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A boundary initial value problem for a quasi-linear hyperbolic system in
one space variable is coupled to a boundary initial value problem for a quasi-
linear parabolic equation in two space variables. The coupling occurs through
one of the boundary conditions for the hyperbolic system and the source term in
the parabolic equation. Such a coupling can arise in the consideration of gas
flowing in a porous medium and out of that medium via a pipe. A local existence
and uniqueness theorem is demonstrated. The proof involves the method of
characteristics, Bernstein’s estimates for parabolic partial differential equations,
and the contracting mapping theorem.

1. INTRODUCTION

For subsonic fluid flow in a pipe, it is standard practice to use a one-
dimensional version of Euler’s equations of motion which includes the friction
between the fluid and the pipe. By a change of dependent variables this system
can be reduced to a standard hyperbolic system [6]. For fluid flow in a porous
medium, it is standard practice to use quasi-linear parabolic partial differential
equations for the density of the fluid that are derived via Darcyv’s law [I, 5].
Since pipes are employed to remove fluids from porous media, it seems natural
to couple the two models into one system. The standard practice for modelling
the removal of fluid from a porous media involves a sink term in the parabolic
partial differential equation. Since the sink term is a volumetric flow rate per
unit area which equals a linear velocity, it is clear that the fluid velocity at the
end of the pipe in the porous medium can be regarded as a volumetric flow rate
per unit area and thus is used as part of the sink term in the parabolic partial
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666 CANNON AND EWING

differential equation. The coupling is closed by requiring that the density of the
fluid at the end of the pipe in the porous medium be equal to the density of the
fluid in the porous medium at the point which represents the location of that end
of the pipe.

The preceding considerations motivate the study of the mathematical problem
of determining real-valued functions p = p(z, t), ¢ = ¢(2, t), and w = w(x, ?)
such that the triple (p, ¢, w) satisfies

Z_P+)‘1(z’t’P,Q)'a£:Rl(z,t»P)Q), 0<2<1, 0<t<T,
t oz
(1.1a)
%+)\2(z,t,p,q)gq—:R2(z,t,p,q), 0<z<l, 0<t<T,
t oz
(1.1b)
q(1, ) = G(t, p(1, 1)), 0<t<T,
(1.1c)
(2, 0) = py(2), 0<z<l, (1.1d)
q(z, 0) = go(2), 0<z<1, (1.1¢)
L(w) = S(x, t, p(0, £), ¢(0, 1)), (%, £)eQr, (L.1f)
B(w) =0, (x,t) € Sr, (1.1g)
w(x, 0) = @), xe, (1.1h)
20, 1) = {(t, 4(0, 1), (0, 1)), 0<t<T,
(1.13)

where x = (¥, , %,) € R%, Q is an domain in R? which contains the origin,
Or =0 x{0 <t < T} S =02 x{0<t<T} Q is the boundary of £,
L is a parabolic partial differential operator, B denotes a boundary operator, and
A, A, R, Ry, G, py, 40,9 S, and { are known functions of their respective
arguments. It is clear that £ represents the porous medium, {0 <z <1}
represents the pipe, and z = 0 represents the end of the pipe in the porous
medium at a point which is taken to be the origin of the coordinate system for the
porous medium.
In what follows, we shall treat two cases of L and B:

Case 1: Linear.

" (o, 1) o +zb(x ) 2
ot T 6 8x 6 (1.2)

2

B(w) = Y a;(x, 1) %0—_ cos(n, x;),

i,j=1
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where for any £ € R? of unit length
2
Y, au(x 1) €6, =v >0 (1.3)
ii=1

and n is the outer normal to Sy .

Case 2:  Quasi-linear.

2 2
L) = 22 S a1, 0) gt b 1, 1),
hi=t P (1.4)
2 ow
B(w) = iél a;{x, t, w) oy cos(n, ¥;, ),
where for any £ € R? of unit length
2
O<V< z aij(x, t, w) §1§]<}L (1.5)

i.j=1

and =, denotes the gradient of w with respect to x, and x, . We shall make
the detailed assumptions upon all coefficients and data as needed below.

Our basic aim is to demonstrate that for T sufficiently small there exists a
unique solution of (1.1). Actually we shall carry the analysis for two types of
solutions. One type will be called a weak solution and consists essentially of a
generalized solution of the hyperbolic part of (1.1) and a classical solution of the
parabolic part of (1.1). The other type of solution is the usual classical one.
In the next section we formulate the notion of weak solution through a reformula-
tion of the hyperbolic part of (1.1) into integral equations via the characteristics of
the hvperbolic equations (1.1a) and (1.1b). We also formulate a mapping .#.
A fixed point of .# will yield whichever type of solution that the data smoothness
will allow. Sections 3, 4, and 5 deal with the preservation of function classes
under the mapping .#. In particular, Section 3 deals with a priori estimates of the
characteristics which are used in Section 4 to obtain the necessary a priori
estimates for the solutions of the hyperbolic part of (1.1). We study the a priori
estimates of the parabolic cases in Section 5. In Section 6, the results of Sections 3,
4, and 5 are brought together and the preservation of some function classes under
the mapping .# is demonstrated. The remainder of Section 6 is devoted to
demonstrating that .# is continuous and a contraction. The paper is concluded
with a statement summarizing the analysis and results.

2. A WEeaker FormuLaTION OF (I.1)

Since (1.1) arises from physical considerations, it is natural to assume that the
A, and R;, i = 1,2, are smooth bounded functions that are defined on 6;

i
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{(2,6,0,9)0<2<<,0<t T, —0 <p <00, —00 < g < o0}. Also, it is
natural to assume that there exists a constant § > 0 such that in 6,

h < —3<0<B <N, @.1)

For a classical smooth solution (p, g, w) of (1.1), we can define the characteristics

[2, 3, 10]
z; = 27 2, 1), max(0, ;) < 7 < ¢, i=1,2, (2.2)

as solutions of the initial value problems

dz;ldr = Az, 7, p(2;, 7). q(=;, 7)), max(0,2) <7<, =12 (2.32)
z{t) =2  1=1,2, (2.3b)

where

=121, i=12, (2.4)

denotes the unique time at which the characteristic z; assumes the value
z = 1 — 1. Here, we have extended the functions p and ¢ to negative 7 via the
initial conditions p, and ¢, . Given the boundedness of the A;, we can take T
sufficiently small that no more than one of ¢, and 1, is positive for any (2, #) such
that 0 << 2 << 1 and 0 < ¢ << T. In other words, we can restrict T so that we
have at most one bounce of a characteristic to handle.

Integrating (1.1a) and (1.1b) along their respective characteristics [2, 3, 10],
we see that for 0 < t <C T any classical solution (p, ¢, @) of (1.1) must satisfy

(H) the hyperbolic part of (1.1):

P(2, 1) = pol(24(0; 2, 1)) + [t Ri(zy(7; 2, ), 7, P(z(m; 2, 1), 7), q(zl(T; 2, t), 7)) dr,
-e (2.52)
(2, 1) = qo(2:(0; 2, 1)) + f Ry(2o(; 2, 1), 7, p2a(7; 2, 1), 7), q(20(7; 2, 1), 7)) dt,
0 (2.5b)

or (2.5b) and
P(z’ t) = C(tl(z’ t)? q(O, tl(z’ t))’ w(o) tl(zv t)))
, (2.6)
+ o Ry(2(7; 3, 1), 7, p(3y(7; 2, 1), T), g(2(7; 2, 1), 7)) dr,
tiz, ¢t
where ¢(0, ¢,(z, #)) is computed by replacing = and ¢ in (2.5b) by 0 and #(z, ?),
respectively, or (2.5a) and
g(z, 1) = G(ty(2, t), p(1, t5(z, 1))
(2 1) 2 (1, ta(z, 1)) @7

t
+  Ralaalrs 2 1), plaalrs 2 1), 7), alsalrs =, 1) 7) d,

Yty(z,
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where p(1, ty(2, t)) is computed from (2.5a) via the replacement of z and ¢ by
1 and t,(2, t), respectively; and

(P) the parabolic part of (1.1):

Lw) = S(x 1,90, 1), 9(0,2)), (v, )e0r,
B(w) = 0, (» e S, (2.8)
w(x, 0) = p(x), xe 2.

DerFINITION. A weak solution of (1.1) is any triple of functions (p, ¢, w) such
that p and ¢ are continuous for 0 << x <1 and 0 «J¢ -{ T, w is a classical
solution of (P) the parabolic part of (1.1) that is described by (2.8), where L and B
are discussed in (1.2) and (1.4), and p and ¢ satisfy (H) the hyperbolic part of (1.1)
that is described by (2.5a), (2.5b), (2.6), and (2.7).

As indicated above, our solution technique involves the contracting mapping
theorem. Actually, the mapping involved here is easy to define. We take (0, 7)
in (2.6) and replace it by a function ¢ = o(¢). After solving the hyperbolic part
of (1.1) for p and ¢, we substitute p(0, t) and ¢(0, f) into (1.1f) and solve the
parabolic part of (1.1) for @. The mapping .# is obtained by setting

w(0, 1) == Mo(t). (2.9)

Before we can demonstrate that .# is a contraction for T sufficiently small, it
is necessary to obtain a few estimates.

3. A Prior1 ESTIMATES ON THE SOLUTIONS OF THE
CHARACTERISTIC EQUATIONS

We first recall a lemma from the theory of ordinarv differential equations.

Lemva 3.1 [8]. Let v and Y be two functions satisfving

v o= f(x, ), fx—al << h, (3.1a)
va) = o, (3.1b)
Y =F(x Y), |x—al<h, (3.1¢c)
Y(a) == B. (3.1d)
Then, for | x — a| < h,
L Y(x) — p(*) < exp{Mh}[| o« — 8| +sup|f—Fi}, (3.2)

where h is a positive constant and M is the maximum of the uniform Lipschitz
constants on f and F.
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We begin with the assumption that p = p(z, ¢) and ¢ = g(z, t) are uniformly
Lipschitz continuous in z and ¢ with Lipschitz constant KX > 1. Also we assume
that their first derivatives are uniformly Hoélder continuous with Holder constant
K > 1 and with an exponent o, 0 < & << 1, which will be determined by the
parabolic part of (1.1). Next, we assume that A, and A, possess Lipschitz con-
tinuous first partial derivatives in 8, (and we let C denote a positive constant
which bounds them in absolute value), all of their first derivatives, and the
Lipschitz constants of their first derivatives. We can suppose that C > 1.

From the mean value theorem, it follows that

] ’\i(z*’ T’P(z*’ T)’ q(z*» T)) - Ai(z* y Ty P(z* ) T)» q(z% » T))J < 3CK | 2* — 24,
i—1,2 (33

and that a similar estimate holds for the 7 variable. Consequently, we employ
3CK as the Lipschitz constant indicated in Lemma 3.1. Recalling (2.4), we let

t? =190, j=1,2, (3.4)
denote the times that the characteristics 2z, , { = 1, 2, emanating from the points
(29, t) strike the boundary 2 =i — 1.

Lemma 3.2, For max{0, t{!), ™} < <t < T,
| 2i(r; &0, 1) — 2{7; 2@, t)] < exp{3CK1} | 2V — 2B |, (3.5)

Proof. 'The result follows from an elementary application of Lemma 3.1 and
is therefore omitted.

Considering Egs. (2.3a) and (2.3b), we obtain by integration
t
2 =(—1) + { Azi(r; 2D, 1), 7, p(zi(T; 29D, 1), 7), q(2:(7; 29, t), 7)) dr,
J t(j)
i=L2 i=12 (3.6)

Subtracting j = 2 of (3.6) from j = [, we obtain

t
2V _ @ f
max (), ¢2)

max(t{1),1{2)

0L A& 4 J' Ndr,  (3.7)
min(¢ ), 2))

where the choice of sign and argument for the second term depends upon the

19§ = 1, 2. Solving for the second term on the right-hand side of (3.7), recalling

i g g .

(2.1) and using (3.3) and Lemma 3.2, we see that the following result is valid.

Lemma 3.3, Fori =1,2,
| 1(z0, 8) — (2@, )] < 8 Y1 + 3CKt exp{3CK1}) - [ 2V — 2P|, (3.8)

Integrating along the characteristics emanating from (2, ) and (2, t®),
we employ an argument similar to that of (3.6) and (3.7) and an application of
Gronwall’s lemma to obtain the following estimate.



HYPERBOLIC—PARABOLIC SYSTEM 671

Lenvia 34, For O <0t =2 T, 5 = 1,2, and

max(0, 1V, 1) - 7 =, min(t"Y, ),

2frs 2, 1V) — z(r; 2, 1) -7 Cexp{3CKT} |1V — 1@ | (3.9)

where we have used t9) to denote the time that the characteristic z; emanating from
(2, t'7) strikes the boundary z =1 — 1.

An argument similar to those of the two preceding results vields our last
Lipschitz estimate.

Lemna 3.5, ForO0 <t << T,j=1,2,
(s, 1) — tz, 1) < 871C(1 4 3CKT exp{(3CKTY}) - [ 11 — . (3.10)

We now consider estimates of the first derivatives of the 2, with respect to
z and t. Differentiating (2.3a) and (2.3b), we obtain

d s, joN o\ Op | &N oq O3 d‘., \
pl i I S P ol e el CR L N
and
a & )7756/\5 EX I
dr ' et T ex op 0z ' &g oz ot (.12)
c3; '
&t (155.1) = —1\[(2’, £, P(z’ 1), ‘I(:’ t))
The solutions of these equations are represented by
cz; {74 oA CA; Gp 6q‘( ]
ez P a[, ez | ap ex aq 7t ) (3-13)
and
%;
G = M a (3.14)

where the functions in the integral of (3.13) are evaluated along the 7th charac-
teristic emanating from (z, #). Recalling (3.6) and removing the index (j) from it,
it follows from Leibnitz’s rule that

ct; .
Yot — 1.t I AN
sz {’\1(1 1‘ t1 y P(l lv tz)v q(l lv tz))!

hrtyoA oA ap | O\ dq)c’ﬂz Y 5
lf,il az T dp oz T dq Bt ex TN (.15)

St g 1), 6 — L S ()



672 CANNON AND EWING

and that

~

=0 — 15,060 — 1, 1), 96— 1, 2))7 %Ai(z» t, p(2, 1), ¢(2, 1))

'5 0A; o)\ ap | O\ oq) Oz
+] T oz T o o2V @ U

(3.16)

= O Lt P 120, 96— L) (155, )

where the integrands in (3.15) and (3.16) are evaluated along the /th charac-
teristic emanating from (%, ¢). Since C bounds A; and its derivatives and K denotes
the Lipschitz constant for p and g¢, it follows from simple estimations of (3.13),
(3.14), (3.15), and (3.16) that for 0 << 2 <1 and max(0,¢,) <= <t K T,

ZL; < exp{3CK#}, i=1,2, (3.172)
32.'1- .
% < Cexp{3CKt}, i=1,2, (3.17b)
ati .
% < 671 exp{3CK1}, i=1,2, (3.17¢)
ot; .
Sl <srcep3eks,  i=1,2. (3.17d)

Utilizing the representations, bounds, and preceding lemmas, the following
estimates can be derived from a liberal use of the Mean Value Theorem and the
triangle inequality.

Levmva 3.6. Let 0<tP <T<1 and 0<29 <1, j=1,2. For
max(0, 11, #9) < r < t < T,

| St (3, 1) — %1 (r 2, ) |<cilam—emp,  im12 (318
32 3 3 (‘r 22, 1) ’ < O | 2D — 22 | t==1,2, (318b)

Sor max(#{", t¥') < 7 < min(t®W, ),

02; 1
| 2 (r; 2, 10) — SO — @ i=12  (319)

|—(T 2, t0) zt (7 7, 1®)

SOt —@ ] i=1,2  (3.19b)
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and

et o) (1) ot
os (=14, £9) oz

(2, 18) | < Gl 30 — 2 P+ 10 — 1],
t=1,2, (3.20a)

o, o,
* 2_; (S(l), f(l)) . _a_t’_(z(-), t(2))

G UE A A el A A 1
[=1,2, (3.20b)

where the restriction

T <(BKC)1 (3.21)

has been emploved to simplify
C, = 300C*K[1 + Kt]. (3.22)

Remark. For arguments similar to the ones indicated but omitted above, see

12,3, 10].

4. A Prior! ESTIMATES FOR THE SOLUTION OF THE
HyperBoLIiC ParT oF (1.1)

Recall from Section 2 that the hyperbolic part of (1.1) consists of the integral
equations (2.5a), (2.5b), (2.6), and (2.7) which involve the solutions z,(r; 3, ),
{ = 1, 2, of the characteristic equations (2.3a) and (2.3b). Consequently, the
results of Section 3 will be used heavily in the estimates that are derived below
for p = p(z, t) and ¢ = ¢(z, t). Before we begin the discussion of the estimates,
it is necessary to state some assumptions upon the data functions R, , R, {, G, p, .
and g, .

We assume that R, and R, possess Lipschitz continuous first derivatives in
6; . Next, we assume that { = {(¢, ¢, w) possesses Lipschitz continuous first
derivatives on {(t, ¢, 0): 0 <<t < T, —o0 < g < 20, —o0 < w <C %0} and that
G = G(t, p) possesses Lipschitz continuous derivatives on {(Z, p): 0 <<t < T,
—o << p < oo} With respect to the initial conditions p, and ¢, , we assume that
they possess a Lipschitz continuous derivative for 0 < z <{ 1. It is economical
to assume that C used in Section 3 also provides here a bound in absolute value
for all of the above functions, all of their first derivatives, and for all of the
Lipschitz constants. Since our stated purpose is to obtain a solution of (I.1)
which involves at least continuous p and g, it is necessary that our data satisfy
the compatibility conditions.

20(0) = 40, (0), ¢(0)), (4.12)
qo(1) = G(0, py(1))- (4.1b)
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All of the estimates in this section are aimed at showing that the mapping .#
defined in Section 2 by (2.9) will preserve the function classes that contain the
solution of (1.1). As is Section 3, we shall assume that p = p(2, t) and ¢ = g(z, ?)
are uniformly Lipschitz continuous in # and ¢ with Lipschitz constant K and
that they possess Hélder continuous first partial derivatives with Hélder constant
K and with an exponent «. In obtaining the mapping, we replaced (0, £) in (2.6)
by a function v = o(f). We shall assume that, for 0 <C ¢ < T, v possesses a
bounded first derivative which is Hélder continuous with exponent «. We shall
let C, V, and ¥ denote, respectively, the bound in absolute value for v, the
Lipschitz constant for v, and the Hélder constant for the derivative of ¢.

The estimates obtained below may seem strange in that we obtain an estimate
for the Lipschitz constant for p and ¢ after having assumed one. The reader
should bear in mind that the mapping .# of Section 2 requires that we solve an
auxiliary hyperbolic system. This requires a mapping of its own (see, for
example, [2, 3, 10]). Consequently, our estimates must reflect the preservation of
the necessary function classes through that mapping as well.

An easy estimation of (2.5a), (2.5b), (2.6), and (2.7) provides us with our

first estimate.

LemMa 4.1, For 0 <2 <1land 0 <t < 7T,

| p(z, )] < (1 +1)C, (4.2a)
lg(z Ol < (1 +1)C. (4.2b)

Next, we see from (3.17) and the restriction (3.21), 3CKt < 1, that
C, = 381C (4.3)

can be used as a uniform Lipschitz constant for z; and #;. Without loss of
generality we can assume that C, > 1.

In order to estimate the Lipschitz constants for p and g from (2.5a), (2.5b),
(2.6), and (2.7), we must consider three basic cases for characteristics 2",
j == 1, 2, emanating, respectively, from (2%, ') and (=¥, t*).

CaseI. We assume that neither characteristic 2, j = 1, 2, hits a lateral
boundary before hitting the base = 0.

Case II. We assume that both characteristics 2, j = 1, 2, hit the same
lateral boundary prior to £ = 0.

Case III. We assume that only one of the characteristics ¢, j = 1, 2, hits a
lateral boundary while the other hits the base ¢ = 0.

In all, there are 5 cases to be considered, but it is no loss of generality to
restrict our attention to the lateral boundary z = 0 and the behavior of z{”,
j =1, 2. In fact, the analysis for the boundary z = 1 follows the same pattern

with the omission of the effect of the function v = »(z).
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For Case I, we obtain the following result.

LEMMA 4.2, When neither characteristic hits the lateral boundary prior to t -- 0
and when 0 <tV <0< <1,j=1,2,

| p(2D, 20 — p(a, t2)| < C2C -+ 3CKD){| 2 — 2@ | — | 11 — g 1
(4.4a)

| (2D, 11} — (2, 1@ < Cy2C —+ 3CKE)| 2 — 5| L | 1 — g2 1),
(4.4b)

Proof. 1t suffices to consider 2, and (2.5a) since a similar argument will hold
for =, and (2.5b). Substituting (27, 1)), j = 1, 2, into (2.5a) and differencing
them we obtain

p(z(l), t(l)) _ P(z(‘Z)’ t(Z))
= P03 31, 1) — Pyl (05 2, 12)

~min(t®.¢(2))
4+ {Ry(=y(7; 2V, 1), 7, pzy(7; 2. 1), 1), g2y (7; 50, 1), 7))
0

— Ry(ay(ri 32 49), 7, play(rs 22, 1), 7), g(m(ri 2, £2), 7)) dr
~max(t{1),¢{2))

R, d. (4.5)

“minqt ()
Employing the mean value theorem, Lemmas 3.2, and 3.4, we see that

| P, 1) — plat, 1)
i; {C:_,C + 3CKC2 min(t(l), 1(2))}.{! Z(l) _ z(?)l ,.I_ I [(1) — f(‘l)‘} + C | t(l) _ t(2)!
(4.6)

from which (4.4a) follows.

For Case II, we see from (2.6) that the difference in p(z, #V) and p(=®, 1)
would involve a difference in the { terms, an integral of the form similar to that
of the first integral on the right side of (4.5), and two integrals similar to the
form of the second integral on the right of (4.5) with one of them involving the
limits ¢,(z@, tV) and ¢,(2*, t**). An application of the mean value theorem and
repeated use of the Lemmas 3.2 through 3.5 yields the following result.

Lemma 4.3, When both characteristics hit a lateral boundary prior to t =0
and when 0 < 2 < 1,0 <1 L 1,7 = 1,2,

| =V, 1) — p(z'®), 1))

< CC{SC ++ 5CKt + I} - {| 50 — z®| L | #0 — &) (4.72)
| q(z(l)’ t(l)) — q(z(2), t(Z))I

< CC5C + 5CKt} - {| 2D — 2®| £ | #0 _ g, (4.7b)
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Consider now Case III. We know from the theory of ordinary differential
equations [8] that there is a unique characteristic 2; with characteristic direction
A, passing through the origin. Uniqueness also assures us that this characteristic
does not intersect z(r; 21, V) or z/(r; 2®, ?®). From the Jordan Curve
Theorem and elementary considerations we see that this characteristic must
intersect the line segment connecting (2, V) and (2, #®) at a point which
we denote as (2%, t*). We may thus denote this characteristic by z,(r; 2, t*).
Assuming without loss of generality that 2,(r; 2V, #) is the characteristic that
hits 2 = O prior to t = 0, we may apply the triangle inequality to obtain

| p(z'0, 1) — p(2t®), 1@)|
< | p(a®, 1D) — p(z*, )| + | p(a*, £¥) — p(z, 1®)], (4.8)

which is simply an application of the result of Case 2 followed by an application
of the resuit of Case 1. Combining the two cases results in the following estimates
which hold for all cases.

Lemma 4.4. For Cases 1,11, and 111, 0 <C 2 < 1 and 0 <t < ¢, 7 = 1, 2,

| p(aD, t1) — p(z®, 1@)]
< CCTC + 8CKt + V] [| 2 — 2@ | 4 [ #® — 1@[],  (4.92)

| g(z, 1) — g(2®, @)
< CC,[TC + 8CKt] - [| 2® — 2@ 4 | @ — g, (4.9b)

In order to obtain a priori estimates for the preservation of the Hélder classes
of the derivatives of p and ¢ under the mapping, we must consider the same three
cases for the differentiated expressions in (2.5a), (2.5b), (2.6) and (2.7). The
same type of application of the mean value theorem and the Lemmas 3.2 through
3.6 yields the following result which we state without proof.

LemMa 4.5, For 0 <2 < 1land 0 <t <, 5 =1,2,
@ (20, $0y — o (2, 1) |  Cof| 20 — 2@ [o | 1 — 2 o}, (4.10a)
oz oz
oq 9 2 s 1 2 1 2
o (2D, ) — - (2D, t@) | < Cyf] 2V — 2@ |o 4 [ £ — $@ [}, (4.10b)
3

% (aw, 1) — 2 (5, 1) | < Cyff 39 — 5 2 4 | 10 — 1@ o), (4.100)

%% (2D, 1) — % (22, 1) | < Cf] 20 — 2@ |o 4 |0 — ¢ 2} (4.10d)
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where

C, = 200062CSK2V (2K + VYKt + T), (4.11)

and
C, = 500063C*K*(C + VYKt + 7). (4.12)

Remark. Note that for the derivatives of p and ¢ to be continuous, we must
specifyv that the data satisfy the compatibility conditions.

:—f (0, 4(0), #(0)) + % (0, 4o(0), #(0)) {R:(0, 0, p(0), 45(0))

— %(0, 0, 25(0), 46(0)) 40'(0);} -+ (% (0, 9(0), #(0)) 2'(0) (4.13)
+ {A(0, 0, £4(0), 46(0)) £¢'(0) — Ry(0, 0, 2(0), qo(0))} = O.

where 9'(0) is evaluated through ([.1f) at x = 0, t = 0, and

~

% (0, po(1)) + % (0, po(1)) {Ry(1, 0, po(1), go(1)) — Au(1, O, py(1), ga(1)) po'(1)3

= {A(1, 0, po(1), qo(1)) go'(1) — Ry(L, 0, po(1), g(1)) == 0. (4.14)

5. A Priorr ESTIMATES FOR THE SOLUTION OF THE
ParaBoLIC ParT OF (1.1)

We begin our discussion with Case I of Section | where L and B are, respec-
tively, the linear parabolic operator and linear boundary operator which are given
by (1.2). For this case, we can assume that

S = S(x, t, p(0, 1), (0, 1), 2(x, 1)) (5.1)

which represents a mild generalization of the formulation in (1.1). In addition,
we assume that the function S = S(x, ¢, p, ¢, w) is defined on {(x, t, p, g, w):
(x,1)€Qr, —0 <p < 00, —00 < g <0, —0 <w < o} =0r X R? that
it possesses continuous first partial derivatives with respect to 1, p, and ¢, that it
possesses continuous fourth partial derivatives with respect to x and w, and that S
and its aforementioned derivatives are bounded in absolute value by the positive
constant M. With respect to the data a;; = ay(x, 1), i,] — 1,2, b; = by(x, 1),
i == 1, 2, we assume that they possess four continuous partial derivatives with
respect to x and ¢ in Q0 and that the functions and their derivatives are bounded
in absolute value by M.

From (1.3) and the assumption that ¢(x) is bounded in absolute value by M,
a direct application of the maximum principle for parabolic partial differential
equations [4, 7,9, 11] vields the following estimate.

409'58/3-16
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LemmMma 5.1. For (x, 1) €0y,
| w(x, t)] < (1 + M. (5-2)

It is important to note at this point that the bound C for v can be chosen to be
M(1 + T,) for some fixed T, .

Under the assumption that the initial data ¢(x) possesses fourth order con-
tinuous partial derivatives that are bounded in absolute value by M, and that the
solution = is sufficiently smooth, the Method of Bernstein, which involves only
x derivatives of (1.1f) [7, 9], can be applied directly to demonstrate the following
result.

LeMMa 5.2, For (x, )€ Q7 = {(x,1): %2 + x2 < 72, 0 <t < T}, where v
is a positive number such that Q' C Qr , there exists a positive constant M, which
depends only upon M, T, and v; i.e., M, = M(M, T, v), such that

% (x| <M, i=1,2, (5.3a)
2,
|(7fo @ 8| <My, ij=1,2, (5.3b)
! J
s,
0x; Z:‘ ox,, (% 1) | < My, Lj k=12, (5.3¢)
d'w o
Ty e D | S M RAR=12. (5:34)
i OXj Oy O

From the parabolic equation (1.1f), we can estimate dw/ét in Q7 via (5.3).
Hence we see that the following is valid.

Lemma 5.3. For (x,t) €Oy, there exists a positive constant M, which depends
onlyon My, , M,v, and T, i.e., M, = MM, T, v), such that

(wlet)(x, 1)) < M, (5.4)

It is important to note at this point that the Lipschitz constant V for v = o(t)
can be set equal to M, which is independent of the Lipschitz constant K of the
Junctions p and q which will be determined in Section 6.

By differentiating Eq. (1.1f) with respect to the space variables we can use
(5.3) to estimate all of the mixed partial derivatives of w which involve one
differentiation with respect to ¢, Finally, differentiating Eq. (1.1f) with respect to
t, we see that we can obtain the following estimate for 0%w/d2 in Oy

LemMa 5.4. For (x,t)e€Qy’, there exists a constant M which depends only
upon M, T, v and K, i.e., My = My(M, T, v, K), such that

|(0fer)(x, 1) < M. (5.5)
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It is important also to note at this point that, for this case the Holder constant T
Jor v = o(t) can be set equal to M, and o = 1. Note also that M, s independent
of K which denotes the assumed Hélder constant for p and q and which will also be
determined in Section 6.

Turning now to Case 2 of Section 1, we recall that (1.1f), (1.1g), (1.1h) become

,,

2
— Y a{xt,w) 032 —I—b(x t, w, w,) = S(x, t, p(0, 1), ¢(0, 1))

= ' (x, ) €Oy, (5.60)
2
Y ax 1, w) f)w cos(nm, x) =0, (v t)eSr,  (5.6b)
i,j=1
} w(x, 0) = g(x), xef, (5.6¢)

where we assume that £ is bounded and that it possesses a smooth boundary ¢9.
Let 2,,17 =1, 2, be bounded domains with smooth boundaries such that

QCCOCH, (5.7
and that the distance
d(of2, , 082,) = 1. (5.8)

We split (5.6) into two problems. First let s denote the solution of

=Y oy = SE 490, 0,p0,1),  (v)eR x (0T, (59)

&y, (v 1)€d2, « (0, T],  (5.9b)
on
s(x, 0) = 0, xef,, (5.9¢)

where we can assume with no loss of generality that S vanishes smoothly near
9, . Next we define the function r in Q2 via

re=w—s. (5.10)
Substituting 7 - s into (5.6) and using (5.9), we obtain

cr 2

VEIT—[J:Ia,-,-(x,z‘,r+s)6 8 + bz, t,r + 5,7, +5,)
2 % 2 o2
* iz=:1 ot i§:1 Gl b ) ax; 0%y -0

(x, f)eQr, (5.11a)

x) -0
(\ e Sy, (5.11b)
r(x, 0) = ¢(x), xef. (3.11¢)

2

Y axt, r+s)—cos(n x;) + z a;(x, tr +s

i.i=1 i,j=1
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Setting
&ij(x) t) 7') = ai]'(xv tl r + s)v (5.12&)
2 azs 2
b(x, t,7,7,) = b(x, t,r + 5, rx—}-s)Jrl—Zl o 2 —iJZ:l a;i(x, t, r—|—s)0x o
(5.12b)
2
e, tyr) =Y a;lx, t,7 +5) 58;— cos(n, x;), (5.12¢)
ig=1 i
we obtain the second problem
or 2 o0%r
TR Y dglx, t, r)a +b(r t,r,r;) =0, (%, t)eOr, (5.13a)
i.j=1

2

Y di t, r)aa—:cos(n, %)+ dlx, t,r) =0, (x,0)eSr,  (5.13b)

i.j=1 el
r(x, 0) = ¢(x), xef. (5.13¢)
We recall, for example, from [9, pp. 475-492] that if there exist positive constants
v, iy p;, £ = 0,..., 4, such that

2

i Z dijx, t,r) €65 < Z &2 (5.14a)

Z,fj=1
day(xtyr) o8, | O @
IT T B, 32 or ’ ox, < (5.14b)
2
Bt < w13 22), (5140
i=1
2 &y &y aay o)
Tz B 57) orox, "orot’ ot ' ot <# (5.14d)
ob |2 3521/2( 2 ) 2b ( 2 )
2 2 I 2) |2 [~ <uf1 2}, (5.14¢
(‘8p1 o ) +Lpt) 5| | el + o), 149

%, %d;  0%ay 0%,
or® ’orot’ orox, ’ Ow, ot

—rb(x, 1,7, p) <o Z P+ mr + pa,

(5.14g)

—rih(x, 8, 1) << pgr? + py
for (x,2)e S, (5.14h)
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and if

the function 0d;;/0x, are Holder continuous in the variables x
with exponent B, d/0x, are Hélder continuous in x and 7 with

exponents 8 and B/2, respectively, and b(x, ¢, r, p) is Holder (5.152)
continuous in x with exponent §,

and
the initial datum @(x) satisfies the compatibility condition (5.15b)

3 a0, ¢(x)

?<p (x) cos(n, x;) =0 for x € 002,

ox;

then (5.13) possesses a classical solution r whose partial derivative with respect
to ¢ is Hélder continuous with exponent /2 in Q. Moreover the Hélder
constant of ¢r/ét depends only upon the constants », p, p; , 7 = 0,..., 4, and the
bounds upon the datum ¢(x) and its derivatives. Since the Bernstein estimates of
Lemmas 5.1, 5.2, 5.3, and 5.4 hold for s in 2, x [0, T, it follows from elementary
calculations that if a;;, { = 1, 2, and b satisfy (5.14) and (5.15), then there exist
constants v, &, u;, ¢ = 0,..., 4, which are independent of K such that the func-
tions &, , b, and ¢ satisfy (5.14) and (5.15). Combining the above result with the
results of Lemmas 5.1 to 5.4 when applied to s, we obtain the following result.

LEMMA 5.5 (Quasi-linear Case). For (x, t) € Oy, there exist positive constants
M, and My which are independent of K such that

Jw(x, 1) < M, (5.16a)

[(dw/et)(x, B)| < M, (5.16b)

and there exists a positive constant Mg which depends upon K, but not K, and a
constant o, 0 << « << 1, such that for (x, t), (x, t2) e Oy,

ow ow 5
5 (x, 1) — = (x, 22) | << Mg | D — ¢ [‘ 5.17)

Finally, it is important to note that for the quasi-linear case of (1.1f), the bound C
of v can be chosen to be M, and the Lipschitz constant V of v = () can be selected
as M while the Holder constant V of v = (t) can be selected as My . The choice of
o for v = o(t) is that of Lemma 5.5.

6. CoNTINUITY OF THE MAPPING (2.9) anp ITs
PreservaTION OF FUNCTION SPACES

We begin our considerations with the hyperbolic part of the mapping .#. The
first restriction on the time T occurred when we desired to limit our attention
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to the case of one bounce only off of a lateral boundary. This restriction amounted

to
T < C., (6.1)

From a desire to simplify some of the constants, we restricted T via
T < (3CK)™. (6.2)

Since Lemma 4.1 gurantees a uniform bound on the p and the ¢, we turn our
consideration to the Lipschitz constants for p and ¢. From Lemmas 5.3 and 5.5
we see that I/ can be regarded as a constant independent of K. For preservation
of the Lipschitz class for p and ¢ we must select a2 K such that, for T suitably
restricted,

7C2C, + V + 8C?C,KT < K. (6.3)

We must keep in mind that the value of C, displayed in (4.3) resulted from the
restriction (6.2). We can handle both simultaneously by setting

K=7CC,+V +1 (6.4)
and observing that this substituted into (6.3) leads to the restriction
T < (56C*C,% 4 8C2C,V + 8C2C,) (6.5)
while the substitution of (6.4) into (6.2) leads to the restriction
T < (21C3C, + 3CV 4 3C)* (6.6)

with is automatically satisfied when T is restricted as in (6.5). Consequently
under this restriction for 7', the Lipschitz class of p and ¢ is preserved when
K is chosen as that in (6.4). Turning now to the preservation of the Hélder
classes of the first partial derivatives of p and ¢, we observe from Lemma 5.4
and 5.5 that the preservation of the Holder constant K amounts to the selection
of K so that a suitable restriction of 7 yields

C,KT + Cy, < K, 6.7)
where C; and Cy can be seen to depend only upon C, C,, V, ¥, and 8. Selecting
K=Cs+1 (6.8)

and restricting 7T to satisfy
T <{Cy(Ce + 1)}, (6.9)

we ensure that the Hélder classes of the first partial derivatives of p and ¢ are
preserved under the mapping 4, provided that « is selected from either
Lemma 5.4 or Lemma 5.5 depending upon which parabolic operator is used.
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As the choice of € and V" could be made independently of K, the Lipschitz
class of v = o(t) is preserved under the mapping .#. Following the determination
of K by (6.4) it follows from Lemmas 5.4 and 5.5 that for the choice of I and «
indicated by those results, we see that the Hélder class of do/dt is preserved under
the mapping. Thus the mapping .# takes a compact and convex subset of the
Banach space of continuous functions on [0, T'] with the uniform norm topology
into itself. All that remains to achieve existence is to demonstrate that the
mapping .# is continuous.

We define
i flle = sup |f(z, 7)l (6.10)
0<z<1
[P< 2
and
Holll, = sup |o(r)| . (6.11)
ogrgt

Let (p;,4q;), j = 1,2, denote solutions of the hyperbolic part of (1.1) which
correspond, respectively, to the data v;, j = 1, 2. Using Lemma 3.1 and the
elementary techniques of Section 3, we obtain the estimate

Lemma 6.1. For 0 < 2 <1 and max(0,¢,) < 7 <t - T,

| 20(r; 2, 1) — 2P(r; 2, 1)) < CexpBCKB i py — Py v+ 1 — ¢al4),
[ =1,2, (6.12)

where x5\ corresponds to the ith characteristic determined by (p,.q;), j = 1, 2.

Differencing the formulas involving #{)(z, ) that are obtained by substituting

the (p;, ¢;),7 = 1, 2, into (3.6), we can use the technique of proof of Lemma 3.3
to obtain the following result.

LemMMA 6.2. For0 < 2 < 1 and 0 < min(t}", #{¥) {1 T,

l tl('l)(z) t) - t$2)(z, t)l
< 87(C + 2CK) tC exp{3CKE} + C) tlli pr — po e +1'¢s — g 1) (6.13)

In order now to study the continuous dependence of the p; and g; on z,,
j = 1, 2, we must use Lemmas 6.1 and 6.2 to assist in estimating the differences
of the formulas (2.5a), (2.5b), (2.6), and (2.7) into which we substitute p; , ¢, .
and v; . The estimation is elementary and yields the following estimate.

LemMma 6.3. There exists a constant C, which depends onlv upon C, K, and V'
such that for 0 <t < T,

Loy — pelle Hllgy — @l S Cit{llpr — polle + 1 s — @ !li} + Clioy — 221ty
(6.14)
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and if T is restricted by
T < 2C)™, (6.15)

then
161 — polls + 114 — @21l < 2C |1 03 — w3 l]s . (6.16)

We complete our consideration of the continuity of the mapping .# by
estimating the continuous dependence of @ upon p and ¢ via the maximum
principle and applying (6.16).

Consider the case of the linear parabolic operator and linear boundary operator
of (1.2) coupled with the S given by (5.1). Letting w; correspond to the data
(5, q:) § = 1,2, and setting 4 = w; — w,, we difference the corresponding
equations (1.1f), (1.1g), and (1.1h) and obtain

on oS aS oS
Z a”axl ~""Z ’ax '5;77:'3’?_(1’1'—[’2)‘1’%@1'—%)»

(x,£)eQr, (6.17a)

5 a”-%—cos(n, #) = 0, (x,8)e Sy,  (6.17b)

i,J=1

7(x, 0) = 0, xeQ, (6.17¢)

where the functions 0S/éw, dS/dp, and 0S/éq are evaluated at the usual inter-
mediate points indicated by the mean value theorem. Constructing a function
J(x) which is positive and twice continuously differentiable in £ and which
satisfies

Y a;(@pfox;) cos(n, x) >0  forxedR, (6.18)
4.3=1
it follows from | 65/dw | << M that for
&(x, t) = n(x, t) exp{Mt} (6.19)

we can apply the usual maximum principle argument [4, 7, 9, 11] to show that
for each ¢ > 0,
| (%, 2)] < etf(x) + Cyt (6-20)

provided that
Cy = exp{MT} M{||py — Poll: + | 1 — 421} + €C, (6.21)

where C, is a positive constant which depends on the bounds of ¢ and its first
and second partial derivatives. Taking e = 0 in (6.20) and (6.21) and using (6.19)
to replace £ in (6.20), we obtain from (6.16) the following result.
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LemMma 6.4, For 0 <t < T,
M 204(0, ) — wo(0, Wiy < 2CM exp{MT}t|i v; — v, i, . (6.22)

For the quasi-linear case of the parabolic part of (1.1), a similar argument
yields the following similar result.

LemMMA 6.5 (Quasi-linear Case). For 0 <<t <{ T, there exists a positive
constant C,, which depends only upon M and the data for the operator L such that

1 w1(0, ) — 2wy(0, ") = Cit il Ty — %3 [ - (6~23)

Now, the restriction (6.15) is precisely the one which guarantees that the
hyperbolic part of (1.1) is uniquely solvable for a given . Consequently, under
all of the aforementioned restrictions on 7', the mapping .# is well defined and
the continuity of .# follows from Lemma 6.4 or Lemma 6.5. The Schauder
fixed point theorem guarantees the existence of a fixed point z and thus a solution
of (1.1). This solution is either weak or classical depending upon whether one
wishes to carry all of the data and time restrictions necessary to ensure the
preservation of the Hélder classes under the mapping .#. To obtain uniqueness
we need to make one additional restriction upon the time 7 so that either

2CM exp{MT}T < | (6.24)

or

C,T < 1. (6.25)

With the appropriate one of these restrictions for the parabolic case considered,
the mapping .# becomes a contraction and the fixed point becomes unique.

7. SUMMARY OF RESuULTS

The following statement of results contains the sense of the foregoing analysis
and it avoids a catalog of assumptions upon the data.

THEOREM. If the parabolic part of the nonlinear hyperbolic—parabolic system of
(1.1) possesses a classical solution when Lipschitz continuous p(0, t) and g(0, t) are
substituted into S, then for T sufficiently small, but positive, the nonlinear hyper-
bolic—parabolic system (1.1) possesses a unique weak solution or a unigque classical
solution depending upon whether the hyperbolic part of (1.1) possesses a unique
generalized solution or a unique classical solution when w(0, t) in { is replaced by a
Sunction v = o(t) which possesses a Holder continuous first derivative with respect
to t.
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