SOME ERROR ESTIMATES FOR THE LUMPED MASS FINITE
ELEMENT METHOD FOR A PARABOLIC PROBLEM

P. CHATZIPANTELIDIS, R.D. LAZAROV, AND V. THOMEE

ABSTRACT. We study the spatially semidiscrete lumped mass method for the
model homogeneous heat equation with homogeneous Dirichlet boundary con-
ditions. Improving earlier results we show that known optimal order smooth
initial data error estimates for the standard Galerkin method carry over to
the lumped mass method whereas nonsmooth initial data estimates require
special assumptions on the triangulation. We also discuss the application to
time discretization by the backward Euler and Crank-Nicolson methods.

1. INTRODUCTION
We consider the model initial-boundary value problem
(1.1) u—Au=0, inQ, w=0, ondQ, fort>0,
u(0) =v, in Q,

where  is a bounded convex polygonal domain in R2. For simplicity we restrict
ourselves to the homogeneous heat equation, thus without a forcing term, so that
the initial values v are the only data of the problem. This problem has a unique
solution u(t), under appropriate assumptions on v, and this solution is smooth for
t > 0, even if v is not. More precisely, for ¢ > 0 we denote by H? C Lo () the
Hilbert space defined by the norm

> 1/2
olg = (3o X@,05)%) ", where (v,w) = /Q vw d,
j=1

and where {A;}32;, {¢;}32, are the eigenvalues and eigenfunctions of —A, with
homogeneous Dirichlet boundary conditions on Q. Thus |v]g = ||v| = (v,v)'/?
is the norm in Ly = Ly(2), |v|; the norm in H} = HE(Q) and |v|z = ||Av|| is
equivalent to the norm in H%(2) when v = 0 on 9. For the solution of (1.1) we
then have the stability and smoothing estimate

|E(t)v|, < Ot~ P=D2|y|, for 0<q<p, t>0, whereu(t)=FE(t)v.

We first recall some facts about the spatially semidiscrete standard Galerkin
method for (1.1) in the piecewise linear finite element space

Sp={x€C(Q): x| linear, V7 € Tp; x|oa = 0},
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where {75}, 1 is a family of regular triangulations 7;, = {7} of Q, with & denoting
the maximum diameter of the triangles 7 € 7;. We then seek an approximation
up(t) € Sy, of u(t) for t > 0 from

(12) (uh,t; X) + (vuh7 VX) = 07 VX S Sh7 for ¢ 2 Oa with uh(o) = Vh,

where v, € S}, is an approximation of v. It is well-known that we have the smooth
data error estimate, valid uniformly down to ¢ = 0, cf. [7, Theorem 3.1],

(1.3) llun(t) —u(t)|| < Ch3|v]y, fort >0, if |Jvy —v| < Ch?|v|s.

We also have a nonsmooth data error estimate, for v only assumed to be in Ls, but
which deteriorates for ¢ tending to zero, cf. [7, Theorem 3.2], namely

(1.4) |un(t) —u®)|| < CR*t ™ v||, if vy = Py, fort >0,

where Pj, denotes the Lo—projection onto S;,. Note that the discrete initial data
are not as general in this case as in (1.3).

We remark that the nonsmooth data error estimate (1.4) is of optimal order
O(h?) for t bounded away from zero, but deteriorates as t — 0. We emphasize that
the triangulations 7 are assumed independent of ¢, and thus that the use of finer
75, for ¢t small is not considered here.

We note for later use that a possible choice in (1.3) is vy, = Pjv, and that hence,
by interpolation, we have the intermediate result between (1.3) and (1.4),

(1.5) un(t) — u(t)|| < Ch*Y2v)y, if vy = Pyu, for t > 0.

As is easily seen, this error bound also holds for v, = Ryv, the Ritz projection of
v onto Sp, defined in (2.4) below. In the sequel we shall not insist on generality in
the choice of v, in our various error estimates, and an estimate such as (1.3) would
be expressed with v, = Rpv. The above more general choice of vy, is then justified
by the stability of (1.2) in vy,

The object of study in this paper is the lumped mass modification of (1.2)
obtained by replacing the first term on the left by a quadrature expression, or

(1.6)  (@ns, X)n + (Vay, Vx) =0, VxeS,, fort>0, withu,(0)=vp,

where, denoting by {z7}3_, the vertices of 7 and by m, : C(2) — Sj the finite
element interpolation operator,

3
(17) (’an)h = Z Qr,h(vw)v with Q'r,h(f) = @ Zf(z;) = /th dr.

€T, j=1 T
This method has the advantage over the standard Galerkin method that, under
the assumption that the triangulation is of Delaunay type, the solution satisfies the
maximum-principle, cf., e.g. [7, Theorem 15.5]. Our aim here is to show analogues
of (1.3), (1.4), and (1.5) for the solution of (1.6), namely, with the appropriate
choices of vy,

(1.8) |an(t) — u®)|| < CR*= =D y|,, fort >0, ¢=0,1,2.

We will prove this in Section 3 for ¢ = 1,2. However, for ¢ = 0, we are only able
to show this under an additional hypothesis, expressed in terms of the quadrature
error operator @y : Sy — S, defined by

(19) (VQhX7 Vw) = Eh(Xvw) = (X7w)h - (X,¢)7 Vl/) S Sh7



ERROR ESTIMATES FOR THE LUMPED MASS FEM 3

and requiring
(1.10) lQnyll < CR?|[¢ll, Vo € Sh.

It will be shown that this assumption is satisfied for symmetric triangulations. We
will then give examples, in one space dimension, of nonsymmetric partitions such
that (1.8) does not hold for ¢ = 0. For finite difference methods, which are close in
character to the lumped mass method with symmetric triangulations, it was shown
in [5], that nonsmooth data estimates similar to (1.8) with ¢ = 0 hold. Without
condition (1.10) we are only able to show the nonoptimal order error estimate

[an(t) — u(®)|| < Cht='2||v||, fort > 0.

Symmetry of the triangulations is a serious restriction which can only hold for
special shapes of €.

We also discuss optimal order O(h) error estimates for the gradient of @y, (¢) —u(t),
with a dependence of ¢ depending on the smoothness of v.

Our analysis provides improvements of earlier results in [3], cf. also [7, Lemma
15.3 and p. 267], where, by mimicking the proof for the standard Galerkin method,
it was shown that, e.g.,

lan (1) — ()] < {Ch

Cth_l/QMg for t >0, if v, = Rpv,

thus requiring more regularity of the initial data than (1.8). Our approach here
is to combine the error estimates (1.3), (1.4) and (1.5) for the standard Galerkin
method with new bounds for the difference 0(t) = @ (t) — up(t), which satisfies

(111) (6tax)h + (V57 VX) = _Gh(uh,t,X)a fOI‘ X S Sh'

After we had finished our research, we become aware of the paper [6], where the
smooth data error estimate (1.8), with ¢ = 2, is shown for a slightly more general
parabolic equation and by a somewhat more lengthy argument than here. The
nonsmooth data error estimate, with ¢ = 0, is also stated but with an incomplete
proof.

The following is an outline of the paper. In Section 2, we introduce notation and
give some preliminary material needed for the analysis of the lumped mass method.
Further, we derive smooth and nonsmooth initial data estimates for the gradient
of the error in the standard Galerkin method, which will be used in the sequel. In
Section 3 we derive error estimates for the lumped mass method for initial data
with basic smoothness, or v € H? with ¢ = 1,2. In Section 4, we show the optimal
order error bound for v € Ly under the assumption that (1.10) holds. In Section 5
we show that this assumption is valid for symmetric meshes, and in Section 6, in
one space dimension, that the symmetry requirement can be somewhat relaxed. In
Section 7 we give two nonsymmetric partitions in one space dimension for which
optimal Ls-convergence for nonsmooth data does not hold. Finally, in Section 8 we
consider briefly the application of our results for the spatially semidiscrete problem
to the fully discrete backward Euler and Crank—Nicolson lumped mass methods.
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2. PRELIMINARIES

In this section we recall some basic known facts for the spatially semidiscrete
standard Galerkin and lumped mass methods. We introduce notation and show
smoothing properties of the solution operators for these two semidiscrete methods
and some other preliminary results needed in the sequel.

Introducing the discrete Laplacian Ay : Sy, — Sp, by

_(AM/%X) = (vwva)a Vd’y X € Sh7
we may write the spatially discrete problem (1.2) as
(2.1) upy — Apup, =0, for ¢t >0, with u,(0) = vy,

With uy(t) its solution we define the solution operator Ej(t) = e®rt of (2.1) by
up(t) = Ep(t)on. Letting {A"}V ), {¢"}]L, denote the eigenvalues and eigenfunc-
tions of —Ay, we have, by elgenfunction expansion,

(2.2) up(t) = Ze Ajt vh,(bh ', fort>0.

j=1
We shall need various smoothing properties of Ej,(t). First, we recall the follow-
ing smoothing bounds for the exact solution u of (1.1), cf., e.g., [7],

(2.3) |DLE(t)w], < Ct===D/2)y|, fort >0, p,q, >0, 204+p>q, ve HI.
In the following lemma, we show some discrete analogues of these bounds.
Lemma 2.1. For Ep(t) defined by (2.2) we have, for vy, € S,

VP DY Ey (t)vy|| < Ct=@=D/2||V49y, ||, fort >0, £>0, p,g=0,1, 20+p>q.

Proof. By Parseval’s relation, since A\*e™* < O t=*, for A > 0, s > 0, we get
N

197 DEB, (o2 = D (A)HPe22 0y, 9)2 < CL727749|[ Wy, 2. O
j=1
In addition to the Lo projection P}, : Lo — Sp, satisfying

(P}Lvax) = (U7X)a VX € Sha
our error analysis will use the Ritz projection, Ry, : H} — Sy, defined by

(2.4) (VRyv,Vyx) = (Vu,Vx), for x €S).
It is well-known, cf. e.g. [7, Lemma 1.1], that Rj satisfies
(2.5) |Rpv — v|| + B||V(Rpv — v)|| < Ch¥v|y, forve HY, q=1,2.
Next, we turn to the lumped mass method. As is well known, the norms || - ||
and | - || are equivalent on Sy, or, more precisely,
(2.6) Ll < I < s Y X € Si.

We now introduce the discrete Laplacian —Ay, : S, — S}, corresponding to the
inner product (-, -)p, by

(2.7) —(Ant,x)n = (V¥,Vx), Vi, x € Sp.
The lumped mass method (1.6) can then be written in operator form as

(28) Up,t — Ah’ﬁh =0, fort>0, with ﬂh(O) = Vp.
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With E),(t) = e2+* the solution operator of (2.8), we have
(2.9) up(t) = En(t)on = Ze “(vn, 9} )n Y,

where {5\? é\fz1 and {qb? j=1 are the elgenvalues and the corresponding orthonormal
eigenfunctions, with respect to (-,)n, of the positive definite operator —Ay. We
show the following analogue of Lemma 2.1 for Ej,(¢).

Lemma 2.2. For Ej(t) defined by (2.9) we have, for v, € S,
IV D En(t)onl| < Ct== =02 V0w, fort >0, £>0, p.g=0.1, 20+p>q.

Proof. Introducing the square root Gj, = (—=A)Y/2: S, — S}, of —Ay,, we have

N
IVonl® = (=An)vn, va)n = |Gronllz =Y N (on, )7
j=1
Since the norms || - ||, and || - || are equivalent on Sj, we find

IV (1o < CIGEDLBn(unt = €3 (24162501 () )2
j=1
< Ot~ CHPmD|| Gl < Ot CHPO )Ty, |12, O
We recall the following estimate for the error in the quadrature expression in
(1.7).
Lemma 2.3. Let e,(x,¥) = (x,¥)n — (x,%). Then
len(x, ¥)| < CRPTUIVPX| IVTY]|, VX, 9 € Sy, with p,q =0, 1.

Proof. For completeness we sketch the proof, cf. Lemma 15.1 in [7]. Since the
quadrature formula is exact for linear functions over any triangle 7 € 75, employing
the Bramble—Hilbert lemma and a Sobolev inequality, we conclude that

|th(X1/))—/ Ydz| < Ch2 Y D ()11 (r) < CRZIVX Lo V| Lo
|| =2

with h, the maximal side length of 7. Now using an inverse inequality locally and
summing over 7 € 7, we obtain the desired result. ([

The following estimate holds for the quadrature error operator Q.

Lemma 2.4. Let Ay, and Qy, be the operators defined by (2.7) and (1.9), respec-
tively. Then

(2.10) IVQux|l + kIIARQux|In < CRPTHVPX|l, VX € Sh, p=0,1.
Proof. By (1.9) and Lemma 2.3, with ¢ = Qx and ¢ = 1, it follows easily that

VQrxXII> = en(x, Qrx) < CRPTHIVPX| IVQrx||, for p=0,1,

which shows the first estimate of (2.10). Also, by the definition of Aj, Lemma 2.3
with ¢ = 0 shows

180Qnx17 = =(VQrx, VALQRX) = —€n(X; AnQnx) < CR Vx| [ AnQnx|ln,
for p = 0,1, which gives the second bound in (2.10). (]
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In our analysis of the lumped mass method (1.6) we shall be interested not only
in the error estimates (1.8) but also in the corresponding estimates for the gradient
of the error. Our approach will then require the following estimates for the standard
Galerkin method.

Theorem 2.1. Let u and uy, be the solutions of (1.1) and (1.2), respectively. Then

19 o (1) — (1)) < {gzz_f”jf)'”'q’ A A
Proof. In a customary way we split the error into two terms as
up, —u = (up, — Rpu) + (Rpu —u) =9 + p.

By (2.5) and (2.3) we have

[Vo(®)|| < Chlu(t)|s < Cht= 192y, fort>0, veH? ¢=0,1,2.

It remains to bound V¥ analogously. By our definitions we have

(2.11) Y — Ap¥ = —Pro¢, fort > 0.
In the cases ¢ = 1,2 the Ritz projection Ryv is well defined so that ¥(0) = 0 and
hence, by Duhamel’s principle,
(2.12) 9t) = — /Ot En(t — s)Prot(s)ds.
Using Lemma 2.1, the stability of Py, (2.5) and (2.3), we find, for 2p + 1 > ¢,
IVD{Ew(t — s)PnDYo(s)|| < C(t —5)"* /2| D} o(s)|

< Ch(t —s)~ Y2 |DPu(s)|y < Ch(t — s) "¢ 1/ 2s7P=1/24a/2)y) .
When ¢ = 2 we use this in (2.12) to obtain

(2.13)

¢
Vo) < C’h/ (t —s)"Y2571/2 ds u|y = Chlvly,
0
which shows the desired estimate for V¥ in this case.
To treat the case ¢ = 1 we use (2.12) to write

t/2 ¢
Vo(t) = —{/ +/ }VEh(t — $)Pyoi(s)ds = Ty + To.
0 t/2
Using (2.13), we find
t
T3] < Ch/ (t — 5)"Y25~  ds |o]y < ChE=2Ju),.
t/2
For T7 we obtain by integration by parts
t/2 t/2
T =— [VEh(t - s)Phg(s)} . + VDsER(t — s)Pro(s)ds,
0
and hence

t/2
T < Cht=Y 2|y + Ch/ (t — )32 ds |v|, < Cht=2|vl;.
0

Together these estimates show the desired bound for V4 for ¢ = 1.
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Finally, for ¢ = 0, we multiply (2.11) by ¢ to obtain
(t9): — Ap(t9) = —tPror + 9, for ¢ > 0.

Although 9¥(0) = vj, — Rpv is not defined when v ¢ H{, we have t9(t) — 0 ast — 0.
Indeed, using the estimate, cf. [7, formula (3.12)],

(2.14) lun(t) = u(®)] < Cht=*2|ju]l,

the error bound (2.5), and the regularity estimate |u(t)|; < Ct~1/2|jv|| we get
(2.15) IO < llun(®) = w@®)]| + [ Rau(t) — u(®)]] < Cht~/2|jv]),

which shows that ¢9(t) — 0 as ¢ — 0.

Hence we may integrate the above equation over (0,t) to find

() = —/0 Byt =) Prer()ds+ [ Eu(t = 9)i(s)ds

so that

t t
V() = — / SVEW(t — 5)Proy(s) ds + / VEn(t — $)9(s) ds = Ty + T,

0 0

Using (2.13) with [ =0, p =1, ¢ = 0 we obtain
T3l < n [ 072572 ds ol = Ol

For Ty, we note that in view of (2.15) we have
T4l < Ch / “1/2571/2 dglju]| = Chjo].

Together these estimates complete the proof for ¢ = 0 and thus of the theorem.
Note that the choice vp, = Pjv enters in the estimate for uy(t) — u(t) in (2.15). O
3. THE LUMPED MASS METHOD WITH SMOOTH INITIAL DATA

In this section we derive optimal order error estimates for the lumped mass
method (1.6), with initial data v in H? and H!.

Theorem 3.1. Let u be the solution of (1.1) and uy that of (1.6). Then
Jan () —u(®) |+ BIIV (@n(6) —u@®)]| < CHH-O=4D ol forq = 1,2, if vn = Rav.

Proof. Since the corresponding error bounds hold for the solution w of the standard
Galerkin method, by (1.3), (1.5) and Theorem 2.1, it suffices to show that

16(8)]| + h|VE(t)|| < Ch2t=O=9/D|y|,, fort>0, g=1,2, where § = ay — uy,.

By (1.6), (1.2) and the definition (1.9) of the quadrature error operator Qp,, d(t)
satisfies (1.11) and hence

(31) 515 - Ahd = AthU}ht, for ¢ Z O7 with 5(0) =
By Duhamel’s principle this shows

(3.2) 5(t) = /0 "Bt — $)BnQuina(s) ds
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Using the fact that Ej,(t)A, = DyEp(t), and Lemmas 2.2 and 2.4, we easily get

(3.3) | En(t)AnQrx|| + bV EL()ArQrX||
' < Ct V2 (|VQux|| + R AnQrx]) < CR22| Vx|,

and hence
t
[0 + R[[Ve@)]| < Ch2/ (t = )2 Vup(s)|| ds.
0

Here, since Ap Ry, = PrA, we obtain, by first applying Lemma 2.1
IVun ()| < Cs™ 2 [lun1(0)]| = Cs™ 2| ApRyv|| = Cs™ /2| Py Av|| < Cs™/2 [l

and hence
t
[6()[ + R[[Va(t)]| < Ch?/ (t—s)"12s7 2 ds o]y = C h*|ul,
0

which completes the proof for ¢ = 2.
To treat the case ¢ = 1, we use (3.2) to write

t/2 e -
(34 6(t) = { / + / FEn(t = $)AnQutna(s) ds = 01(t) + 62 (1),
0 t/2
Here we have, in the same way as above,

t
162(8) | -+R[[Vo2(t)]| < Ch2/ (t— )2 || Vun(s)|| ds
t/2

t
< c;ﬂ/ (t —s)"Y2s 1 ds | VRyv|| < CR27Y2 |u);.
t/2

Integrating by parts we obtain

_ _ t/2 t/2 B B
(3.5) 51(t):{Eh(tfs)Athuh(s)}O -/ DyEn(t — 8)AnQuun(s) ds.

Employing (3.3) we now find, similarly to the above,
61 (@)1 + RIVEL(E)]] < CR2E2(([Vun(t/2)]l + |V Ryoll)

t/2
+ ChQ/ (t — 5)73/2 | Vun(s)|| ds < Ch*~1/2|v);.
0

Together these estimates complete the proof. ([l

4. THE LUMPED MASS METHOD WITH NONSMOOTH INITIAL DATA

In this section we discuss error estimates for the lumped mass method with
v € Lo, with discrete initial data v, = Ppv. To derive an optimal order error
bound analogous to (1.4) for the standard Galerkin method, we now need to impose
a condition on the triangulations 7}, expressed as a boundedness condition for the
quadrature error operator ;. Without this condition we are only able to show a
nonoptimal order O(h) error bound in Lo, whereas for the gradient of the error an
optimal order O(h) still holds. We begin with the following theorem.
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Theorem 4.1. Let u be the solution of (1.1) with v € Lo and let uy, be the solution
of (1.6), with vy, = Pyv. Then

(4.1) i (t) — u(t) + En(t)AnQpun| < Ch*tY|v||, fort > 0.

Hence, a necessary and sufficient condition for the nonsmooth data error bound
(42) ln(t) — u(l] < CH o], fort >0,

is that

(4.3) | En()ALQLPyv|| < Ch*t Y|, fort > 0.

Proof. Using again the notation § = uy, — up, we write
ap(t) — u(t) + Eh(t)AthPh’U =(0(t)+ Eh(t)Athth) + (un(t) — u(t)).

Thus, in view of (1.4), it suffices to bound &(¢) + Ej(t)AnQpPrv. Using the repre-
sentation (3.4) and (3.5) of §, we obtain

5(t) + Eh(t)AthPh'U = Eh(t/2)Athuh(t/2) + 52(t) + (53(15),

t/2 B B
where d05(t) = —/ D ERr(t — s)ApQpup(s) ds.
0
Here, similarly to the proof of Theorem 3.1, using the stability of Py,
1B (t/2)AnQuun(t/2)]| < CR*V2([Vun(t/2)]| < CR*¢ | Pyol| < OB o]].
Further,

t
162()] < Ch2/ (t—5)"1/2s7%2 ds || Pyl < CR*t o],
/2
and, since ||Vuy(s)|| < Cs™2| Pyl
t/2
13(&)II < ChQ/ (t = 5)"*2 || Vun(s)| ds < Ch*¢~"[v]].
0

Together these estimates show the desired bound (4.1). O

We will now use this result to show that the O(h?) error bound (1.10) for the
quadrature error operator @, : S, — Sp, defined in (1.9) is sufficient for the non-
smooth data error estimate (4.2) to hold.

Theorem 4.2. Let u be the solution of (1.1) with v € Lo and let uy, be the solution
of (1.6), with vy, = Pyv. Assume that Qy, satisfies (1.10). Then (4.2) holds.

Proof. The result follows by Theorem 4.1 since, by Lemma 2.2 and (1.10), we have
1ER(t)ArQnon|l < CtH|Qpup|| < CR2 o). 0

The condition (1.10) will be discussed in more detail in Section 5 below. Note
that, by Lemma 2.4, without additional assumptions on the mesh, we always have

1Qrxll < ClIVQrxIl < ChlxIl, V¥ € Sh,

and that the following lower order error estimate always holds.

Theorem 4.3. Let u be the solution of (1.1) with v € Lo and uy, the solution of
(1.6), with vy, = Pyv. Then

an(t) — u(t)|| < Cht=Y2||v||, fort > 0.
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Proof. Using the stability of Ej,(t) and E(t), and Lemma 2.4, we find
n(t) — u(t) + En(®)AnQuPro]l < Clloll + CAnQnPaol] < Cllo]l
Combining this estimate with (4.1), we obtain
ln () — u(t) + En(H)ArQuonll < Cht=/2 o],
But by Lemmas 2.2 and 2.4, we have
1En()ARQuunll < Ct~V2||VQnProll < Cht ™3 ||u],
which shows the desired bound. ]

We end this section by showing an optimal order H'-norm nonsmooth data error
estimate, which does not require the additional assumption (1.10).

Theorem 4.4. Let u the solution of (1.1) with v € Lo and uy, the solution of (1.6),
with vy, = Pyv. Then

IV (an(t) —u(®)| < Cht Y|, fort>D0.
Proof. In view of Theorem 2.1 it suffices to show
(4.4) V(1) < Cht™Yv||, for t > 0.
Multiplying (3.1) by t, we get

(t0): — An(td) = tARQuup + 0, for t > 0.

Hence, by Duhamel’s principle we get
tVo(t) = /t sVEL(t — 8)AnQnun(s) ds + /t VEL(t—3s)d(s)ds=1+1I.
By (3.3), Lemr(;la 2.1, and the stability of Py, weoﬁnd
[ Ch/ot(t — )72 2 ds|fun|| < Chllo].

To bound II, we use (2.14) and Theorem 4.3 to obtain
161 < Nlan(t) = u®)] + llun(t) —u®)] < Cht=2|lv].

Therefore, Lemma 2.2 gives
t
112 < Cn [ (6= 97257 2 ds o] = Cilo.
0
Together these estimates show (4.4), which completes the proof. O

5. SYMMETRIC TRIANGULATIONS

In this section we show that for triangulations that are symmetric, in a sense
to be defined, assumption (1.10) is satisfied and therefore, by Theorem 4.2, the
optimal order nonsmooth data error estimate (4.2) holds.

For z; a vertex of the triangulation 75, we define the patch II;, = {Ur : 7 €
Th, zi € O}, see Figure 1, and say that 7, is symmetric at z; if the patch II; is
symmetric around z;, in the sense that if x € II;, then z; — (x — 2;) = 22; —x € ;.
Denoting by ZJ the interior vertices of 7p,, we say that 7y is symmetric if it is
symmetric at each z; € Zg. The patch in Figure 1 is nonsymmetric with respect
to z;, whereas triangulations which are periodic repetition of the patches shown on
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-
T _ T z A
21 =z 2

FicURE 1. A triangle 7 and a patch II; around a vertex z;

Figure 2 are symmetric. Symmetric triangulations exist only for special domains,
such as rectangles, but not for general polygonal domains.

Zi Zi Zi

FIGURE 2. Patches which are symmetric with respect to the vertex z;

We now show the sufficiency of symmetry for condition (1.10).
Theorem 5.1. If the triangulation Ty, is symmetric, then (1.10) holds.

Proof. The proof is based on duality. For given x € S, we define ¢ = ¢, € H!
as the solution of the Dirichlet problem (V¢,Vn) = (x,n) for all n € H'. Since
Q is convex we have ¢ € H? and |p|y < C||x||. Letting 7, be the finite element
interpolation operator into S}, we then have, for any ¥ € Sp,

(51)  IQuyll = sup LX) _ g (YO, VE)

XESh ||XH XESh HXH
< sup |(VQhw?V(¢_ 7Th¢))| + sup |(VQh¢7V7Th¢)| =J+1I.
XESh [l XES, Il

By the obvious error estimate for 7, and Lemma 2.4 we have

(5.2) 1| < Ch sup VQr| |62
X€SH, x|

To estimate I, we first rewrite the numerator in the form, cf. (1.7),

(Ve V116) = e, 700) = (o — (i) = 3 [ (ma(w0) — 6 mu6)da.

TETL YT

< CR?[|y].

Denoting the vertices of 7 by 27, 27, 2 and setting 2] = 27, 2§ = 23, and u(2]) = u;
(cf. Figure 1), we obtain after a simple calculation

/(M(Wb) —pm)de = — 5 > ¥;(AT0);,
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where
(AT¢)j = ¢j—1 —2¢; + dj1, §=1,2,3.
Hence, if 7 € II;, with (A7¢)(z;) = (AT¢); if 27 = 2,
1
en(, ) = — Y P(2:)(A40) (i), where (Af)(zi) = 2 > ITI(ATe)(z:).
2 €ZY) TCII;

We can look upon (A} ¢)(z;) as a finite difference approximation of A¢ at z;, using
the values of ¢ at the vertices of II,;. Since (A} ¢)(z;) does not use information about
the location of these vertices, it does not generally approximate the Laplacian A¢
at z;. Such an example is the patch shown in Figure 1.

z3 2

20 29 zZ3 )

21 24

F1GURE 3. A pair of elements symmetric with respect to vertex zg

Now let 7, be symmetric at the vertex zg, so that the patch Il is symmetric
around zg. Then for the triangle 7 C Iy there is a triangle 75 C Iy, symmetric
to 71 with respect to zg, see Figure 3, so that |7 | = |r2| = |7|. Also, for ¢ a linear
function in ITy we have

(5.3) [T (AT @)o + [T2| (A2 )0 = |T|(d1 + b2 — 260 + @3 + P4 — 2¢) = 0.

Thus, for a patch II; which is symmetric with respect z; and ¢ linear in II; we have
(A7 ¢); = 0, since this expression will be a sum of symmetric pairs satisfying the
relations (5.3). Applying the Bramble-Hilbert lemma we then obtain

|(A70)(z:)| < CR2|ILY2 6] 2, -

Employing this estimate, we get for any v € Sp,

(VQw, V)| = len(th, mnd)| < | D 9(2:)Aje(2:))|
ziezg
<Ch? Y ()| 112 (6]l g2,y < CR2[[W]l ]2 < CR2[ly]l x|,

Z; GZS

and hence |I1] < Ch?||1||. Together with (5.2) this completes the proof. O
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6. “ALMOST” SYMMETRIC PARTITIONS IN ONE DIMENSION

In this section we shall consider the spatially one-dimensional analogue of the
lumped mass method, and show that a nonsmooth data error estimate of type (4.2)
holds for partitions which are somewhat more general than symmetric ones.

Let Q = (0,1) and let 7;, = {I,;}¥,, with I; = (x;_1,7;), be defined by the not
necessarily uniform partition 0 = zg < 1 < --- < zy = 1, and let S}, be the set
of the continuous piecewise linear functions over 7. We set h; = x; — z;_1 and
h = max; h;. Using the quadrature formula,

Q) = GG+ f@) = [ fdn

we now define the approximation of the inner product (v,w) in Sy by

N N—-1
. 1
(.30 = Y Qun (Wx) = Y wixihi,  with iy = = (hi + higa)-
=1 1=1

The lumped mass finite element method is then defined by
(6.1) (Un,e, X)n + (@), X)) =0, Vx € Sp, with 4,(0) = vp,.

It is easy to demonstrate that the analogues of our results in Sections 3—-5 remain

valid also for (6.1). Here we will show that assumption (1.10) for the operator Qp

holds for partitions which are “almost” symmetric in a sense to be defined below.
A direct computation shows that

((Q/LX)/7wl) = Gh(Xﬂ/)) = (X:w)h - (Xaq/})

N

-1
Z (hi+1(Xi+1 - Xi) - hi(Xi - Xifl)) P = (Mth"/J)ha
i=1

S| =

where, taking into account that yo = xny = 0, we have

(6.2) (Mpx)i = (Rix1(Xit1 — xi) — hi(xi — xi-1)), i=1,...,N—1.

" 6h;
Similarly, direct computation of (—Apx, V) = (x',1') gives
A L (Xit1 —Xi  Xi— Xi—1 .
6.3) —(Apx)i=—— - L i=1,... N1,
03 ~Bai=— (M Xy,

and we note that by the definition of the operator —A;, we have

(Qnx)" ") = —(ArQuX, V) = (MpX, ¥)n,
so that

(64) —Ath = Mh, or Qh = (—Ah)_th.

Obviously, a partition that is symmetric with respect to each of its nodes is
uniform, so that h; = h for all i. In this case (6.2) and (6.3) imply 6h=2M), = —A,,
and Qp = éhQ I, where I is the identity operator, and hence assumption (1.10) is
satisfied. More generally we have the following lemma which easily follows from
(6.2) and (6.3) by checking the coefficients. Here, for @ = (w1,...,wny—1) and x €
Sh, we define @ x € S, by (Wx); = w;x;. Further we set (ﬁ2)2 =hi=1,...,N—1
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Lemma 6.1. Let the operator Oy, : Sy, — Si, be defined by (Onx)s = (xi — Xi—1)/hi,
i=1,...,N —1. Then

Mux = —$An(0x) + §0n(@x),  where w; = hyy1 (1= (hi/hi1)?).

In the following theorem we shall consider families of partitions that are almost
uniform in the sense that, uniformly in h,

(6.5)

h,
i —I‘SCh, i=1,...,N—1.
hiy1

Theorem 6.1. If (6.5) holds, we have for Qy = (—Ap)~ My, uniformly in h,
lQnxIl < Ch?|Ix|l,  for x € Sh.
Proof. By (6.4) and Lemma 6.1 we have
(Qrx)i = (=AR) "' Mix)i = ghixi + §(—An) "' On(@x))i = L + 11;.

Clearly [|I]|n < £Rh?||x||n- To deal with II, we note that (—Aj)~!, and hence also
(—=Ap)~1/2, is bounded in || - ||, uniformly in h, and we shall show the following:

Lemma 6.2. With our above definitions we have, uniformly in h,
I(=An) " 20nxlln < Clixlln,  for x € Sh.

Using this lemma we find, since |w;| < Ch?, that || II]|, < C||@x|ln < Ch2||x||n,
which completes the proof of the Theorem 6.1. 0

Proof of Lemma 6.2. . We have

(=An)"Y2Fpx|ln = sup (=An) 20X ¥ _ - (B (=)~ 2)
ves ves Wl

Consider for ¢ € Sy, with Oy x; = (Xi+1 — Xi)/ P,

N

N-1
Onx: O)n =D _(Xi = Xi—1)0i = — Y _ Xi(Pi41 — 1) = —(x: Ond)n < |IX|In[|On |-

i=1 i=0
Note
18n¢l7 < Cll¢'|I> = C(=An, d)p,  with C > 0.
Now choose ¢ = (—Ay)~ 24 to find
100 (=A0) 2017 < CU(=Bn)(=Br) 20, (=AR)729)n = Cll¥]I5-
Hence

(@ (=Bn)~20) < CIxInll¥lln.
which completes the proof. 0

As in Theorem 4.2 the result of Theorem 6.1 implies a nonsmooth data error
estimate of the form (4.2) for vy, = Pjv.
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7. COUNTEREXAMPLES

In this section we continue the discussion of the lumped mass method (6.1) in
one space dimension and present two examples, where the necessary and sufficient
condition for optimal convergence of Theorem 4.1 is not satisfied and hence the
O(h?) nonsmooth data error estimate does not hold.

First, we consider a special nonuniform mesh by choosing h = 4/(3N), where N
a positive integer divisible by 4, and take

(7.1) h; = %h7 foriodd and h;=h, forieven, i=1,...,N.

Obviously h; = 2h. This mesh consists of J = N/2 copies of the patch (0,1h) U

(%h7 %h) and is not symmetric with respect to any mesh-point, see Figure 4.

h hooin hoo o in h

Zj-1 zy TJjt1

FIGURE 4. A nonsymmetric partition in one space dimension

By Lemma 6.1 since w; = %h, for ¢ odd, w; = f%h, for i even, we have
(7.2) Myx = —EAn(h*X) + My,
where
—~ 1) x: +2xi-1, for 4 odd,
(7.3) (Mpx)i = = .
6 | —2xi — xi-1, for i even.

In view of Theorem 4.1, the following proposition will show that the O(h) error
estimate for ¢ > 0 in Theorem 4.3 is best possible.

Proposition 7.1. Let 7}, be defined by (7.1). For the lumped mass initial value
L

problem (6.1) with vy, = Y22 (P yy2j — 2®42511), where ®; is the nodal basis
function at x;, we have, for each t >0 and h small,
| En()AnQnunlln > chllvplln, with ¢ = c(t) > 0.
Proof. In view of (7.2) and (6.4) we have
(7.4) Qnon = (—Ay) "' Myvy, = —%EQUh + (—Ah)_lﬁhvh.
Since, by Ej(t)A, = Dy Ej,(t) and Lemma 2.2,
I En(t)Ap(h2op)|| < Cllh2un| < Ch||up|,  for t > 0,

it will suffice to consider the last term in the right of (7.4). We find at once from
(7.3) that Mp(Po; — 2Pgj11) = (Pajtr2 — P2;)/3, where we have set &y = 0, so
that

J—1

Myvp, = Y My(@y12; = 20519511) =
i=0 =0

J—1

N[
=

1
(Pryojye — Pyyoj) = —§‘I>J-

W =
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|—=

Hence, with 5\? and q_bgl be the eigenfunction and eigenvalues of —Ay, since z; =
and hence (Muvp, ¢%)n = 5 (P, 0%)n = TR (3),

2

N—-1
_ _ _ —~ Sh, —— —_ Th, —
IEA(6)AR((—An) " Myon) |l = Y e 25 (Myvn, ¢0)7 > &5 hPe™ 21 (3)2.
j=1

Since, as is easily seen, |lvp|p = ?, the proof is completed by showing that the
last expression is bounded below by c(t)h?.

Let ¢1(x) = v/2sin7mz be the eigenfunction of —u” = \u, corresponding to the
first eigenvalue A\; = 2. We shall need the fact that

(75) ||Q§}11 - ¢1||E[1 = O(h) and S‘}f - A17 as h — Oa
see e.g. [4, pp. 87-92]. Using this, we have
01(3) 2 61(3) — 19} = d1llr. = V2~ ), — dilm = V2 - Ch,
which shows our claim. The proof is now complete. O
Next we give a second example of a partition 7; for which the optimal order
error estimate (4.2) does not hold, although 7, is symmetric with respect to all

nodes of 7, but one. Let J/N = 3/5 and h = 3/(4.J), and let 7;, be defined by, see
Figure 5,

(7.6) hj=x;—xj_1=~h, forj<Jandh;=3h, forJ<j<N.

1
2
By Lemma 6.1 we may write, since wy = —% h and wj =0 for j # J,

XJ5 for J =J+ 1,

- — —~ h
Mpx = —£Ap(h*X) + Mpx, where (Myx); = o X forg=4
7

0, for j £ J,J +1,
and it follows that
(7.7) (Mpx, ) = Thxs Wy — ), for x,v € Sp.
h h h ol ln ln
Ty xg Tyl

FIGURE 5. A nonsymmetric partition with respect to the point = ;

Proposition 7.2. Let 7;, be defined by (7.6). For the lumped mass initial value
problem (6.1), with @, (0) = @, the nodal basis function at x; = 3/4, we have

| En()ALQnr® slln = c()h2||®|ln,  with c¢(t) >0, fort>0, h small.
Proof. The proof is similar with Theorem 7.1. Using (7.7) we get

_ —~ Yh  —~— — Th — _
IEn(O)Mp®l7 = e (M@, 015 > 35 € D2 501 — 01 4)°
Since (7.5) implies [(¢f ;.1 — &} ;) — (d1,041 — d1,0)| < Ch*? and for ¢; =
V2sin(wz) we have é1.9+1 — P1.9| > V2 bl cos 7xy)| = L hr, it follows that
; ; 2 2
1B (6) My Dy |5 = c(t)h® = c(t)h ||,

since ||® ||, = (3h/4)'/2. The proof is now complete. O



ERROR ESTIMATES FOR THE LUMPED MASS FEM 17

8. SOME FULLY DISCRETE SCHEMES

In this final section we discuss briefly the generalization of our above results for
the spatially semidiscrete lumped mass method to some basic fully discrete schemes,
namely the backward Euler and Crank-Nicolson methods.

With &£ > 0, t, =nk, n=0,1,..., the backward Euler lumped mass method
approximates u(t,) by U™ € Sy, for n > 0 such that, with U™ = (U™ — U"1) /k,

QU™ ) + (VU™ V) =0, Vx €S, forn>1, withU®=u,,
or, with Ah = 7Ah,
(8.1) U™ + A, U™ =0, forn>1, withU®=uvy,.

Note that, for simplicity of notation, we write U™ instead of the perhaps more
natural U", and similarly below Ejj, instead of Ejy.

We shall have use for the following abstract lemma, in the case H = S}, normed
by || . Hh, and A = Ah.

Lemma 8.1. Let A be a linear, selfadjoint, positive definite operator in a Hilbert
space H, with compact inverse, let u = u(t) be the solution of

(8.2) u'+Au=0, fort>0, withu(0)=v,

and let U = {U"}22 ) be defined by

(8.3) oU" + AU" =0, forn>1, withU’=v.

Then, forp=10,1, =1 < ¢ < 3, with p+ q > 0, we have

(8.4) | AP/2(U™ —u(ty,))|| < Ckt, T=VD || APTD 2y || forn > 1.

Proof. Solving for U™ we may write (8.3) as U = (I + kA)~1U"~! and hence
U" = E}lv, where E, =r(kA), with r(A)=1/(1+A).

“tndy = ¢k 4y we have

Thus, since u(t,) =€
AP2(U™ —u(t,)) = AP?F,(kA)v, with F,(\) = r"(\) — e ™,
and therefore, by eigenfunction expansion and Parseval’s relation,

[AP2(U™ —u(tn)| < sup [N"VPE, (kA [[APTO2y|
Xeo(A)
= k7% sup [NTYZE, (V)] [|APTO 2y
A€o (kA)
Hence, since k%/2n=(1=4/2) = k¢, =%/ it suffices for the proof of (8.4) to show
(8.5) A2 |F,(\)] < Cn~ 92 for A >0, n > 1.
For 0 < A <1 we have |r(\)| < e~} with ¢ > 0, and |r(\) — e *| < CA2. Hence

n—1
ATRIE N < AT r() — e Mo I (e
7=0

<CNT2pememr < COnm (9P forn > 1.
For A > 1 we have |r(\)| < e, with ¢ > 0, and since A=9/2|r()\)| < C, we find
A2 E, (N < A2 e\ [rN)P T+ A2 e < onm (79D for p > 1,
which shows (8.5) and thus completes the proof. O
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We now show some optimal order error estimates for (8.1) with initial data in
H? and H!, and for initial data only in Lo, if (1.10) holds for Q.

Theorem 8.1. Let U be the solution of (8.1), and u that of (1.1). Then
(8.6) U™ —u(ty)| < C(h? + k)t; T 2w, forn>0, ¢=1,2, if v, = Ryv.
Further, if (1.10) holds for Qy,

(8.7) (U™ = u(ty)|| < C(R%+ k)t v, forn >0, if v, = Pyo.
Proof. We start with the estimates (8.6) and split the error as
(8.8) U™ —u(tn) = (U™ = an(tn)) + (an(tn) = u(tn)) = Bn + 1.

In view of Theorem 3.1, 7, is bounded as required. We obtain, by Lemma 8.1,
1Balln = U™ = ()0 < Clet, =4[ Af2 Ryolln < Cht= =D o]y, g = 1,2,
where the last inequality follows from ||A}1L/2th||h = ||[VRpv| < |v|; and
|AnRpv||7 = (VRyv, VALRyv) = (Vu, VAL Ryv) = —(Av, Ay Rpv),

for ¢ = 1,2, respectively. This completes the proof of (8.6).
We turn now to (8.7). Estimating 7, by Theorem 4.2, it remains to bound G,
as stated. Employing Lemma 8.1, we have

1Balln = U™ = an(ta)lln < Cht | Phovlln < Cht |o]l. O

For the gradient of the error we have the following smooth and nonsmooth data
error estimates, without additional assumptions on the triangulations.

Theorem 8.2. Let U be the solution of (8.1), and u that of (1.1). Then
C(h+ k)|vls, if vy = Rpv,
Chtzt +kt)|vll,  if vn = Ppo.

Proof. The estimates needed for 7, are contained in Theorems 3.1 and 4.4. To
bound (3, in the smooth data case, we first show the error bound for v, = v, =
—A; 'Ry, Av. Since | Vx| = ||A;/2x||h for x € Sy, we then have, by Lemma 8.1,

(8.9)  [IVBull < CEI A} 5nlln < CR[| A} Ralv]ly = CE|[V(RyAv)| < Ckfu]s.
In order to complete the proof it suffices to show
(8.10) IV (Rno — )| < Chluls.
In fact, setting Ex, = (I + kAp)~! we have
n 1/2 an 1/2
IV Bl = 145" Efaxln < 143 *xlln = 191,

IV(U" = ulta))|l < {

and hence
IVER, (on —on)|| < [V (vn = 0)[ + V(v = Rpo)|| + [V (Brv — on)|| < Chlvs.

The estimate (8.10) follows from

(V(Uh—Rpv),Vx) = —(RhAv, X)n + (Av, x) = —en(RrAv, x) — (Rr — I)Av, x)

< Chl|RpAv[[ [VxI| + CRIIVAv] [[x]| < Chlv[s [[VxI|, for x € Sh.
To bound fS,, for nonsmooth data, we use Lemma 8.1 with p =1, ¢ = —1 to find
IVBall < Ckt > 2| Pyvlln < Cht,*2|o]].

This completes the proof of the theorem. O



ERROR ESTIMATES FOR THE LUMPED MASS FEM 19

We now turn to the Crank-Nicolson method, defined by

_ 1 1
(8.11) QU™+ A,U" 2 =0, forn > 1, with U’ =v),, U" 2 =3U"+U"").

This method does not have as advantageous smoothing properties as the backward
Euler method, which is reflected in the following counterpart of Lemma 8.1.

Lemma 8.2. Let A and u be as in Lemma 8.1 and let U = {U™}, satisfy

_ 1
oU" + AU" 2 =0, forn>1, withU"=v.
Then, forp=20,1, ¢ =1,2, we have
(8.12) |AP/2(U™ — u(t,))|| < Ck?t; 2=D||AP/* ey, forn > 1.

Proof. Here, as in the proof of Lemma 8.1, employing eigenvalue expansions, it
suffices to show, for Fy,(A) = r™(X) — e}, with 7(A) = (1 — $A)/(1 4+ ), that

ATYE, (V)] < Cn P9 forA>0,n>1, ¢g=1,2.
For 0 < A <1 we have |r(\)| < e~ with ¢ > 0, and |r(\) — e~ *| < CA?, so that
ATYF,(\)| < CA e <Cn~ 79D, for0<A<1,n>1 ¢g=1,2.
For A > 1 we have |r(\)| < e~¢/*, with ¢ > 0, and hence
ATYUF, (N < A le /A g xTlem < O~ forn>1,¢=1,2. O

We now show optimal order error estimates, where this time we need to require
v € H* for the error bound to hold uniformly down to ¢t = 0. Because of the limited
smoothing in the Crank-Nicolson method, no error bound is given for v only in L.

Theorem 8.3. Let U be the solution of (8.11), and u that of (1.1). Then, with
q=1,2, we have

U™ —u(t,)| < C(h* + k2t;(2_q))|v\2q, forn>1, if v, = Rpv.

Proof. With our new U™ we may again split the error as in (8.8), and by Theorem
3.1 0, is bounded as desired. To bound /3, it suffices, using the stability of £}, =
r(k Ap), with r(k Ap) = (1 — 2k A)(1 + 2k A),)~!, and Lemma 8.2, to find o,
such that

(8.13) |on — Rpv|| < Ch*|vlag  and ||ALTh|ln < C |v]ag.
For ¢ = 2 we may choose U, = —A; ' R, Av, because || A2 |, < Clv|s and
[oh = Ryoll < ClIV(@h — Rpo)ll < Ch?Jols,
which latter inequality follows, using our definitions and Lemma 2.3, from
(V(Up,—Rpv),Vx) = —(RrAv, X)n + (Av, x) = —en(RrAv, x) — (Rr — I)Av, x)
< CR?|[VRp A | Vx| + CR?|Avls [[x]| < CR2[o]a [V x|, for x € Sp.
For ¢ = 1, (8.13) is obviously satisfied with v, = Rpv, completing the proof. O
We now show corresponding error bounds for the gradient of the error.

Theorem 8.4. Let U be the solution of (8.11), and u that of (1.1). Then, for
q=1,2, we have

V(U™ = u(ta)ll < C(h+ K, P~ D) ologr, forn =1, if vy = Ryv.
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Proof. Again, by Theorem 3.1, n,, is bounded as desired. To estimate (3,,, we now
want to find v, such that

(8.14) IV @~ Ruv)l| < Chlolzger and |4,/ %% ln < Clolagr.
For ¢ = 2 we choose v}, = A;QRhAQU, and obtain
143 *Tlln = 1143 * RaA%0lln = IV (RuA%0) | < Clls,
and the first part of (8.14) follows, using Lemma 1.6, with Ay = x, from
(V(0h = Riv), Vx) = (RpA%0,9) — (R — 1)Av, x) — en(RpAv, x) — (A%, 1))
= e (RhA*v, %) — ((Ry, — I)Av, x) — en(RrAv, X)
+ ((Ry, — I)A%v,%) < Chlv|5|| Vx|, for x € Sh.

For ¢ = 1 we take, as in the proof of Theorem 8.2, v, = —A;thAU, recalling from
(8.9) and (8.10) that (8.14) then holds. O

In order to produce optimal order convergence for initial data only in Lo, assum-
ing @}, appropriate, one may modify the Crank-Nicolson scheme by taking the first
two steps by the backward Euler method, which has a smoothing effect, to obtain
the following result. The proof is analogous to those of Theorems 8.1 and 8.3, and
uses the appropriate combination of Lemmas 8.1 and 8.2, cf. [7], Theorem 7.4.

Theorem 8.5. Let U™ be the defined by (8.1) forn = 1,2, and by (8.11) forn > 3,
and let u be the solution of (1.1). Then, if Qy satisfies (1.10), we have

U™ —u(t,)|| < C(R*tY + K2 ||[vll,  if vp = Pov,  forn > 1.

We remark that if the mesh ratio condition & < Ch? and the inverse assumption
Vx| < Ch=Y|x||, for x € Sj, hold, then the use of the two preliminary backward
Euler steps above is not needed, and also, since k%t 2 < kt. !, the error bound may
be written as ||[U™ — u(t,)|| < Ch%t,;t||v|. In fact, under these assumptions, the
spectrum of kA, is bounded above and one easily shows that (8.12) holds also with
g = 0, which implies our claim. Similarly, if instead k < Ch5/3, then the spectrum
of kAy, is bounded above by Ch~'/3, and one easily finds that one backward Euler

step suffices to show ||U™ — u(t,)|| < Ch2t, > ?||v].
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