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NUMERICAL SOLUTION OF SOBOLEV PARTIAL
DIFFERENTIAL EQUATIONS*

RICHARD E. EWING*

Abstract. Finite difference techniques can be applied to the numerical solution of the initial-
boundary value problem in S for the semilinear Sobolev or pseudo-parabolic equation

"0 0 0 0
Za— “Ab—ul| - g=ru.
igl [axi alﬁxiu') " 6X.'( ,ax‘u)] =

where a;, b;, q and r are functions of space and time variables, ¢ is a boundedly differentiable function
of u, and S is an open, connected domain in R". Under suitable smoothness conditions, the solution of
a Crank—-Nicolson type of difference equation is shown to converge to u in the discrete L>-norm with
an O((Ax)? + (At)?) discretization error.

The numerical problem is reduced to the inversion of a certain matrix at each time level. For the
problem with constant coefficients in a two- or three-dimensional cube, a two-level iteration scheme
with a Picard-type outer iteration and an alternating direction inner iteration is presented. For more
general operators and more general regions in R" for arbitrary n the same two-level scheme with a
successive overrelaxation inner iteration is discussed.

1. Introduction. The purpose of this paper is to consider the numerical
solution of certain partial differential equations with one time derivative appearing
in the highest order terms. Equations of this type arise in many areas of mathe-
matics and physics. They are used to study consolidation of clay [25], heat con-
duction [2], homogeneous fluid flow in fissured material [1], shear in second
order fluids [3], [18] and other physical models. In connection with nonsteady
flow of second order fluids, Ting [26] considers the initial-boundary value problem
for the equation

(1.1) v, =%av . + cv,, 0<x<h, t=0,

with constant coefficients. For a discussion of several physical applications of the
nonlinear problem, see [16].
In a Hilbert space setting, this type of equation is of the form

(1.2) u'(t) + Bu'(t) + Au(t) = 0, t>0,

where A and B are various operators. Yosida used the equation (1.2) with B = A4
in his proof of the generation theorem for semigroups of operators [28]. The
equation (1.2) with B = A has also been used to approximate certain parabolic
equations backward in time [13], [23]. In [24], Showalter and Ting discuss the
initial-boundary value problem of the type (1.2) using Hilbert space techniques.
Davis [6] and Showalter [21], [22] have also considered various mathematical
aspects of equations of this type. Ford [14] has considered some numerical aspects
of this type of problem.
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In this paper we consider linear and semilinear initial-boundary value
problems in S x (0, T] of the form

m( 0 0 0 0
(@) k;{a_)%l:ak(x’ t)a_xkut:l + 5x_k|:bk(x’ t)a;ujl}—qu =ru, + h,

(1.3) (X, ,x,)€S, 0<t=T,
(b) u(x1,~--,xm,0)=f(x1,---,xm), (xl""axm)es,
(©) | ulxy, -y Xmst) =8(xy, s Xps 8), Xy, -+, x,)€08, 0<t=<T,

where S is an open connected subset of R™ and 05 is the boundary of S. We later
describe smoothness assumptions and bounds on u and the coefficients above.
Standard problems of this type have a; > 0, b, > 0 and r > 0. The backward
time problems are given by a; > 0, b; < 0 and r > 0. The results of this paper
hold for both time cases ; however, as we shall see, most of the restrictions on At
can be dropped when b; > 0.

We note that if we limit the number of time levels in the difference equation
approximations to two, the time derivative in the highest order terms necessitates
the use of implicit numerical schemes. Thus due to the increased rate of con-
vergence over standard implicit schemes, we use the m-dimensional analogue of
the Crank—Nicolson difference equation [5] to replace the differential problem.

In §2 we establish some special notation and present basic assumptions
needed throughout the paper. In § 3 we derive eigenvalue estimates for the prob-
lems to be studied in §§ 4 and 5 for fairly general domains and use these to obtain
stability. Using the stability analysis and eigenvalue estimates, we derive con-
vergence of the Crank—Nicolson difference schemes for the linear problems of
type (1.3) in §4 and for semilinear problems in § 5. Finally in § 6, we discuss the
algebraic problems for the Crank—Nicolson schemes of the previous sections. We
reduce the problem of convergence to the inversion of a matrix at each time
level. In order to treat the nonlinear difference equations of § 5, we present a pair
of two-level iteration schemes. The first method, using an alternating direction
inner iteration, applies to equations in a rectangular box with constant co-
efficients for m = 2 or m = 3 and requires calculations of the order

(1.4) O((Ax)"™log (Ax)~ 1)

at each step. The second method, using a successive overrelaxation inner iteration,
applies to more general equations in more general regions for arbitrary m and
require calculations of the order

(1.5) O((Ax)= "+ 1)
at each step.

2. Preliminaries and notation. We shall require some special notation and
assumptions. Let I,,l,,---, [, be a basis of unit coordinate vectors in R™. To
set up a finite difference equation, we fix a point (0,0, ---, 0) and construct a
rectangular lattice whose nodes are x = (x,, x,, - - -, X,,) such that

(2'1) xk=pkAxk$ k= 1’27”'7m,
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where p, = 0, +1, +2, ---, and for each k, Ax, is the mesh size in the direction
I,. We define the average mesh size by

1 m
22) Ax=—Y Ax,.

me=1

Two nodes with coordinates p,Ax, and pjAx, are adjacent if Y*_ (p, — pi)* = 1.
The set of nodes in S such that all adjacent nodes belong to S U 85 is the interior
of S denoted S,. All other nodes in S U S belong to the boundary of S U dS
denoted 0S,. We assume S is connected. Also we must make the somewhat
stringent assumption that 0S, < 0S.

We consider the vector

(2.3) o= (p1,P2s """ s Pm)

and use the notation for any function f,

(243) fa = f(plel s Pzsz, ) pmAxm)’
(2.4b) Jam = F(01AX 1, PrAX,, -+, PplAX, t,),

fa+(1/znk,n = f(p1Bxy, -+, pro1AXy, (py + %)AXMPH AXiqs e,
(2.4¢)

PulXp, L)

and similarly for f,_ 2y, -

We shall not assume that At equals Ax,; however, when we consider S as
a cube we assume Ax; = Ax, = --- = Ax,. The standard Landau order notation
will be used. If f is a function of several variables,

(2.5) fect
implies that all partial derivatives of f of order not greater than f are continuous.

Now we present a list of basic difference formulas we shall use. The proofs
of these formulas follow from Taylor’s theorem.

0 0
(a—ﬁ[(ak)nﬂ/za“nﬁ,])a

(2.6a) = [(ak)a+(1/2)lk,n+ 1/2(fa+zk,n - fan)
= (@a=2p00m+ 1/2(fon — f;z—lk,n)]/(Axk)z + O((Ax)?),
a,eC®, f[feC*,

(2.6b) Jans12 = Jumrr + La)/2 + 0((A1)?), fecC.

We shall use standard difference notations [9, pp. 2-4] as well as the notation

@7 Bl oA S e = 3 (Aol(@ds 1280 o))
k=1
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We now make some smoothness assumptions and define some bounds for
our problem. For the problem under consideration, we assume:

(i) there exists a unique solution ue C® in §, the closure of S,

(ii) a, and b, are three times boundedly differentiable in the kth space
variable and in ¢, and ¢ and r are boundedly differentiable in all space
variables and in ¢,

(iii) the coefficients satisfy the bounds,

(@ 0 <A, Salx,t) S A*fork =1,2,---, m,

(b) 0 < R, £ r(x,t) < R¥,

(c) B, S blx,t) <= B*fork=1,2,---,m,

(d) Q4 = g(x, 1) = 0%,

where B, and Q, may be negative and B* and Q* are nonnegative.

2.8)

3. Stability from eigenvalue estimates. We first consider eigenvalue estimates
for a difference equation used to solve differential equations of the type (1.3) where
S is a cube, a; = ayfxy, -+, X, 0), b= bxy, -, x,,t) for k=1,2--- m,
q=q(xy, , X, t) and r =r(x,, -+, x,,,t). We shall generalize S later. We
make the assumptions described in (2.8).

Using the notation of (2.7), consider the Crank—Nicolson difference equation

(Ax[an+l/2Aan+1])a — (Ax[an+1/2Aan])a n (Ax[bn+l/2Aan+1])a
At 2
(313) + (Ax[bn+1/2Aan:|)a _ qa,n+1/2(wa,n+1 + Waz,n) — ra,n+1/2(wa,n+l - wa,n)
2 2 At ’
(xla T, xm)esh,
(3.1b) Wao = Uy o, (X, -y X ESy,
(310) Wan+1 = ua,n+19 (xl’ axm)eaSh'

Rearranging (3.1a), we have

Ton+12Wan+1 — (Ax[an+1/2Aan+1])a N Qan+12Wan+1 — (Ax[bn+l/2Aan+1])a
At 2

_ Fan+ 1/2Wa,n - (Ax[an+ 1/2Aan:|)oc _ Qon+ l/ZWa,n - (Ax[bn+ 1/2Aan])a
- At 2 ‘

(3.2)

Trying separation of variables, we consider a solution of the form

(3.3) Wan = Pl

By direct substitution we see that

Pn+1 — [ra,n+ 1/2'/101 - (Ax[an+ I/ZAxlp])a]/At - ]:qa,n+ 1/2'101 - (Ax[bn+ 1/2Axl!,])<x]/2
(34) pn [ra,n+ 1/Zl//a - (Ax[an+ l/ZAxlp])a]/At + [qa,n+ 1/2‘//a - (Ax[bn+ 1/2Axw])a]/2

= V.
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Then for each n we have the eigenvalue problem

(3.52) A" = Azt((lT D7, (X1, X)) €S,
(3.5b) o™ =0, (X, -+, X EODS,,
where

(3.6a) (A ™)y = (dn+ 120" — (Albys 1280,

(3.6b) (Bup™)y = (rus 120", = (Ailan s 128.6™]),

We can see [27] that the matrices A, and B, are symmetric.
If N is the number of nodes in S,, we define the inner product on R,

N
(3.7) (x,y) = (AX)" ) X,

and the induced norm

1/2

N
(3.8) Ixll2 = ((AX)'" Y x

This norm is the discrete analogue of the integral L?-norm and will be called the
discrete L2-norm. By direct calculation and as in [8, p. 515] we see that

(Buysy) = (Fys 1205 Y) — (Alan 4 128,51, y)

(3.9) m

= (Fhs12Y,)) z ((ay) n+1/25xky 5xky)
where
(310) xky (ya+lk - ya)/Ax'

Thus, due to (2.8) (iii) (a, b), we see that the matrix B, is positive definite over the
real vector space R. Since B, is symmetric and positive definite, we can define a
new inner product on R for each n by

(3.11) (x, y)p, = (B,x, ),
with the corresponding norm given by
(3.12) I, = (B,x, x)'/2.

It is shown in [4, pp. 37-41] that there exists a complete set of eigenvectors
of (3.5) for each n = 1,2, ---, which are orthogonal with respect to the inner
product (3.11). We can now use a variational attack based on the Courant mini-
max principle [4] to obtain upper and lower bounds on the eigenvalues of (3.5).
We shall state the following theorem when B, and Q, are negative. Similar but
less restrictive theorems hold for other signs of B, and Q,,.

THEOREM 3.1. Let A" be the least eigenvalue of the eigenvalue problem (3.5)
for a fixed n and AS) the greatest eigenvalue. We have the following bounds which
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are uniform in n.
If 1040 Z (R,IB,I/A,), 27" = Q,/R,.
If 10, < (R,IB,l/A,), A" = B,/A,.
If Q* z R,|B*|/A,, Y < Q*R,.
If Q* <R,|B*/4,, ) < B*/A,.
Proof. First we note that as in (3.9),

(3.13)

B14) (4.0 = G, + T (rriabud 00,
and
1) B )= (a8 3 (@ aad )

Therefore for ¢ # 0, we see that (4,9, ¢)/(B,p, ¢) is bounded below by

(3.15) 0,lé13 + B, kfl Il5xk¢||§)/(R*II¢II§ + A, il I|5xk¢||§)
= k=

since Q, and B, are both negative. We note here that since the bounds (2.8) hold
for all ¢, the bound (3.15) holds for all n. Thus we can obtain uniform bounds on
the eigenvalues by considering the eigenvalue problem

(3.16a) 0.¢ — B, fj Ao = u(R*qb — A, i Ai;ﬁ),
k=1 k=1

(3.16b) ¢ =0 if(x,,- -, x,)€DS,.
Therefore, by the Courant minimax principle and a special case of the minimax
theorem [17, p. 181], we know that

(3.17) APz m1n u"’,

i=1,

where u® are the eigenvalues of (3.16). Consxder the following rearrangement of
(3.16a):

] 3 A2 b = ER_Q_Qi) ]
(3.18) k; ) (#A* ~B, ¢

Since we are working on a cube, Ax, = Ax for k = 1,2, ---, m, we can let the p, _
range from 1 to some M fork = 1,2, --- , m.
Standard arguments [9], [11] yield

n'pkAx _{uR, — Q,
19 P (uA* = B*)'

Solving for p, we obtain

|1

(3.20) u .
R, + A,(4/(Ax)) 2 sin? (np,Ax/2)

k=1

0, + B*(4/(Ax i sin (npkAx/2)]
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Next we note that if we consider the function

(21) 109 =

then f'(x) = 0 if

(3.22) (R B, — A,0,) 2 0.
Since B, < 0 and Q,, < 0, this amounts to

(3.23) 104l 2 (Ry|B,l/A,).

If (3.23) is satisfied, then f(x) is either increasing or a constant function of x which
is nonnegative as chosen. We note that no use is made of the size of the eigenvalues
and thus there is no restriction on the size of the cube S. We now see that

(3.24) min u® = f(0) = Q,/R,.

i=1,2,,N

If (3.23) does not hold, then f(x) is a strictly decreasing function of x and we have

(3.25) min 402 lim f(x) = B,/A,.
Thus by (3.17), we see that for all n,

(3.26a) if 10, = (R,IB,|/A4,), theni{ = Q,/R,,
and

(3.26b) if 0, < (R,B,l/A,), then A’ 2 B,/A,.

The upper bounds in (3.13) follow similarly and the theorem is proved. We remark
that if A, could be zero, we would have the standard parabolic equation and we
could not obtain the upper bounds on A{).

We note there are various cases for different signs and magnitudes of B, and
Q.- The above theorem is the worst case, whereas the least restrictive case is when
B, > 0 and Q, > 0. Clearly, only the lower bounds on the eigenvalues will be
affected. Instead of the bound (3.15), for the new choice of B, and Q,,, we see that
(4,9, §)/(Byd, ¢) is bounded below by

620 (0.0l + B, ¥ na,,kqsu%)/ (R*II¢II§ A5 10,913

The analysis follows as before and we obtain the following result.
CoroLLARY 3.2. If B, > 0 and Q, > 0, the uniform lower bounds on the
eigenvalues of (3.5) are replaced by

(3.28a) if Q, = R*B,/A*, then A =2 Q,/R* >0,
and
(3.28b) if Q, < R*B,/A*, then A’ = B,/A* > 0.

Now we consider a generalization of the region S. Instead of a cube, we
assume S to be as described in § 2. Let Q be the least cube containing the lattice
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nodes in S and on 8S, and 0Q be its boundary. It is well known [20, p. 204] that
any matrix corresponding to the operators

Q* - B* Z AJZCk’ Q* - B* Z Aik’ R* — A4* Z Alzck’
k=1 k=1 k=1
(3.29)
and R, — A, Y A2
k=1

as applied to any lattice region, regardless of the ordering of the points, is sym-
metric. Similarly, by direct substitution as in (3.9) we can see that the matrices
corresponding to

(3.30) Q*—B* Y A2 and Q,— B, Y A%
k=1 k=1

are positive definite regardless of the ordering of the points. Thus we can order
the points in S, first and then order the other points in Q. The resulting matrices
for the eigenvalue problem (3.16) will still be positive definite and symmetric as
required. We can then obtain bounds for the eigenvalues in Q as outlined above.
Then applying a theorem concerning domination of eigenvalues [20, p. 164]
successively on the lattice nodes in Q but not in S, we shall retain the same uniform
bounds on the eigenvalues for S as for Q.

We shall next define the stability of (3.1) with respect to the sequence of
norms given in (3.12). First we note that (3.2) is actually of the form

(331) (Cn)awa,n+ 1 = (Dn)awa,n 3

where

(3.32a) (C,), = Tan+1/2 — (AAannH/zAx'])a n Qan+1/2 — (A;[bw 1/2Ax’])a

and

_ raz,n+ 172 — (Ax[an+ 1/2Ax : ])a _ qa,n+ 1/2 — (Ax[bn+ 1/2Ax : ])a
(3.32b) (D,), = Ar 5

and C, can be shown to be invertible with certain restrictions on At. As in [9,
p. 42], equation (3.1) will be defined to be stable with respect to the sequence of
norms given in (3.12) provided

(333) ”C;anHné(l +?At), n =O71a"'7

for all sufficiently small At, where y is a positive constant independent of At
and n.

It is well known that for the eigenvalue problem for (3.31) with eigenvalues
given by (3.4), since

(3.34) ICy'D,ll, < max |y,
i=1,2,,N

where N is the number of nodes in S,, then (3.33) will be satisfied with y inde-
pendent of At and n if we can get uniform, in n, estimates of the form
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(3.35) max ™| <1 + yAr
i=1, N
for all sufficiently small At. Theorem 3.1 yields the estimate
2(1 —v)
— <—=
(3.36) A, £ A ) =2
where v is given by (3.4) and
(3.37a) Ay = |B,l/A, i1Q,] < (R,IB,l/A,),
(3.37b) Ay = Q. /R, if[Q,] = (R,IB,|/A4,),
(3.37¢) A, = B¥/A, if Q* <(R,B*/A,),
(3.37d) A, = Q*/R, if Q* =2 (R,B*/A,),

when B, < 0 and Q, < 0. We first consider the properties of (I — v)/(1 + v).
From properties of (1 — v)/(1 + v), as in Part II of [12], one can easily see
that for

(3.38) At < 2(1 — g)/A,
for some ¢ > 0, where A is given in (3.37), we have
(3.39) —1<v=1+yAt

where y is independent of At and n. Also, we see that for the least restrictive case,
where B, > 0 and Q, > 0, from Corollary 3.2, we have A; > 0 as a lower bound
for (3.36). The resulting restriction on v from (3.36) is just

(3.40) M <1

for any choice of At > 0. Therefore, with the restriction (3.38) for the worst case,
when B, < 0 and Q, < 0, and no restriction for the best case, (3.39) and (3.40)
show (3.35) and thus (3.33) is satisfied. Thus (3.31) is stable with respect to the
sequence of norms given in (3.12).

4. Convergence for linear equations. Consider the linear initial-boundary
value problem

i [i(akiu,) + —?—(bkiu)] —qu — h =ru,
(4.1a) k=11.0%\ T 0x, 0%\ 0%, (xy, -, x)eS, 0<t<T,
(4.1b) WXy, oy X, 0) = fxq, -+, X,), (Xy, -, x)ES,
(4.1¢) WXy, oy X t) = 8(Xq, o) Xps B), (X, ,x,)edS, 0<t=<T,
with
A= @(Xg, s Xps )y b= by(xy, -+, X, b),
q=q(xy, -, Xpst)y F=r(Xy, 0, X t)

satisfying (2.8) and S as defined in § 2. Assume u satisfies (2.8). We now shall use
the results of § 3 to prove L? convergence of the solution of the Crank—Nicolson
difference equation (3.2) to the solution u of (4.1).
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Using (2.6), (2.7) and (2.8) we see that
(Ada, 180,411, — (Ala, . 128)), i (Ai[by 4 12Au)),
At 2
(42) + (A[bn + l/ZAxUn+ 1])a 1
2

- 7qa,n+1/2(ua,n+l + ua,n) - ha,n+1/2

_ ra,n+1/2(ua.n+1 - ua,n) g
At o

where o, , is O((Ax)* + (At)?). Then we let w be a solution to the Crank—Nicolson
difference equation (3.1). Due to (4.2), (3.1) as defined is consistent.

Let
(4.3) Zan = Uz = W
By subtracting (3.1) from (4.2), we have the linear difference system
(4.4a) (Cozus1)a = (Dy2,)y + Oy X4 € Sy,
(4.4b) Zgo =0, X, €Sy,
(4.4¢c) Zgn+1 =0, X, €0S,,

where C, and D, are given by (3.22).
Stability has been proved in § 3. From (3.9), it is easily seen that

(4.5) Ixl, < RV xll,

for all n. The existence of a constant § such that
(4.6) Ix1as1 = (1 + BAD)x],

for all At < T follows from the smoothness of a,, 1 £ k < mand r.
Finally, due to the analysis of Douglas [9, pp. 41-44], all we need to do to
prove the convergence of our approximation in | - ||, is to show that

(4.7) An~HC, o, = O((AL)

for some s > 0. First we must show that C, is actually invertible. If not, there
exists a ¢ € RY, ¢ # 0, such that C,¢ = 0. Then from (3.6) and (3.32) we see that

(4.8) A, = —(2/A)B,¢

and —2/At is an eigenvalue of (4.8) contradicting the restriction (3.38).

Now as in [14] we would like to consider a lemma which gives us a formula
for ||A]|, where A is any N x N matrix. First note that the spectral radius of 4,
p(A), is just p(A) = max, |4;] where A, are the eigenvalues of 4.

LEMMA 4.1. Let A and B be N x N matrices with B symmetric and positive
definite. Define the norm ||x|z = (Bx, x)"/* where (-,-) is the discrete L? inner
product from (3.7). It follows that

(4.9) Al = (p(B~'ATBA)'2,

where AT is the transpose of A.
We shall now use Lemma 4.1 to estimate ||C, 'q,[/2. By definition

4.10) IC, to,l2 = (B,C; 'a,,C; ta,).
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Since B,C,! is not necessarily symmetric, it would be hard to determine
|B,C, |l,. However, since C, is symmetric, C, ! is symmetric,
-1 2 -1 -1
(4.11) ICy "ol = (C, "B,C, "0y, 0,),

and C, 'B,C, ! is seen to be symmetric. Therefore, since the spectral radius of a
matrix is a lower bound for any norm of the matrix [19, p. 13], we have that

”Cn—IBnC;1”2 = p(cn_anCn_ 1)
(4.12) < IC,;'B,C M
S IC BILIC M-

Using separation of variables to estimate ||C, !B, |, since C, = B,/At + A,/2, we
see that

(4.13) B, = AC,¢ = A(B,/At + A,/2)p.
Rearranging, we arrive at the eigenvalue problem

2 A
-1 - — .
l( At)B"¢

Theorem 3.1 gives the inequality from (3.36)

(4.14) A =

2 2
4. A, £-—-—£Z%
or
(4.16) 0< : <1< !
' 1At + A2 = 7 = 1/At — A,)2

for the case where B, < 0 and Q, < 0. Choosing At to satisfy (3.38) we see that

4.17) 0<1= %

and 1 = O(At). Thus we see that

(4.18) ICy ' Bull, = O(AD).

Then by Lemma 4.1, since C, ! is symmetric,

(4.19) IC e = p(B, 'C;'B,C ) < B HLIC, 'B,ILIC, .
or

(4.20) I1C Hn < I1C ' Byllll By -

Lemma 4.1 also implies that

(4.21) 1By Hlw = p(By ) = 1B, "2

Note that

(Bx,x) _ (ray1pX,%) + D1 @y 1/20,,%,8,,%)
(x,x) (x,x)

4.22) >R,
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for x # 0. Then by the minimax principle [17, p. 181], the minimum eigenvalue
of B, is bounded below by R, . Thus since the eigenvalues of B, ! are reciprocals
of those of B,, we have the result

4.23) IB, ", < R .
Thus combining (4.12), (4.18), (4.20) and (4.23) we have
IC, ' B,.Cy Iz £ 1C, ' BIIRIBL
= 0((At)?).
Finally, we see that by the Schwarz inequality, (4.2), and (4.24),
IC; el = (C,'B,C, "o, 0,)

(4.24)

(4.25) < IC'B,C s la,l3
< L(AD*(AX)? + (A1)?)2.
Thus,
1
(4.26) EIICJ 'o,l, = O((Ax)* + (At)%).

From (4.26), the analysis of Douglas [9, pp. 41-44] shows that
(4.27) Izll, = O(AX)* + (At)?),

and we have convergence in the || - ||, of order O((Ax)? + (At)?). We summarize
this result in the following theorem.

THEOREM 4.2. If B, < 0 and Q, < 0, under the restrictions on u, ay, by, h,
q and r indicated in (2.8), and with the restriction on At in (3.38), then the solution
of (3.1) converges to the solution of (4.1) in | -|,. The rate of convergence is
O((Ax)* + (Ar)?).

CoroLLARY 4.3. If B, >0 and Q, > 0 the above result holds with no re-
striction on At > 0.

Similar results hold for other choices of B, and Q,.

We have shown convergence in the discrete L2-norm. If multilinear inter-
polation is applied to the solution, the error in the integral L2-norm,

T 1/2
(4.28) lull,. = (J f u? dt dx)
svo

is also O((Ax)? + (At)?) (see [7]).

5. Convergence for semilinear equations. Consider the semilinear initial-
boundary value problem given by (4.1) with qu replaced by g, where

q= q(xla ) xm’u9t)‘
For this case we need the added assumption that g is boundedly differentiable with
respect to u for all (x,, -, x,,,t)in S x (0, T], —o0 < u < oo. We thus assume

there are Q, and Q* satisfying
(5.1) 0, < 0q/0u < Q*.
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As before, we shall have a consistent approximation if we define the Crank—
Nicolson difference approximation to be

(Ax[an+ 1/2Aan+ IJ)a - (Ax[an+ 1/2Aan])a + (Ax[bn+ 1/2Aan+ 1])0:

At 2
Ax bn Aan o Wo,n + Wa,n
(523) + ( [ Tz ]) —4q xaa—L‘_"n tn+ 1/2
2 2
- ra,n+1/2[wa,n+l - wa,n] xaeS,,,
At ’

(52b) Wa,O = fav xa € Sh7
(520) wa,n+1 = ga,n+1’ xaeash'

After a standard linearization using the mean value theorem, we see that the
error equation for the semilinear case is of the same form as that studied in § 4.
Just as before, we obtain the following theorem.

THEOREM 5.1. If B, < 0 and Q, < 0, under the restrictions on u, a, by, h,
q and r indicated in (2.8), the added restriction that q has a bounded derivative with
respect to u for (x;,-+, X, ) €S x (0, T] and — o0 < u < o0, and the restriction
on At in (3.38), then the solution of the Crank—Nicolson difference approximation
(5.2) converges to the solution u of (4.1), as modified, in the discrete L*-norm with
discretization error of the form O((Ax)?* + (At)?).

COROLLARY 5.2. If B, > 0 and Q, > 0, the above result holds with no re-
striction on At > 0.

Similar results hold for other choices of B, and Q*. Also, as in the previous
section, the above results can be extended to convergence in the integral L*-
norm (4.28) by multilinear interpolation [7].

6. Algebraic problem. Our original problem was to find a numerical approxi-
mation v of the solution u to a problem like (4.1). We must now solve the algebraic
problem by showing how to determine a numerical approximation v, of the
solution w, of (5.2).

The method of solving the algebraic problem for (5.2) will be to reduce the
problem to the inversion of a certain matrix at each time level. Thus we will fix
a At and consider a separate problem at each time level. If B, < 0 and 0, < 0,
we have an eigenvalue problem which will force restrictions on the fixed At to be
described later.

In order to treat the nonlinear algebraic problem we shall use a two-level
iteration scheme. We present two schemes. The first utilizes a Picard-type outer
iteration with an alternating direction inner iteration, while the second replaces
the inner iteration by an overrelaxation scheme. The first converges more rapidly,
but applies to less general problems [27]. See part I1 of [12] for a more detailed
account of this section.

First, let m = 3, let S be a cube in R® and consider the Crank—Nicolson
difference system (5.2) where a, = a and b, = b for k = 1,2, 3 with a and b con-
stants. For each fixed n, we consider w,,, = w a variable. Then for each fixed
time level, we have the problem
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(6.1a) Ayw, = Q(x,, w,), (x1,%,,Xx3)€S,, t=1t,11,
(61b) We = 8an+1> (xlfx2’x3)€ash’
where
21y 4 12W)e + 288G, 4 1/5(x,, W,)
02 =
(622) 0, ) R + dy,
2a - bAt 2(7‘ +1/2W )
6.2b =f——]A S LS
(6.20) da (Za + bAt) Mer T 24 + bAL

and A, is the 3-dimensional discrete Laplacian. Clearly d is independent of
w = w,,,. We need upper and lower bounds for Q/ow. Using (2.8) and (5.1) we
obtain

2R, +20,At _0Q _ 2R* + 20*At

2w T bAr “ow S 2aibA D

(6.3) p

We thus consider solving the nonlinear algebraic equations (6.1) with the con-
dition (6.3).

The problem (6.1)+6.3) is now exactly in the form of the problem discussed
by Douglas in [10] and in [11, pp. 59-60]. The outer iteration for the two-level
scheme is a Picard-type iteration [10], [11]. The inner, alternating direction,
iteration and the parameter sequence needed to use it are given in [11]. The
following theorem follows directly from the argument of [10].

THEOREM 6.1. Given p from (6.3), if p > — 3n? (the negative of the least eigen-
value of the Laplace differential operator on S, the unit cube), the solution of the
iteration process defined in [10], [11] converges to the solution of (6.1). The number
of calculations required to reduce the error in the solution by a factor of ¢ is

6.4) O((Ax)~ 3 log (Ax)™ ).

Now we want to consider the algebraic problem for more general operators
from (4.1) as modified in § 5. Replacing the inner iteration by a successive over-
relaxation scheme, we are able to treat these more general operators. From (5.2)
we consider, for S a cube in R™,

(Ax[arH- I/ZAan+ 1])0: + (Ax[bn+ 1/2Aan+ 1])a
At 2

(6.5)
(s 1/2Wn+ 1) Went1 T Wy
= L/Xt"—_a+ as o 2 an?tn+1/2 + C(xa’wa,n’tn-fl/z)’
where C is independent of w,, ,. For each n, as above, we let w,,, = w and con-
sider a separate problem. Fix n and consider

(6.6a) {[(A" CAS ZA"])/At2+ (Bsbys ZA"])]w} = Q(X,, W,), X, €S,
(6.6b) W, = gupi1> X, € 08,
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where
(67'&) Q(xaa wa) = (rn+ 1/2W)a/At + qn+ l/2(xa’ Wa) + Ca,n+ 1>
A A A
(67b) Ca,n+1 = { [Ax[angs/z X] _ x[bn;1/2 X]] Wn} - (rn+ 1/2Wn)a.

Clearly C is independent of w = w,, ;. Thus from (2.8) and (5.1) we see that

R, aQ R 5% — p

IH

(6.8) p

As before we consider a two-level iteration. The outer iteration is as before,
while the inner iteration is a successive overrelaxation iteration [15], [27], [29].
The outer iteration is actually of the form

{[A [an+1/2Ax] x[bn+ 1/2Ax} _ A]W“H-l)}

(6.92) At 2
= Q(xau Wgzk)) - sz(zk) + o-fzk)a X, € Sh’
(6.9b) wktD = ¢ | X, € 08},

where ¢® is the residual at the end of the inner iteration. As in [10] it is not neces-
sary that the linear equations be solved exactly.
Consider the convergence of w® to w. Let

(6.10) zZH = wlktD — Wk, k=1,2,---

Using (6.10) and the mean value theorem,

Aday+1)2A,] + Adbus 1284 A |z®
At 2 *

_99
Cow

(6.11b) 20 =0, x, €05,

(6.11a)

“Z(x,, wEZETD gD 4 gl gD X, €Sy,

Separating variables, we have the eigenvalue problem

(6.12a) E¢ = vFo, Xy € Shs
(6.12b) ¢ =0, X, € 08y,
where

(6.13a) (EQ), = (‘;—?V(xa,wm) ~ b,

o

A
6.13b) (Fo). = {[Ax[ang ;/2Ax] N Ax[bn; 128, A:ld)} .

Clearly E and F are symmetric matrices. We can define a consistent ordering and
obtain an N x N matrix representation for F which is diagonally dominant
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[30], [32] and positive definite by restricting
(6.14) At < 24,/|B,|

if B, < 0. No such restriction is necessary if B, = 0.

Thus from [4, pp. 37-41], we know that (6.12) has a complete set of eigen-
vectors which are orthogonal with respect to the inner product (F¢, ¢) asin (3.11),
and we can apply the Courant minimax principle as before. As in part II of [12]
we can get bounds on the eigenvalues of (6.12) by considering the eigenvalue
problem

At
(6.15b) ¢ =0, x, € S,

(6.15a) IQ — Alp = l{[ﬁ + %] Zm: Aikqﬁ — A¢}, X, € Sh,
k=1

As in § 3, by rearranging the above eigenvalue problem and applying the
Courant minimax principle and a special case of the minimax theorem [17,
p. 181], we have for a cube

10 — A
([A,/At + B,/2)(m — d)n* + A)’

(6.16) max Y| <
i=1,.., N

where |Q — A] is given by

(6.17) 10 — A = max {|Q, — 4],10* — Al}.
Thus from (6.11), (6.12) and (6.16), we see that

10 — A

(k) -
12%0 = A B — o = )7 2
(6.18) o B
+ ([A—’; + 7*](m - )n? + A) (e®ly + 6% Vlly).
Thus letting
(6.19) p = 0 — 4]

([4,/At + B,/2](m — d)n* + A)
and requiring sufficient iterations on the inner iteration so that

[A,/At + B,/2)(m — 1)n?

6.20 oW, < k1
(620) la®, e :
we see that
(6.21) 12915 < pllz* P, + p.
For convergence, it is necessary that

— A B
6.22 — Al < | =2 + 2 |mn? .
(6.22) 10 — Al [At+2]mﬂ + 4
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One sufficient condition is that

(6.23) p=—— + 0, > (~ + ——)mn

Since R, > 0, this restriction can be met by taking At sufficiently small. We
note that (6.23) will hold with no restriction on At if , = 0 and B, = 0.

Now consider the inner, SOR iteration. Each inner iteration consists of
approximating the solution of an elliptic difference equation of the form (6.9) by
an SOR method. After defining a consistent ordering, as in [30, p. 108], we can
obtain a system of N linear equations in N unknowns where fori,j =1,2,--- | N
we have a system of the form

(6.24) Z a; v +d; = 0.

As before, we see that C = (g, ]) is positive definite under the restriction
(6.25) At < 24,/|B,|

with B, < 0 and with no restriction on At if B, = 0.

Now we define the following iterative scheme for the elements of C. Using
square brackets to distinguish an index of the inner iteration from the outer
iteration we have

©20 =0l S ha e T bl el - -
=i+1
k=20, i=1,2,---,N,

where 0! is arbitrary,i = 1,2, ---, N, and where

(6.27) by, = { ()—’a,.,j/ai,,., i :

and

(6.28) ¢ = —dja;;, i=1,2,---,N.
Equation (6.26) may be written in the form

(6.29) o = L] k2o,
where o = (W, o, ... WY f = (f1, £, -+, fy), f is fixed, and L, denotes a

linear operator. Here w denotes the relaxation factor. Young [32] defines an
optimal relaxation factor, w,, in terms of the spectral norm ji of B = (b, ;) from
(6.27). As shown in [32], it is better to overestimate w,. By restricting At as in
(6.25) if necessary, we can obtain, as in [31], a rigorous upper bound for g and
thus a nontrivial upper bound w, for w,. With this upper bound w, as a re-
laxation factor, the rate of convergence R(L,, ) will be of the same order as R(L,,).

As in [30], [32], we see that the number of cycles of SOR iteration sweeps
required for each outer iteration is O((Ax)™!). Thus since the number of cal-
culations per sweep is O((Ax)~™), we have the following result.
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THEOREM 6.2. By restricting At to satisfy (6.23) and (6.25) when B, < 0 and
0, < 0 and if (6.20) is satisfied, then the solution of the iteration process defined
by (6.9) and (6.26)—(6.28) converges to the solution of (6.6). The number of cal-
culations required to reduce the error in the solution by a factor of ¢ is

(6.30) O((Ax)~m* 1),
COROLLARY 6.3. The above result holds with no restriction on At if B, > 0
and Q, > 0.

Similar results hold for other choices of B, and Q,.. We note that since the
SOR iteration procedure does not require a rectangular region as does the
alternating direction method, the region could be generalized to the arbitrary
region described in § 2 as in [30].
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