +[ldL %l At

(3.34)

2 aZW
+CAtJ’ —a—?"(',s)

(|
t

ds}ld. ¢

=3 BAldL '+ C(AD +h* )

if At <B/64, since by the Cauchy inequality and (2.9)

(3.35) ( At[ ”%ztlzv C, S)JJ, ds)2 =ty J ”a;T‘f/ ¢, s)”,z ds = CK5(Ar)'.
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For n =2, by (2.29b) and the equivalence of norms, we have

( Vn+l _ ‘_/n+1>

(C(EV") (V™ = 7+, d,{”)+(a(EV")V ,Vd,{")At

+(b(EV", VEVH)V(V™ ! — V™) Vde™)
=GV =V fldd ",
(3.36) = CraKp|8* V"[l1 [ldg"
= CiaKp{l|82d " i Ar +[18° W[ Hldd "l
= AtCuKplldi " {lldg" 1+ 2lldig™ s +ld "l + CAtora u}

where

tn+1

3
w
(3.37) Can= j d
‘n—2

?(',S)

ds.
1

Note that from (2.9) and as in (3.35), Z::ll o4 . = CK;At. Since we have seven terms
involving ||d.£"|; for various n in (3.36), we want to iterate sufficiently many times so
that

(3.38) pPK <B/(16Cy4)= Cis.

We note that this number of iterations is independent of n, At and h. We then see that
we can group the terms involving [|d,{"||; after summation, use (3.31), and absorb them
all in the left side of (3.33) as before. Then doing exactly as we did in the proof of
Theorem 3.1, we obtain the desired result. 0

If b in case I of (2.3) is independent of Vu, we can determine W, as in (2.7b) and
obtain the results of Theorems 3.1 and 3.2 with weaker smoothness assumptions on
ou/(at). Note that, from (2.7b), we have

(3.39) d[bu™)Vu"]=d[b(u")VW};]—dn".
Also, we have
(3.40) d[b(u™)Vu"]=(dbu™)Vu"""*+ (W) *Vdu".

Combining (3.39) and (3.40), we have
(B4 ()" Vdu" = (b)) VAW — (dbu" V" —dm".
The following notion of a dual norm is useful; define

(342) lella=sup{ | owrds: ol =1},

Assume that the Neumann problem for —A+1I on  is H>-regular. Then, as in [13],

for each t€[0, T},
r-—2}‘
We now state the following corollary.
COROLLARY 3.2. Let the assumptions of Theorem 3.1 hold with (2.6b) replaced by

ou

(3.43) ldin -+ e = Chldin ™= O™+ | =

ou

3.44 2 e+
( ) fluell GHD T

=K.

LZ(J;Hr—Z)



Downloaded 11/10/15 to 165.91.112.146. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

TIME-STEPPING GALERKIN METHODS 1139

In addition, assume that ou/(9t)e L*(J; H*) boundedly and the Neumann problem for
—A+1on Q is H*-regular. If b is independent of Vu, then the results of Theorem 3.1
hold.

Proof. With W, defined by (2.7 b) and satisfying (3.41), equation (3.4) becomes

(c(EU™MAZ", y)+(a(EU™VZ" /2 Vy)+(b(EU"WVA.Z", Vy)

~ (c(BU"dim", )~ ([ eBUdu" i W E )] )

+(a(EU™)Vn""12,Vy)
—(a(EU™Vu"" 2 —a(u(e" V*)Vu(e"?)], Vy)
+([b(EU™)~ (b(u))""'*IVd, W}, Vy)+(dm", y)
+(d(b(u")Vn" %, Vy)

(3.45)

+([(b(u))"+1/2Vd,u" —b(u(t"+1/2))VZ—':(t"“/z)], Vy)

+((f(*"?, EU", VEU")
_f(tn+l/2, u(tn+1/2)’ Vu(tn+]/2))], y), y e-/“h-

Using the test function y = Z"*'— Z" = d,Z" At, the analysis follows exactly as before
except for the terms involving dm” and the coefficients b. Using (3.42) and (3.43), we
treat the first and sixth terms on the right of (3.45) as follows

All(c(EU™)dm", d.Z")+(dm", dZ")
(3.46) =16BAd.Z" |} + CAtldm "1y
u

= LBAdZ" |+ CAt 2'-2{ o+ |

2
r—2 }‘
The fifth term on the right of (3.45) is bounded by

|((b(EU™)—b(EW})+b(EW})—b(Eu™)+b(Eu™)— (b(w))"""*|Vd,W}, Vd,.Z")At|
(3.47) ~ B
=1eBAdZ" [+ CAYIZ™ [F+HIZ" [+ "R+ 1" + 01,0 ).

We note that the constant C in (3.47) depends upon K; and a bound on
[l6 Wa/dt||L=s, w3y from (2.10). The rest of the proof follows as before. 0

COROLLARY 3.3. Let the assumptions of Corollary 3.2 and (2.4) hold. If we also
assume u € L*(J; H”) boundedly, the results of Theorem 3.2 hold.

Proof. The proof of Theorem 3.2 is modified using an analog of (3.45) as
above. [

4. Extensions to other cases. In this section we relax some of the assumptions of
case I of Q and thus treat a wider class of applications of (1.1). We emphasize that, in
case II, b is independent of Vu but, in case III, we again have b = (bx, u, Vu).

First we shall treat case II of Q. We see that by letting b have the value zero, we
are allowing our Sobolev equation to degenerate to a nonlinear parabolic equation for
some set in {). We note that the Neumann conditions for (1.1) degenerate at the same
time to standard Neumann conditions for the parabolic problem. In terms of the
model] of fluid flow in a fissured medium introduced by [3], this would allow the size of
the blocks in the fissuring to tend to zero and approach the standard model for fluid
flow in a porous medium, without fissures.



Downloaded 11/10/15 to 165.91.112.146. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

1140 RICHARD E. EWING

Mathematically, the assumption of case II of (2.3) will still force L"(£¢) from
(2.16) to be positive definite for each n, so we have no problems with the existence of a
solution to (2.13) in this case. Similarly, we can define our conjugate gradient iteration
just as before to obtain the approximation V", n =0, 1, - - -, N. However, we used the
fact that we had a positive multiple of a term equivalent to ||d,Z"[[; (or |[d.£"|[7) on the
left side of (3.4) and (3.33) in the proofs of Theorem 3.1 and Theorem 3.2 respec-
tively, in a very crucial manner. We recall that we grouped small multiples of terms of
this type which arose from bounds of the form (3.7) and subtracted them from the
positive term mentioned above in our proofs. We must therefore modify our proofs in
this case to account for the lack of these important terms.

THEOREM 4.1. Let case 11 of (2.3), (2.4), R and the restriction on {M,} of § 2 be
satisfied. Let r =3 and an analog of (3.1) for case 11 hold. Assume that

art

4.1) lullerzsmny+

o Hullwaeeh =Ko,
L'uHY

Then there exist positive constants 7y and Ci¢ such that if h =7y and At = h3,
4.2) sup U = u|ly = Cis{(AtY +h"}.
t
The constant C,¢ has the same dependencies as C,.
Proof. We first note that if the same test function is used as above and if
n" =u"— W", then estimates of all terms on the right of (3.4) will follow as before
except for the terms involving Vy. These terms are contributed by the coefficients a
and b and must be treated differently. We note that, as in (3.7),
(@(EU™)Vu"""2, Vy)—(a(u(™" /?)Vu(e"" /%), Vy)
= ([a(BU™)~a@(""?)|Vu""""?, Vy)
4.3)
+(a(u(tn+l/2))[vun+]/2_Vu(tn+1/2)]’ Vy)

=A,,+A;,.
Similarly, we see that
(b(EU™)Vdu",Vy)— (b(u(t"”/z))V %Lti @, Vy)
@) =((b(EU™) = b(u(e"""*)Vdu", Vy)

+ (b(u(z"“”))[w,u" -V %‘?‘ (t"+'/2)], Vy)

= Bl,n +B2’n.

We shall use summation by parts in time to bound each of A;,, Bi,, i =1, 2. As
typical examples, we shall give estimates for B, , and B,,. With y=Z"""—Z" we
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sum by parts to obtain

S SN ({b(u(t"“/z))[Vd,u"—V %ﬂ_ b(u(tn—l/z))[v d‘un_l_v(;_z:]}
n=1 = §n=2 ! At vZz"
e e R ]
+ ,(b(u(tyz))v(dtul _Z_lt‘ (t3/2)>’ VZ,),
d,un_%';‘(tnﬂ/z)_[dtun—]_‘;_‘t‘(tn—n/z)]

+b(u(" )V

A7 AL VZ )

+3lZ' e +Z M+ Cir(ar)*

-1
=Bl Z e +1Z+ Cis@0)+Cro L [At+asalIZ

where

n+1

(4.6) s = j
‘n—l

*u
F(',S)

ds.
1

We note that C,; depends upon the bound K, for ||0°u/at’|| (.1, from (4.1) while
C,; also depends upon the bound for ||3*u/dt*||.1;.11). To estimate By ,, sum by parts
in time again to obtain

-1 -1
L Bua|=| X ABEU") - b )V du"

—[BEU™ )= b(u(e™ 2)|Vdu""), vz"),
+|([(B(EU"™ )= b(u(:'"*)]Vdu'"", vZ")|
4.7) +|((B(EUY—=bu(*?)Vdu',vZ")
= GollZ'E+IZP +IZ" 2P +1Z "1 + I
+ [ "2+l 2P+l P+ A0

-1
+RlZ' G+ | X (bEUT)

—bu@ V) [Vdu" —Vdu"',VZ")

+ lil (Vd,u"_l[b(EUn)—b(u(t"+1/2))

n=

—{b(EU" ) =bu(""*))], vZ")

Note that C,, depends upon the bound K, from (4.1). We bound the next to the last
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term on the right of (4.7) as follows:

-1

((b(EU™=b(u@"" ' *)[Vdu" —Vdu"",vZ")

n=

4.8) .
=Cy ; oonllZ"IF+In" [P+ (A0)*]
where
n+2 32
4.9) 06,,,=J v ds,  n=1,---,0-2,
pn—1 at L3(Q)

and og,_ is as in (4.9) with 1"*? replaced by ¢"*'. Then Y., o6, = CK, by (4.1).
Next define
' ab
a) b’l,,,(x)=J; P (x, BEU" +(1-0)EU""") de,

(4.10)

1

b) bg,,,(x)=J %(x, Ou(t" )+ (1 - 0)u(t*""?) de.

0

We now treat the last term on the right of (4.7) as follows

T (Ve [B(EU™) - b(u(™ )~ {b(EU" )~ b )], VZ")

-1
y (Vd,u"‘l[b;,,.{EU"—EU"'I}—b;,,,{u(z"“/zyu(t"—”z)}],Vz"),
n=2

-1

n+1/2 n—1/2
- u(@"H—u(t )]
—,,22 At At

@.11) +Vdu""'b [ESZ" = Eén" '+ Esu" T —{u(t"'/?)

({Vd,u"—l[b;,n—bg,,,][

—u(:"“‘/z)}]}, VZ")

-1
= Cuadt X 12"+’ + 1"

-1
+5c, Al L [d.Z" P+ CosAt|d Z | + Caa(At)*.

One can easily see that corresponding bounds can be obtained in exactly the same way
for A, and A, ,. Similarly, using summation by parts, we see that

L (BEUWdn', V@ - 2")|

=

T (bEU") - bEU"Vdn", V2"

4.12) .
+| L 6@V -vdn" 1), V27|
n=2

+|(B(EU ™ )WVdm'™', VZ")|+|(b(EU" Wdn',VZ").

We use the fact that [|[Van/dt||.=..=)= Cllullwly,u* to be bound the first term on the
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right of (4.12) as follows:

lgz (B(EU™)~b(EU")Vdm", VZ") ,

-1

ab
y (5; [ESZ"~'+ EsW" ' |Vdm", VZ”),

n=2

(4.13) o
= L GollVdm =@l ESZ" |1+ ESW" =yl I: 112"

-1 -1
S Coott|d 2P +de,dt Y. 127+ Canb 3 (ld™+1271R)

This yields a bound for (4.12) of the form

Y BEU" A", vz -Z")

n=

-1
(4.14) =30l Z" a1 +35c,A1 L Id.Z" + Co{1Z I} + 1,z At +ldm' [ +ldim 7}
= n|2 n|2 2_ny2
+Coolt 3 (12" i+ lden” [+l

We note here that if a projection W, of the form (2.7b) could be defined, then, as in
the proof of Corollary 3.2, we would not have to treat the term bounded in (4.14) and
an assumption on u of the form ue H'(J; H') instead of the stronger ue H*(J; H")
would suffice for this result. However, since b is allowed to take on the value zero, the
projection W, from (2.7b) is not well-defined. The third term on the right of (3.4) can
be bounded using similar techniques. Combining the above estimates with those
obtained in the proof of Theorem 3.1, we obtain

-1 -1 -1
icibt L Z"IF 400 3 AZ 5+ X A2 e l1Z" o}
n= n= n=

=dZ'le-+ CllZ'IR+IZ + Adld.ZI + CllZ P +11Z'2)P}

(4.15) ) ) }
+ Caaflln I+l "I+l 1P+l P + e [ + lldim 2 + (A0)*}

-1
+Ci L [Ar+ Tonllln" [t +Idem" [ +lldn "]

-1
+Css Y [At+os,+os,)|Z"R
n=1

We next introduce an L*-norm of Z to the left side of (4.15) in order to apply the
discrete Gronwall lemma in the H'-norm and simultaneously treat the term multi-
plied by C;; as follows:

@.16) (Cs1 +NZ™ P =127} = 2(Cor +5)AUA.Z", Z™)+ (Csy +3)(AYd.Z"
' = e, At|dZ P+ Cssl| Z" P At

if At<c,[16(C3;+3)]”". Sum the above inequality from n =1 to [—1 (with C3; =0),
from n =1 to /-2, and then from n = 1 to / — 3. Then use the telescoping properties of



Downloaded 11/10/15 to 165.91.112.146. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

1144 RICHARD E. EWING

the sums and add the results to (4. 15) to obtain

-1
3c*Ar 21 ld.z"|+31Z"|P + Z {lz" o= lZ" 21} + At 21 Id.Z" 5~
4.17) -
SHZ 21+ Ci((A) +h*T )+ Csy Y [At+os,+ o6 12"
n=1

We have used Lemma 2.1 and the result for case II corresponding to (3.1) to obtain
the bound appearing in the second term on the right of (4.17). We then use the ideas
of (3.15)-(3.28), the telescoping sum, the comparability of || - ||, +]| - || with | - [|;, and
the discrete Gronwall lemma to obtain a result similar to (3.29). The final result of the
theorem follows from (2.8), the inequalities analogous to (3.1) and (3.29), and the
triangle inequality. [

We note here that the assumption of a positive uniform lower bound for b(x, q)
was used very strongly in the proof of Theorem 3.2. Since assumption (2.3) case II
does not allow this, we must again modify our proof and Theorem 4.2 will be weaker
than Theorem 3.2. By making the “inverse assumption” (2.2a) on /#, and making the
additional assumption that, for some constant Cso, independent of A, we have

(4.18) At = Csoh?,

we can use the results of Theorem 4.1 to obtain the following result.
THEOREM 4.2. Assume the hypotheses of Theorem 4.1 and (4.18) hold. Assume
that V° and V' satisfy

4.19) VO =W +|V' = W', +(Ar)¥d,(V° = WO)|= Caof(At)* + "'}

For nz1, let V" satisfy (2.29) with pK satisfying (2.32) with a« = 1. Then there exist
positive constants Cyy, Cy4, and 1, such that if h = 7, and At= Cioh?,

sup IV —ull; = Caof(Ar)* +n"'}.

The constant C4, has the same dependencies as Cqo.

Proof. The proof of this theorem follows from Theorem 4.1 as in Theorem 3.2,
except we need new estimates for (3.34) and (3.36) to fit into the analysis of Theorem
4.1. From (2.29) we obtain the following to replace (3.36). The replacement for (3.34)
is determined analogously. For n =2, we use (2.2a) and (4.18) to obtain

n _ Vn+1 _
Z—’ dlgn) +(%a(EV")V(V"+1 _ Vn+1)’ leg,n)

At (c(EV") =

+(b(EV" )V(M)

vz
§ C43”Vn+1 _ “7n+1”1 ”dl{nlll

=pKCa3||8° V"||; di" |

= pKCys{Ad{||d L™l +ldd™ s+l d™ M+ Cas(At)Hd £

4.20
( : {(At)l/zKo

=pKCi; (g™ lI+ g™ 1+l ™21

1/2
+ Cuatany? S g

= pKCoo KoC35” [l |+ 1ldig™ |+ g™ |1 + CaaBr)* 1Ko €387 [ldid ™|
= gcx At +zsc,Ar(lldg" P+ [ldg " 2T+ Cas(Ar),
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if we choose w such that we have
4.21) p < c At/(16KC39Cy3K3).

The rest of the proof follows as before. [
COROLLARY 4.1. If b=0, then we can weaken the assumptions of Theorems 4.1
and 4.2 to

4.22) lullsrr oy Hlullwiowm + lulleegm® +ullpro.nH =K

with r=2. The results of Theorem 4.1 as well as optimal order L*-estimates can be
obtained. A conjugate gradient iterative process with (4.21) replaced by a fixed constant
which is independent of n, h, and At yields optimal order L* and H" error estimates.

Proof. (See [12]).

We shall now consider a different weakening of the assumption of case I of Q.
The new assumption is given by case I1I of Q and allows a, to be less than or equal to
zero. We note that in case a(x, q)=0, we have a form of the model used in [4], [5],
[29], [34] to model long waves. Wahlbin considered this equation when =R in one
dimension and b and ¢ were independent of q. He achieved optimal order L?, H', and
L estimates in [34]. If a, <0, the equation can model backward time problems and
has been used in [15], [27] to approximate unstable backward parabolic problems. For
numerical methods for backward in time quasilinear problems, see [16], [19].

Mathematically, the assumption (2.3c.III) will allow L"(¢) from (2.16) to lose its
positive definite character unless a, =0. If a, <0, we can see that by making the
further restriction on At, that for some 0<g <b,,

2by—¢
lay| °

then L™ (¢) will again be positive definite for each n and we again have the existence of
a solution to (2.13). We can define the conjugate gradient iteration as before to obtain
the approximation V", n=0, 1, ---, N. We note that we no longer have the teles-
coping sequence of semi-norms || - ||,» as in (3.6). We must therefore use a different
test function in (3.5). Define

(4.24) a=max {a*, |a,}.

THEOREM 4.3. Let case 111 of (2.3), (2.4a), (3.1), R and the restrictions on {#} of
§ 2 be satisfied. Let At satisfy (4.23), r=3, and

@.23) 0<At=

(4.25) ou =K,
Al >y, wiy
hold. Then there exist positive constants 7o and Cag such that if h = 7o and At= h3,
(4.26) sup |[U —ul, = Cus{(Ary’ +h™1.
t

The constant Cys has the same dependencies as C,.

Proof. First consider the test function y =d,Z" At as before. Due to case III of
(2.3) we shall treat the second term on the left of (3.4) with the terms on the right. We
obtain

(4.27) [(a(EU™NVZ"'?,vd,Z"At) =5BAHdZ" |} + CrAt[|Z™ I3+ 1277
Letting At = (4C,;)"'B and using (4.27) we obtain as in (3.14)

B

1=l -1
@29 Ear'’S laz =iz o 'Y 1z crent s,
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Since this does not give the estimate we need, we also use the test function y = Z"*'/?
in (3.4) and treat the second term on the left of (3.4) with those on the right using
(4.24). After multiplying by 2A¢ and obtaining bounds as above, we use (2.28) to see
that

-1
Az ez et 1z e+ 127
4.29) .
éguz’ll‘f +CAr Y27+ C{an + k.

We shall now use our comparability of norms argument to make the sums on the left
side of (4.29) telescope. Since b = b(x, u, Vu), the argument is slightly more compli-
cated than before. As in (3.14)—(3.18) we obtain from (4.29)

-1
BIZIE=Eiz I+ car S 1B+ cran+ w7
n=1

(4.30) .
+C gz {orn HIBZ" Y wi +8Z" | willZ R
where
Y%
4.31) "7’"=J' "————(-,s) ds.
m=2 || ot Wh

Note that Y., o7, = CK, since du/(0t)e L*(J; H?) from (2.6b). Then adding (4.28)
and (4.30), we obtain

-1
1B 3 42" +361Z'1;
-1
4.32) =C{A)*+h* 3+ CAL Y |z}
n=1

-1
+C % {onn+162" s +152" 2w N2

The same induction argument as used in the proof of Theorem 3.1 will then yield
-2
@33) L 162" Iwe=C,

and the discrete Gronwall lemma will establish our result. [

THEOREM 4.4. Let the assumptions of Theorem 4.3 be satisfied. Assume V° and
V! satisfy (3.31) and V? satisfies (2.33). Then there exist positive constants Cag and 7,
such that if w is chosen independently of n, h, and At for n =2 such that pK =3Cy; in
(2.29b), if h =710 and At=h*">,

(4.34) sup |V —ul,= Cis{(At+h"71}.

Proof. Recall that to use the analysis of Theorem 4.3, we must use (3.34) and
(3.36) as well as corresponding estimates for the test function y = ¢"*'/2. For example,
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after multiplying by At, (3.36) with the new test function yields

yrrl
2

+(b(EVn)V(Vn+1 _ Vn+1), V{"+1/2)
= Caol VP =V 2"y
= AipKCasflldd" [l +2llde "Il + il + CAtora 1™ 116" M1}

(C(Evn)(vn-H _ Vn+l), {n+1/2)+(a(Evn)V , V{n+1/2)At

A - n+1j2 n
é% UdL" IR +ldg ™ I+ a3+ CsoAt{iC" IR+ I3} + C(Ar)’.

We see that this estimate will fit into the analysis together with (3.34) and (3.36) and
the techniques of the proof of Theorem 4.3 will yield the desired result. [

5. Computational considerations. In this section we consider some computa-
tional aspects of the extrapolated Crank-Nicolson-Galerkin (ECNG) method and its
preconditioned conjugate gradient (PCG) iterative variant. We compare some rough
operation counts for the two methods. Then we consider some machine-oriented
stopping procedures which, while preserving the error bound, would stop the con-
jugate gradient iteration earlier than the pessimistic theoretical bounds given by (2.31)
for case II and by (4.21) for case I and case III.

For estimating the arithmetic operation counts, we restrict our attention to spaces
of piecewise polynomials over quasi-regular meshes. Although the heuristic
arguments presented below can currently be made precise only in cases in which the
meshes have very special structure (such as uniform mesh on a square), numerical
experiments indicate that the assumptions are more generally valid.

First consider d = 2. Let M be the dimension of #, and N be the number of time
steps. Assume that the work to factor a matrix with the structure of L" or L, from
(2.16) or (2.18), respectively, is F = M?>'?. For a rectangular mesh on a rectangle this
order work estimate can be achieved optimally by the nested dissection process of
George [21]. We next assume that the amount of work to solve the system once the
matrix has been factored is essentially the number of nonzero elements, or S=
M log M.

Combining the above ideas, since the ECNG method requires a factorization at
each time level, the total work for the ECNG method for cases I, I or III is of the
order

(5.1) N(F+8)= O(N(M?>?+M log M))= O(NM?*?),

For cases I and III, we note that we need only a fixed number of iterations of the PCG
method at each step with only one factorization. Thus the work estimate for the PCG
method for cases I and III is

(5.2) F+NS=0(M?>?+NM log M)= O(NM log M).

For case II, where a norm reduction factor of Q(At) is necessary, O(log (1/At))=
O(log N) iterations are required at each time step and the total work is

(5.3) F+NS =0O(M*?+N log N(M log M))= O(NM log N log M).

If d = 3, the best conjectures we know of say that F~M? and S =~ M*>. We use these
F and S in (5.1)~(5.3) to obtain work estimates for d = 3. We define an “optimal”
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work estimate as one which is proportional to the number of unknowns in the
problem—MN.
We summarize the above remarks in the following table of total work estimates:

a=2 d=3
“Optimal” NM NM
Cases I and III of PCG NM log M NM*?
Case II of PCG NMlogNlogM  NM*?log N
ECNG NM?>? NM?

One can clearly see that the PCG incomplete iterative methods yield work estimates
that are “‘close to optimal” and which are much better than the ECNG methods for
large M and N. For some slight modifications of the PCG methods with comparable
work estimates see [12].

We now consider alternative stopping procedures for the iterations in the PCG
methods. Let V"' correspond to x, of (2.20). (2.24) then yields the comparability

(5.4) 0<yo=[|Vi = V"™ R/(Lo G ai )i = 1.

Since we compute (L' qx, qi); during the PCG procedure, we can easily estimate the
size of the error ||[Vi™' — V"*|;.
If we had

(5.5) Vil = v li=a,
then the left-hand side of (4.20) would be bounded by

n+1” (At)l/zKO
1

Ca VT = Vi ldd " = Cas@r)™ 2 Vi = ——ld "

= eAtc,|dL" |+ Cr(A) >

Thus at each step if either a norm reduction factor of O(At) is achieved or
(5.6) LA P=C(A) + T T)AL,

then the results of Theorem 4.2 will hold. Thus, in the program, one could set a
parameter k = O((At)*((At)*+h*?)) and stop iterating if

(5.7) (LEIQk, Q)i =K

due to (5.4).

Also note that by comparing (Lo 1qo, do) and (Lo 'qu, qx)1 we can observe the
actual factor by which the norm is reduced. Another stopping procedure could be to
define another parameter p; = O(At) for case II, for example, and stop the iteration if

(5-8) (Lo" @ 9/ (Lo " Go» Go)1 = p3.

The results of Theorem 4.2 will still hold.
For each of the cases, there corresponds appropriate choices of x and p; to retain
the error bounds. The following table summarizes these choices.

Result K= P
Theorem 3.2 CA (A1) +h*7?) (Cra/ K)(Wh1/80)'?
Theorem 4.2 C(A (A1) +h* ) CAt

Theorem 4.4 CAR (ALY +h*> ) (Cra/ K YW1/ ¥0)'?



Downloaded 11/10/15 to 165.91.112.146. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

TIME-STEPPING GALERKIN METHODS 1149

Acknowledgment. I would like to thank Professors Jim Douglas, Jr., and Todd
Dupont for several suggestions and stimulating conversations.

REFERENCES

[1] O. AXELSSON, On preconditioning and convergence acceleration in sparse matrix problems, CERN
European Organization for Nuclear Research, Geneva, 1974.
[2] , A class of iterative methods for finite element equations, Report 75, 03R Dept. of Computer
Science, Chalmers University of Technology, Goteborg, Sweden, 1975.
[3] G. L. BARENBLATT, I. P. ZHELTOV AND I. N. KOCHINA, Basic concepts in the theory of seepage of
homogeneous liquids in fissured rocks, J. Appl. Math. Mech., 24 (1960), pp. 1286-1303.
[4] T. B. BENJAMIN, J. L. BONA AND J. J. MAHONEY, Model equations for long waves in nonlinear
dispersive systems, Philos. Trans. Roy. Soc. London, Ser. A., 272 (1972), pp. 47-78.
[5] J. L. BONA AND P. J. BRYANT, A mathematical model for long waves generated by wavemakers in
non-linear dispersive systems, Proc. Cambridge Philos. Soc., (1973), pp. 391-405.
[6] R. W. CARROLL AND R. E. SHOWALTER, Singular and Degenerate Cauchy Problems, Mathematics
in Science and Engineering, vol. 127, Academic Press, New York, 1976.
[7] P.J. CHEN AND M. E. GURTIN, On a theory of heat conduction involving two temperatures, Z. Angew.
Math. Phys., 19 (1968), pp. 614-627.
[8] P. L. DAVIS, A quasilinear parabolic and a related third order problem, J. Math. Anal. Appl., 49
(1970), pp. 327-335.
[9] J. E. DENDY, JR., An analysis of some Galerkin schemes for the solution of nonlinear time-dependent
problems, this Journal, 12 (1975), pp. 541-565.
[10] J. DouGLAS, JR. AND T. DUPONT, Galerkin methods for parabolic equations, this Journal 7 (1970),
pp- 575-626.
, Preconditioned conjugate gradient iteration applied to Galerkin methods for a mildly nonlinear
Dirichlet problem, Sparse Matrix Computations, J. R. Bunch and D. J. Rose, eds., Academic Press,
New York, 1976, pp. 333-348.
[12] J. DouGLAS, JR., T. DUPONT AND R. E. EWING, Incomplete iteration for time-stepping a nonlinear
parabolic Galerkin method, to appear.
[13] T. DUPONT, L, error estimates for projection methods for parabolic equations in approximating domains,
Mathematical Aspects of Finite Elements in Partial Differential Equations, Academic Press, New
York, 1974, pp. 313-352.
[14] T. DUPONT, G. FAIRWEATHER AND P. J. JOHNSON, Three-level Galerkin methods for parabolic
equations, this Journal, 11 (1974), pp. 392-410.
[15] R. E. EWING, The approximation of certain parabolic equations backward in time by Sobolev equations,
SIAM J. Math. Anal., 6 (1975), pp. 283-294.

[11]

[16] , Numerical solution of Sobolev partial differential equations, this Journal, 12 (1975), pp.
345-363.

[17] , A coupled non-linear hyperbolic-Sobolev system, Ann. Mat. Pura Appl., Ser. IV, 114 (1977),
pp. 331-349.

[18] W. H. FORD, Galerkin approximations to non-linear pseudo-parabolic partial differential equations,
Aequationes Math., 14 (1976), pp. 271-291.

[19] W. H. FOrRD AND T. W. TING, Uniform error estimates for difference approximations to nonlinear
pseudo-parabolic partial differential equations, this Journal, 11 (1974), pp. 155-169.

[20] H GalEWSKI AND K. ZACHARIAS, Zur starken konvergenz partieller differentialgleichungen, Math.
Nachr., 47 (1970), pp. 365-376.

[21] J. A. GEORGE, Nested dissection on a regular finite element mesh, this Journal, 10 (1973), pp.
345-363.

[22] M. LUSKIN, A Galerkin method for nonlinear parabolic equations with nonlinear boundary conditions,
to appear.

[23] J. NITSCHE, Lineare spline-funktionen und die methoden von Ritz fiir elliptische randwert probleme,
Arch. Rational Mech. Anal., 36 (1970), pp. 348-355.

[24] H. H. RACHFORD, JR., Two-level discrete-time Galerkin approximations for second order nonlinear
parabolic partial differential equations, this Journal, 10 (1973), pp. 1010-1026.

[25] R. E. SHOWALTER, Well-posed problems for a partial differential equation of order 2m +1, SIAM J.
Math. Anal., 1 (1970), pp. 214-231.

, Existence and representation theorems for a semi-linear Sobolev equation in Banach space,

SIAM J. Math. Anal., 3 (1972), pp. 527-543.

[26]




Downloaded 11/10/15 to 165.91.112.146. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

1150 RICHARD E. EWING

[27] , The final value problem for evolution equations, J. Math. Anal. Appl., 47 (1974), pp. 563-572.

28] , Nonlinear degenerate evolution equations and partial differential equations of mixed type, SIAM
J. Math. Anal., 6 (1975), pp. 25-42.

[29] , A Sobolev equation for long waves in nonlinear dispersive systems, SIAM J. Appl. Math., to

appear.

[30] R. E. SHOWALTER AND T. W. TING, Pseudo-parabolic partial differential equations, SIAM J. Math.
Anal.,, 1 (1970), pp. 1-26.

[31] D. TAYLOR, Research on Consolidation of Clays, Massachusetts Institute of Technology Press,
Cambridge, MA, 1952.

[32] T. W. TING, Certain non-steady flows of second-order fluids, Arch. Rational Mech. Anal., 14 (1963),
pp. 1-26.

, A cooling process according to two-temperature theory of heat conduction, J. Math. Anal. Appl.,
45 (1974), pp. 23-31.

[34] L. WAHLBIN, Error estimates for a Galerkin method for a class of model equations for long waves,
Numer. Math. 23 (1975), pp. 289-303.

[35] M. F. WHEELER, A priori L*-error estimates for Galerkin approximations to parabolic partial differential
equations, this Journal, 10 (1973), pp. 723-759.

(33]



