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Abstract. We construct and analyze multigrid methods with nested coarse spaces
for second-order elliptic problems with high-contrast multiscale coefficients. The
design of the methods utilizes stable multilevel decompositions with a bound that
generally grows with the number of levels. To stabilize this growth, in our theory,
we use AMLI-cycle multigrid which leads to an overall optimal cost algorithm.
The robustness, with respect to the contrast, is guaranteed due to the combined
effect of the Schwarz smoothers used and the spectral construction of the coarse
bases. More specifically, in order to obtain an optimal multilevel decomposition, we
combine multigrid ideas in the recent two-level methods in [Multiscale Model. Simul.
8(5), 1621-1644], and earlier, in the element-based algebraic multigrid methods (or
AMGe), that use local spectral problems to enrich the coarse space. In general, the
intermediate coarse spaces need to be enriched in order to get contrast-independent
convergence. The general techniques presented here allow us to study the problem
of an optimal enrichment in the sense of enriching with a minimal number of extra
coarse degrees of freedom. Thus, the methods we develop are optimal, with respect
to both the contrast and the number of levels used. Moreover, we have the potential
to achieve this goal with a minimal number of coarse degrees of freedom. We present
numerical results that illustrate our theoretical findings.

1. Introduction

Multiscale phenomena occur in many applications such as flow in porous media,
material sciences, and so on. In these applications, media properties vary at small
scales and, moreover, the variation in the media properties can be very large. The
latter brings an additional small-scale parameter represented as the ratio between the
largest and smallest conductivity values. Iterative solvers for such multiscale problems
are adversely affected by the contrast in the media properties when multiple scales are
present within coarse regions. In two-level methods, with a careful choice of coarse
regions, one can reduce the variations within coarse regions, while this is not the case
for multilevel solvers. In multilevel solvers, one eventually encounters large variations
within coarse partitions. These variations affect the performance of the solvers. The
design of robust preconditioners, with contrast-independent performance, requires
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special coarse spaces. Our goal is to study coarse spaces that can provide contrast-
independent multilevel preconditioners and have a minimal (or small) dimension.
The purpose of this paper is to study the performance of recently proposed overlap-

ping Schwarz methods [5] for elliptic equations with high-contrast coefficients. These
methods converge independently of the contrast and use a spectral construction of
the coarse space. In this paper, we extend the methods and results of [5, 6, 7] to the
multilevel case. We refer to [8] for a review of the results and techniques in [5, 6, 7].
In the earlier work [11], we presented some preliminary results and numerical test in
this direction. In [11], we proposed two multilevel methods that extend the ideas of
[5]. The first method is not genuinely multilevel in the sense that the fine grid has to
be visited from every intermediate level in order to compute coarse basis functions.
This results in high computational cost. Also, the resulting coarse spaces are not
nested which makes the numerical and mathematical analysis more difficult. The
second method proposed in [11] is a genuine multilevel method and the fine grid does
not need to be visited in order to compute coarse basis functions. Some preliminary
numerical studies were also presented. In the current paper, we design and analyze
genuine multilevel methods in a more general setting. In particular, we extend the
genuine multilevel method presented earlier in [11]. All multilevel methods that we
construct in the present paper, are optimal in terms of the contrast. Our theory also
allows the use of the more involved (than the V-cycle) AMLI-cycle MG which we
prove can lead to an overall optimal MG method also with respect to the number of
levels used (and to maintain contrast-independent bounds).
We note that the multilevel methods developed here are related to spectral agglom-

erate algebraic multigrid methods (or agglomerate ϱAMGe), proposed originally in
[3] (see also [2]) and then extended in [4] to allow for multilevel recursion without
visiting the fine level. A computational survey on various AMGe methods is found
in [14]; see also [17]. The two–level approach proposed in [5] allows for pure “alge-
braic” implementation if used within an element agglomeration setting (for element
agglomeration, cf., e.g., [14] or [17]). It needs only to identify the “vertices” of the
agglomerates; no additional topological relations are required (assuming that we have
somehow come up with an agglomeration algorithm or if geometric meshes are used).
The methods introduced here differ from the previously proposed similar spectral
agglomerate AMGe methods in [3, 4]. The difference occurs due to the fact that
the present method uses overlapping subdomains (unions of fine grid agglomerates
(elements) that share a common vertex) as domains where the local eigenproblems
are posed. To define the resulting coarse basis, a partition of identity is applied at
the end. To implement the method algebraically, we would need an agglomeration
algorithm and an algorithm to generate the vertices of the resulting agglomerates at
every level. Other topological relations are not needed. Also, there is no need to
compute reduced Schur complements of local matrices (as in [4, 14]) and still the
method allows for recursion without visiting the finest grid; see Section 5.1. Instead,
an appropriate partition of identity needs to be constructed between any two consec-
utive levels, which is a key ingredient of the method. Its choice also has implications
on the coarse space dimension.
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According to [5, 6, 7, 8, 11, 13, 9], obtaining two-level methods that are optimal
with respect to the contrast is a challenging task. Depending on the high-contrast
coefficient, additional coarse degrees of freedom are generally required in the coarse
problem. Identifying these additional degrees of freedom is important. In [5], mo-
tivated by weighted Poincaré inequalities, the authors propose a local generalized
eigenvalue problem to identify the important degrees of freedom that one needs to
include in the coarse problem. Moreover, [6, 8] explored the idea of selecting ade-
quate eigenvalue problems leading to a minimal dimension coarse space; see Section
4.1. The idea is to use a judiciously chosen initial partition of identity to construct
a modified weight for the local eigenvalue problem. The resulting two-level method
uses a coarse space of optimal dimension and yields two level methods that are robust
with respect to the contrast. In this paper, we design multilevel methods that extend
the ideas presented in [5, 6, 7, 8, 9] for the construction of optimal enrichments. For
the construction, we reformulate the two level methods in [6] in an algebraic way. A
key ingredient in the construction is to replace the role of partition of unity func-
tions by partition of identity operators. Using this algebraic setting, we are able to
design robust multilevel methods. This extension to genuine multilevel methods is
not straightforward, especially when the effects of high-conductivity regions on coarse
spaces is different at two consecutive coarse grids. Our analysis shows that the bounds
in the constructed multilevel space decomposition are contrast independent but gen-
erally grow with the number of levels. To stabilize this growth, our theory resorts (in
Section 5.4) to the more involved (than the V-cycle) AMLI-cycle MG, which allows us
to achieve both contrast-independent and level-independent MG convergence bounds.
The remainder of the paper is structured as follows. We present the model problem

in Section 2. We demonstrate the main recursive construction in Section 3, where
we design and analyze an abstract three-level method. In Section 4, we present some
particular examples of our abstract construction. We introduce and analyze our MG
algorithms in Section 5. Some remarks on the computational cost are presented
in Section 6. Section 7 contains some numerical tests that validate our theoretical
results. And in Section 8 we make some conclusions.

2. Model problem, meshes and coefficient description

Let D ⊂ R2 (or R3) be a polygonal domain. We want to find u∗ ∈ H1
0 (D) such

that

(2.1) a(u∗, v) = f(v) for all v ∈ H1
0 (D),

where the bilinear form a and the functional f are defined by

(2.2) a(u, v) =

∫
D

κ(x)∇u(x) · ∇v(x)

and f(v) =
∫
D
f(x)v(x) for all u, v ∈ H1

0 (D). We allow discontinuous and high-
contrast coefficient κ; that is,

η :=
maxx∈D κ(x)

minx∈D κ(x)
≫ 1.
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For the analysis, we assume that D is triangulated by L meshes T (ℓ) , ℓ = 0, . . . ,L,
which are a nested refinement of a coarse triangulation TH = T (L). The finest tri-
angulation is also denoted by Th = T (0). We denote by h(ℓ) the typical size of T (L).
We assume that the spatial variation of κ(x) is captured by the finest triangulation
Th = T (0), while the other meshes T (ℓ), ℓ = 1, . . . ,L, may be too coarse to accurately
resolve the spatial distribution of the coefficient.
We develop multilevel methods for the solution of elliptic finite element problems

with multiscale high-contrast coefficients. We do not assume that the discontinuities
of the coefficient are aligned with the coarse elements; hence, in each coarse block we
can have inclusions and channels with no prescribed relative position with respect to
the boundaries of the coarse blocks. In fact, our methods handle complex geometric
distributions of the discontinuities. The two-level version of some of the methods
studied here were proved in [5] to be robust with respect to the high-contrast of the
media. The analysis and methods presented here are general and can be applied to
general elliptic equations, see [9, 10] for an algebraic two-level setting. One example
is flow problems, where the contrast in the coefficient is a very important physical
parameter linked to the cost of obtaining a numerical solution of this equation.

Figure 1. Schematic picture with channels (gray regions) and inclu-
sions (black regions) with respect to coarse regions.

In order to simplify the presentation of our methods and to fix ideas, we make
some assumptions on the meshes and the high-contrast coefficients. We assume that
the fine mesh Th = T (0) is sufficiently fine to accurately represent all variations of
the coefficient κ. We assume that the coefficient κ has many high-contrast regions.
The high-contrast regions are classified as high-contrast inclusions and channels. In-
clusions and channels are defined with respect to a particular triangulation, in our
setting T (j), with 1 ≤ j ≤ L. For simplicity, a high-contrast region R is considered
an isolated inclusion if there is a δ > 0 (δ = O(h(j))) and an element τ ∈ T (j) such
that R ⊂ τ and dist(R, ∂τ) > δ. If a high-contrast region is not an inclusion with
respect to T (j), then it is considered being a channel with respect to T (j). See Figure
1 for an illustration. Note that a region can be classified as a channel with respect to
a mesh T (ℓ) and also classified as an isolated inclusion with respect to another coarser
grid. We assume that the coefficient κ is a simple function of high-contrast channels
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and inclusions. More specifically, we assume that κ has form

(2.3) κ = 1B +

Nch∑
i=1

ηCi 1Ci
+

Nin∑
i=1

ηIi 1Ii ,

where ηCi >> 1, i = 1, . . . , Nch and ηIi >> 1, i = 1, . . . , Nin. Here, the regions
{Ci}Nch

i=1 represent the high-conductivity channels and the regions {Ii}Nin
i=1 represent

the isolated inclusions. For a region R, we denote by 1R its characteristic function;
i.e., 1R has value one in R and value zero elsewhere. The classification of channels and
inclusions is made with respect to a fixed triangulation. Each high-contrast region
(Ci or Ii) is connected and it is the union of fine grid elements; that is, Ci = ∪τ⊂Ciτ ,
i = 1, . . . , Nch and Ii = ∪τ⊂Iiτ , i = 1, . . . , Nin. The background region B has
conductivity 1 and is generally a disconnected region. The contrast of κ in (2.3) is
η = max{max ηCi ,max ηIi }. Finally, we assume that the geometry and topology of
the inclusions and channels are independent of η.
Let V (ℓ) be the finite element space of piecewise linear functions on T (ℓ), ℓ =

0, 1, . . . ,L. The Galerkin formulation of (2.1) is to find u∗ ∈ V (0) ∩ H1
0 (D) with

a(u∗, v) = f(v) for all v ∈ V (0) ∩H1
0 (D). Or in matrix form

(2.4) Au∗ = b,

where for all u, v ∈ V (0)(D) we have vTAu =
∫
D
κ∇u · ∇v, and vT b =

∫
D
fv. We

denote A(0) = A. For each fine element τ ∈ T (0), let A
(0)
τ be the local finite element

matrix. The fine-grid stiffness matrix A(0) can be obtained by the standard assembling

procedure based on the local (element) matrices A
(0)
τ , τ ∈ T (0).

3. An abstract three-level method

We present our method in a three-level setting. Therefore, in the present section,
we assume L = 2. The presentation in this section describes our recursion step in our

multilevel formulation. In order to simplify the notation, we use Th = T (0), T̃H̃ = T (1)

and TH = T (2). The superscript (0) is replaced by the script h. The superscript (1)
will be replaced by the tilde notation and the superscript (2) will be omitted.

3.1. Intermediate coarse space assumptions. The space associated with the
first-level triangulation, Th = T (0), is V h = V (0), the fine grid finite element space.
In what follows, the space V h can be replaced by any other (spectrally) constructed
space as the one we design next. We denote by V h(ω̃) the restrictions of functions in
V h to a given subdomain ω̃. We also denote by V h

0 (ω̃) the space of functions in V h

that are supported in ω̃.
Our main assumption is that we are given an abstract intermediate coarse space

W̃H̃ ⊂ V h
0 that admits basis functions {w̃j, α}{α=0, ..., L̃j ; x̃j∈ÑH̃

} that are locally sup-

ported with respect to T̃H̃ , i.e., each w̃j, α is supported in the union of all elements

from T̃H̃ that share the vertex x̃j ∈ ÑH̃ . Note that we have assumed that each vertex

x̃j ∈ ÑH̃ is associated with L̃j ≥ 1 basis functions supported in the neighborhood ω̃j

of all elements from T̃H̃ that share x̃j.
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Let {D̃(j) : V h → V h} be a partition of identity locally supported in ω̃j. That is,

(3.1)
∑

x̃j∈ÑH̃

D̃(j) = IdV h and Support(D̃(j)v) ⊂ ω̃j for all v ∈ V h.

Here, IdV h : V h → V h is the identity operator defined on V h. Given a globally

defined function v ∈ V h, we use D̃(j) to define a locally supported function D̃(j)v that

has support Support(D̃(j)v) ⊂ ω̃j. In the analysis presented in this paper, applying

the operator D̃(j) replaces the step of multiplication by partition of unity functions
as used in [5, 6]. We make the following remark about the action of the partition of
identity on locally defined functions.

Remark 3.1 (Notation). Given a function v ∈ V h(ω̃j), we define the action of D̃(s)

on v by

D̃(s)v = D̃(s)E
ω̃j

0 v,

where E
ω̃j

0 is the discrete extension by zero (to the degrees of freedom) outside ωj. We

note that E
ω̃j

0 w is the finite element function with zero value at the degrees of freedom

outside ω̃j so that E
ω̃j

0 w ∈ Ṽ h.

We also assume that W̃H̃ admits an interpolant ĨH̃ : V h → W̃H̃ such that the
following local energy boundedness holds:

(A) For every v ∈ V h the interpolant ĨH̃v ∈ W̃H̃ satisfies the local approximation

property for any τ̃ ∈ T̃H̃ :

(3.2) aτ̃ (D̃
(i)(v − ĨH̃v), D̃

(i)(v − ĨH̃v)) ≤ δ̃τ̃ ,H̃

∫
ω̃τ̃

κ|∇v|2.

(B) The interpolant ĨH̃v ∈ W̃H̃ is bounded locally in energy, i.e., we have

(3.3) aτ̃ (ĨH̃v, ĨH̃v) =

∫
τ̃

κ |∇ĨH̃v|
2 ≤ ν̃τ̃ ,H̃ aω̃τ̃

(v, v).

Here, ω̃τ̃ = ∪x̃j∈τ̃ ω̃j.

Our goal is to construct and analyze a coarse space WH and a coarse interpolation

operator IH : W̃H̃ → WH . Here, we present a general abstract construction that
generalizes the methods presented in [11]. The resulting spaces will be nested (that

is,WH ⊂ W̃H̃) as in the genuine multilevel method presented in [11]. The coarse space
WH is constructed using the coarse triangulation TH and the spectral AMGe method
in the form proposed in [5, 11]. In the next section, we summarize the construction
of local basis of WH .

3.2. Construction of coarse basis functions. For each xi ∈ NH , we form the
neighborhood set ωi (similar to the previous level) as the union of elements from TH
that share the coarse grid vertex xi. See Figure 2 . Note that ωi is also a union of

elements from T̃H̃ .
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Figure 2. Coarse node xi and coarse node neighborhood ωi.

We denote by W̃H̃(ωi) the restrictions of functions in W̃H̃ to the subdomain ωi. We

also denote by W̃H̃(ωi) ∩ V h
0 (ωi) the space of functions in W̃H̃ that are supported in

ω̃i. In particular, we identify functions in W̃H̃(ωi) ∩ V h
0 (ωi) with their extension by

zero outside ωi.
For latter use, we define the maximum number of neighbors by

(3.4) NH = max
i
{Nωi,H} = max

τ∈TH
{Nτ,H},

where

Nτ,H = #{τ ′ : τ ′ ∩ τ ̸= 0} and Nωi,H = #{s : ωs ∩ ωi ̸= 0}.

We assemble the local matrix Ãωi
from the intermediate level matrices Ãτ̃ for all

τ̃ ⊂ ωi. The latter have entries
∫̃
τ

k∇w̃r,α · ∇w̃s, β, where x̃r and x̃s are vertices

from T̃H̃ and α ∈ {0, . . . , L̃r}, β ∈ {0, . . . , L̃s} correspond to the respective basis

functions of W̃H̃ restricted to τ̃ . We assume that we have access to these element
matrices (by assumption on the finest level, and achievable at all consecutive coarse
levels by recursion).

We use a partition of identity based on the W̃H̃ degrees of freedom. First, we assume
that we have such a partition of identity and obtain abstract results. Later, in Section
4 we give examples of construction of suitable partitions of identity. Assume that we
are given linear operators that form a locally supported partition of the identity

{D(i) : W̃H̃ → W̃H̃}xi∈TH such that

(3.5)
∑

xi∈NH

D(i) = IdW̃
H̃

with Support(D(i)w) ⊂ ωi for all w ∈ W̃H̃ .

Here, IdW̃
H̃

is the identity operator in W̃H̃ . We use the action of the partition of

identity operators D(i) on functions defined on subdomains. See Remark 3.1. The
partition of identity {D(i)}xi∈TH is used to cut off global functions to local ones with
zero trace on ∂ωi. This is a main ingredient to get a three-level stable decomposition.
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Our main assumption on the partition of identity {D(i)}xi∈TH is stated next. We
assume that there is a local (positive definite) bilinear form mωi

such that

(3.6)
∑
r,s

∫
ωi

κ|∇D(r)D(s)w|2 ≤ Cmmωi
(w,w) for all w ∈ W̃H̃ .

In the next section, we give some examples of construction of partition of identity
and bilinear forms m. The choice of the partition of identity and the bilinear form
m are very important as they determine the dimension of the resulting (robust with

respect to the contrast) coarse space WH . We assemble the local matrix M̃ωi
which

corresponds to the matrix representation of the bilinear form mωi
in (3.6). These ma-

trices M̃ωi
have entries m(wr,α, ws,α). Then, we solve the local generalized eigenvalue

problems of size Ñi (the number of degrees of freedom from W̃H̃ associated with ωi)

(3.7) Ãωi
qm = Λm M̃ωi

qm, m = 1, . . . , Ñi,

which is the matrix form of the eigenvalue problem: find ψ ∈ W̃H̃(ωi)∩ V h
0 such that

(3.8) aωi
(ψ,w) = Λmmωi

(ψ,w), for all w ∈ W̃H̃(ωi) ∩ V h
0 .

Note that the boundary condition for the eigenvalue problem above is a zero Dirichlet
boundary condition in ∂ωi∩∂D in case ∂ωi∩∂D is not empty. For interior subdomains
when ∂ωi∩∂D is empty, a natural boundary condition on ∂ωi is used. The eigenvalues

Λm = Λ
(ωi)
m are increasingly ordered. We split the spectrum in two parts by choosing

an integer LH
i ≤ Ñi. All eigenvectors qm = q

(ωi)
m for m ≤ LH

i are used to define the
basis of the coarse spaceWH . Since the eigenvectors of (3.8) do not vanish on ∂ωi, we
use a cut-off procedure. To do this, we use the locally supported partition of identity

{D(i)} of W̃H̃ subordinated to the partition {ωi} in (3.5).

Definition 3.1 (Definition of coarse basis).
We define the basis function of the coarse space WH by

wH
i, α = D(i)q(ωi)

α , α = 1, . . . , LH
i .

Here, q
(ωi)
α stands for the finite element function that comes from the eigenvector

q
(ωi)
α . See Remark 3 for a precise description of the action of the partition of identity

operators on locally defined functions (vector of degrees of freedom). Note that wH
i,α ∈

W̃H̃ and Support(wH
i,α) ⊂ ωi; that is, wi,α ∈ W̃H̃(ωi) ∩ V h

0 (ωi).

Our next goal is to verify counterparts of assumptions (A)-(B) when W̃H̃ is replaced

with WH . Given w ∈ W̃H̃ , define

(3.9) IHw =
∑

xi∈NH

LH
i∑

α=1

ci, α w
H
i, α, where ci, α = (kw, q(ωi)

α )ωi
:=

∫
ωi

κwq(ωi)
α .

Note that we can write

(3.10) IHw =
∑

xi∈NH

D(i)Iωi

LH
i
w, where Iωi

LH
i
w =

LH
i∑

α=1

ci, α q
(ωi)
α .
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From (3.6) and eigenvalue problem (3.7) , we have,∑
r,s

∫
ωi

κ|∇D(r)D(s)(w − Iωi
Li
w)|2 ≤ Cmmωi

(w − Iωi
Li
w,w − Iωi

Li
w)

≤ Cm
1

ΛL+1

∫
ωi

κ|∇w|2.(3.11)

By using triangle inequality and Cauchy-Schwarz inequality, we obtain∫
ωi

κ|∇D(i)(w − Iωi
Li
w)|2 ≤

∑
r

∫
ωi

κ|∇D(r)(
∑
s

D(s))(w − Iωi
Li
w)|2

≤ NH

∑
r,s

∫
ωi

κ|∇D(r)D(s)(w − Iωi
Li
w)|2

≤ NHCmmωi
(w − Iωi

Li
w,w − Iωi

Li
w)

≤ NHCm
1

ΛLH
i +1

∫
ωi

κ|∇w|2.(3.12)

Lemma 3.1. Consider IH defined in (3.9). The following estimates hold:

(C) For every w ∈ W̃H̃

(3.13) aτ (D
(i)(w − IHw), D(i)(w − IHw)) ≤ δτ,H

∫
ωτ

κ|∇w|2,

where δτ,H ≤ N2
HCm

1
Λ
LH
i

+1

.

(D) For every w ∈ W̃H̃

(3.14) aτ (IHw, IHw) =

∫
τ

κ |∇IHw|2 ≤ ντ,H aωτ (w, w),

where ντ,H ≤ 2 + 2N3
HCmmaxr∈τ

1
Λ
LH
r +1

.

Proof. From (3.10), using triangle inequality and Cauchy-Schwarz inequality, we ob-
tain

aτ (D
(i)(w − IHw), D(i)(w − IHw))
= aτ (

∑
xr∈τ

D(i)D(r)(w − Iωr

LH
r
w),

∑
xr∈τ

D(i)D(r)(w − Iωr

LH
r
w))

≤ NH

∑
xr∈τ

aτ (D
(i)D(r)(w − Iωr

LH
r
w), D(i)D(r)(w − Iωr

LH
r
w))

≤ NH

∑
xr∈τ

aωr(D
(i)D(r)(w − Iωr

LH
r
w), D(i)D(r)(w − Iωr

LH
r
w))

≤ NH

∑
xr∈τ

Cmmωr(w − Iωi

LH
i
w,w − Iωi

LH
i
w) ≤ N2

HCm
1

ΛLH
i +1

∫
ωτ̃

κ|∇w|2.(3.15)

To prove equation (3.14), we proceed in a similar way. We have

aτ (IHw, IHw) ≤ 2aτ (w − IHw,w − IHw) + 2aτ (w,w).(3.16)



10 YALCHIN EFENDIEV, JUAN GALVIS, AND PANAYOT S. VASSILEVSKI

Using (3.12) to bound the first term above, we have

aτ (w − IHw,w − IHw) = aτ (
∑
xr∈τ

D(r)(w − Iωr

LH
r
w),

∑
xr∈τ

D(r)(w − Iωr

LH
r
w))

≤ NH

∑
xr∈τ

aτ (D
(r)(w − Iωr

LH
r
w), D(r)(w − Iωr

LH
r
w))

≤ NH

∑
xr∈τ

aωr(D
(r)(w − Iωr

LH
r
w), D(r)(w − Iωr

LH
r
w))

≤ NH

∑
xr∈τ

NHCm
1

ΛL+1

∫
ωr

κ|∇w|2

≤ N2
HCm

1

ΛL+1

∑
xr∈τ

∫
ωr

κ|∇w|2 ≤ N3
HCm

1

ΛL+1

∫
ωτ

κ|∇w|2.(3.17)

We then have
aτ (IHw, IHw) ≤ (2 + 2N3

τ,HCm)aωτ (w,w).

�

3.3. A two-level stable decomposition. In this section, we obtain stable de-

composition for functions in W̃H̃ using the coarse space WH and the local spaces

{W̃H̃ ∩ V h
0 (ωi)}xi∈TH . Note that the local space W̃H̃ ∩ V h

0 (ωi) consists of functions in

W̃H̃ that are supported in the subdomain ωi.

Theorem 3.1. For every w ∈ W̃H̃ there exists a decomposition of w, and a positive

constant C̃2
0 , such that

w = w2 +
∑
xi∈TH

w1,i,

with w2 ∈ WH , w1,i ∈ W̃H̃ ∩ V h(ωi) and

(3.18) a(w2, w2) +
∑
xi∈TH

aωi
(w1,i, w1,i) ≤ C̃2

0a(w,w),

with C̃2
0 ≤ NH(νH + δH). Here, νH = maxτ∈TH{ντ,H} , δH = maxi∈NH

{δωi,H} and
NH = maxτ∈TH{Nτ}.

Proof. Recall that {D(i) : W̃H̃ → W̃H̃}xi∈NH
is a partition of identity subordinated to

{ωi}xi∈NH
. Given w ∈ W̃H̃ , we define

w2 = IHw ∈ WH , w1 = w − IHw ∈ W̃H̃

and
w1,i = D(i)w1 ∈ W̃H̃ ∩ V

h
0 (ωi).

We use the notation Nτ,H = #{τ ′ ∈ TH : τ ′ ∩ τ ̸= 0}. We bound the first term in
(3.18). Using property (D) in (3.14), we have

a(w2, w2) =
∑
τ

∫
τ

κ|∇IHw|2 ≤
∑
τ

ντ,Haωτ (w,w) ≤ νHNH

∫
D

κ|∇w|2.
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Then, we can bound

(3.19) a(w2, w2) ≤ νHNHa(w,w).

Now we estimate the second term in (3.18). We use (3.13) to get

aωi
(w1,i, w1,i) =

∫
ωi

κ|∇(D(i)(w − IHw))|2 ≤ δωi,H

∫
ωi

κ|∇w|2(3.20)

and we can write∑
xi∈TH

aωi
(w1,i, w1,i) ≤

∑
xi∈TH

δωi,H

∫
ωi

κ|∇w|2 ≤ NHδH

∫
D

|∇w|2.(3.21)

Finally, we bound the energy of the decomposition using (3.19) and (3.21). We get,

a(w2, w2) +
∑
xi∈TH

aωi
(w1,i, w1,i) ≤ (νHNH +NHδH)a(w,w) ≤ C̃2

0a(w,w).

This finishes the proof. �

3.4. A three level stable decomposition. Now, we obtain a stable decomposition
considering the subspaces

{WH} ∪ {W̃H̃ ∩ V
h
0 (ωi)}xi∈TH ∪ {V h

0 (ω̃j)}x̃j∈T̃H̃
.

Note thatWH ⊂ W̃H̃ ⊂ V h(D). Note also thatWH corresponds to the coarse space

related to the triangulation TH = T (2). The space W̃H̃ corresponds to the coarse space

of triangulation T̃H̃ = T (1). Then, W̃H̃ ∩ V h
0 (ωi) corresponds to a local subdomain

subspace at the level (1). The subspace V h
0 (ω̃j) = V h ∩V h

0 (ω̃j) corresponds to a local
space at the finest level, at the level (0).

Theorem 3.2. For every v ∈ V there exist a decomposition of v and a positive
constant C0 such that

v = v2 +
∑

xi∈NH

v1,i +
∑

x̃j∈ÑH̃

v0,j,

with v2 ∈ WH , v1,i ∈ W̃H̃ ∩ V h
0 (ωi), xi ∈ NH ; v0,j ∈ V h

0 (ω̃j), x̃j ∈ ÑH̃ ; and

(3.22) a(v2, v2) +
∑

xi∈NH

aωi
(v1,i, v1,i) +

∑
x̃j∈ÑH̃

aω̃j
(v0,j, v0,j) ≤ C2

0a(v, v)

where C2
0 ≤ ÑH̃(C̃

2
0 ν̃H̃ + δ̃H̃) < ÑH̃NH(νH + δH)(ν̃H̃ + δ̃H̃).

Proof. Recall that {D(i) : W̃H̃ → W̃H̃}xi∈NH
and {D̃(j) : Vh → Vh}x̃j∈ÑH̃

are partitions

of identity subordinated to {ωi}xi∈NH
and {ω̃j}x̃j∈ÑH̃

, respectively. Given v ∈ Vh, we
define

v2 = IH(ĨH̃v) ∈ WH , v1 = ĨH̃v − IH(ĨH̃v) ∈ W̃H̃ , v0 = v − ĨH̃v ∈ Vh
and

v1,i = D(i)v1 ∈ W̃H̃ ∩ V
h
0 (ωi) v0,j = D̃(j)v2 ∈ V h

0 (ω̃j).
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From Lemma 3.1 with w = ĨH̃v, we have that

a(v2, v2) +
∑

xi∈NH

aωi
(v1,i, v1,i) ≤ C̃2

0a(ĨH̃v, ĨH̃v).

We use property (B) in (3.3) and get∫
D

κ|∇̃IH̃v|
2 =

∑
τ̃

∫
τ̃

|κ∇ĨH̃v|
2 ≤

∑
τ̃

ντ̃ ,H̃aωτ̃
(v, v) ≤ ν̃τ̃ ,H̃ÑH̃

∫
D

κ|∇v|2.(3.23)

Then, we can bound

(3.24) a(v2, v2) +
∑

xi∈TH

aωi
(v1,i, v1,i) ≤ C̃2

0 ν̃H̃ÑH̃a(v, v).

Now, we estimate the third term on the right-hand-side of (3.22). From (3.2), we
get

aτ̃ (v0,j, v0,j) =

∫
τ̃

κ|∇(D̃(j)(v − ĨH̃v))|
2 ≤ δ̃τ̃ ,H̃

∫
ω̃τ̃

κ|∇v|2.(3.25)

Then, using (3.25) we can write∑
x̃j∈ÑH̃

aω̃j
(v0,j, v0,j) ≤

∑
x̃j∈ÑH̃

δ̃ω̃j ,H̃

∫
ω̃j

κ|∇v|2 ≤ ÑH̃ δ̃H̃

∫
D

|∇v|2.(3.26)

Finally, we bound the energy of the decomposition using (3.26) and (3.24). We get,

a(v2, v2) +
∑

xi∈NH

aωi
(v1,i, v1,i) +

∑
x̃j∈ÑH̃

aωi
(v0,j, v0,j) ≤ (C̃2

0 ν̃H̃ÑH̃ + ÑH̃ δ̃H̃)a(v, v)

≤ ÑH̃(C̃
2
0 ν̃H̃ + δ̃H̃)a(v, v).

This finishes the proof. �

4. Examples of partitions of identity

In this section, we give examples of choices of partition of identity operators and
eigenvalue problems. We consider two- and three-level version of the abstract method
presented before.

4.1. The two-level version. We consider the two-level version; see [5]. We recall
that the construction summarized in the last section was used in [5] to construct the

coarse space W̃H̃ starting with the fine grid Th and only one coarse grid T̃H̃ . There,
it is introduced the two level version of the method extended here to a multilevel
version. We first give an example of a coarse space and the partition of identity
satisfying assumption (3.1). In [5], the partition of identity operators are defined as

(4.1) D̃(j)v = Ih(χ̃jv),

where {χ̃j} is a partition of unity subordinated to the decomposition {ω̃i} with
|∇χ̃i|2 ≤ Cpu

1

H̃2
. Here, Ih denotes the fine-scale interpolation. Note that the matrix
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form of D̃(j) is diagonal. To obtain properties (A) and (B), we introduce the bilinear
form mω̃j

such that

(4.2)
∑
r,s

∫
ω̃i

κ|∇D̃(r)D̃(s)v|2 ≤ Cmmω̃i
(v, v) for all v ∈ Vh.

In [5], the bilinear form mω̃i
is chosen to be defined by

mω̃i
(v, v) =

∫
ω̃i

κ|∇v|2 + 1

H2

∫
ω̃i

κv2 for all v ∈ V h(ω̃i).

Using the analysis in [5], we can verify (4.2). Properties (A) and (B) can also be
verified. The corresponding eigenvalue problem (for interior subdomains) is to find
ψ ∈ V h(ω̃j) such that

(4.3) aω̃j
(ψ, v) = Λℓmω̃j

(ψ, v), for all v ∈ V h(ω̃j).

The eigenvalues above are of the form

Λℓ =
1

1 + 1

H̃2λℓ

or
1

Λℓ

= 1 +
1

H̃2λℓ
,

where λℓ are the eigenvalues of the problem,∫
ω̃j

κ∇ψ · ∇w = λℓ

∫
ω̃j

κψw for all v ∈ V h(ω̃j).

A main observation is that only a few eigenvalues {λℓ} vanish asymptotically as the
contrast increases. The number of small eigenvalues is related to the number of high-

contrast regions (channel and inclusions with respect to T̃H̃). See [5, 6, 8] for more
details.
In [7, 6], a partition of unity {χj}, subordinated to the covering {ω̃j}, was intro-

duced and a different eigenvalue problem was used. The bilinear form mω̃j
and the

partition of identity are given by

mω̃j
(v, v) =

∫
ω̃j

κ|∇v|2 + 1

H̃2

∫
ω̃j

(H̃2
∑
r

κ|∇χr|2)v2 and D(j)v = Ih(χjv).

As before, only a few eigenvalues vanish asymptotically as the contrast increases. The
number of small eigenvalues corresponds to the number of regions where the pointwise

energy κ = H̃2
∑

r κ|∇χr|2 has high value. For the latter, the eigenvalues are related
to the eigenvalue problem∫

ω̃j

κ∇ψ · ∇v = λℓ

∫
ω̃j

κψv for all v ∈ Vh(ω̃j).

For instance, if {χj} is the usual P 1(TH̃) piecewise linear partition of unity func-
tions, then, the number of small eigenvalues is the number of high-contrast regions
with the original coefficient κ. This is due to the fact that the gradient of the piece-

wise linear partition of unity is piecewise constant (of order 1/H̃2) in each block

τ̃ ∈ T̃H̃ . A better choice of a partition of unity is the case where {χj} are multi-
scale functions with linear boundary condition. In this case, the pointwise energy

κ becomes an order O(1) number inside high-contrast inclusions with respect to T̃H̃
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and it is of order O(η) in the high-contrast long channels with respect to T̃H̃ , where
long channels are defined as high-conductivity inclusions connecting two edges of the

coarse region. The resulting coarse spaces W̃H̃ will have a smaller dimension and
include relevant information that cannot be localized within coarse blocks τ̃ . More
sophisticated choices of partition of unity and partition of identity operators can also
be considered that reduce even more the dimension of the coarse space; see [7, 6].
In this paper, we consider

(4.4) mω̃i
(v, v) :=

∑
r,s

∫
ω̃i

κ|∇D̃(r)D̃(s)v|2 for all v ∈ Vh(ωi).

Observations similar to the remarks above are also true for the number of eigenval-
ues if we use the bilinear for mω̃i

in (4.4). See Lemma 4.1 below where we prove
that, under adequate assumptions on the partition of identity, the number of high-
contrast asymptotically small eigenvalues corresponds to the number of channels.
Under weaker assumptions on the partition of identity, the number of small eigenval-
ues corresponds to the number of inclusions and channels.

4.2. The three-level version. In this section we give examples of partition of iden-
tity operators {D(i)} and weighting bilinear form m satisfying (3.6). As in the previ-
ous section, the partition of identity operators have diagonal matrix representation.

We assume L = 2, and, as before, we use the notation Th = T (0), T̃H̃ = T (1) and

TH = T (2). We consider partition of unity functions {χi} such that∑
i

χi = 1, and χi ∈ P 1(T̃H̃) with Support(χi) ⊂ ωi.

Recall that {ws,α}x̃s∈ÑH̃
denote the finite element basis functions of W̃H̃ . We assume

P 1(T̃H̃) ⊂ W̃H̃ . We have, in general, P 1(T̃H̃) ̸= W̃H̃ since we may have several degrees
of freedom associated to each node xi. We can write

χi =
∑
s,α

χ(i)
s,αws,α.

For any w ∈ W̃H̃ with w =
∑

s,α cs,αws,α, define

(4.5) D(i)w =
∑
s,α

χ(i)
s,αcs,αws,α.

Note that the matrix representation of D(i) with respect to the basis {ws,α}xs∈TH
is diagonal where the entries on the diagonal of D(i) correspond to the degrees of
freedom of the function χi. Note also that if we denote

(4.6) Φ(i) =
∑
x̃s∈ωi

L̃s∑
α=1

ws,α,

we have

D(i)Φ(i) = χi.
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The next lemma, Lemma 4.1, tells us the kind of functions {χi} we need to con-
struct so we can get: 1) robustness with respect to the high-contrast and 2) minimal
dimension coarse spaces. First, we need to introduce some notation.
As mentioned in (4.4), we consider

(4.7) mωi
(w,w) :=

∑
r,s

∫
ωi

κ|∇D(r)D(s)w|2 for all w ∈ W̃H̃(ωi).

For a subregion R ⊂ D, we define the number PR by

(4.8) PR = sup
w∈W

H̃
,
∫
R w=0

∑
r,s

∫
R
|∇D(r)D(s)w|2∫
R
|∇w|2

.

If w ∈ W̃H̃ with
∫
R
w = 0 implies w = 0 on R, we define PR = 0.

Remark 4.1. Assume that the numerator in (4.8) is replaced by the form∫
R

|∇w|2 + 1

H2

∫
R

w2

as in [11, 5, 6]. In this case, the standard Poincare inequality gives that PR is an
order O(1) number (independent of η).

Remark 4.2. For a general partition of identity {D(i)}, we can write

(4.9)

∫
R

κ|∇D(r)D(s)w|2 ≤ P 2
R

∫
R

κ|∇w|2, for all w ∈ W̃H̃ with
∫
R
w = 0.

We note that PR depends only on the region R and the partition of identity {D(i)}.
The numbers PR measure the variation introduced by the partition of the identity in
the region R. In particular, if the partition of identity is such that for every subdomain

ωi, there is a constant 0 < d
(i)
R ≤ 1 with D(i)w = d

(i)
R w in the region R, then we see

that PR is an order one number PR ≼ maxωr∩R ̸=∅(d
(r)
R )2. In the analysis below, the

constant PR will replace a Poincaré inequality constant used in [6, 5] for the analysis
of the corresponding two-level method.

In the next result, we verify that the number of small (contrast dependent) eigen-
values is related to the number of high-contrast regions. We show that if the partition
of identity is properly selected, then, the number of small eigenvalues is related only
to the number of channels. The key idea is to assume that the action of the par-
tition of identity does not introduce any variation to functions inside high-contrast
inclusions. This is stated precisely in Assumption (2) in Lemma 4.1. In Section 4,
we present some examples of partitions of identity that satisfy Assumption (2) in
Lemma 4.1. The main purpose of Assumption (2) in Lemma 4.1 is to avoid small
eigenvalues due to inclusions and to ensure that only small eigenvalues due to chan-
nels appear. If Assumption (2) in Lemma 4.1 does not hold, then, in general, the
number of small (contrast dependent) eigenvalues, will be given by the number of
inclusions and channels; see Remark 4.3.
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Lemma 4.1. Let the coefficient κ be of the form

(4.10) κ = 1B +

Nch∑
i=1

ηCi 1Ci
+

Nin∑
i=1

ηIi 1Ii ,

where {Ci}Nch
i=1 represent the high-conductivity channels and {Ii}Nin

i=1 represent the iso-
lated inclusions. Assume that:

(1) For every channel Ci, the number PCi
defined in (4.8) does not depend on ηCi .

(2) The partition of identity {D(i)} satisfies: for every inclusion Ii there are con-
stants 0 < RIi ≤ 1 independent of the contrast, such that

(4.11)

∫
Ii

κ|∇D(r)D(s)w|2 ≤ RIi

∫
Ii

κ|∇w|2, for all w ∈ W̃H̃ .

Then, the eigenvalue problem,

(4.12) aωi
(ψ,w) = Λmmωi

(ψ,w), for all w ∈ W̃H̃(ωi),

has at most Nch + 1 asymptotically vanishing eigenvalues when ηCi →∞, ηIi →∞.

Proof. We prove that there are at most N = Nch small eigenvalues. We have that

λN+1 = min
dim(V )=N+1

max
v∈V \{0}

R(v),

where

R(v) =
vT Ã(ωi)v

vTM̃v
,

where Ã(ωi) and M̃ are matrix forms of the bilinear forms introduced in Section 3.2.
Then we have to show that for every N +1 dimensional subspace V (⊂ W̃H̃(ωi)) there
exists a vector v ∈ V such that R(v) ≽ 1.

Define the subspace

Wpoin = {w ∈ W̃H̃(ωi) :

∫
ωi

w = 0 and

∫
Cm

w = 0, m = 1, . . . , N = Nch}.

The subspace Wpoin is of co-dimension N + 1 = Nch + 1. From (4.8) with R = Cm,
we can write∑

r,s

∫
Cm

|∇D(r)D(s)w|2 ≤ PCm

∫
Cm

|∇w|2, for all w ∈ Wpoin,

where PCm is independent of η; or, multiplying by ηCm − 1 > 0,∑
r,s

(ηCm − 1)

∫
Cm

|∇D(r)D(s)w|2 ≤ PCm(η
C
m − 1)

∫
Cm

|∇w|2, for all w ∈ Wpoin.

We can use (4.8) with R = ωi to have∑
r,s

∫
ωi

|∇D(r)D(s)w|2 ≤ Pωi

∫
ωi

|∇w|2, for all w ∈ Wpoin,
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where Pωi
is independent of η. Adding these last two inequalities and (4.11), we then

obtain∑
r,s

∫
ωi

κ|∇D(r)D(s)w|2 ≤ max{max
Ci

PCi
,max

Ii
RIi , Pωi

}
∫
Ω

κ|∇w|2, for all w ∈ Wpoin.

Let V ⊂ W̃H̃(ωi) be a subspace of dimension N + 2. We have that V and Wpoin

intersect in a subspace of dimension at least one. Then, we can select w ∈ V ∩Wpoin

with w ̸= 0; for this vector we have that

R(w) =
wT Ã(ωi)w

wTM̃w
=

∫
ωi
κ|∇w|2∑

r,s

∫
ωi
κ|∇D(r)D(s)w|2

≥ 1

max{maxCi
PCi

,maxIi RIi , Pωi
}
.

�

Remark 4.3. An analogous result is obtained if (2) is replaced by (2’) as defined
below.

(2’) For every inclusion Ii, the number PIi defined in (4.8) does not depend on ηi.

In this case, the number of small eigenvectors is related to the number of high-contrast

regions, channels and inclusions. We define Wpoin = {w ∈ W̃H̃(ωi) :
∫
ωi
w =

0,
∫
Cm

w = 0,m = 1, . . . , Nch, and
∫
Im
w = 0, m = 1, . . . , Nin}.

Remark 4.4. In order to work with Assumption (2) instead of (2’), the idea is then
to construct the partition of identity {D(i)} where the degrees of freedom associated
with inclusions have small or no variation. For instance, a useful partition of identity
would have constant value in all degrees of freedom associated to a single inclusion.

4.2.1. Example of partition of identity using piecewise linear partition of unity. As-
sume that the first level partition of identity is defined by using the piecewise (bi)linear

partition of unity {χ̃j ∈ P 1(T̃H̃)}. Introduce the linear partition of unity function
{χlin

i ∈ P 1(TH)}. In this case, we can write

χlin
i =

∑
s

e(i)s z̃x̃s ,

where z̃x̃s ∈ P 1(TH) is a usual nodal basis function. We use the functions {χi ∈ W̃H̃}
defined by

χi =
∑
r

Lr∑
α=1

χ(i)
r,α wr,α where χ(i)

r,α = e(i)r , for α = 1, . . . , L,

and define {D(i)} as in (4.5). According to Remark 4.2, we can expect this coarse

space to include basis functions for each inclusion and channel with respect to T̃H̃ (or
TH).
As an illustrative example, let us consider the coefficient and meshes depicted in

Figure 3. Gray regions indicate the high-contrast regions. The coefficient κ has the
value 104 inside high-contrast regions and value 1 on the background region.
The small relevant eigenvalue information is illustrated in Figure 4.
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(1) At the first level, all the subdomains have only one zero eigenvalue. No small
eigenvalue is present.

(2) At the second level, there are subdomains with two and three small eigen-
values. This is expected since, at this level, some coarse node neighborhoods
may include up to three of the high-contrast regions. See Figure 3.

(3) At the third level, there are subdomains with two, three and four small eigen-
values. This is expected due to the number of high-contrast regions that may
be included in each coarse node neighborhood at this level. See Figure 3.

Figure 3. Right: Example of four nested triangulations T (0) = Th,
T (1) = T̃H̃ , T (2) = TH and T (3). Here h = 1/32, H̃ = 1/16 and
H = 1/8. Left: Example of the corresponding node neighborhood for
the node x = (0.5, 0.5).

4.2.2. Example of partition of identity using multiscale partition of unity. Assume
that the first level partition of identity is constructed using a piecewise (bi)linear par-

tition of unity {χ̃j ∈ P 1(T̃H̃)}. Introduce the multiscale partition of unity functions
{χms

i ∈ P 1(TH)}. Function χms is the P 1(TH)} approximation of the solution of

−div(κH̃K∇χms) = 0 in K ⊂ ω̃i

χms = χlin on ∂K,

where for every coarse element K̃ ∈ T̃H̃)

(4.13) κH̃
K̃
=
H̃2

|K̃|

∑
xr∈K̃

Lr∑
α=1

∫
K̃

κ|∇wr,α|2

is an up-scaled version of the fine scale coefficient κ. In this case, we can write

χms
i =

∑
s

f (i)
s z̃x̃s ,
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Figure 4. First 15 eigenvalues for all subdomains of T (1) = T̃H̃ (top

left), T (2) = TH (top right) and T (3) (bottom). Each line plot represents
the first 15 eigenvalues of one subdomain. Due to the scales of the
figure, small eigenvalues appear on top of the horizontal axis. See
Figure 3 for mesh and coefficient information.

where z̃x̃s ∈ P 1(TH) is a usual nodal basis function. We use the functions {χi ∈ W̃H̃}
defined by

χi =
∑
r

Lr∑
α=1

χ(i)
r,α wr,α where χ(i)

r,α = f (i)
r ,

and define {D(i)} as in (4.5). According to Remark 4.2, we can expect that this coarse

space includes basis functions for each channels with respect to T̃H̃ .

4.2.3. Optimal choice of partition of identity. The choice of the partition of identity
should be done such that the variation introduced by all D(i)’s in the high-contrast
inclusions is minimal. Given a partition of identity {D(i)}, the quotient for the eigen-
value problem (3.8) is

(4.14) Ri(w; {D(r)}) = R(w) =
aωi

(w,w)

mωi
(w,w)

,

where mωi
is defined in (4.7) and depends on the partition of identity {D(i)}. An

optimal choice of the partition of identity {D(i)} is obtained when the number of
small (asymptotically vanishing) eigenvalues is minimum for each coarse grid block.
In this case, only degrees of freedom related to high-contrast channels will be added
to the coarse space. We want to select partition of identity such that

(4.15) min
{D(r)}

N∑
i=1

∑
ℓ>1

1

λ
(ωi)
ℓ

,
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where the minimum is taken over all possible partitions of identity. A related more
practical choice is given by the minimization problem

(4.16) min
{D(r)}

N∑
i=1

mωi
(w0, w0)

or the quadratic minimization problem given by

(4.17) min
{D(r)}

N∑
i=1

∫
ωi

|D(i)ω0|2

where the minimum is taken over all possible partition of identity and w0 ∈ W̃H̃ is such
that

∫
D
κ|∇ω0|2 is bounded independent of the high contrast. Note that for partitions

of identity defined as in (4.1) and w0 = 1, the problem above can be viewed as the
minimization problem corresponding to energy minimizing coarse basis functions in
[18]. Similar procedures as in [18] can be implemented to approximate the solutions
of such a minimization problem. The numerical solution of the minimization problem
(4.17) is computationally expensive. Instead of the partition of identity chosen by
solving the global problem (4.17) or (4.15), one can use locally defined functions
with small energy. For instance, one can use multiscale basis functions that extend
harmonically some prescribed boundary condition.

5. Multigrid methods

5.1. Notation and building tools. In this section, we extend our construction to
the multilevel setting. We call recursively the construction and results form the pre-
vious section. Recall that we introduced a coarser mesh T (1) ⊃ T (0) with parameter
h(1). We assume that each coarse element Tc ∈ T (1) is the union of fine elements τ
with τ ∈ T (0). Define also the subdomains {T} as coarse vertex neighborhoods. For
each subdomain T , there is a coarse vertex xT such that T = ∪{Tc : xT ∈ Tc}. Each
subdomain T contains only one coarse vertex xT . Now, we define the subdomain

matrices A
(0)
T . For interior floating subdomains, let A

(0)
T be the finite element Neu-

mann matrix corresponding to that subdomain. If T is a boundary subdomain, let

A
(0)
T be the finite element matrix with homogeneous Neumann boundary conditions

in the inner boundary ∂T ∩D and homogeneous Dirichlet boundary conditions in the

exterior boundary ∂T ∩ ∂D. For any subdomain T , the matrix A
(0)
T can be obtained

by local assembling of finite element matrices as f

A
(0)
T =

∑
τ∈T

I(0)τ A(0)
τ I(0)Tτ ,

where I
(0)
τ is the extension by zero operator. Let {D(1)

T : V (0) → V (0)} be a partition

of identity; that is,
∑

T ITD
(1)
T ITT = Id, where Id : V (0) → V (0) is the identity operator

and IT is the extension by zero operator.

Let M
(0)
T be the matrix corresponding to the bilinear form m; that is,

M
(0)
T =

∑
τ∈T

I(0)τ M (0)
τ I(0)Tτ ,
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where M
(0)
τ is the local matrix corresponding to the (current level version of the)

bilinear form m defined in (3.6). See also (4.7). We solve the high-contrast eigenvalue
problem

(5.1) A
(0)
T ϕk = ΛkM

(0)
T ϕk, ϕk = ϕk,T , Λ1 ≤ Λ2 . . .Λk ≤ Λk+1 ≤ . . . .

This eigenvalue problem reveals the “small” part of the spectrum of the local subdo-

main matrix A
(0)
T . It can be shown that only a few small eigenvalues depend on the

contrast, i.e., those few eigenvalues vanish asymptotically as the contrast increases.
In particular, the number of these eigenvalues is is related to the number of isolated
high-conductivity inclusions and channels; see Section 3 for details. The idea is to

include the corresponding eigenvector information into the coarse space. Let L
(0)
T be

an integer and define the coarse basis functions associated to the vertex xT by

(5.2) Φ
(1)
k = D

(1)
T ϕ

(0)
k , k = 1, . . . , LT , Φ

(1)
k = Φ

(1)
k,T .

These are the coarse degrees of freedom. That is, we define the coarse space

V (1) = Span{Φ(1)
k = Φ

(1)
k,T , T subdomain, 1 ≤ k ≤ L

(0)
T }.

Let N
(1)
Tc

be the number of coarse degrees of freedom in a coarse element, or coarse

basis functions with the support containing a coarse element, Tc ∈ T (1). With the

(new) coarse basis functions, we construct local matrices A
(1)
Tc
.

Denote by P (1) the matrix whose columns are the coarse basis functions defined
including all subdomains T ; that is

P (1) = [Φ
(1)
T,k]T,1≤k≤L

(0)
T
.

The matrix P (1) : V (1) → V (0) is the interpolation from the coarse space V (1). We
use the Galerkin relation to define the coarse-level “1” matrix

A(1) = P (1)TA(0)P (1).

We now consider the additional nested coarse meshes T (2) ⊃ · · · ⊃ T (L) with
parameters h(2), . . . , h(L), respectively. The procedure described above can be called
recursively to construct coarse spaces V (ℓ) and interpolations P (ℓ) : V (ℓ) → V (ℓ−1) (see
Section 4.2). At level ℓ, we consider the coarser triangulation T (ℓ+1) and we proceed

by constructing as before: local element matrices, A
(ℓ)
τ , τ ∈ T (ℓ); subdomain local

matrices, A
(ℓ)
T ,M

(ℓ)
T , T subdomain; coarse basis functions,

(5.3) Φ
(ℓ+1)
k = D

(ℓ)
T ϕ

(ℓ)
k , k = 1, . . . , L

(ℓ)
T ;

interpolation, P (ℓ+1) = [Φ
(ℓ)
T,k]T,k; and coarse-level ℓ+ 1 matrix defined by

A(ℓ+1) = P (ℓ+1)TA(ℓ)P (ℓ+1).

Here, {D(ℓ+1)
T : V (ℓ) → V (ℓ)} is a partition of identity of the ℓth level degrees of

freedom.
Note that P (ℓ+1) : V (ℓ+1) → V (ℓ) where we have defined the coarser space

V (ℓ+1) = Span{Φ(ℓ)
k = Φ

(ℓ+1)
k,T T subdomain, 1 ≤ k ≤ L

(0)
T }.
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Input: x, b ∈ V (0) and A = A(0). Output: y = y0 =
MG(x, b).

(1) Initialize: Set y0 = x and r0 = b− Ax.
(2) For ℓ = 0, . . . ,L − 1, smooth:

(a) If ℓ > 0, set yℓ = 0.
(b) Perform additive Schwarz smoothing, i.e.,

for s = 1, . . . , NS, compute

yℓ ← yℓ + I
(ℓ)
Ts
(A

(ℓ)
Ts
)−1I

(ℓ)T
Ts

(rℓ − A(ℓ)yℓ).

(c) Compute the next level residual

rℓ+1 = P (ℓ)T (rℓ − A(ℓ)yℓ).

(3) Coarse-grid correction: For ℓ = L, solve A(ℓ)yℓ =
rℓ, i.e., compute

yL = (A(L))−1rL.

(4) For ℓ = L − 1, . . . , 0, interpolate and post-
smooth, i.e.,
(a) interpolate

yℓ ← yℓ + P (ℓ)yℓ+1.

(b) Post-smooth, i.e., for s = NS, . . . , 1, com-
pute

yℓ ← yℓ + I
(ℓ)
Ts
(A

(ℓ)
Ts
)−1I

(ℓ)T
Ts

(rℓ − A(ℓ)yℓ).

(5) MG(x, b) = y0.

Figure 5. Multigrid operator. Note that, in our construction, P (ℓ) :
V (ℓ) → V (ℓ−1), ℓ = 1, . . . ,L, and then, no information from the finest
grid is needed to compute the correction at level ℓ.

Each eigenvalue problem is defined at a current level: A
(ℓ)
T ϕk = ΛkM

(ℓ)
T ϕk. These

are sparse small size eigenvalue problems. The corresponding spaces V (ℓ) are nested;
that is, V (0) ⊃ V (1) ⊃ · · · ⊃ V (L).
Observe that in [11], in order to construct new coarse basis functions, an interpo-

lation of the solution of the local weighted eigenvalue problems into the finest space
V (0) is needed in order to apply the partition of identity operator. In our paper,
we use interpolations P (ℓ+1) : V (ℓ+1) → V (ℓ) constructed using partition of identity
operators at each level. We need only previous level information to compute the tools
needed at the current (coarser) level.
Now we describe the multigrid method. Given x, b ∈ V (0), we define y =MG(x, b)

as corresponding multigrid (V-cycle) operator with (multiplicative) Schwarz smoother
with initial guess x and right-hand-side b. A detailed description of the computations
is presented in Figure 5.1. The operator r → MG(0, r), r ∈ V (0), (as is well–known)
is symmetric positive definite and can be used as a preconditioner.
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5.2. Multilevel additive preconditioner (BPX). Now we define a BPX–like ad-
ditive multilevel method with overlapping Schwarz method as smoother; see e.g., [17].
Given r ∈ V (0), we define

M−1
addr =

L∑
ℓ=0

∑
T

P (ℓ)I
(ℓ)T
T (A

(ℓ)
T )−1I

(ℓ)
T P (ℓ)T r,

where the second sum runs over all subdomains at level ℓ, ℓ = 0, . . . ,L. See [5] for
a two-level version of this method. In [5], it is proved for the two-level method that
Cond(M−1

addA
(0)) ≤ C(1+ 1

h(1)ΛL+1
), where C is a constant independent of the contrast

and ΛL+1 = minT Λ
L
(1)
T +1

. If, in each subdomain, the right number of basis functions

is chosen, then the previous estimate becomes independent of the contrast. We note
that a naive multilevel extension of [5] would require the solution of fine triangulation
eigenvalue problems in each subdomain at every level. In our construction in Section
5.1, we solve eigenvalue problems at the actual level and there is no need to visit the
fine grid from the current coarse level.

5.3. A multilevel stable decomposition and condition number bound. Now
we state the multilevel version of Lemma 3.2.

Lemma 5.1. For every v ∈ V h = V (m) there exist a decomposition

v =

m+k0∑
ℓ=m

N
(ℓ)
S∑

i=1

v
(ℓ)
i

and positive constants C(ℓ), ℓ = m,m+ 1, . . . ,m+ k0 such that

m+k0∑
ℓ=m

N
(ℓ)
S∑

i=1

a(v
(ℓ)
i , v

(ℓ)
i ) ≤ C2

0a(v, v)

with C2
0 =

∏m+k0
ℓ=m C(ℓ). Moreover, there is a constant CT depending only on the

topology of the triangulations T ℓ, ℓ = m,m+ 1, . . . ,m+ k0 such that

C2
0 ≤ Ck0

T

(
1

Λ∗

)k0

where Λ∗ = min
m≤ℓ≤m+k0

max
xT∈T (ℓ)

Λ
L
(ℓ)
T +1

.

We mention that the smallest left out eigenvalue Λ∗, depends on the bilinear par-
tition of identity used (to define the bilinear form m in (3.6) or (4.7) at each level).
The idea is then, to select the partition of identity such that Λ∗ is the biggest possible
for a given coarse space dimension. See Section 4 for examples of construction of par-
tition of identity functions. In general, Λ∗ depends on the geometrical configuration
of high-contrast regions (channels and inclusions).
Using the multilevel stable decomposition above, we can obtain bounds for the

condition number of the multigrid method (5.1) and the multilevel additive precon-
ditioner of Section 5.2. See [17, Chapter 5], [15] and references therein.
The above lemma implies level-dependent bounds of both additive (BPX) and

(multiplicative) MG V-cycle methods given in the next Theorem.
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Theorem 5.1. We have the condition number bounds for the preconditioned opera-
tors: Cond(MG(0, ·)A(0)) ≤ CMG and Cond(M−1

addA
(0)) ≤ CBPX , where the constants

CMG and CBPX depend on the number of levels and on the contrast-independent
eigenvalues Λk = Λℓ

k,T , k ≥ LT , T is a subdomain, 1 ≤ ℓ ≤ L. In particular, for any

V-cycle with k0-levels, we have C ≤ D ≼ C2
0 ≤ Ck0

T (1/Λ∗)
k0.

5.4. AMLI-cycle MG: a recursive W-cycle like MG algorithm. According to
Theorem 5.1 and Lemma 5.1, we see that the condition number is of the order of
Ck0

T (1/Λ∗)
k0 , where k0 corresponds to the number of levels. Then, the convergence

rate of the preconditioned conjugate gradient will depend on the number of levels.
In order to improve the performance of the multigrid method, we can stabilize the
method in Figure 5.1 by using the more involved AMLI-cycle MG instead of V−cycle;
see [17, Ch. 5]. Briefly explained, the AMLI-cycle MG, is a ν-fold recursive MG
cycle with recursion applied at every level of multiplicity k0 ≥ 1, i.e., at levels k =
k0, 2k0, 3k0, .... Such cycle reduces to the well-known W -cycle for ν = 2 and k0 = 1.
The analysis in § 5.6.3, [17], gives that if ν, the number of recursive calls, is such

that

ν > CMG = Cko

(
1

Λ∗

)k0

,

the AMLI-cycle MG will provide a spectrally equivalent preconditioner with bounds
independent of both the contrast and the number of levels used. However, we are
also interested to keep the cost of applying the preconditioner under control, with the
best cost being of order the number of fine–degrees of freedom. This gives an upper
bound on ν, the number of recursive calls that we are allowed to use. Let nk be the
number of degrees of freedom at level k. Then, the analysis in § 5.6.3, [17], shows
that if we can choose ν such that

(5.4)
nk

nk+k0

> ν ≥ CMG = Cko

(
1

Λ∗

)k0

,

we can guarantee both optimal complexity and uniformly bounded relative condition
number of the AMLI-cycle MG preconditioner (both with respect to contrast and the
number of levels).
If we assume certain growth in the number of the channels when we grow the

coarse-element size from hk to hk+1, so that the number of channels grows like ηd−1,
whereas the number of coarse vertices from level k+1 grows to fine-level k vertices like
ηd, where d = 2 or d = 3 (for two or three dimensional domain D), and 1 < η ≃ hj+1

hj

is the geometric coarsening factor, then it is easy to see that nk

nk+1
≃ Cη. That is, due

to the nature of long channels, they grow one dimension less than the volume growth
of the elements (in all directions). Hence, we have

nk

nk+k0

≃ (Cη)k0 .

To ensure (5.4), it is sufficient to choose η > C 1
Λ∗
. Note that we can choose η

(it is a geometric coarsening factor) for any fixed Λ∗ such that the above estimate
(5.4) holds. It is clear though that all these estimates are asymptotic and apply for
extremely fine meshes and highly channelized media resolved only by the finest mesh.



MULTISCALE SPECTRAL AMGE 25

In our experiments, it appeared that even the V-cycle exhibits convergence factors
bounded in terms of the levels.

6. Computational cost of the methods

6.1. On the number of small contrast-dependent eigenvectors. As before, we
assume that the coefficient κ is a simple function of high-contrast regions, channels
{Ci} and inclusions {Ii}

(6.1) κ = 1B +

Nch∑
i=1

ηCi 1Ci
+

Nin∑
i=1

ηIi 1Ii

Each subregion represents a high contrast inclusion (Ii) or channel (Ci). We assume
that each high-contrast region is connected and has polygonal or smooth boundary.
We also assume that each high-contrast region is the union of elements of the finest
triangulation T h = T (0). Assume that the classification in channels and inclusions
above is made with respect to T j, for some j with 1 ≤ j ≤ L. Consider the partition
of identity {D(j)

i } as constructed from multiscale finite element functions with linear
boundary conditions. Recall the definition of m defined in (4.7).
Consider the discrete generalized eigenvalue problem in a subdomain Ω,

Aqm = ΛM (j)qm,

where the matrices A and M (j) are defined by

qTAp =

∫
Ω

κ∇p · ∇q qTM (j)p = mΩ(p, q).

It can be verified as in [5, 8] (see also [7]) that the number of small eigenvalues,
asymptotically vanishing when the contrast increases, corresponds to the number
of high-contrast regions where the associated degrees of freedom in the partition of

identity {D(j)
i } vary considerably. See Lemma 4.1 and Remark 4.3. If the partition

of identity is selected properly, then, the number of small asymptotically vanishing
eigenvalues corresponds to the number of high-contrast channels with respect to T (j)

within the subdomain Ω. The previous statement implies that, if we take Li equal to
the number of channels with respect to T (j) within the node neighborhood ωi , then,
we obtain a condition number independent of the contrast.

6.2. Preprocessing cost.

6.2.1. Triangulations and partitions. We do not assume that the grid is aligned with
the coefficient in any way. Then, the preprocessing of the grid can be done at optimal
cost independent of the coefficient.

6.2.2. On the solution of generalized symmetric eigenvalue problems. Given a sub-
domain Ω and the subdomain stiffness matrix A and mass matrix M , we need to
solve the generalized symmetric eigenvalued problem Az = ΛMz. This is a small
sparse eigenvalue problem. There are several options for the numerical solution of
this problem. We roughly describe the eigensolver in LAPACK; see [1].
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Since M is positive definite, we can perform a Cholesky factorization, say M =
LLT . Then, we can make a substitution to get a standard eigenvalue problem of the
form L−1AL−T (LT z) = Λ(LT z) or Cw = Λw, where C = L−1AL−T and w = LT z.
We note that, for general symmetric positive definite matrices, a Cholesky factoriza-
tion can be performed in O(dim(A)3/3) flops. Now, in order to solve the standard
symmetric eigenvalue problem, matrix C is reduced to a Hessenberg tridiagonal form.
This can be achieved in 4(dimMT )

3/3 flops for general symmetric matrices. After a
tridiagonal form is obtained, an iterative method for tridiagonal symmetric matrices
can be used to compute the eigenvalues. For instance, we can apply an iterative QR
algorithm. A QR factorization for tridiagonal matrices can be obtained in O(dimMT )
flops using, for instance, Givens rotations, [12]. The QR iteration to compute eigen-
values needs a QR factorization in each iteration.
At level ℓ, the total number of degrees of freedom in the subdomain Ω, according

to the previous section, is given by,

(6.2) dim(Aωi
) =

∑
x
(ℓ−1)
r ∈ωi

L(ℓ−1)
r .

For instance, in Figure 1 the number of interior degrees of freedom (corresponding to
the channels in the figure) is 14.

The generalized eigenvalue problem (3.7) uses the matrix M̃ωi
obtained from the

bilinear form mωi
defined in (4.4). Assembling matrix M̃ωi

involves the computation
of the integrals in (4.4) for all chosen basis functions for all nodes neighboring the
node i.

6.3. Online cost. In each iteration, we apply the multigrid operator described in
Figure 5.1. This involves the solutions of local subdomain problems at every level.
We mention that inexact solvers can also be used. An LU factorization is used in
the numerical experiments presented in Section 7. At level ℓ and subdomain ωi, the
dimension of the linear system is given in (6.2). We note that the dimension of the
local matrices Aωi

are, in general, larger than the number of nodes interior to the
subdomain ωi (as is usual in classical multigrid methods). Then, the online cost of
our methods is larger than the usual multigrid methods. The difference in cost will
depend on the total number of extra degrees of freedom added. We recall that the
maximum number of extra degrees of freedom that our methods yield for each node
corresponds to the number of high-contrast regions on the subdomain corresponding
to that node. An optimal choice of the bilinear form m will reduce the number of
extra degrees of freedom in each node, to the number of important channels in the
corresponding subdomain.

Remark 6.1. We recall that we are dealing with very ill-conditioned problems. De-
pending on the distributions of heterogeneities, the local problems at each level can
be very ill-conditioned. This is due to the fact that if bounded energy basis functions
cannot be achieved (here the choice of the bilinear form m is important), the local
matrix will be ill-conditioned with several scales of magnitudes in its entries. This
will lead to very ill-conditioned local matrices. In this case, the procedures used to
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solve the local problems, have to be stable. Otherwise, the good performance of our
methods can deteriorate due to the propagation of numerical errors.

7. Numerical experiments

In this section, we present representative numerical experiments that show that
the proposed methods have an optimal convergence in terms of contrast. We consider
D = [0, 1]× [0, 1] and solve problem (2.1) with different distributions of high-contrast
coefficients κ.
In the first experiment, we consider the coefficients depicted in Figure 6. We use

Preconditioned Conjugate Gradient (PCG) with the preconditioners described above.
The mesh and degrees of freedom information for the basis functions construction in
Section 5.1 is displayed in Table 1. In this example, we use the bilinear form m as
defined in Section 4.2.1 and constructed using standard piecewise bilinear partition
of unity. We have observed that Λmin (the smallest left out eigenvalue among all sub-
domains) is independent of contrast in our simulations. In particular, the condition
number of the preconditioned system using the multigrid operator as a preconditioner
is 1.9 for contrasts η = 105 and η = 107 (the number of iterations is 9).

Figure 6. Coefficient corresponding to nine high-contrast channels.
Red indicates the high-contrast part, κ(x) = η. White indicates value
κ(x) = 1. The degrees of freedom information is in Table 1.

The previous examples consider a coefficient with long channels. Now we consider
the example with coefficient depicted in Figure 7. This coefficient has channels and
inclusions. The purpose of this second example is to show the importance of the choice
of m introduced in Section 4.2.2 (that uses multiscale partition of unity functions)
in the final complexity of the methods. In this numerical test, we use a crude and
inexpensive approximation of (4.13) and show that we can achieve some dimension



28 YALCHIN EFENDIEV, JUAN GALVIS, AND PANAYOT S. VASSILEVSKI

Level h Subdomains nodes xtra dof. 1 op Λmin

0 1/64 32×32 4225 0(0) 1
1 1/32 16×16 1089 0(0) 1.26 0.1538 (0.1538)
2 1/16 8×8 289 8(8) 1.33 0.2282(0.2282)
3 1/8 4×4 81 11(11) 1.35 0.2150(0.2149)
4 1/4 2×2 25 14(14) 1.36 0.1804(0.2734)

Table 1. Mesh, nodes,extra degrees of freedoms, minimum eigenvalue
left out and operator complexity at each level for the coefficient depicted
in Figure 6. See Section 5.1. The contrast values are 104 and 106 (in
parenthesis).

Figure 7. Fine mesh and coefficient corresponding to nine high-
contrast channels and inclusions. Red indicates the high-contrast part,
κ(x) = η. White indicates value κ(x) = 1. The degrees of freedom
information is in Table 2.

reduction even with this approximation. We implement our multiscale partition of
identity using a piecewise constant approximation of κ in each level. In Table 2,
we present the resulting degrees of freedom information. We also report the extra
degrees of freedom obtained if we use the bilinear form m of Section 4.2.1 (that uses
piecewise bilinear partition of unity). We see that the use of multiscale partition
of unity function decreases the number of extra degrees of freedom needed for the
construction. We mention that we are implementing simple procedures to select the
number of small eigenvalues. In our implementation we keep all the eigenvalues less
than a given threshold. As we stressed before, all the coarse level problems are ill
conditioned in this case. Then, robust local solvers have to be used in this case.
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Level h Subdomains nodes xtra dof. Λmin

0 1/128 64×64 16641(16384) 0 (0)
1 1/64 32×32 4225 0 (0) 0.1561 (0.1538)
2 1/32 16×16 1089 0 (0) 0.1904 (0.1680)
3 1/16 8×8 289 0 (0) 0.2230 (0.3828)
4 1/8 4×4 81 41 (55) 0.1009 (0.1258)
5 1/4 2×2 25 10 (36) 0.5231 (0.1848)

Level h Subdomains nodes xtra dof. Λmin

4 1/8 4×4 81 43 (43) 0.1619 (0.1619)
5 1/4 2×2 25 69 (69) 0.1118 (0.1118)

Table 2. Mesh, nodes, extra degrees of freedoms, minimum eigenvalue
left out at each level for the coefficient depicted in Figure 7. See Section
5.1. In the top table, we present the extra degrees of freedom when we
use m in Section 4.2.2 (that uses multiscale partition of unity). In the
bottom table, we display the number of extra degrees of freedom if
we use (an approximation of) m in Section 4.2.1 (that uses piecewise
bilinear partition of unity). The contrast values are 103 and 105 (in
parenthesis).

The above results on the use of multiscale partition of identity are preliminary and
show that we need a good choice of multiscale partition of identity to achieve a dimen-
sion reduction that is consistent with our theory. Multigrid numerical experiments
using multiscale partition of identity are currently being designed. We are consid-
ering various choices for multiscale partition of identity that give small dimensional
coarse spaces (including the ones presented here). We believe that one can achieve a
substantial dimension reduction (within the genuine multilevel framework) for coarse
spaces with careful choices of multiscale partition of identity and coarsening factors.
This is subject of our current research and will be reported in future.

8. Conclusions

We develop and analyze multilevel methods for high-contrast problems. We present
multilevel methods that use local generalized eigenvalue problems at the previous level
to construct the coarse basis functions for the current level. The analysis presented
here, extends to the genuine multilevel setting, the two-level domain decomposition
preconditioners designed and analyzed in [5, 8, 11]. Our methods use a special bi-
linear form, m, that enters in the local eigenvalue problems. This bilinear form m is
constructed using a partition of identity operator (that can be defined using partition
of unity functions). The local eigenvalue problems identify the contrast-dependent
modes that need to be included in the next coarser level solver to obtain contrast-
independent performance. The choice of the bilinear form m extends the idea of
modified weight mass matrix introduced in [6, 8, 7]. It is also related to the abstract
weighted Poincaré inequalities, [9, 10]. The methods presented here are constructed
to target an optimal (w.r.t. physical parameters) multilevel stable decomposition;
see also [9] for an abstract two-level setting. The stable decomposition is obtained
in Theorem 5.1, where we prove that the relevant constants are independent of the
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contrast of the coefficient. The multilevel decomposition, according to multigrid and
multilevel analysis, gives condition number independent of the contrast. Our mul-
tilevel methods are designed to use Schwarz smoothers. We comment also on the
complexity and computational cost of the proposed multilevel methods. We also dis-
cuss the theory behind the more involved (than the V-cycle) AMLI-cycle MG which
can be used (if needed) to achieve level independent (in addition to contrast indepen-
dent) bounds of the MG convergence. We present numerical results that support our
analysis.
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