PARABOLIC FINITE VOLUME ELEMENT EQUATIONS IN
NONCONVEX POLYGONAL DOMAINS

P. CHATZIPANTELIDIS!, R.D. LAZAROV2, AND V. THOMEE3

ABSTRACT. We study spatially semidiscrete and fully discrete finite volume el-
ement approximations of the heat equation with homogeneous Dirichlet bound-
ary conditions in a plane polygonal domain with one reentrant corner. We show
that, as a result of the singularity in the solution near the reentrant corner,
the convergence rate is reduced from optimal second order, similarly to what
was shown for the finite element method in the earlier work [5]. Optimal or-
der convergence may be restored by mesh refinement near the corners of the
domain.

1. INTRODUCTION

We shall consider the finite volume method, using continuous, piecewise linear
approximating functions, for the model parabolic initial boundary value problem

up—Au = f(t) inQ, withu(,t)=0 on0dQ, fort>0,

(L.1) u(,0) =v in Q,

where  is a nonconvex polygonal domain in R%2. We assume for simplicity that
exactly one interior angle w is reentrant, i.e., such that w € (m,27), and set 3 =
T/w e (3,1).

In [4] we showed an O(h?) error bound in Ly in the case of a convex £, and
in [5] we discussed the error in the nonconvex case for the finite element method.
In the latter case the error in Ly is reduced from O(h?) to O(h??), as a result of
the singularity which is present in the solution of (1.1) at the reentrant corner.
In this paper we show the corresponding result for a finite volume method. We
also discuss error estimations in H' and in the maximum-norm. The present work
can be considered as a continuation of [4] and [5], and we refer to these papers for
references to the literature.

The finite volume method relies on a local conservation property associated with
the differential equation. Namely, integrating (1.1) over any region V' C Q and
using Green’s formula, we obtain

(1.2) / ugdr — Vu-ndSZ/ fdz, fort>0,
1% ov 1%
where n denotes the unit exterior normal vector to 9V.
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FIGURE 1. Left: A union of triangles that have a common vertex
z; the dotted line shows the boundary of the corresponding con-
trol volume V.. Right: A triangle K partitioned into the three
subregions K.

There are various approximation strategies in the finite volume (control-volume)
method. For comprehensive presentations and references to existing results and
various applications we refer to the monographs [7, 9]. Here we shall study spatially
semidiscrete approximations of (1.1) by the finite volume element method, which
for brevity we will refer to as the finite volume method below. The approximate
solution will be sought in the space of piecewise linear finite elements

Sh=8h(2) ={x €C(Q): x|k linear, VK € Tp; x|oa = 0},

where {75}, is a family of regular triangulations of €2, with h denoting the
maximum diameter of the triangles of 7;,. In the sequel, for simplicity, we shall
suppress the index 2 in the notation for functional spaces.

The semidiscrete finite volume approximation uy(t) € Sy, t > 0, will satisfy the
relation (1.2) for V' in a finite collection of subregions of €2 called control volumes,
the number of which will be equal to the dimension of the finite element space
Sh. These control volumes are constructed as follows. Let zx be the barycenter of
K € T;,. We connect zx with line segments to the midpoints of the edges of K,
thus partitioning K into three quadrilaterals K., z € Z,(K), where Z;,(K) are the
vertices of K. Then with each vertex z € Z), = Uger, Zn(K) we associate a control
volume V., which consists of the union of the subregions K., sharing the vertex z
(see Figure 1). We denote the set of interior vertices of Zj, by Z9. The semidiscrete
finite volume method is then to find wuy(t) € Sy for ¢ > 0 such that, with v, € S},
a given approximation of v,

/ up, ¢ do — Vup -nds = fdz, VzeZ) t>0, with uy(0) = vy,.
= V. V.

This problem may also be expressed in a weak form. For this purpose we intro-
duce the finite dimensional piecewise constant space

Vi ={n € Ly : n]y. = constant, Vz € Z)); n|y. =0, Vz € 00}.

We now multiply the integral relation above by an arbitrary n(z), n € Y}, and sum
over all z € Z? to obtain the Petrov—Galerkin formulation

(13) (Uh,tﬂ?) + ah(uha 7]) = (f7 77)7 VTI S Yha t> 07 with Uh(o) = Uh,
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where (v, w) = fQ vw dx and the bilinear form ay(-,-) : S), X Y, — R is defined by

ap(v,n) = — Z n(z) Vv-nds, ve&€ Sy, neY.
z€Z) ov:

Obviously, we can extend the definition of ap(v,n) for v in the fractional order
Sobolev space H'*% s > 1/2, and using Green’s formula we easily see that

(14) ah(van):_(Avan)v VUEYh UeHga
The stationary elliptic problem corresponding to (1.1) is the Dirichlet problem,
(1.5) —Au=f inQ, withu=0 on Q.

For this problem, the reentrant corner O gives rise to a singularity in the solution

with a leading term of the form c(f)r” sin(36), in polar coordinates centered at O,

even when f is smooth. This function is not in the space H'** for any s > .
The finite volume method approximates the solution of (1.5) by uy € S, from

an(un,n) = (f,n), Vn €Y,
and the error may be shown to satisfy
(1.6) llun — ul| < Ch?P||Aul|g2s-1, where ||- || = - ||z, and % < fp <1l

For the corresponding finite element method,
alup,x) = (f,x), Vx € Sh, wherea(v,w)= / Vo - Vwdz,
Q
we have an error bound of the same order, which requires less regularity, namely

(1.7) lwy, — u|| < Csh?P||Aul g-14-, for B <s<1.

As a guide to our analysis of (1.3) we use the corresponding finite element prob-
lem,

(1.8) (up ¢, x) +alw,, x) = (f,x), Yx € Sh, t >0, with u,(0) = vp.

Here, in the error analysis, it is customary to split the error into two terms by
uy,(t) — u(t) = (up (1) — Rpu(t)) + (Rau(t) —u(t)) = 9(t) + o(t),
where Ry, : H} — S), denotes the elliptic, or Ritz, projection defined by

(1.9) a(Rpv, x) = a(v,x), VYx € Sh.
As a result of (1.7), we immediately have
(1.10) lo@)|| < Csh®||Au(t)||g-14+, for < s <1, t>0,

and we find that 9 satisfies

(W4, x) +a(d,x) = —(ee,x), VX € Sn, > 0.
This leads to an O(h??) bound also for ||9||, and thus of the total error.

For the error analysis of the semidiscrete method (1.3) it would seem more natu-
ral to split the error using the finite volume elliptic projection Ry, : HT*NH} — Sy,
s > 1, defined by
(1.11) an(Rpv,n) = an(v,n), Vne Y,
and thus write

(1.12) up(t) — u(t) = (un(t) — Ruu(t)) + (Ruu(t) — u(t)) = 9(t) + a(t).



The second term, ¢ then represents the error in an elliptic problem whose exact
solution is u, and by (1.6) this term may be bounded by

161)]| < Ch2||Au(t)||gas—1, for t > 0.

For the first term in (1.12), ¥(¢) € Sp, we have
(113) (ﬁtan)+ah(&7n):_(§tan)v VUEYha t>0.

and it follows easily that [|J(t)||, and thus also the total error, are of order O(h??).
However, as we shall see, these error bounds will require higher regularity assump-
tions and compatibility conditions on data than for the finite element method.

In an alternative analysis, proposed in [4], we split the error using the finite
element Ritz projection Rj, and thus write

(1.14) up(t) —u(t) = (up(t) — Rpu(t)) + (Rpu(t) —u(t)) = 9(t) + o(t).

We then have estimate (1.10) for g, whereas ¥ now satisfies the somewhat more
complicated equation

(1.15) (P¢,m) + an(V,m) = —(0t,m) —ano,n), Yn €Yy, t>0.

This equation also makes it possible to show an O(h??) bound for ¥ and thus for
up — u. It turns out that the regularity requirements using this method, although
still slightly higher than for the finite element method, are less stringent than what
is needed by using the finite volume elliptic projection Rj.

Using the Ritz projection in the error splitting, i.e., (1.14), we also derive, as for
the finite element method in [5], an O(h?) bound for the gradient of the error and
an almost O(h”) global error estimate in maximum-norm. In maximum-norm, we
also show an O(h%?) error bound, away from the corners, and finally demonstrate
that an almost optimal order O(h?) error bound holds when the triangulations are
appropriately refined near the corners. The regularity requirements for these error
bounds, as in the Ly norm estimate, are higher than those needed for the finite
element method.

The following is an outline of the paper. In Section 2 we briefly recall from [5]
some definitions of function spaces, regularity results, and error bounds for finite
element approximations for elliptic and parabolic problems, that will be useful
subsequently. The main section of the paper is Section 3, where error bounds in
Ly, and H' are shown together with the three maximum-norm error estimates,
mentioned above. In Section 4 we derive similar error bounds for a fully discrete
scheme by discretizing also in time using the Backward Euler method.

As in [4] and [5], our error bounds will be expressed in terms of norms of data,
together with compatibility conditions at 02 for ¢ = 0. This should be interpreted
to mean that if these bounds are finite, and the compatibility conditions are satis-
fied, then the exact solution will have enough regularity to secure the convergence
rate stated, uniformly down to ¢ = 0. Under weaker regularity assumptions, lower
convergence rates have to be expected. In the error bounds, C' will denote constants
which may depend on €2 and on geometrical properties of 7, but are independent
of h and data. Several of the constants in our error and regularity bounds grow with
t, and in order to not to have to account for their precise growth, we will assume
throughout that ¢ < T, for some positive T', without indicating the dependence of
the constant on T'. Also, in our analysis, sometimes norms in the spatial variable
of fractional order occur, and, for easier reading, we then often replace such norms



with bigger norms of integral order in our statements. Further, for simplicity, we
shall choose the discrete initial values vy, as the elliptic projection of the given v. By
the stability of (1.3), other natural choices of vj, would give the same error bounds.

2. REVIEW OF THE ERROR ANALYSIS FOR FINITE ELEMENT APPROXIMATIONS

In this section we collect some material from [5] that we will need in our subse-
quent analysis, namely some definitions relating to fractional order Sobolev spaces,
regularity results for the Dirichlet problem (1.5) and the parabolic model problem
(1.1), and error bounds for the Ritz projection Rj. Also, in order to be able to
compare our new results for the finite volume solution of (1.1) with the correspond-
ing error bounds for the finite element solution, we include some of the latter. For
more details and references to the literature, we refer to [5].

Letting H~! = (H})* denote the dual space of H}, with respect to the Lo inner
product, we define the variational solution of (1.5) for f € H~! as the function
u € Hi which satisfies

(2.1) (Vu, Vo) = (f,9), Vy € Hy,
thus also defining the operator A : H} — H~1. It is well-known that this problem
has a unique solution, and that

IVull <[ f [l

In order to discuss further regularity results we shall need to use fractional order
Sobolev spaces. Let H™ with norm || - ||z~ denote the standard Sobolev spaces of
order m, with m integer. The space H?®, for s non integer, s =m+o, 0 < o < 1,
is defined by the real interpolation method, H® = [H™, H™ "], 5. Also, let H§,
0 < s <1, be the fractional order Sobolev space obtained by interpolation between
L; and H{. Note that Hj = H* for 0 < s < %, which means H{ does not require any
boundary condition for small s. Further, we denote H~* = (H{)*, for 0 < s < 1.

For the error analysis of (1.8) and (1.3) we also use the Hilbert spaces H® defined
by the norms

loll . = (3 A0, 0)2) %, fors> -1, veH,
j=1

where {;}32, are the orthonormal eigenfunctions and {);}32; the corresponding
eigenvalues of —A in Q.

Since both H~* and H~* are the uniquely defined interpolation space between
Ly and H™ !, we have H* = H % for 0 < s < 1, and for 1 < s < 2, H* consists
of the functions u € Hj such that Au is in the space H*2. Further it is obvious
that —A gives an isomorphism between H'** and H 5. Thus,

1Al jy-vee < CllAulre = Cllul s for 0< s < 1.

It is well-known that the nonconvex corner of €2 bounds the regularity of the
solution u of (1.5). Thus u € H'*® for 0 < s < 3 for f smooth enough, and
llull grvs < Csl|fllz-1+5, but u ¢ H*P. A somewhat more sophisticated regularity
result makes it possible to show the following error bounds in Ly and energy norms,
for the Ritz finite element projection R}, defined by (1.9).

Lemma 2.1. For u the solution of (1.5) or (2.1), we have, for f < s <1,
(2.2) | Ruu — ul| + hP||V(Ryu — w)|| < Csh?P||Aul|g-140 < Csh®P||ul oo



Further,
(2.3) | Rnu — | < ChP||ul| .

In the maximum-norm |v|¢c = sup,cq |v(z)| the following almost O(h?) error
estimate holds.

Lemma 2.2. Let u be the solution of (1.5). If the triangulations T}, are such that
himin = ChY for some v > 0, where hpin = ming, diam(t), then
|Rhu — ullc < Cs 6, K|t grrge,, for 0 <s<si <p.
We recall that for quasiuniform triangulations the logarithmic stability estimate
IRrvlle < Cly||vlle, where ¢, = max(log(1/h),1),

may be used to improve the maximum-norm convergence rate to O(h°¢,).

Away from the corners of the domain 2, the convergence in maximum-norm is
of the same order O(h??) as in the global Ly error estimate. For this we quote the
following lemma, where we denote the norm in C*® by || - |

CS.

Lemma 2.3. Let u be the solution of (1.5). If Qo C Q1 C Q is such that 4
does not contain any corner of ) and the distance between 01 NQ and 0Ny N Q is
positive and if the Ty, are quasiuniform in Qq, then we have, for § < s <1,

[ Rhu—wulley) < Csh® (llullezs o) + | Aull g-1++) < Csh® (lullezs @) + 1wl g1+ )-

Optimal order O(h?) and O(h) convergence in Ly and H', respectively, and
almost optimal O(h?) convergence in the maximum-norm, may be obtained by
systematically refining the triangulations toward the corners of 2. In the case of
the maximum-norm, to which we shall restrict ourselves here, such triangulations
can be described as follows. It is known, cf. [8], that a corner P; of Q gives rise
to singularities, expressed in terms of polar coordinates centered at P;, of the form
cr™Pisin(3;0), with 3; = 7/w; € (0,2), where w; is the interior angle, %ﬂ' < w; < 2m,
and m is a positive integer. Assuming that the triangulations are quasiuniform away
from the corners, the refinement near P; has the ‘local mesh-size’ h(z) at © € Q
with h(x) ~ min(hd;(z)*~%/2t¢ h2/8) with d;(z) the distance from z to P;, thus
with mesh-sizes smaller near P; the bigger the w;. This may be done in so that
dim S, < Ch™2. The condition on 7} of Lemma 2.2 is satisfied. For details, see
[5]; below we shall simply refer to such triangulations 75, as appropriately refined.

Lemma 2.4. Let u be the solution of (1.5), and let the triangulations Tp, be ap-
propriately refined. Then we have

(2.4) [Rpu —ull + h[|V(Rpu —u)|| < Ch?||Aul| = Ch?| f]].
Further, for any s <2 and p < oo sufficiently large, we have with C' = Cs ,
(2.5) | R — ulle < Ch* [ Aullz, = C¥|If |1,

We turn now to the parabolic problem. A basic weak solution of (1.1) is such
that u € Lo(0,T; HR), with uy € Lo(0,7; H=1), for any T' > 0, and a unique such
solution exists if v € Lo and f € Ly(0,T; H‘l). However, in our search for maximal
order convergence, the following stronger regularity results, expressed in terms of
the data v and f, will be needed. We will use the notation

(2.6) g0 = uy(0) = Av+ f(0), for v e H?, f(0) € L.
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Note that v € H? contains the compatibility condition v = 0 on 9§ between initial
data and the boundary condition in (1.1).

Lemma 2.5. Let u be the solution of (1.1) and assume v = 0 on 9. Then we
have, fort <T,

t t
) [ ar < (ol [ 151 7).
0 0
and, if in addition go = 0 on 0S), then
t t
28) 8w + Py < (Lol + [ i),
Further,

t t

@9) [l + sl yore) dr < €. (lonll + [ 153l1dr), for0< s <1,
0 0

and, if go € HE,

t t
210) [ (usllge + waldr < €. (ool + [ Wil dr), 0<e< b
0 0

For comparison with the finite volume results to be shown in Section 3 we state
some error estimates for the spatially semidiscrete finite element approximation
(1.8) of the solution of (1.1).

Theorem 2.1. Let u;,, and u be the solutions of (1.8) and (1.1) with v =0 on O
and let go be defined by (2.6). Then if vy, = Ryv, we have, fort <T,

t
Jaa6) = )] < O (180l + ol + [ 1ol r)

and

t t
IV (t) = V)| < O (180l + ol + [ 1 +( [ 1Al an)?).

Also, we have the following maximum-norm error estimates.

Theorem 2.2. Under the assumptions of Theorem 2.1, if the triangulations Ty, are
such that by > ChY for some v > 0, we have, for 0 < s < andt <T.

() = u@)le < O (Jvlles + 15O + [ IAlldr+( [ Nl ar) %),

Further if Q¢ C Q1 C Q is such that Q1 does not contain any corner of Q0 and the
distance between 01 NQ and 09y N Q is positive and if the triangulations Tp, are
quasiuniform in Q1 and go = 0 on 052, then we have, for § < s <1 andt <T,

t
1/2
leun(® =) leq@ny < Ch? 6/ (lu®)llez= (@, +180]1+ goll s +( / | fillPdr)?).

Note that the first term in the parenthesis is finite provided v and f are smooth
in the interior of €.
In the presence of the appropriate refinements the convergence is almost O(h?).

Theorem 2.3. Under the assumptions of Theorem 2.1, if the triangulations Ty, are
appropriately refined, and go = 0 on OX), then we have, for any s <2 andt < T,

t t
() = @)l < Con (ool + 15OV + [ Wlledr +( [ 1512ar) 7).



3. THE SEMIDISCRETE FINITE VOLUME METHOD FOR THE PARABOLIC PROBLEM

We begin this section by recalling some basic material concerning the finite
volume method, cf. [1, 2, 6, 7, 9], and then proceed with our error bounds.

We shall first rewrite the Petrov-Galerkin method (1.3) as a Galerkin method.
For this purpose, we introduce the interpolation operator Jy, : C — Y}, by

Ja) = 3 u(z)w (),
z€Z)

where the set {¥, : z € ZP}, with U, the characteristic function of the finite
volume V., is a basis of Y},. We recall that the bilinear form (, Jp1) is symmetric,
positive definite on S, thus an inner product, and that the corresponding discrete
norm is equivalent to the Lo norm, uniformly in h, i.e., with C > ¢ > 0,

31 exll <Xl < Clixll, ¥x € S, where [[[x]l| = (x: Jax)"/*.
It is well-known, cf., e.g., [1], that

(32) a(Xv’lr/)) = ah(Xa Jh¢)a vXa ¢ S Sha
and it follows that there exists ¢ > 0, such that
(3.3) an(x, Jnx) = clIVx|?,  Vx € Sh.

With this notation, (1.3) may equivalently be written in Galerkin form as
(Unt, JnX) + an(un, Jnx) = (f, Jnx), Vx € Sp, t >0, with up(0) = vy.
In the analysis we shall need the error functional ej(+, ), defined by
en(fx) = (fs Inx) = (fsx), VfEH®, —3<s<1, x€ S
and recall the following bound, cf. [2, Lemma 5.1]:
Lemma 3.1. Let f € H®, with 0 < s < 1. Then we have
len(£201 < CH ||l x|z, Yx € Sny =0, 1.

Our next purpose is to derive an Lo norm error estimate for the semidiscrete
finite volume method (1.3), using the finite volume elliptic projection Rj, defined
in (1.11). The proof is based on the following error bound. Note that (3.5) requires
more regularity than the corresponding result for the Ritz projection in (2.2).

Lemma 3.2. Let u be the solution of (1.5). Then we have

(3.4) IV (Rhu —w)|| < CshP||Aull -1+ < CshP|ull jrse, for f<s <1,
Further
(3.5) | Rpu — u|| < Ch?|| Aul| gr2s-1.

Proof. The estimate (3.4) is shown in [3, Theorem 5.2]. For the proof of (3.5) we
employ a duality argument. For ¢ € H{ satisfying —Ay = Rpu — u, we have

1Rnu —ul* = a(Ryu —u, ) — Ryth) + a(Bru —u, Ryy) = 1 + 1.
For the first term we obtain, using (3.4) and (2.2) for s = 1, since 23 — 1 > 0,
11 < IV(Bpu = w)[| [V(Ratp — )| < CR*P||Aul| | AY|
< Cth”AU/HH%X—l ||]‘:L’hu — .



To bound now the second term we note that by (3.2), (1.11) and (1.4), we get
a(Rpu, Rpyp) = an(Ruu, JuRuth) = an(u, JyRatp) = —(Au, JyRpy)),
so that II = —ep,(Au, Rp1)), and hence, by Lemma 3.1,
(11| < Ch?P || Aul| 2o -1 | VRa || < Ch?P || Aul| gras—1 | V|
< Ch*|| Aul| 2o | Riu — .
Together these estimates show
[ Bhu — ul|* < Ch??|| Aul| 2o | Riu = ul|,
which completes the proof. O

We are now ready for our Ly norm error estimate for (1.3). Here and below we
denote

(3.6) g1 = ug(0) = Ago + f,(0) for go € H?, f,(0) € Lo.

Theorem 3.1. Let up, and u be the solutions of (1.3) and (1.1), respectively, and
assume v = go = 0 on 0. Then, if vy, = Rpv, we have, for t <T,

t
lun(®) = w(®)l] < Ch2 (|1 Av]m + gsll + / (feell + 1 Fell ) ).
Proof. Writing u, —u =9 + § as in (1.12), we find by (3.5)

t t
0] < 120)1 + [ el dr < 2 (|Aolans + [ 1wl ases i)
(3.7)

t
< 0 (8ol + [ (usllan + 115l i),

0
where in the last step we have used the fact that 26 — 1 < 1 and Auy = ug — fi-

Since wu; satisfies (1.1), with f and v replaced by f; and u;(0) = go, respectively,
the regularity estimate (2.9) with s = 0 shows

t t
(38) [ M ar < (ol + [ 1l ar),
0 0

which applied to (3.7) bounds g as desired. We now turn to 9, which satisfies (1.13).

Choosing 1 = Jp 9 we find
(D4, ) + an (9, Jp0) = —(81, In?),

and hence by standard energy arguments we obtain

t
e <c [ alar
In view of (3.7) and (3.8), this completes the proof. O

We now show an L norm error estimate for (1.3), using instead the finite element
Ritz projection Ry, in the analysis. Note that in this case the regularity requirements
on data are weaker than in Theorem 3.1.

Theorem 3.2. Let uj, and u be the solutions of (1.3) and (1.1), respectively, and
assume v =0 on 0. Then, if vy, = Rpv, we have, fort <T,

Jun(®) = w(®)l] < Ch2 (J1a0] + lgoll + ( / (Sl + £ 15 dr) %),
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Proof. We write up, —u =19 + g, as in (1.14). Then (2.2) with 8 < s < 1 and (2.9)
give

t t
HWWSM@M{/MMWSCW%MMM+/HMMMW)
(3.9) 0 . 0
fSCh”(HAvH+HgMM%Z;HﬂHm),

which yields the desired estimate for p.
We turn to the estimation of ¢, which satisfies the equation (1.15). In view of
(3.2), (1.4) and (1.9), we have

(3.10) an(0, Jnx) = a(Rpu, x) + (Au, Jpx) = en(Au, x), Vx € Sh.
Using this, (1.15) with n = J,9 is transformed into

(ﬁt, J}ﬂ?) + ah(ﬁ, Jhﬁ) = —(gt, J}ﬂ?) — Eh(Au, 19).
By the symmetry of (x, Jp1) on Sy, this shows, in view of Lemma 3.1,

1d

Sd I1911% + an(9, Ju9) < CllodllI9]l + Ch*|| Aull 2o 9] 111

< Cllol) + Ch (Judll + £l ) IV9].

Using (3.3) to kick back | V||, and integrating, we obtain, since ¥(0) = 0, and in
view of (3.1) and (2.7), that

t t
HMWPSOAnmwww+cmEAmm@rwm%nm

t t
< [ el + 08 (ool + [ (1Al + 115 dr).

Setting O(t) = supg.s<, [U(s)||, this shows

t t
) < 002 < ([ el dr)o) + Ch* (laol + [ (1l + 171 dr).
which, together with (3.9), gives the desired bound for 9. O
Next, we show an O(h”) estimate for the gradient of the error.

Theorem 3.3. Under the assumptions of Theorem 3.2, we have
t
1/2
IV un6) = w(e)l < Ch® (180l + lgoll+ ([ 1512 ar)2), for t, <1,
0
Proof. In view of (2.2) we have, with § < s <1,

t t
@.11) Ve < IVe+ [ Ve dr < Ch* (s + [ el oo 7).

and (2.9) then gives the desired bound for V. To bound V¢ we choose n = J, ¢

in (1.15), and using (3.10) with the fact that aj,(9, J,9;) = 14 a(9,9), we get

1d
(312) 192 + 5 = a9, 9) = —(er, Jnde) — n(Au, D).
Substituting —Awu = f — u; yields

1d d
[l[9¢]]1> + > a(9,9) = —(ot, Jn0t) — enlut, Vs) + pm en(f,9) —en(fe,9).
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Integrating, using 9(0) = 0, together with (3.1) and Lemma 3.1, we find

| Par+ S1vo R < cansol 199

t
+ /0 (eell 19:ll + Chlllwell e (|04l + W[ fell V) d.

After kicking back fg |9¢|2dT, this together with (2.3) implies, since 3 < 1, that

t t
VoI < cn? (LFOE + [ Gl + 1IR)ar) +C [ [90)Par

Using Gronwall’s lemma, the estimate

t
1F @I < ¢ (1Al + lgol* + / 12l dr ).
and (2.7), we finally find

t
(313) VoI < o2 (JAvl + ol + [ 1R dr).
which shows the desired bound for ¢. O

By a slight modification of the above analysis of Vi, we can show the following
“super”—closeness of the gradients of u;, and Rpu.

Lemma 3.3. Under the assumptions of Theorem 3.2, let go = 0 on OS2 and g1 be
defined by (3.6). Then we have, fort < T,

t
Vo)1 < 2 (1ol + loal + (| (1Al + ) d) '),

Proof. Rewriting the right hand side of equation (3.12) in the form

1d d
(3.14) l19¢]112 + 5 g @02 0) = =00, Judr) = — en(Au,9) + ep(Aup, D),

integrating, using ¥(0) = 0, together with Lemma 3.1, and (3.1), we find

t
1
| IiPar + 51001 < 01 A as [V

t
+/0 (el 19 lll + Ch?* || A | 2o+ [ V9] dir
Together with (2.2) for s = 1 and the fact that 26 — 1 < 1, this gives
t
0
Since wu; satisfies (1.1), with f and v replaced by f; and u(0) = go, respectively,
the regularity estimate (2.7) shows

t t
(3.15) [ el < €(laal? + [ 1l ar).
0 0

Using this together with Gronwall’s lemma, we obtain the desired estimate. O

t
IVOI? < Ch (180l + [ (lealBys + VilBndar) + € [ 1v0]? ar

We now turn to error estimates in maximum-norm, and begin with global such
estimate of order almost O(h?), cf. Theorem 2.2 for the corresponding result for
the finite element method, under almost the same regularity assumptions.
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Theorem 3.4. Under the assumptions of Theorem 3.2, if the triangulations Ty, are
such that by > ChY for some v > 0, then we have, for s € (0,3) and t <T,

lun(®) = u(®)lle < Ch* (1 a0] + ligoll + ( / L fllPar)'?).

Proof. We have by Lemma 2.2, with s; € (s, 3),

t
le)le < Con (O g < Corn i (0l + [ el ),
0

which is bounded as desired by (2.9).
In [5] we showed that the following discrete Sobolev type inequality, is valid for
triangulations satisfying the condition assumed in this theorem

(3.16) Ixlle < C62(IVx]l,  Vx € Sh.

Hence, in view of (3.13) we get

t
1/2
) le < CHA (ol + ool + (| 151 ar) %),
which implies the desired estimate for . O

We note that under the stronger assumption v = 1, i.e., when the 7}, are globally
quasiuniform, one can show an O(h”¢;) maximum norm estimate, under slightly
weaker regularity assumptions on data, cf. the comment after Lemma 2.2.

Next, we derive an almost O(h??) error estimate away from the corners of €, cf.
Theorem 2.2 for the finite element method.

Theorem 3.5. Under the assumptions of Theorem 3.4, let go = 0 on ) and g, be
defined by (3.6). If Qo C Q1 C Q is such that Q1 does not contain any corner of
and the distance between 01 N and 9Ny N is positive, and if the triangulations
Ty are quasiuniform in 1, then we have, for t < T,

t
lun(t) = u(®)lco) < Ch262 (| A0]m + llga]l + ( / (el + (1 feell?) dr)Y2).
Proof. By Lemma 2.3 we have, with f < s < 1,
(317 le®llew) < R (lul®)llczs(an) + 1Au(I) < B2 Au(t)| -

Here we have used that by Sobolev’s inequality, an interior regularity estimate, and
[|ul| < ClAu|| < C||Aul| 71, we have

lullezs @,y < Cllullas,) < CUAulgr + |lul]) < CllAu| g
We now bound the last term in (3.17), using Au; = uyy — f; and (3.8), as

t
618 IAu®ln < Aol + [ (el + i) dr
0

t
< c(lavllm + llg:] +/0 (full + 1 fellzn) dr),

so that o is estimated as stated. Using the supercloseness result of Lemma 3.3
together with (3.16), ¥ as bounded as desired, which completes the proof. O

We finally show the following almost O(h?) convergence result in the presence
of the appropriate refinements, cf. Theorem 2.3.
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Theorem 3.6. Under the assumptions of Lemma 3.3, with the triangulations Ty
appropriately refined, we have, for s <2 andt < T,

lun(®) = w(®)lle < Ch* (180 + llg1ll + ( / (el + 11 el ) %)

Proof. To bound p we use (2.5) for p sufficiently large, and a standard Sobolev
inequality, to obtain, with C' = Cj ),

le(®lle < CP7[[Au(®)l|z, < CP7[|Au(t)]|

and hence (3.18) gives the desired bound for g.

We next derive a superconvergent O(h?) order estimate for || V|| based on the
Ly norm error bound of (2.4). For this we follow the proof of Lemma 3.3, and
obtain this time, after the application of Gronwall’s lemma,

t
VoI < On* (1Al + [ (ol + 1)),
which, in view of the regularity estimate (3.15) and (3.16) completes the proof. [

We note that under somewhat weaker assumptions on the refinements of the 7y,
than those introduced before Lemma 2.4, one can show optimal order O(h?) and
O(h) convergence, in Lo and H' norm, respectively, for the error uy, — u, cf. [5] for
a corresponding result for the finite element approximation w;,.

4. THE BACKWARD EULER FULLY DISCRETE SCHEME

In [5], in addition to the semidiscrete finite element problem (1.8), also fully
discrete methods were considered. These were obtained by discretizing (1.8) in
time by the backward Euler and Crank-Nicolson methods. The time discretization
resulted in slightly higher regularity requirements on data than those summarized
in Section 2 above, and we refer to [5] for details.

In this section, by application of our analysis of the semidiscrete finite volume
problem (1.3) to a fully discrete scheme, we will show some error estimates for the
discretization in time by the Backward Fuler method. Letting k denote the time
step, t = t, = nk, U™ the approximation in S, of u", where ¢" = p(t,) for ¢
defined in [0, 7], and QU™ = (U™ — U™~ 1) /k, we consider the fully discrete scheme

(4.1) (OU™,n) + an(U™,n) = (f",n), Vn€ Yy, with U =uv;, = Rpv.
We first show the following error estimate in Lo, with go defined in (2.6).

Theorem 4.1. Let U™ and u(t,) be the solutions of (4.1) and (1.1), respectively,
and assume v =0 on Q. Then we have, fort, <T and e € (0, %), with C = C,

tn
107 = u(ta)| < € + k) (1 A0] + llgoll e + ( / (U730 + 1 fell3)ar) %),

Proof. Analogously to (1.14) we write
U™ —u(ty,) = (U" — Rpu(tn)) + (Rpu(tn) — u(ty)) = 9" + o".
Here ¢" is bounded as desired by (3.9). To bound 9™ we note that
(@9",m) + an (9", m) = —(9e", ) + (uf — Ou™,n) — an(e",n)

(4.2) ” "
:_(w 777)_a‘h(g 777)7 VnEth
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where
(4.3) W' =W+ wy = (R, — Doulty) + (Ou(ty) — u(tn)).
Choosing n = Jp9™ in (4.2) we obtain, in view of (3.10),

n n— 2 1 n n— 2 n n
9™ 1 = 19" M) + 10 = 041 + an (9", Ju™)

= —(w", Jp0") — en(uf — f,90")
= — (@', Jp?") — (w5, 9") — en(Ou” — f,9"),

1
A

Multiplying this by 2k, employing Lemma 3.1 and (3.1), and kicking back ||V,
we get

n n— 2 n n n 3,,M n
8™ 1 < 119" + Ch(llwt ] + g D™ Il + CRR* (10w 7 + 1/ 770)-

Let now ©" = maxo<<y, |[¢¥’||. Then, since 9° = 0 and using again (3.1),

(4.4) [")* < (©")* < Ck Y _(lwill + lw O™ + Ckh* Y (10w |3 + 17 1 70)-

j=1 j=1
To bound the first term on the right, we employ the case p = 1 of the inequality
n o n tj tn
(45) K> 0P <Ok (k—l/ lgeldr)” < c/ gilPdr, 1< p < oo,
i=1 i=1 ti- 0

where | - | is a norm in a linear space, and (2.2) with s = 1, to find

n n 7]
O Y (Nl + ) < Ok 3 (10N + [ )
(4.6) j=1 j=1 ti-a

tn 17
< on? / sl gadr + Ck / el
0 0

For the last term in (4.4), we use the inequality
n tn
b0 1P < tamaxlo(r) <€ [ (ol + lauf)ir
= <ty 0

and (4.5) with p = 2 to obtain

n

tn
(4.7) kY 10w I3 + 17 170) < C/O (luell s + 1F s+ 1Fel 3 )dr

j=1
Altogether, (4.4), (4.6) and (4.7) give

tn tn
n 2
19717 < CH ([ ullgedr)? + [l + 11 + 115 B )

+Ck2</0tn ||utt||d7)2.

In view of (2.7) and (2.10) this completes the proof. O

Next, we will show the following error estimate for the gradient.
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Theorem 4.2. Under the assumptions of Theorem 4.1, let go = 0 on 0S2. Then
we have, fort, <T,

tn
n 1/2

IV@™ = w(ta)ll < COP + k) (| Av] + lgollen + ( / 1 fill2ar)?).
Proof. Here V" is bounded as desired by (3.11) and (2.9). To estimate VJ", we
choose n = J,09" in (4.2). Using (3.2) together with the identity 2a(9",09") =
O||VO™||? + k|| VO9™||?, and (3.10), we then obtain

_ 1 - _ _ _
189717+ G @I9"|2 + K|VO0" ) = (", ") — en(Du™, 30",

Multiplying by 2k, using (3.1), eliminating |||519"|||2, and summing in time, we find

(4.8) IVO™|* < CkY W |> = k> en(Au, 007).

Jj=1 j=1
Since ¥° = 0, the last term can be rewritten as
—k Z en(Au!,007) = —ep(Au™,9") + k Z en(dAuI,9971).
i=1 =

Thus, employing this identity and Lemma 3.1 (with ¢ =1, s = 0) in (4.8), we get

(4.9) IVo™[|* <Ck > "(lw]ll* + llwd]|?)
j=1
n B ) n—1 .
+CR(Au™ (P + k> [|0Aw|?) + Ck Y | Vo7 |2,
j=1 7=0

The last term is eliminated by using the discrete version of Gronwall’s lemma, and
using (4.5) with p = 2 we easily find

n tn
||Au“||2+kZ||éAuJ‘||2 < C(||AU||2+/ | Aug?dr).
0

Jj=1

Hence by (2.8), the second to last term in (4.9) is bounded as desired. Using (2.3)
and again (4.5) with p = 2, we obtain

n

) . n . tj
b3 (P + 1I) < Ok Y (W20l + ([ fusldr)’)
j=1

j=1 tj-1

tn tn
< Cp2? / luallZr dr + CR? / lae 2,
0 0

which is bounded as desired by (2.7) and (2.8). This completes the proof. O

We finally demonstrate the following time discrete version of the maximum-norm
error estimate of Theorem 3.4.

Theorem 4.3. Under the assumptions of Theorem 4.2, if the triangulations Ty, are
such that hoin > ChY for some v > 0, then we have, for 0 < s < and t, < T,

tn
n S 1/2
IU™ = ultn)lle < Cs(h® + /ff;lfz)(llAvll + llgollz + (/0 | fll2dr) " )
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Proof. The term o™ is bounded as stated in the proof of Theorem 3.4. For 9" we
have, using (3.16) and the bound for V9™ of the proof of Theorem 4.2,

tn
n n 1/2
19 le < /21997 < C° + K6 (1Al + llgollm + ( / | fill2ar)?),

which completes the proof. O

We refrain from stating and proving the straight—forward analogues of Theorems

3.5 and 3.6.

il
[2

(3

[4

UsS

REFERENCES

| R. E. Bank and D. J. Rose. Some error estimates for the box method, STAM J. Numer. Anal.,
24(4):777-787, 1987.

| P. Chatzipantelidis, Finite volume methods for elliptic PDE’s: a new approach, M2AN Math.
Model. Numer. Anal., 36(2):307-324, 2002.

| P. Chatzipantelidis and R. D. Lazarov, Error estimates for a finite volume element method

for elliptic pde’s in nonconvex polygonal domains, SIAM J. Numer. Anal., 42:1932—-1958,

2005.

P. Chatzipantelidis, R. D. Lazarov, and V. Thomée, Error estimates for a finite volume ele-

ment method for parabolic equations in convex polygonal domains, Numer. Methods Partial

Differential Equations, 20(5):650-674, 2004.

| P. Chatzipantelidis, R. D. Lazarov, V. Thomée and L. B. Wahlbin, Parabolic finite ele-
ment equations in nonconvex polygonal domains, BIT Numerical Mathematics, 46 (suppl.
5): S113-S143, 2006.

] S.-H. Chou and Q. Li, Error estimates in L2, H' and L in covolume methods for elliptic
and parabolic problems: a unified approach, Math. Comp., 69(229):103-120, 2000.

] R. Eymard, T. Gallouét, and R. Herbin, Finite Volume Methods, In Handbook of Numerical

Analysis, Vol. VII, pp. 713-1020. North-Holland, Amsterdam, 2000.

P. Grisvard, Elliptic Problems in Nonsmooth Domains, Pitman, Massachusetts, 1985.

R. Li, Z. Chen, and W. Wu, Generalized Difference Methods for Differential Equations: Nu-

merical Analysis of Finite Volume Methods, Monographs and Textbooks in Pure and Applied

Mathematics, vol. 226, Marcel Dekker Inc., New York, 2000.

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF CRETE, 714 09 HERAKLION, GREECE
E-mail address: chatzipa®@math.uoc.gr

DEPARTMENT OF MATHEMATICS, TEXAS A&M UNIVERSITY, COLLEGE STATION, TX 77843,
A

E-mail address: lazarov@math.tamu.edu

DEPARTMENT OF MATHEMATICS, CHALMERS UNIVERSITY OF TECHNOLOGY AND GOTEBORG UNI-

VERSITY, SE-412 96 GOTEBORG, SWEDEN

E-mail address: thomee@chalmers.se



