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Abstract

In this paper, we give an analysis and a general procedure for 4D
variational data assimilation (4D-Var). In functional partial differen-
tial equation setting, the adjoint equation method, sensitivity analysis,
and multicomponent operator splitting are discussed. Nonlinear opti-
mization methods and convergence analysis are also investigated for
4D-Var.
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1 Introduction

There is a steadily growing interest in variational data assimilation [1, 18, 22].
Data assimilation systems use the sources of data: observations, a recent
forecast (or “background”) true at a known time, and error statistics. In
many real life problems, observation sets are distributed in three dimen-
sional space plus time, corresponding to four dimensional variational data
assimilation (4D-Var). 4D-Var is a method of estimating a set of parameters
by optimizing the fit between the solution of a model and a set of observa-
tions. The unknown model parameters may be the model’s initial conditions
or boundary conditions. The problem of determining the model parameters
is very important and complex and has become a science in itself. The goal
of 4D-Var is to incorporate actual observations (e.g., satellite, radar, ship,
land surface, and so on) into mathematical and numerical models in order to
build the best approximation (in some sense) of the true state and to create
a unified model description of some substance (e.g., atmosphere or chemical
pollutant) arising from nature. This can be used by scientific communities
to study important phenomena associated with the substance. 4D-Var is a
process where a state forecast and observations are combined to produce a



best (optimal) estimate or an analysis of the state or parameters of the model
(possibility included in an extended state) [18].

Typically, optimization of parameters in 4D-Var can be regarded as a
class of inverse problems and the parameters are often constrained by evo-
lution differential operators. 4D-Var can be reduced to a PDE-constrained
optimization problem. We will use a parameter which represents the initial
condition of a nonlinear evolution differential operator. Therefore the 4D-Var
problem (inverse problem) can be posted as, “what initial condition will seed
the model to best predict the known observations?” A practical implementa-
tion of the optimization process requires a fast and accurate evaluation of the
gradient of a optimization functional which may be provided by an adjoint
model. Generally the adjoint model relies on the existence of the forward
model itself which is run many times in an iterative procedure for numerical
implementation.

In this paper, we discuss some key issues in 4D-Var from a functional
perspective and a numerical perspective. We give an analysis for 4D-Var and
provide a general procedure for 4D-Var.

The paper is organized as follows. In Section 2, we introduce a func-
tional setting for 4D-Var, where the observation operator and constrained
differential operator are both nonlinear in vector spaces. An optimal con-
trol problem is derived and sensitivity analysis and multicomponent operator
splitting are carried out for the functional 4D-Var. In Section 3, we investi-
gate iterative descent algorithms and convergence analysis of Quasi-Newton
iterative methods for 4D-Var. In Section 4, we apply the analysis and the
general procedure to a 4D-Var chemical transport model.

2 4D Variational Data Assimilation in Func-

tional Setting

2.1 A Framework for 4D-Var

In this section, we discuss a framework for 4D-Var. 4D-Var is a generalization
of 3D-Var for observations that are distributed in time. We set the framework
using a nonlinear functional defined in vector spaces.

Let V' be vector space with inner product (-,-)y and U = {¢ : [to, T] —
V} be a time dependent vector space. Let u? € V represent the background
of the initial values (the initial guess in the assimilation) and B : V —
V' be an associated linear symmetric covariance operator of the estimated
background error. Let H be an observation operator which depends on time



t (without specification, we always assume that H = H(t) in the paper)
and represents the process of interpolating the model solution u to available
observations. Basically, H maps space U into a vector space U,, whose
dimension is often lower than the dimension of U. Let u,s € U, be the real
observations depending on time ¢. The linear symmetric covariance operator
R™': U, — U, accounts for observations and representativeness errors and
it depends on time. In its general form a cost function can be defined as

1 1
J(uo’u) = §(UO_UB7B_l(uo_uB))+§<Hu_uobsaR_l(Hu_uobs))Um (21)

where u € U, u® € V and

Here (-, -) inside the integral represents the inner product of the space U,(s)
(for fixed time s). In this paper, we will use (-,-) to represent generic inner
products to avoid using many notations. Different spaces may have differ-
ent definitions for the (-,-) (e.g., observations in U, and the corresponding
inner product (-,-) means (-,+)y,), but they can be easily distinguished in
the context. The cost functional measures the difference between the model
output u and the observation u.,s and the deviation of the solution from the
background state u”.

Remark 2.1. In many real life situations, the observation uqps s not defined
continuously in a time interval [to, T|, but is evaluated at a set of discrete time
moments {ty}o_,. For these cases, the cost functional is redefined as

J(w® u) = ;(uo—u B (u® —uP))

L (2.2)
_'_5 kz_; Hku obs7 RI;I(Hkuk - U’ibs))'

Remark 2.2. If the observation uqs is not defined continuously in domain €2,
but is evaluated at a set of discrete locations {x;}-,, then the cost functional
s redefined as

J(u,u) = ;(u —uB, B7 (U —uB))—i-%(Hu—uobs,R_I(Hu—uobs)5(x—xl)),

(2.3)
where §(-) is the Dirac function.



Remark 2.3. If the observation ues s not defined continuously in a time in-
terval and domain, but is evaluated at a set of discrete time moments {t; }5_,
and of space locations {x;}l,, then the cost functional is redefined as

T, ) = S0~ u® B )
) " (2.4)
+3 > (Hiu* — by, Ry (Hiub — uly)o(x — 1)),

k=0

Remark 2.4. J(u° u) is called a sensitivity functional in the adjoint opti-
mization.

Let S(t) be a predefined forecast model (a nonlinear operator) from the
initial time ¢y to time ¢t. If the model solution u is the solution of such an
evolution equation as in (2.14), then S(¢) is basically a semigroup. Generally,
4D variational assimilation is defined as the minimization problem,

w0 = arg min{J (v, u) : u(t) = S(t)u’},
where the model states u(t) are subject to the forward model equation,
u(t) = S(t)u’. (2.5)

Let S(t) be the linearization of S(t). Corresponding to (2.5), a tangent linear
model is defined by

Su(t) = S(t)ou". (2.6)
Let S*(t) be the adjoint of S(t), H*(t) the adjoint of H(t), and H(t) a
linearization of H(t). Let Vo be the gradient operator defined on space V/
with respect to u° and V2, the second derivative operator with respect to
u®. Since u(t) = S(¢)u’, a direct calculation gives rise to

T
Vol =B 1’ — u?) +/ S*H* R (Hu — ugps)(s)ds (2.7)

to
and

T
V2o J(u’ u) = B! + / S*H*R'HSds. (2.8)
to

For the numerical approximation of (2.1) we need to discretize time.
Without loss of generality, we can discuss the cost functional defined in (2.2)
instead of the time discretization of (2.1) or (2.3). This is because the cost
functional is the same as in (2.2) in many real life problems and the time



discretization of (2.1) is similar to (2.2). For example, a time discretization

approximation of (2.1) can be written for a time step length of 7 = 710 ag

N

J(u® u) ~

N[ —

(u® —u®, B~ (u® —u®)) +

l\DI»—t

N
ZT Hku 0bs7Rl;1(Hkuk_ulgbs))'
k=1

In this paper, we will use the cost functional in (2.1) to discuss the continuous
4D-Var and use the functional in (2.2) to discuss the numerical 4D-Var.
Hence, 4D-Var is just a nonlinear constrained optimization problem that
is very difficult to solve in the general case. For numerical approximation,
4D-Var can be simplified with two hypothesis:
Hypothesis 1: The forecast model can be expressed as the product of inter-
mediate forecast steps. Let Sy be the forecast step from t tot + 7, i.e.,
u(t 4+ 7) = Sparu(t). Consequently, for t, = to + kT,

w(te) = Site_rta] ** Sitr e St 0.

Remark 2.5. Hypothesis 1 usually means that the forecast model is the in-
tegration of a numerical prediction model starting with u° as the initial con-
dition. Hypothesis 1 is suitable for an operator splitting method for the PDE
problem.

Hypothesis 2: HSu® has a first order Taylor expansion around u® at
any observation time, 1i.e.,

HSu’ = HSu? + HS(u° — u”),

where we recall that H = H(t) is the linearization of the observation operator
H(t) and S = S(t) is the tangent linear model of S(t), i.e., the differential
(perturbation) of S(t).

Remark 2.6. Hypothesis 2 is a tangent linear hypothesis and implies that
VUOHS(UO) = [_{5

Let g[tk—lutk] = VUS[tk—lytk]u’t:tkfl and S[to,tk] = H?:lg[ti—l,ti]' With Hy—
pothesis 1, it follows that

(Su(tk) = S[tk_l,tk]éu(tk_l), 5U(tk) = S[t07tk}5u(t0).
Let Hy, = VuHuli—, . It is easy to verify that

vuo (Hk’uk obs) HkS[tO tr]*

5



Since adjoint problems are solved from end time to initial time, we use S'fgk to]
to represent the linearization adjoint model from %, to tg. Consequently, it
follows that

N
Vol =B’ —uP)+ Y S G Hi Ry (Hyu — uly,) (2.9)
k=0

and

N
Vaod = BT 4> Sh o Hi Ry HiSig - (2.10)
k=0

By Hypothesis 2, it follows that

HkS[to,tk](ug + 6%0) = HkS[t07tk}u2 + Hkg[t07tk}5uo = Hkul; + .Hkg[t()’tk]auo,

where u) is a guess of u’. Consequently, for d* = uf,, — Hyu},
1 _
J(6u®) = 5(5u0 — (uf — ug), B (6u® — (u® — ug)))
1N o (2.11)
+ 5 Z(HkS[tO,tk]éuo - dk, R;l(HkS[toytk]éuo - dk))

B
Il

0

Thus we obtain that w0 = ug + 6&0, which is called the incremental 4D-Var
formulation [9]. Rather than a complete minimization of the full nonlinear
cost function (2.2), the incremental method is an approximation of the full
cost function by a series of minimizations of the quadratic cost functions
(2.11) subject to a linear model, where the tangent linear model is used.

Let O,x—1J be the partial differential of J(u®, u) with respect to u*~! for a
fixed first argument u° and u = {u°,--- ,u™'}. For the cost functional defined
in (2.2), a time-discrete adjoint problem is defined such that the solution w
to the adjoint model can be explicitly described by

wh =0 and w*t =S b+ O (2.12)

Then we obtain the gradient of J with respect to u° by the adjoint problem
(2.12). Thus, we have the following lemma:

Lemma 2.1. Let w be the solution of (2.12). Then

VuwoJ (W u) = w’ + B~ (u® — uP).



Proof. Since 0« J = Hi R, ' (Hyu* — uk,), it follows from (2.9) that

Vwd = B u® — u?f) + Z Sf;k,to]@uk{]
k=0

N
=B '’ —uP) + Z St Shs 10w (2.13)

=B 'u® —uP) + 10,0J

+ 8 10O T 4+ S5, (02T + -+ Si i o) @y T + Si i 10uv ).
By the recurrence definition of w in (2.12), it follows that
Vd =w + B (u’ — u?).
O]

Remark 2.7. By Lemma 2.1, we use the solutions of the adjoint equation
(2.12) to evaluate the gradient of the cost functional.

2.2 Constraint Specified by An Evolution Operator

We now discuss the case when the constraint u(t) = S(t)uo is specified by a
nonlinear evolution operator A defined on a vector space U. The variational
data assimilation problem associated with A and J is essentially an opti-
mal control problem that can be formulated by the following minimization
problem: Find the solution ¢ € U of

Dy = A(¢)
d(t=t) = u’ (2.14)
ud = arginf, J(u®, @),
where J(u’, ¢) is defined in (2.1) if we substitute ¢(t) for u(¢) in (2.1). In

the paper, we assume that the nonlinear evolution equation in (2.14) has a
unique solution.

Remark 2.8. Since u° is the initial condition, ¢ = ¢(u’). Hence, it is
meaningful that u® = arginf,o J(u®, @) in (2.14).

Theorem 2.2. The optimal control problem (2.14) is equivalent to the opti-
mal system

Dt¢ = A(Cb)
ot =ty) = u’
—Di¢* = (VA(¢)*¢* — H*' R (H¢ — dobs) (2.15)

o (t=T) 0
P*(t=1ty) = B 1(u®—uP),

7



where p € U and ¢* € U.

Proof. Let u; = ug + eu’ for e € R and v’ € V. We consider the problem
with initial condition uq,

{cbl(t fttf; _ i@l) (2.16)

Let ¢g = 2=2L. Then ¢ = ¢+ egy. Suppose that A is Gateaux differentiable,

€

then the Taylor expansion yields

A(¢1) = A(9) + VA(¢)(e¢o) + Ofe). (2.17)

Substituting (2.17) into (2.16) with just the first order term (neglecting the
higher order term O(¢)) and subtracting the equation in (2.14) from (2.16),
we obtain an equation with corresponding solution ¢y,

Dt¢0 - (VA(ﬁb))Qbo
{%(t:to) — (2.18)

Since ¢ and u represent the optimal control problem (2.14), J(u® + eu’) is
minimal when € = 0. This implies that £|._o = 0. By the definition of J in
(2.1), we have

dJ(u® + eu', ¢ + egy)

_ (u/’B—l(uo o UB)) + e(u’,u’)

~ de B ’ (2.19)
+ (H¢07 R_l(HQS - ¢obs)) + €(H¢0a R_1H¢0)'
Since %k:o = 0, we have
(’LL/, B_l(uo - UB)) + (H¢07 R_l(H¢ - ¢obs)) == O
or
(v, B (u® — u?)) + (¢, H*R™Y(H¢ — dops)) = 0. (2.20)

Equation (2.20) contains ¢ which is a solution to (2.18). Let us use the
dual representation for (¢g, H* R™(Hd — ¢ops)), which is a linear functional
on ¢q, through a solution of the adjoint problem of the perturbation problem
(2.18) of the form

_Dt¢* = <VA(¢))*¢* - I:[*R_I(H(b - ¢obs)
{¢*(t:T> _ 0 (2.21)

where operator (VA(¢))* is the adjoint to the operator VA(¢) and satisfies
the Lagrange identity for each time t: (VA(¢)y,v*) = (¢, (VA(¢)) ") for
any ¢ € D(VA(¢)) and ¢ € D((VA(6))")-

8



Multiplying (2.18) by ¢* and (2.21) by ¢, and subtracting them from
each other, we get

(U/7 ¢*(t - tO)) = _(¢07 H*R_I(H¢ - ¢ob8>>‘ (222)

Then

(', ¢*(t = t9)) = (v, B~ (u° — uB)).
From here we have B~ (u® — u®) — ¢*(t = t;) = 0 since v’ is arbitrary. This
completes the proof. O

Remark 2.9. The fifth equation in (2.15) is the optimality condition.

Remark 2.10. Let S4(t) denote an operator semigroup with generator A.
By the notation of a semigroup,

o(t) = SA(t)u’.

Hereafter we will use similar notations to denote semigroups. If A is a mazi-
mal dissipative operator on'V', the exponential formula of the nonlinear semi-
group [2] is
t
SAHW® = lim (1 — —A)™"u®,
n

n—oo

where the limit is taken in the strong topology sense. Further,

¢*(t) = —/t STVACN (t — 5)(H*R™ (H — doss))(s5)ds, (2.23)

where S=VA@) ¢ = = (VA@D™ gince the generator —(VA(¢))* is a bounded
linear operator.

We can rewrite (2.15) as an operator system of equations. We introduce
operators G, S and G*, where G = D, — A denotes the forward transport
operator associated with the first equation in (2.15), S extends a spatial field
at initial time onto space-time, S* restricts a space-time field to a spatial field
at initial time, and G* = —D; — (VA(¢))* is the adjoint transport operator
associated with the third equation in (2.15). With these definitions, we can
rewrite (2.15) as

HR'H 0 G \[¢ H*R™ s
0 Bt -S| (v = | B WP (2.24)
G -S 0]|¢ 0

Hence we obtain the following proposition:

9



Proposition 2.3. Let H= B~' 4+ S*(G*)"'H*R™'HG™'S and
g = S*G* ) 'H*R Y ¢ps, where G, G*, S, and S* are defined in (2.24).
Then the optimal solution of (2.14) is the solution of the equation

Hu' =g. (2.25)

Proof. The optimal control problem (2.14) is equivalent to the system (2.24).
The third equation in (2.24) implies that

¢ =G50,

Substituting ¢ = G~1Su" into the first equation in (2.24) to eliminate ¢ gives
us

¢* — (Gj*)fl[_{*Rfl<¢obs _ HG’*lSuO).
After eliminating ¢* in the second equation of (2.24), it follows immediately
that Hu® = ¢. O

Remark 2.11. The system (2.25) is the Schur complement system and H is
the reduced Hessian operator and maps V' to U. The discrete form of (2.24)
can be computed by conjugate gradient methods. Given an initial guess v,
w = Huv can be computed through a matriz-free fashion [1].

Remark 2.12. Proposition 2.8 provides an idea of how to solve (2.14). Sup-
pose {E,} is a sequence of invertible operators, {a,} is a sequence of real
numbers, and v is the index of v-th iteration. We define an iterative method
that is applied to Hu® = g by

WO D) _ g, 0.)

E, = —(Hu"™) — g). (2.26)
Qay

For L, =1—a,E;'H and g, = a,E; g, (2.26) can be rewritten as

uo,(lj+1) — Lyuo,(u) + g,

When ||L,|| < 1, the scheme in (2.26) converges. By Proposition 2.3, the
iterative process in (2.26) is equivalent to the following:

thb(”) — A(¢(V))
¢(l/) (t — to) — 0,v
—Dyp* ) = A(@W)) ") — H*R™HHPY — dos)  (2.27)
o) t=T) =

D 0w
14

ay

/21:

0
¢ (t =ty) — B~ (u®®) —uP).

It is not easy to find both E, and a, in practice. So it is used mainly in
theoretical analysis. In the next section, we introduce iterative methods in
the setting of optimization, which are often used in numerical experiments.

10



Next we discuss the sensitivity analysis in a functional analysis frame-
work. We still consider the nonlinear evolution equation

Dy = A(¢)
{qb(t:to) — W0 (2.28)

and a nonlinear functional J(u° ¢). We want to know how sensitive the
functional J is to the perturbation d¢. Let d4J be the perturbation of J(u?, ¢)
when d¢ is nonzero.

Proposition 2.4. Let J and u° be defined in (2.14). Then
§pJ = —(6u’, p*(t = ty)). (2.29)
Proof. By (2.18), we have
Dio¢ — (VA(9))dp = 0

By (2.21), we have

—Di¢* — (VA(9))'¢" = —H"R™(H¢ — ops)
{ SUT) = 0 b (2.31)

The proof of equation (2.22) implies that
(0u’, ¢*(t = 0)) = —(6¢, H* R~ (Hp — dops)).

Since .
57 = [ (Vad)sols)ds = (36, 1B (Ho = 60),
we have
6 = —(6u’, *(t = ty)).
]

Equation (2.29) shows how the sensitivity of the functional J(u°, ¢) is
related to initial condition u°. From the above analysis, we find that the
solution ¢* of the adjoint problem (2.21) is responsible for the sensitivity
of the functional J to the initial condition. It is often called an influence
function or importance function [16].

11



2.3 Operator Splitting Methods

In this subsection we show that Hypothesis 1 can be realized using a con-
structive process and error estimates are given.

If A(¢) in (2.28) has a complicated structure and consists of different
parts, e.g., A(¢) consists of an advection operator, a diffusion operator and
a reaction operator, then splitting methods are advocated for solving (2.28)
[12]. The basic idea behind operator splitting is to reduce a complicated
problem into smaller or simpler subproblems such that different parts can
be solved efficiently with appropriate integration formulas. Here we will use
the Marchuk-Strang symmetrical multi-component splitting [15, 21] to solve
(2.28).

Let A(¢p) = Z}]:1 A;(¢), where A; is the Lie operator associated with
each operator A; (A is associated with A). These Lie operators A, (or A)
are linear operators on the space of operators acting on the solution space
U of (2.28). For any v € U and any operator g on U, by definition of a Lie
operator [12], it follows that

Ag(v) = g'(v)A(v).
So for the solution ¢(t) of (2.28),

Ag(6(1) = o (D) AW() = 1 g(o(1))

Let I be identity operator. Using Lie-Taylor series [8] gives us

¢t + 1) = (e D)o(t).

We split the problem (2.28) into .J subproblems, D;¢; = A;(¢;), 7 =1,---,J.
We apply the Marchuk-Strang symmetrical multi-component splitting over
time intervals [ty,tx 1], where tx,1 = ¢ + 7 with constant time step length
7, to obtain

([ Dipr = Aid), oultr) = (), t € [ta,tr+ 3]
Dipy1 = Aja(ds1), dsa(te) = dsalte +3), t€ [tr,tr+ 3]
Digy = As(ds), ¢s(te) = ¢yt +3), t € [th,ty +7] (2.32)
D¢y = Aja(d1), @it +3) = ds(tesr), t€ [tk + 3, ter]
[ D¢y = Au), itk +5) = dh(tesr), t € [te + 5, teya].
Let S = e2™ 4, Sjr = ™, and ¢, be approximations of ¢(ty), k =

N. Applying the Baker-Campbell-Hausdorf formula of a Lie operator

12



[12] gives us
P(tht1) = S1,%r o 'SJ71,%TSJ,TSJ71,%T o '51,%TI¢(tk) +0(77%) (2.33)

and
¢k+1 - Sl,%T T SJ—I,%TSJ,TSJ—L%T T Sl,%T]gbk‘ (234)

Let Sitytypa) = S1.17 - 8511,8578, 1,1+ 51 1, be the operator splitting
procedure over [ty, try1]. Then

N = HkN:_[JIS[tk7tk+1]I¢0‘ (2'35)

Remark 2.13. By means of the Lie operator formalism, we transform a
nonlinear splitting into the compositions of linear operators and so Hypothesis
1 1is realized.

Remark 2.14. The term O(7%) in (2.33) represents the leading term of the
local splitting error. It is a second order splitting scheme in the time because
T Ho(tesr1) — o(te)|| = O(1?). The symmetrical operator splitting scheme
has second order consistency. When A;(¢) and Ai(¢) commute each other,
i.e., for any j # 1, AJA; = Aj A}, where A is the derivative with regard to ¢,
then no splitting error occurs [12].

Remark 2.15. In fact, (2.35) gives rise to the formula

t t t t t
lim [e2n ... eanAr-ten et gan i 0 — A0,

This generalizes Strang’s product formula [14].

We can also use operator splitting to solve the perturbation equation
(2.30).

We split the problem (2.31) into J subproblems, —D;¢7 = (VA;(¢))* ¢},
j=1,---,J. We apply the Marchuk-Strang symmetrical multi-component
splitting over a time interval [t;1, ] to get

( —Dyp; = (VAUG)* S}, i(ter1) = &f (trsr), tE [tarr, tr+ 3]

—Di0y_y = (VA;1(0))" 05 1, &5 (ter1) = @75tk — 3),
t € [thsr, te + I 2.36)
—Duy = (VASD) 65 baltirs)” = &5 (tess — 3), 1€ [, 1l
—Di¢_y = (VA;1(@)d5 1, &f_i(tk+3) =5(tk), t € [ti+ Tt

L —Dwi = (VAU@)' 9", ¢F (te+3) =5 (tr), t € [t + 5. 1),

13



Thus, we obtain

St = e VA (=1 J—1), & =e VA (237)

]7§T
and
Cb;; = S[Ttkﬂ,tk}gbl:ﬂ + 8¢kj(u0’ ¢) (2 38)
= ST,—%T T S;—l,—é’r j;,*T ;—1,—%7 U Si—%q—(bZJrl + ad’k‘](uoa (b) '

Let V7, J(u®, ¢(u”)) be the approximation of V,0J(u’, ¢(u’)) by the op-
erator splitting method. Then we have the following theorem:

Theorem 2.5. Let ¢* be defined in (2.38), the Marchuk-Strang operator
splitting gives rise to

w (W, () = ¢5 + B~ (u® —u”),
where ¢f is the operator splitting solution at ty defined in (2.38).

The proof is similar to the one for Lemma 2.1.

From Theorem 2.5 and the operator splitting procedure, we compute
J(u) by solving an adjoint problem that depends on the forward trajectory.

As for stability of the operator splitting scheme, if we have

HG%TAj” S G%ij, j = 17 e 7j - 17 and HeTAJ” S eTWJa (239)

then [|¢rs1]] < €| ||, where w = Z}]:1 w;. Hence, the stability holds on
any finite time interval [to, T| if w > 0. It also holds for an arbitrary large
time interval if w < 0. In practice the operator splitting scheme is stable
if each sub-step is stable. By Lax’s equivalence theorem [14], consistency
and stability together imply convergence, and higher order consistency yields
faster convergence. In particular, we have the following theorem for the global
splitting error:

Theorem 2.6. Let u(VA(¢)) := limy_o w < A, then
[9(tn) — éull < CTS(‘E’MT - 1)<€>\T - 1)_17
where C' is a positive number independent of T.

Proof. If the perturbation of the initial condition of (2.28) is du’, then by
the perturbation equation (2.30) and using a semigroup expression, we have

So(t) = eVA@ 50,

14



Consequently,
1o < eV @[[lou’]| < e VA5l < eMlou’l], (2.40)

where we have used Proposition 2.1 in [20] in the second step. By (2.33), the
local splitting errors do not exceed C'73 for some constant C. In computing ¢,
there is an error of C'7% in the initial condition, and by (2.40), the effect of this
error at to is C73e. Thus, the global splitting error at t, is C'72 + C73e’7.
Similarly the global splitting error at ¢ is

o3 —|—(CT + C7r3e AT)

Repeating the procedure in the same way we find that the global splitting
error at t,, is

ZCT (n—k)\ 07'3 Zek)n— _ n)\T - 1)<€)\T _ 1)71.

]

Remark 2.16. The u(VA(¢)) defined in Theorem 2.6 is called a logarithmic
norm [20] of the bounded linear operator V A(¢).

Remark 2.17. Since ¢*—1 = O(z), we find that (e —1)(e}—1)"1 = O(2),

and so ||4(t,) — ¢nll = O(72). Hence, the global Marchuk-Strang splz‘ttiTng
error is second order for a time step of length 7.

By utilizing Theorem 2.6 and Remark 2.17, the following proposition
follows immediately.

Proposition 2.7. Let V7, J(u’, ¢(u°)) be the approzimation of V0 J (u°, p(u?))
by the Marchuk-Strang operator splitting method. If f(V A($)) and p((VA())*)
are bounded, then

IV (u?, ¢(u”)) = Vi T (u?, (")) < O,

where C'is a positive number independent of T.

3 Iterative Descent Algorithm

When solving the optimal control problem (2.14), gradient based iterative
methods are often utilized. Since the solution ¢ of the evolution equation in
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(2.14) depends on u°, we can rewrite J(u’) = J(u°, ¢(u")) and consider the
minimizer of

min{J ()| Dy = A(6),6(t = 0) = ).
We still define VJ(u®) = V,0J(u®) and use an iterative procedure of the

form
u[),(u—&-l) — uO,(V) + a,jdy

~

to obtain the convergence u%") — 40, where a, is the step length parameter
and d, = d(u®®)) is the search dlrectlon Generally d, can be written as

d, = —E,VJ(u" (v )
for some suitable positive operator F,. At each step v, we choose

a, = arg mlg&l J(u"¥) +ad,), (3.41)

which is a one dimensional optimization problem in R. We use one dimen-
sional searches (e.g., Fibonacci, golden section, polynomial interpolation,
etc.) to find a,. Different choices of d, lead to different iterative methods.
The three major iterative methods are listed as follows:

o Gradient and conjugate gradient type iterative methods. These methods
use the first derivative V.J to determine the search direction. For ex-
ample, d, = —V.J(u®®) gives rise to the Steepest Descent Method. d,,
generated as V2.J-conjugate directions leads to the Conjugate Gradient
Method (or Fletcher Reeves Method) [10].

e Newton type iterative methods. These methods use the first deriva-
tive V.J and second derivative V2J (Hessian of J) to determine the
search direction. For example, d, = —(V2J(u®®))71VJ(u®®)) leads
to Newton’s method.

e Quasi-Newton type methods. These methods use the first derivative V.J
and an approximating operator (or matrix) H™! to the Hessian inverse
(V2T (u° )) ! to generate search direction, which is of the form d, =
—H; IVJ (u®®)). For example, the BFGS (Broyden Fletcher-Goldfarb-
Shanno) method and the DFP (Davidon-Fletcher- Powell) method [17].

By either Lemma 2.1 or Theorem 2.5, V.J(u®®)) = ¢§(u®®))+ B~ (u®®) —
u?), where

T
o)) = — / VA (I RV (HeA Tu™Y) — poy))ds, (3.42)

to

which is a direct result of (2.23). As for the step length defined in (3.41), we
have the following proposition.
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Proposition 3.1. Let a, be defined as in (3.41). Then a, satisfies
—(o5 () +a,d,), dy) — a,(B7Yd,, d,) = B~ "™ —uP d,), (3.43)

where ¢f(u®") + a,d,) is defined in (3.42), but evaluated at (u>¥) + a,d,).
In particular, if operator A is bounded and linear and H is linear, then

(B—l(u(),(u) _ J; sA*H* (HeSA 0,(v) _ (bobs)dS;dy)
(LO esA H*R-'HesAdsd,,d,) — (B~'d,,d,) '

(3.44)

Proof. Let £(a) = J(u*") +ad,). Since a, satisfies equation (3.41), #'(a) = 0.
Theorem 2.5 and straightforward calculation lead to (3.43). If A is bounded
and linear and H is linear, then VA(¢) = A and H = H. Consequently,
(3.43) implies that

(f, (e R Hes A" — ¢ )ds, dy) + a, ([, (e*4) H* R~ He*Adsd, , d,)
—al,(B_ld,,,d,,) = (B~ (u®™) —uB) d,),

which is equivalent to (3.44). O

Convergence of gradient and conjugate gradient type iterative methods
is slow in many cases. Newton type methods need to use the Hessian of J,
which is very expensive computationally. In the following, we discuss Quasi-
Newton methods, which are often used in 4D-Var, particularly when u° is in
a high dimensional space for a real life problem.

For the Quasi-Newton method, we introduce the following notations:

AuO,(u) _ u(],(l/+1) . UO’(V), Agy VJ( ,(v+1) ) . VJ(UO,(V)>

Let a sequence {H, } have the secant property: at each stage v, H,; satisfies
the equation
H, 1 A = Au®D 0<i <.

Quasi-Newton Iterative Algorithm
Step 1. Set v = 0, Hy = I and initialize u®©.
Step 2. Set the search direction d, = —H'g,, where g,, VJ(u®®).
Step 3. Solve a, = Argmingeg J(u®™ +ad,) and set u®**) = 4>®) 1q,d,,.
Step 4. Set v =v + 1 and go to Step 2.

Remark 3.1. The proof of Proposition 3.1 implies

(gz/+17 dz/) = 0. (345)
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Let Q := V2J(u’) = B™' + ft:OF S*H*R™1HSds. If H and A are linear,
then (2.7) and (2.8) imply that

QALY = Ag,. (3.46)

If H and A are linear and in a numerical setting, then they are matrices.
The finite dimensional and linear property of A also implies that S is linear
and finite dimensional. Hence, @ is linear and finite dimensional (i.e., can
be represented as a matrix). For this case, we have the following theorem.

Theorem 3.2. If H and A are linear and further Q) is symmetric, positive

and definite, then the Quasi-Newton Iterative method has the following prop-
erties:

(1). {d,} are Q-conjugate.

(2). (di,g,) =0 fori=0,---,v—1.
(3). u®" =40 foru® € V if dimV = n.
(4). H, =Q foru’ € V if dimV = n.

Proof. (1). We prove (1) by induction. The result is true for ¢ = 0. In fact,

~ Au®©
(Qdo, d1) = —(Qdo, Hy ' g1) = —(Q( ), Hi " g1)
Agy H;'Ag
= _(a_oole lgl) = _(1a—007gl) (347)
Au®©)
= _( agl) = _(d07gl>
Qo

where we have used (3.45) and (3.46). Assume that it holds for i < v. We
need to show it holds for i = v+ 1. By straightforward computation, we have

(Qdi)dl/—‘,-l) == _(di7gy+1)7 1= 07 17 SR 22

Since w1 = @) £ 37 . a;d;, the linearity of H and A and (2.7)-
(2.8) give rise to

Jv+1 = Gi+1 + Z a;Qd;, 0<i<v-—1
J=i+1

Consequently,

v

(gy—i-ladi) = (gi+17di) + Z ag(de;dz) = Oa 0 S { S vV — 17

j=i+1
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where we have used (3.45) and the assumption for the induction. It is trivial
that (g,41,d,) = 0. Hence it holds for i = v + 1 and the proof of (1) is
complete.
(2). By the proof of (1), (2) follows immediately.
(3). By (1), {d,}y" are linearly independent. Hence V.J(u*(™) = 0 if and
only if is

(VJ (™), d;) =0, i=0,---,n—1.
This is the same as (2).
(4). Since {H, } has the secant property and (3.46) holds, it follows that

H, 1 Q(AuD) = Au®D | 0 <i <,
which is equivalent to
H, L Qdi=d;, 0<i<uv.
This implies (4) because {d;}i~* forms a basis for domain of H,, and Q. O

One of the Quasi-Newton methods is BFGS [10, 17], where H), are gen-
erated iteratively by
Ag,AgT (H, Au®®)) (H, Au®)T

41 = H, - . 3.48
+1 + (AUO’(V)7 Agu) (HVAU,O’(V), AUO’(V)) ( )

Generally BFGS will produce local g-superlinear convergence: there exists
iti Ju® 0 )
a positive sequence {c,} such that ¢, — 0 and SO

v € N. If we choose step size a, to be the Armijo step size [17], then

< ¢, for any

a, = rilalé{{ﬁkU(uo’(”) + 6%d,) — J(u*™) < apf (VI (u®M), d,)},
€

where parameters o € (0, %) and § € (0,1) are given. With the Armijo
step size and (3.48), it produce the BFGS-Armijo method. There is another
modified BFGS method advocated for 4D-Var [22], the L-BFGS (Limited-
memory BFGS) method. In L-BFGS, the method is identical to the BFGS
method in the first m (m is given) iterations . For v > m, H, is obtained
by applying m BFGS updates to Hy using information from the m previous
iterations. L-BFGS is an extension of the BFGS-Armijo method. In L-BFGS,
additional storage is used to accelerate convergence. It is suitable for large
scale problems because the amount of storage required by the algorithms can
be controlled by the user. For details of L-BFGS, see [11].

To describe the convergence rate of the modified BFGS, we need to make
the following assumption for J(u°):
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Assumption J. (1) The level set D = {v € V : J(v) < Ju®®)} is con-
ver. (2) There exist two positive constants My and My such that M; <
ANQ) < M,, where NQ) denotes the eigenvalue of Q and Q = B™' +
ST St H R HSds.

Remark 3.2. Assumption J assures that J has a unique minimizer uO in
the convex set D. The first part of Assumption J implies a proper choice for
initial guess u®©) and the second part implies that J is a convex functional
and its conditional number is bounded.

Utilizing the standard optimization techniques [10, 11, 17], we can obtain
the following theorem:

Theorem 3.3. (1) Let Q be positive definite. If there exists § > 0 such that
[u®©@ — w0 <5 and |Hy— Q| <5,

then the u®") produced by BFGS converges q-superlinearly to uO.

(2) Let Assumption J hold and Hy is symmetric positive and definite. Then
u®Y) produced by BFGS-Armijo converges q-superlinearly to I globally.

(8) Let Assumption J hold and Hy is symmetric positive and definite. Then
the u®") produced by L-BFGS converges r-linearly to uo globally: there exist
k>0 and r € (0,1) such that |[u®®) — 0| < kr.

Remark 3.3. By Theorem 3.3, choosing proper initial data u®© and Hy will
play important roles for convergence. If we know the conditional number for
Q is not far away from 1, then we choose Hy = I. If J is uniformly convex,
i.e., Assumption J holds, then BFGS-Armijo and L-BFGS generate a global
convergent sequence {u®®}.

If J(u®) is defined as in (2.2), then we get a nonlinear least square problem

T) = SR = SE@0) ),

where )
B72(u® — uB)

Rfé Hou® — ?
f(u[)) — 0 ( 0 . obs)
Rji\f§ (HNS[to,tN]uO - uc])\l[)s)

This implies that the Gauss-Newton iteration method [10] can be applied to
the 4D-Var problem. As for applying Gauss-Newton to the 4D-Var incre-
mental formulation (2.11), see [13].
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4 An Example of Nonlinear 4D-Var

In this section, we use a regional atmospheric chemical transport model [3]
as an example. This model simulates the pollutants behavior by taking emis-
sions, meteorology (wind, temperature, humidity, precipitation, etc.) and a
set of chemical initial and boundary conditions as input. Let ¢ = {¢1,- -+, ¢s}
denote a high dimension vector (dim(c) = O(10°)) and represents the mole-
fraction concentration of many chemical species. Let u denote the wind field
vector, K the turbulent diffusivity tensor, p the air density, V9 the depo-
sition velocity of species, () the rate of surface emissions, and E the rate of
elevated emissions for this species. Let f be the rate of chemical transfor-
mations and it depends on absolute concentration values, the rate at which
mole-fraction concentrations change is £e9) Let the domain Q cover a region
of the atmosphere and n be the outward normal vector on the boundary of
Q, defined by 9Q = ' | T“ | JT9", where I'" = {z € dQu(x) - n < 0} is
the inflow part of 992, """ = {x € 9Q|u(zx)-n > 0} is the outflow part of O
and I'Y" is the ground level portion of 0€2. To avoid introducing many more
notations, we use ¢ to denote the concentration of representative chemical
species. The governing equation is defined by

Dic = —u-Ve+ %div(pKVc) + %f(pc) +E, t9<t<T
c(to,z) = ()
c(t, x) c™(t,z) on T'm (4.49)
K& 0 on I'o¥
K& = Vdere — @ on T,

By direct computation, we obtain the tangent linear model equation of
(4.49) as

D¢ = —u-Vic+ %div(pKVéc) + F(pc)de, t°<t<T
dc(to,x) = 6c°(x)
dc(t, x) 0 on I'" (4.50)
K@éc = 0 on Tout
g‘% = Vr§c on I'Y",
where F is the Jacobian of {8f’}
Integratlon by parts 1mphes the adjoint model is defined by
9 = —[div(u\) + div(pKV’;\) + FT(pc)A] — (VI (P, 0), t =1ty
)\(T, x) =0
A = 0 on ' (4.51)
()\u—l—pKV(%)) = 0 on I
(pKV(p)) n VderX on T9",
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where J is defined as in (2.2) by

N
> (Hict — ey ) Ry (Hyc — ciy,).
k=0

J() = %(CO — BN - P+

N =

(4.52)
The adjoint model contains the term F(pc). The adjoint problem (4.51) de-
pends on the states of the forward model (4.49). The adjoint initial condition
is posed at the final time T" so that the forward model must first be solved
forward in time, then the adjoint model is integrated backward from T to tg.
For simplicity, we set the forward model differential nonlinear operator

to be

Alc) = —u-Ve+ %div(pKVc) + %f(pc) +FE (4.53)

and the adjoint model differential nonlinear operator as
A
(VA())*\ = div(ul) + div(pKV=) + FT(pe) . (4.54)
p

By Theorem 2.2, the optimal control problem (2.14) with constraint de-
fined in (4.51) reduces to

Dic = Ac), °<t<T
c(t=1ty) =
— DA
At=T)
Mt =ty) = B —cP),

I
o
<
BN
—
o
~
~—
*
>
&
o
&
Ju
—~
=
Q
El
|
)
S)
&
~
~
I
~
ol
—~
=
ot
(@
~—

where the boundary conditions of ¢ and A are described in (4.49) and (4.51),
respectively.

For numerical computation, we can use a finite difference, i.e., Crank-
Nicholson scheme, for time ¢ and operator splitting methods for advection,
diffusion, and reaction part:

Dicy = Ajcr, Dicy = Azcy, and Dycs = A3(C3)7

where Ajc; = —u - Ve is the advection part (linear), Ascy = %div(,oKch)
is the diffusion part (linear) and As(cz) = % f(pes) + E is the reaction part
(nonlinear stiff term). The advantage of the operator splitting method is that
different parts can be treated by different numerical schemes. As an example
[19], a third order upwind finite difference scheme is applied to advection
and a second order central difference scheme is applied to the horizontal
and vertical diffusion. An s-stage Rosenbrock method is applied to chemical
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reaction, which has proven successful for many different stiff ODE and PDE
applications [8]. For convenience, we use a stiff ODE, D;c(t) = r(c(t)), to
describe the s-stage one step Rosenbrock method. The process is defined by

Cn+1 = "+ Zle bzk’z
n i—1 i (4.56)
ki = (" + 3250 aiky) + 7GR Y i ik,

where G,, = r'(¢") (Jacobian matrix) and coefficients b;, «;; and ~;; are
chosen to obtain a desired order of consistency and stability. For a detailed
introduction of the Rosenbrock method, see [8].

Repeating the Marchuk-Strang splitting method introduced in Section
2.3 to the forward model (4.49) over the time interval [ty,txy1], we have

Dic; = Aic, Cl(tk)zcﬁ(tk)

DtCQ = AQCQ, b.C., CQ(tk) = C1 (tk + %)

Dics = As(cs), cs(te) = caty + %) (4.57)
Didy = Asdy, b, colty + %) = c3(tra1)

Dicy = Aiel, Atk + 5 = hter).

We denote the above procedure by

Ck+1 = S[tk’tk+1}ck,
where Sy 1) = 5) acSy 4534055 405y ar, and the 5; are associated to the
operators D; — A;, i = 1,2,3. Consequently,

N = Hé\[:_()ls[tk7tk+1}co.

Let S’Ekﬂm = 51‘7_%5;_% 75)"7_&5”;_%5;_%, and the S} be associated
with the operators D; + (VA(c)):, i = 1,2,3, and (VA(c))iA = div(ul),
(VA(c))5A = div(pKV%), and (VA(c))sA = FT(pc)\. Similarly, the split-
ting method for adjoint problem (4.51) leads to

N = S N+ HERSH(HEE = ).

obs

Consequently, A\’ can be computed by the following iterative algorithm.
Algorithm for \*

Step 1: Initial Lambda=0.

Step 2: for k = N —1,0,~1 do Lambda=S};;.., ,(Lambda + H; R (Hc" —
Chps))-

step 3: \Y = Lambda.
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From Algorithm for )\*, we need to compute S'ﬁk 144V from an arbitrary

seed vector. Since S; and Sj are linear, the products Sjv and Sv can be
efficiently computed by automatic adjoint compilers [4, 7]. However, S; is
highly nonlinear, and the computation of S; needs special consideration.
The performance of the adjoint model is dominated by the implementation
of the direct and adjoint methods used in the chemistry integration which in
practice takes as much as 90% of the CPU time [5]. The s-stage (i.e., s = 2, 3)
Rosenbrock method is an efficient method to solve the chemical reaction part
because it provides an efficient implementation for computing Sjv [5, 6].
Once we have obtained \°, then we evaluate V.J(c") by Theorem 2.5, which
is important in solving the 4D-Var problem by an iterative optimization.

Remark 4.1. From the operator scheme in (4.57), there exist two errors
theoretically. One arises from the Marchuk-Strang operator splitting method
itself, which always leads to a second order approximation in time unless
advection, diffusion and reaction commute with each other. The second error
arises from inconsistencies between the boundary conditions and the initial
values prescribed in the intermediate steps, the second equation in (4.57)
and the forth equation in (4.57). This may be reduced or removed by using
the Rosebrock method with approximation factorization [12]. The same will
happen to the splitting process of adjoint problem.

Numerical results for the 4D-Var chemical transport model can be found
in [5, 19, 22]. Authors in [22] have applied L-BFGS, nonlinear conjugate gra-
dient and Hessian free Newton method to implement the chemical transport
model. Their numerical results show that L-BFGS converges the fastest of
these three methods.

5 Conclusions

In this paper, we presented a framework and an analysis for 4D variational
data assimilation. The proposed analysis stems from the rapid theoretical
advance of 4D-Var and the desire to translate it into real life applications.

First, we investigated a general framework of 4D-Var in the setting of
functional operators. Constructing and solving an adjoint problem gives rise
to an efficient approach to evaluate the gradient of the cost functional with
respect to an unknown parameter. This framework helps us understand 4D-
Var theoretically.

Second, we explored some numerical techniques: symmetrical operator
splitting and Quasi-Newton iterative methods, which are used to implement
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a 4D-Var problem in practice. It concluded that a large and complicated 4D-
Var problem can be split into many subproblems and the Marchuk-Strang
symmetrical multi-component splitting method gives rise to a second order
splitting error for time step. Nonlinear optimization iterative methods (e.g.,
Quasi-Newton) lead to fast convergence of the numerical solution in 4D-Var
nonlinear optimal problems.

Finally, we used a chemical transport example to demonstrate the proce-
dure of 4D-Var. Rosenbrock method is an efficient method to solve the chem-
ical reaction part when the Marchuk-Strang symmetrical splitting method is
applied.
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