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THE APPROXIMATION OF CERTAIN PARABOLIC EQUATIONS
BACKWARD IN TIME BY SOBOLEV EQUATIONS*

RICHARD E. EWINGt

Abstract. For any nonnegative, self-adjoint operator 4, which does not depend on time, the
backward solution to the parabolic equation, u'(t) = — Au(t), t = 0, in a cylinder can be approximated
by the solution to the Sobolev equation, u'(t) = —(I + BA)~ ' Au(t). The solution to the backward
Sobolev equation can be more readily computed than the solution to the adjoint of the parabolic
equation. In a Hilbert space setting, if the norm of the solution is assumed to be bounded by a positive
constant E at the base ¢t = 0 of the cylinder and the data error at t = T'is less than a prescribed ¢ > 0,
then the norm of the difference in the solutions is O([ —log (¢/E)]~*). This logarithmic continuity is
essentially the best that can be obtained for this approximation.

The above result can be generalized to operators A which are sectorial with semiangle n/4 and
such that — A generates a contraction semigroup of operators. Simple numerical results for the heat
equation in a rectangle illustrate the approximation results.

1. Introduction. Consider the region of the plane given by 0 < x < m and
0 < ¢ £ 1. Suppose the solution u(x, t) to the heat equation, u,, = u,, in the above
region is known approximately for all x when ¢t = 1. The object of this paper is to
discuss in a Hilbert space setting the numerical approximation and continuous
dependence on data of solutions for t < 1 to a fairly general class of equations
containing the heat equation.

The problem

(1.1a) U, = U, for0<x<mn, O0<t<l,
(1.1b) 0=u0,t) =u(m,t) for0<t<l,
(1.1c) u(x, 1) = y(x) for0 < x <=,

is unstable and not well-posed in the sense of Hadamard [10]. However, continuous
dependence of the solution on the data can often be brought about by the additional
requirement of a prescribed global bound upon the class of solutions considered
[11]. Therefore, we add the restriction

(1.2) u(x,0)| < E for0 < x < m,

where E is some known positive constant.

Since the heat operator cannot be time-inverted to obtain a well-posed
problem (irreversibility), we would like to find an operator ‘“‘near’ the heat
operator in some sense for which the backward problem is well-posed. We then
compare the solution of the backward problem for the perturbed operator with
the desired solution of the original problem (1.1)+1.2).

Many people have considered this type of problem. Among these are Cannon,
Douglas, John, Lattés and Lions, Lavrentiev, Miller, Payne, Pucci, Showalter,
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Buzbee and Carasso, and others [2], [3], [4],[5], [6], [7], [11],[13],[14],[15], [16],
(17], (18], [19], [20], [22].
We now consider the differential equation on a Hilbert space,

(1.3) u'(t) = —Au(t), t=0,

where A is a self-adjoint operator that is not dependent on ¢t and is nonnegative,
which means the numerical range of A4 is contained in the right half of the complex
plane. The method of quasi-réversibilité introduced by Lattés and Lions [13)]
replaces 4 in (1.3) by a function of the operator, f(4) = A — 6A%, with spectrum
bounded above and then solves the backward problem for the new operator.
Using the final value for this new backward problem as initial data for the original
operator, they obtained an approximation which converged to the data in their
control theory problem.

Using the quasi-reversibilité idea, Miller [17] employs the requirement of
Holder continuity to determine constraints on f(A). He then shows that an f(A4)
satisfying these constraints can be found which resultsin a Holder degree of approxi-
mation. This method leads to rational functions of the operator for which the
numerical computations require complex arithmetic and several complicated
inversions of the operator at each time step. The purpose of this paper is to consider
a perturbation of the operator 4 which allows much easier numerical computations
and still retains logarithmic continuity.

Consider the “pseudoparabolic” [21] or Sobolev equation

(1.4) V'(t) + BAV'(t) = — Au(r)

with 8 > 0. Since A4 is nonnegative and f§ > 0, we see that I + A is invertible and
we obtain the equation

(1.5) v(t) = —(I + BA)” ' Au(r).
Thus, in the quasi-réversibilité setting we are choosing
(1.6) f(4) =+ BA) 'A.

The idea of approximating (1.3) by (1.5) is due to Yosida. He uses this idea in his
proof of the generation theorem for semigroups of operators [23]. We see that the
Sobolev equation (1.4) satisfies the requirement of a bounded spectrum. Also,
numerical techniques do not require complex arithmetic. For some numerical
methods see [8] and Part II of the author’s Ph.D. thesis [7a].

We now state the problem considered in this paper.

Problem. Suppose u(t) is an unknown solution of

(1.7a) w(t) = —Au(t), t=0,
(1.7b) fu(l) — xll <,
(1.7¢) [uQ) < E,

where y is a given “‘data” vector in a Hilbert space H, ¢ > 0 is a known small
number, E is a known positive constant, and A is any nonnegative, self-adjoint
operator which does not depend on t. H incorporates the side boundary conditions
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and has norm || - ||. We want to approximate u(t) with v(t), a solution of the ap-
proximate problem

(1.8a) v(t) = —(I + BA)~ ' Au(p), t 20,

(1.8b) u(l) = y.

We shall show that for each ¢ > 0, we can choose a § in (1.8) such that

(1.9) lu(t) — v(®)| = O([—log (¢/E)]~1).

In § 3, we consider generalizations of the results obtained in § 2 using dif-
ferent techniques. We describe the notion of an operator being sectorial. Then, for
any operator A which is sectorial with semiangle n/4 and such that — A4 generates
a contraction semigroup of operators, we obtain the same type of logarithmic
continuity as in (1.9) for the problem related to (1.7). Finally, in § 4, we describe
some simple numerical results for the heat equation in the problem (1.1).

2. Continuous dependence on data. It is well known [9], [13], [17] that solutions
to (1.7a) have the representation

2.0 ut) = e “ug, t=0, u,eH,

where e ™", the strongly continuous contraction semigroup generated by — A4, is
easily defined in terms of the spectral representation of A. Now we recall a well-
known result which stabilizes the problem (1.7).

THEOREM 2.1 (Stability estimate) [1]. If u(t) is a solution of equation (1.7), then
log ||lu(t)| is a convex function of t. Consequently, if

(2.2a) lu(D] = ¢,

(2.2b) luO)| = E,

then

(2.3) lu@)ll < ¢E'™" for0<t<1.

This stability estimate clearly gives a backward uniqueness result for (1.7).
This uniqueness result implies that for t = 1, e”'4 is a 1-1 operator. Thus the
kernel of e~ consists only of the zero vector. An easy computation shows that the
kernel of e 4 is the orthogonal complement of the range of the adjoint, (e™“)*.
However, in our discussion, 4 is self-adjoint and since (e~ 4)* = e~“" [9], we
have that (e~4)* = e~ 4. Thus since the zero vector is the orthogonal complement
of the range of e~ 4, we have the range of e~ is dense in H. Therefore, given any
data vector x in H and ¢ > 0, we can write for some u, in the domain of A4,

(2.4a) x=e tu, +y,
with
(2.4b) W < e.

Thus we can write any data vector y in the form (2.4) and be compatible with (1.7b).
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Since y is the exact data for (1.8a), the exact solution for 0 < ¢t < 1 of (1.8) is
given by

U(t) = 10U +p4)" 1AX

2.5) = 1 mOUHBA T Ay Ly
— e(l—t)(l+ﬂA)'1A—Au0 + e(l—t)(1+BA)_lAl/l,

(1 =DU+pA) =14

where the strongly continuous semigroup is defined in terms of its

spectral representation.
THEOREM 2.2. Let u be a solution of (1.7) and let v be given by (2.5). I f we choose

B = 1/log (E/e), we obtain for eacht > 0,

41 — t)E

t? log (E/e)

O([—log (¢/E)]™Y).

Proof. We compare u(t) and v(t) in the norm. From (2.1), (2.4), and (2.5), we
have

lu(t) — v(@)| = 4+ E-ng

(2.6)

lu(e) = o) = e~ g — et~ AOT Ay 4 Q10BN by

2.7
D < fle™t 4 — e TOUTBOTIAZAY Yy | 4[|t TOUFEDTIAY Yy

Thus defining

(2.8a) B(t) = e~ 4 — ol -0U+pH" A4
and
(2.8b) Ct) = et —0U+p)" 14

it follows from (1.7) and (2.7) that
(2.9) [u(t) — v(@)[ = IBOIE + [IC@)lle.

Now we consider the roles that B(t) and C(t) play in our problem. We note
that || B(t)|| just measures the amount by which the Sobolev operator differs from
the parabolic operator. It is clear that as § — 0, | B(¢)| — O in some sense. As in
the author’s thesis, one can show that ||B(t)| is at most O(f5) with the bound

41 — 1)

(2.10) 1B = =—

B.

IC@®)| || measures the effect of the backward Sobolev equation on the error
term  in the data. We can easily obtain the bound

(2.11) [C@)]| < e 18,

As B — 0, the bound e'' % grows very rapidly. Thus we must balance the two
terms against each other to obtain a best estimate. If we could solve for the bound
for || B(t)|| in closed form in terms of f§ as we did for || C(t)|/, we could obtain the best
p in closed form. At present, we can only approximate f.



Downloaded 11/09/15 to 165.91.112.146. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

APPROXIMATION OF CERTAIN PARABOLIC EQUATIONS 287

The best choice of f for the second bound is given by

(2.12) B = 1/log (E/e).

With this choice of B, it follows from (2.9), (2.10), and (2.11) that for any ¢t > O,
41 —

Q13 lue) — o0l = P g0y = 0((—log (/).

= t?log (E/e)

Remark. The choice (2.12) is not the best possible choice of f since it gives the
second term significantly better continuity properties than the first. In regard to
this problem, we conducted a simple numerical experiment on the computer for
the heat equation (1.1). If we take

(2.14) x =e 'sinx,

we know a priori the exact solution to the backward heat equation. Using these
data and then perturbing it we considered the differences in the Fourier series
representations of u(t) and v(t) as we varied ¢. The literature tells us we cannot expect
usable results all the way back to the time t = 0. Fort = 0.5, we obtained numeri-
cally

(2.15) lu(.5) = v(.5)] < (130)[log (1/&)] "' *3.

Thus even with this very simple problem, where an essentially best possible 8
was used, we don’t get significantly better than logarithmic continuity.

3. Generalizations. We recall that all the results in §2 hold for any non-
negative self-adjoint operator A which does not depend on ¢. The techniques that
were used depended heavily on the self-adjointness of 4. We now extend these
results to more general operators.

First we assume that — A generates a strongly continuous contraction semi-
group of operators on the complex Hilbert space H. We shall add another restric-
tion later and shall need the following theorem.

THEOREM 3.1 [23]. The operator — A is the generator of a contraction semi-
group if and only if — A is closed, densely defined, each A > 0 is in the resolvent set
of —A, and
(3.1) I(A+ A~ Y £ 1/ forall 2> 0.

COROLLARY 3.2 [23]. If the operator — A is the generator of a contraction
semigroup, then for every f§ > 0, the operator J, = (I + BA)~ ! is a contraction, or

(3.2) [J51 £1  for every g > 0.
From the identity
(3.3) JpA = (Pl — Jp) = AJ,,

we clearly see that A commutes with J;. Then from (3.2) and (3.3) we see that J ;4
is a bounded linear operator:

1Al = (/BT = Tyl
(3.4) = (1/BA + 140D
< 2/B.
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Due to (3.4) we can define the group of linear operators by
(3.5) Ty(t) = exp (—tJ A),

where we use the power series to define the exponential function. Yosida showed
[23] that for each f > 0,t = 0, Tj(t) is a contraction and that the strong limit

(3.6) T(t)x = s-lim Ty(t)x, xeH,
-0

exists and is the semigroup generated by — A. Yosida also showed that for x € D(A4),
the domain of A4, then x € D((d/dt)T(t)), x € D((d/dt) Tyt)),

(3.7a) %T(t)x = AT(t)x = T(t)Ax, t=0,
and
d
(3.7b) Zl_tTﬂ(t)x = JATY(t)x = Ty(t)J gAx, t=0.

From (3.7b) we see that for any «, § > 0,
(3.8) T)Ty(r) = Ty Ts), 5,6 >0.

Also from (3.7b) if x € D(A), then Tj(t)x € D(A) and we see that from (3.6) and (3.8),
we have for s, t > 0,

(3.9 T(s)Tylt)x = S-lil(‘)ﬂ T(s5)Tyt)x = s-lign T)T(s)x.
Now from (3.6),
(3.10) s-lirgl T(s)x = T(s)x.

Then since Tj(t) is continuous and thus closed,
(3.11) s-lim Ty(t) Ty(s)x = Ty(t) s-lim T (s)x = Ty(t)T(s)x.
a—0 a—0

Thus combining (3.9) and (3.11) we see that for x € D(4), s,t > 0,
(3.12) T(s)Ty(t)x = Tyt)T(s)x.

Now we need to consider some additional terminology. An unbounded
operator 4 on H is called sectorial with semiangle 6 if the numerical range of A4,
{(Ax, x):x € D(A)}, is contained in the sector {z:|arg (z)] < 6} . We recall the follow-
ing theorem.

THEOREM 3.3 [12]. If — A generates a contraction semigroup T and A is sec-
torial with semiangle 8, where 0 < 0 < n/2, then T is a holomorphic semigroup. For
each t > 0 and xe H, T(t)x € D(A) and AT(t) is a bounded linear operator on H
with |AT(t)|| < M,/t, where M | is a positive constant. The identity T(t) = T(t/m)"
holds for t > 0 and m = t, and we also have

(3.13) 14Tl = M,/t™,

where M, are a sequence of positive constants.
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Note. The last inequality in Theorem 3.1 is crucial in obtaining the last
results above.

Showalter [22] introduces a collection of semigroups which he calls Q-R
semigroups generated by —(4 — J;A4) and denoted by

(3.14) E4t) = exp(—t(4 — J;4)),

and proves the following theorem.

THEOREM 3.4 [22]. Let — A generate a contraction semigroup and define the
Q-R semigroups, E;, by (3.14). Then the Q-R semigroups are each contractions if
and only if A is sectorial with semiangle n/4. In this case we have lim,_,, E4(t)x = x
for each x € H, uniformly on bounded intervals, and the following estimates hold for
anyt = 0:

(3.15a) IEft)x — x|l < tllAx — JzAx|, x € D(A),
(3.15b) [Eg(t)x — x| < tBllA%x|, x € D(A?).

We can now state the main theorem of this section.
THEOREM 3.5. Let — A generate a contraction semigroup and let A be sectorial
with semiangle n/4. Let u be an unknown solution to

(3.16a) W(t) = —Au(t), 20,
(3.16b) fu(l) — xIl < e,

(3.16¢) lu(O)| < E,

where y = e 4uy, +  and ||| < e. Let

(3.17) u(t) = et ~pdy

be a solution to

(3.18a) v(t) = —J,Au(t),
(3.18b) ul) =y,

where J; = (I + BA)™". For the choice

(3.19) B = 2/log (E/e),
(3.20) lu(t) — v®)l = O([—log (¢/E)]™ 1)

holds for each t > 0, where the constant depends on t and is displayed below in (3.30).
Proof. In defining his Q-R semigroups, instead of the notation in (3.9),
Showalter [22] defines

(3.21) E 1) = TOTH(—1), tz0, >0,

where T(¢) and Ty(t) are defined in (3.6) and (3.5). In this form, (3.15b) becomes, for
t=1,

(3.22) l]}i_l:l(l) T()Ty(—Dx = x, x € D(A).

Since by Theorem 3.1, — A4 is densely defined, the range of T(1) = e~ is dense in
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H and the requirement that

(3.23a) x=etuy + v,
where
(3.23p) Iyl <e

is not a restriction.
Consider u(t) and v(t). From (3.5), (3.6), (3.16), (3.17), and (3.18) we have

lu(e) = v@) = lle™“uy — e =74 4ug + )

3.24

(329 S [ T(euo — e~ A9 Tyt || + et 70724y ).
Using the fact that

(3.25) e"U i = Ey1) = TTH-1)

from (3.14) and (3.21), we have from (3.8),
lu(r) — v £ [ T(tuo — T)TH(— DTl + [le =54y
(3.26) = | T(tuo — T(1 — )T, (—1 + Tl + &4y |
= [ T()uo — E(1 — )T(eJuol + [ ~"s 4y

Theorem 3.3 implies that —A generates a holomorphic semigroup. Hence,
u, € D(A) implies u, € D(A2). Then from (3.4), (3.7), and (3.15b), we have for t > 0,

(3.27) lu() — v@)ll = (1 = OBIAPT(ull + € ~Pg.
Now from (3.13) of Theorem 3.3, we have for t > 0,

(-1

(3.28) llu(e) — v(®)| £ 2 M,EB + €21 ~0ibg,
Setting
(3.29) B = 2/log (E/e)

in (3.28), we obtain for each t > 0,

2(1 — )ME 1
(3.30)  lu(r) — o)l = 12 log (E/e)

4. Numerical results. In this section we present some results of numerical
comparison of the Fourier sine series representations of the solutions to the heat
equation in a rectangle (1.1) and the corresponding Sobolev equation approxima-
tion. We also considered the Crank—Nicolson method and got very comparable
numerical results, but these results are not presented here.

First we describe the numerical method for choosing the parameter f in (1.4).
We know from the literature that it would be overly optimistic to expect very good
numerical results all the way back to t = 0. Thus we built in the requirement that
the choice of f would be best for results at ¢ = .5, half the way back. We noted that
for t = .5 we can obtain the bound

(4.1) lu(t) — v(@©)| < (1 — e *PE + !/

+ EY" 9 = O([—log (¢/E)]™Y).
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To minimize this bound, we differentiated, set the result equal to zero, and used
an interval halving method on the computer to obtain an approximation for the
required f. Table 1 gives an idea of the optimal choice of § for different data errors
with E = 1. Using the choices of § found in Table 1 we obtained the result in (2.15).

TABLE 1
Data error )
1072 0.196
10-3 0.113
1074 0.080
1073 0.061
1076 0.049
1077 0.041

Now we describe a few experiments consisting of various perturbations of the
fundamental mode of sine curves for which the exact solution of the heat equation
is known a priori. We first perturbed the fundamental mode with .01 sin 2x and then
.01'sin 3x in Figs. 1 and 2 for ¢t = 0.5. Then in Fig. 3 we perturbed the sine curve

True soln. x = sin x + .01 sin 2x

Sobolev =~ —-—- t=20.5

Heat — -

2 | | | | | | | | 1
n ////:——\ < -
s /// \i\\
Yol N
77 \\'\
" VG RN ~
7,7 AR
'// \A\\'
2 \\
= \ -
W
0
st -
-2 1 1 1 | 1 ] | | |
0 /2 m
X
Fi1G. 1
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True soln. x = sin x + .01 sin 3x
Sobolev =~ ——~-— t=05
Heat — =
2 1 1 1 1 L 1 I 1 !
PN S
/ ™\, / N,
e / \ . / \ -
/ - RNV \
/ 77\ /7 N \
v " . N \
| =~/ 7 \. ./ \\ -1
4 \ / \
/ 7 ~N. ..~ ~\
!l 4 N
b/ NV
/ V \
w |/ \\|
0
B -
-1+ .
_2 i | 1 1 1 I} 1 | 1
0 /2 i
X
Fic. 2

with a uniform error of .01 (expanded in the first ten terms of this Fourier series)
and considered the results at ¢ = .5. In each case 100 intervals were used in the
x-direction and 10 intervals in the y-direction. Simpson’s rule was used for the
numerical integration. Truncation in the Fourier series always occurred after
20 terms. In each of the figures all solutions have zero boundary data on x = 0
and x = 7. “True solution” means the exact solution u of the heat equation with
u(x, 1) = sin x, “Sobolev” refers to the solution w of the Sobolev equation w,,
= w, — fw,,, with w(x, 1) = sin x + perturbation, and “Heat” refers to the solu-
tion z of the heat equation (which was obtained by setting f = 0 in the above equa-
tion) with z(x, 1) = sin x + perturbation. The severe problems with the backward
numerical computations on the heat equation are apparent.
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True soln. X =sinx + ¢
Sobolev = ———— t=05
Heat - - & =001
zxio  4.4ax10  saxi0®  a.axi0 7ol
2T T 1 5 A N L R IS B
T : i
' ‘ [ P e U ! i
RN
R N R N
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