STABILIZED DISCONTINUOUS FINITE ELEMENT
APPROXIMATIONS FOR STOKES EQUATIONS

RAYTCHO LAZAROV AND XIU YE

ABSTRACT. In this paper, we derive two stabilized discontinuous finite element formu-
lations, symmetric and nonsymmetric, for the Stokes equations and the equations of
the linear elasticity for almost incompressible materials. These methods are derived via
stabilization of a saddle point system where the continuity of the normal and tangential
components of the velocity /displacements are imposed in a weak sense via Lagrange mul-
tipliers. For both methods, almost all reasonable pair of discontinuous finite elements
spaces can be used to approximate the velocity and the pressure. Optimal error estimate
for the approximation of both the velocity of the symmetric formulation and pressure in
L? norm are obtained, as well as one in a mesh dependent norm for the velocity in both
symmetric and nonsymmetric formulations.

1. INTRODUCTION

We consider the Stokes system

(1.1) “Au+Vp = f inQ

(1.2) Veu+gp = 0 in(Q,

(1.3) u = 0 ondf,

where u = (u1, ..., uq) is a vector function, € is a bounded, open subset in R¢ (d = 2 or 3)

with Lipschitz boundary 0€2. The symbols A, V, and V- denote the Laplacian, gradient,
and divergence operators respectively, and f(z) is the properly scaled external volumetric
force. For v = 0 we get the Stokes system (of steady flow of very viscous fluid) for the
velocity u and the pressure p that is rescaled by the viscosity. For v = 1 — 2v, where
v e (0, %] is the Poisson’s ratio, we get the equations of the linear elasticity (constant
coefficients case) for the displacement u and the pressure p including the incompressible
limit v = %

These two problems are quite similar in regard to their stability. Namely, one can prove
the following a priori estimate for the solution of (1.1) — (1.3)

(1.4) [z + [lpllz> < ClIf[] -

with a constant C' independent of v > 0. The above stability relies on the fundamental
inf-sup condition of Ladyzhenskaya, Babuska, and Brezzi, see e.g. [7], [19], [29].

In order to get stable finite element approximation of this problem we need to have
similar property for the finite element spaces for u and p, correspondingly. Namely, we
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need a stable pair of finite element spaces, i.e. that satisfies the inf-sup condition. The
finite element analysis has produced a large number of stable pair of spaces. However,
various simple elements, for example, spaces using P; - Py polynomials on triangles and
(1 - Py polynomials on quadrilaterals are not stable.

To satisfy the inf-sup condition easier (even trivially) various stabilization techniques
have been proposed and studied. Perhaps among the very first stabilized finite element for-
mulation for the Stokes equations is the scheme proposed by Hughes, Franca and Balestra
[26], which allows use of simpler and more natural finite element spaces. Improvements of
the stabilized finite element formulation in [26] were made further by Hughes and Franca
[27]. Douglas and Wang [18] proposed an absolutely stabilized finite element formulation
for the Stokes problem in which solvability and convergence of the method do not de-
pend on the stability constant. Kechkar and Silvester [28] introduced a local stabilization
method in which the jump term of pressure on the All these stabilized finite element meth-
ods are designed for conforming elements for the velocity, i.e. velocity is approximated
by piecewise polynomial functions in H'(f2).

Discontinuous Galerkin method, though more expensive, allows natural adaptive proce-
dures, constructions that are more flexible, and produce stable approximations. These are
some of the reasons that have made the Discontinuous Galerkin method an active research
area in recent years (see, e.g. [1, 3,4, 5, 12, 11, 15, 13, 17, 23, 24]). Relaxing the continuity
of approximate functions across element boundary (required in standard finite element
methods) gives the discontinuous Galerkin method more localization and flexibility which
lead to easier and more natural h — p mesh adaptiation. Recently, Cockburn, Kanschat,
Schotzau and Schwab [11] studied a local discontinuous Galerkin method for the Stokes
and Navier-Stokes systems in mixed form. They showed that the local discontinuous
Galerkin methods in this case can easily handle meshes with hanging nodes, elements of
general shapes, local spaces of different types and weakly enforce the conservation of mass
element by element. Hansbo and Larson [24] introduced stabilized discontinuous Galerkin
method for the equations of the linear elasticity in the incompressible and nearly incom-
pressible case without using pressure variable and proved optimal rate of convergence in
certain mesh dependent norm.

The drawback of all discontinuous Galerkin approximations is a substantial increase
of the number of degrees of freedom, which leads to a much larger algebraic systems.
Attempts to reduce the number of the degrees of freedom has led to constructions using
Crouzeix-Raviart nonconforming finite elements (see, e.g. [23] and [21]) or spaces having
continuous normal component but discontinuous tangential component across the finite
element boundaries (see, e.g. [31]).

In this paper, following the point of view of Douglas and Wang [18] we derive and study
discontinuous Galerkin approximations of the Stokes equations and the equations of the
linear elasticity in the incompressible limit as stabilization schemes of a certain saddle
point problem. First we introduce as new variables the traces on the interfaces of the
tangential component of the velocity and the derivative of the normal component of the
velocity in normal direction to the finite element faces. To enforce the continuity of the
velocity along the interfaces we use Lagrange multipliers. This results to a new saddle
point problem which is approximated by finite elements method. This point of view, used



DISCONTINUOUS GALERKIN FEM FOR STOKES SYSTEM 3

exclusively by the mortar finite element method in the context of domain decomposi-
tion algorithms, allows to look at the discontinuous Galerkin method as a stabilization
technique for approximations of saddle point problems. Then the constructions of Wang
and Ye [31], Girault, Riviere and Wheeler [21] are particular choices of the discontinuous
spaces. The point here is that to avoid the necessity of choosing stable pairs of spaces we
stabilize this saddle point system, which is in general unstable, by adding “small” stabi-
lization terms. These allow to formally eliminate the Lagrange multipliers ending up with
a system that involves the velocity and the pressure only. We study two discretizations,
one that leads to a symmetric problem and second that produces a nonsymetric linear
system. Both methods share the advantages of local discontinuous Galerkin methods in
[11, 14] by using discontinuous functions but our method has less unknowns since we
do not introduce additional variables. The proposed discretization uses almost arbitrary
finite element spaces of discontinuous functions that satisfy only quite mild restriction
(4.6) and have optimal convergence rate.

This paper is organized as follows. In Section 2, preliminaries and notations are intro-
duced. In Section 3, we derive two stabilized discontinuous finite element formulations for
the Stokes equations. In Section 4 we analize the stability of the discontinuous Galerkin
methods and finally in Section 5 we study the error.

2. PRELIMINARIES AND NOTATIONS

Let D be a bounded domain in RY. We use standard definitions for the Sobolev spaces
H?*(D) and the associated inner products (-, )s p, norms || - ||s,p, and seminorms | - | p for
s > 0. More precisely, for any integer s > 0, the seminorm | - |5 p and norm || - ||s p given
by

1
3 1

m 2
wen= | 3 /D 00D | Hvum,D:(Z\vi,D>
s=0

laf=s

with the usual notation o = (o, ..., ), |a] = a1 + -+ ag, 0* = 07" ... 9. Sobolev
spaces of fractional order are defined by real method of interpolation and spaces of negative
order by duality.

The space H°(D) coincides with L?(D), for which the norm and the inner product are
denoted by || - |[|p and (-, -)p, respectively. When D = Q we shall drop the subscript D in
the norm and inner product notation. We also use L3(£2) to denote the subspace of L*(2)
of functions with mean value zero.

As we mentioned above the boundary value problem (1.1) — (1.3) has unique solution
u € HY(Q) and p € LE(Q) that satisfy the a priori estimate (1.4). For v # 0 the pressure
p will be in the space L3(2) for u satisfying homogeneous Dirichlet boundary conditions,
while for other boundary conditions this might not be valid. If v = 0 the pressure is
determined up to an additive constant which could be chosen so that p € LZ(9).

Further, we partition €2 into a finite number of open non-overlapping subdomains K
such that Q@ = UK. The set of all subdomains is denoted by 7. The intersection of two
subdomains that has positive measure in R?"! will be called interface (an edge in two
dimensions) and is denoted by e. The set of all interfaces (edges) will be denoted by
&r. We add to all such interfaces the intersections of a subdomain K and 0 that have
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positive measure in R and denote this set by £. The diameters of K and e are denoted
by hx and h,, respectively. Further, we use the following notations for functions defined
on (), possibly discontinuous across the boundaries between two adjacent subdomains:

V={vel)V: vlxe H(K)!, Av|gx € [*(K)!, KeT},

Q={geL§(Q): ¢lx € H(K), KeT}.
Multiplying the equations (1.1) and (1.2) by test functions v € V and ¢ € @, respectively,
and integrating over a subdomain K by parts we get

(2.1) (Vu, Vv)g —(V-v, p)K—/ (Vun)-vds+/ v-npds = (f, v)g,

OK OK
(2.2) (V-u+9p, ¢)g = 0.

Here n is the unit vector normal to 0K and pointing outward to K. Note, that in the
above formula Vu is a matrix with i-th row Vu; and Vu n = 0,u is a vector with i-th
component Vu;-n. Since on the boundary, every vector field v can be decomposed in the
form
Viggk = (Vv -n)n+n x (v X n),
we obtain
(Vun) - v=0yu-v=(0yhu -n)v-n+ (dyu xn) - (v x n).

Now we use this identity to give (2.1) an equivalent form:

(Y, Vv)x— (Vv p)K—i—/

8K(p—anu-1r1)v~nds—/ (Opu xn) (v xn)ds = (f, v)g.

oK
Next, we introduce as Lagrange multipliers the following traces on e € £

(2.3) i=p—0pu - n, A= —0hu X n.

Obviously, if p € @ and u € V then the traces exist and we can rewrite the above identity
in the form

(2.4) (Vu, VV)g — (V- v, p)k + (i, v-n)ox + (A, v X n)gx = (f, V).

We have replaced the integrals [, pv-nds and [, A- (v x n)ds by (u,v-n)yx and
(XN, v X n)yg, respectively. Loosely, here (1, v -n)sx could be interpreted also as duality
pairing between € H~Y/?(0K) and v € V. Similarly, (A, v x n)gx could be interpreted
also as duality pairing for A € H~Y/2(0K)% and v € V. We shall use these expressions for
smooth functions only. For the precise Sobolev spaces that take into account the Dirichlet
data on 0f) we refer to the literature on mortar finite element approximations of second
order elliptic problems (see, e.g. [6]).
Now summing over all K € 7 we get

(2.5) (Vzu, Vrv) — (V7 -v, p)+ Z (u, v -n)yx + Z (A, v xn)yx = (f, v).

Here and further Vzv, V7 - v, and A7u are the functions whose restriction to each
subdomain K € 7 is equal to Vv, V - v, and Au, respectively. Also, we define hy =
hr(z) = hg forz € K € T and hg(z) = hg = h. forz €e € £ .
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Let e = 0K; N 0K; be the common boundary (interface) between two subdomains K
and K5 in 7, and n; and ny, be unit normal vectors to e pointing to the exterior of K
and Ky, respectively. We define the average {-} and the jump [-] on e € & for scalar g,
vector v, and matrix 7, respectively:

{a} = i(dloxine + dloxsne),
(v} = 3(vlorine + V]orane),
{r} = 3(Tlorine + Tlorane),
(2.6) 4] = dlorxine — dlorare
[v-n] = v]ar,ne - M1 + V]ox,ne - D,
nx (vxn) = n; X (V|gryne X 1) — N2 X (V]gr,ne X Na),
[Tn] = Tlorine D1+ T|oK,ne Do

If e is part of the boundary 02 then some of the above quantities are defined in the
following way:
{4} = dloone, {v} = Vl]oane, {7} = Tlaane
and
[V n| =v]gone -1, 0 X (vxn)=nx(V|pgne X 1), [T 0] = 7|sgne n.
We rewrite (2.5) so that the solution u € H2(Q)%, p € L2(Q)NH () of the problem (1.1)

- (1.3) and the Lagrange multipliers p and A satisfy the following equations for piece-wise
smooth functions

a®(u,v) + b(v,p) + m(p,v) + IAv) = (f,v), Vv,

27 b(u,q) — c(p,q) = 0, Vg
m(1, u) = 0, ¥,
(¢, u) = 0, Vo,
where
a(u,v) = (Vru, Vv),
b(v,q) = —(Vr-v, q),
(2.8) cpg) = P9,
I(Av) = (A[vxn]e,
m(p,v) = (p[v-nfe.

Here v € V and for g and ¢ smooth functions, (i, q)s denotes the integration over the
sum of all interfaces between the subdomains and on the boundary 012, i.e.

(1, a)e = [ nads.

ecE V€
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This is a typical saddle point problem in which the terms [(¢,u) and m(y,u) impose
weakly the continuity of the solution u across £ and the homogeneous Dirichlet boundary
condition on 0.

Further we shall write (2.7) in the following concise form:

(2.9) a’(u,v)+0(v,p) —b(w, q) +1(A,v) = (¢, w) +m(p, v) = m(sh, ) + c(p, ¢) = (£, V).

Remark 2.1. The above formulation is quite suitable for other types of boundary condi-
tions. Consider the following two cases (various other boundary conditions could be found
in [19], pp. 179-183): on part I'y C 00 we specify u xn =0 and p — O,u -n = g; and
on another part I'y C 02 we have u-n =0 and Oyu X n = gy. Then one needs to modify
the right hand side of (2.9) by adding the term

/glv-nd3+/ go- (v xXn)ds
Fl 1—\2

and to modify the bilinear forms l(X,v) and m(u,v) to

m(u,v) = <N’v [V ) n]>51> Z(A,V) = <>‘7 [V X n]>52'

Here & C &€ goes not include edges (faces) on T'y and E C &€ goes not include edges
(faces) on T's.

Remark 2.2. In the case of linear elastic deformations of non homogeneous media the
above approach is not very suitable since in this case the equations are written in the form

—V -o(u) =f, where

o(u) = vE V-ul-+

(1+v)(1—2v) T (Vat (V')

15 the stress tensor and the Young’s modulus E and the Poisson’s ratio v depend on x € ).
A discontinuous Galerkin method for these equations was studied by Hansbo and Larson
in [23].

Here we shall avoid the delicate question of exact Sobolev spaces for the solution and
test functions u, v, i, 1, and X\, ¢. As we shall see later, this is not relevant for the method
we derive. The interested reader can find quite complete discussion for the case of two
dimension in the work by Girault, Riviere, and Wheeler [21]. However, functions that are
smooth on each subdomain K the above identities makes sense.

Remark 2.3. Obviously, if u € H(div;Q), then [u-n] = 0 and the above system sim-
plifies, by omitting the terms with m(-,-) in the left hand side of (2.9). Similarly, if
u € H(curl; Q) then we get different simplification by omitting the terms I(-,-) in (2.9).

3. FINITE ELEMENT DISCRETIZATION

Here we shall introduce finite element discretization of the above saddle point problem
using finite element spaces of discontinuous functions.
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3.1. First attempt. Following [18] we shall derive our discontinuous finite element ap-
proximation by stabilizing a discretization that is usually unstable for the whole range of
the parameter v > 0. Assume that 7 is a partition of the domain §2 into finite elements K
(triangles, tetrahedra, rectangles, bricks, quadrilaterals, etc) with mesh size hg, so that
the partition 7 is quasi-uniform, i.e. it is regular and satisfies the inverse assumption (see
[10]).

Define the finite element space V}, for the velocity by

Vi={veLl*(Q)*: vlx e V(K)!, VKecT}
and the finite element space @} for the pressure by
Qn={q€ Lj(Q) : qlx € Q(K), VK eT}.
Further, the finite elements spaces A;, and M), for the Lagrange multipliers A and u
Ay ={Xe L&) Al € L(e)!, eis a common edge of two finite elements },

My, ={p€ L*(&): ul. € M(e), eis a common edge of two finite elements}.

Here the local spaces V(K), P(K), L(e), and M(e) consist of polynomials that will
be specified later. Further, we shall use also the notation V(h) = Vj, + H*1(Q)¢ and
Q(h) = Qn+ H™ Q)N L3(Q2), where [ > 1 and m > 0. The finite element discretization
of (29) is: find wy, € Vh, pE Qh, A € Ah, and Mtn € M, such that

a’(up, v) 4+ b(v,pr) — b(us, @) + U(An, v) — U(}, up)
(3.10) +m(pn, v) —m(, up) 4 c(pn, ) = (£, v),
Vv eV, YqeQn VoeN, Ve M,

Without proper alignment of the finite dimensional spaces Vj,, Qn, Ax, and M, (they
need to satisfy appropriate inf-sup condition) the above saddle point problem is in general
unstable.

In the past various stabilization procedures for the saddle point problem (3.10) have
been proposed and studied (see, e.g. [9], [18], [26], [28], [30]). As we mentioned earlier,
if V, ¢ HY(Q), then the forms m(-,-) = 0 and I(-,-) = 0 so the problem is reduced
to a®(up, v) + b(v,pn) — b(uy,q) = (f,v). For various stabilization procedures of this
problem we refer to [9], [18], [26], [27], [28], [30]. In general, the stabilization is achieved
by adding “small” term to the left hand side. For example, Brezzi and Pitkéranta [9]
add the term (h2 Vzpn, Vrq). However, this term does not vanish at the solution so it
yield only a first order scheme. Hughes, Franca, and Balestra [26] use a stabilization term
§(Vrpn — Aru — £, h% Vrq) and prove that for 0 < ¢ the method is stable and has an
optimal order of convergence when the space V;, and ();, contain piece-wise polynomials
of the same order. Finally, for discontinuous pressure spaces Kecher and Sylvester [28]
use a stabilization term d(hg[pn], [q])e, which produces a stable method for § > 0 that is
convergent of first order.

Stabilization of the problem (3.10) for spaces V}, that contain discontinuous functions
could be achieved by adding a “small” term e(Ap,, ¢)+{[pn], [q])e. By formally eliminating
the Lagrange multiplier A, we get a system for u, and p,. However, this system is
inconsistent, since the added term does not vanish on the exact solution. Such “penalty”
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formulation, leading to a low order approximation, has been studied in the past (see, e.g.
Quarteroni and Valli in [30], p. 312).

3.2. Motivation for a stabilized approximation. Now we consider the case of fully
discontinuous finite element spaces. The terms b(uy, q) (¢, u) and m(¢, us) in (3.10)
could be considered as constraints and therefore to have a well-posed problem we need
three appropriate inf-sup condition. However, we can stabilize (3.10) by adding three
stabilization terms

(0lpnl, [a)e
(3.11) (e(An, +{0n(uy x ) }), P)e,
(e(pn —{pn} + {0n(up - m) }),¥)e.

Here € > 0 and 6 > 0 are small parameters, in fact these are functions on &£, which will
be defined later. These three terms are supposed to stabilize the problem so that each
is assumed to avoid the necessary inf-sup condition for the form b(-,-), I(+,-), and m(-,-),
correspondingly. This allows us to formally eliminate both Lagrange multipliers p;, and
A, and get

ap (wn, v) + ba (v, pn) = b(un, @) + cu(pn, q) = (£, v), Vv € Vi, Vg € My,
where

al(ay,v) = (Vru,, Vrv)+ (e Hu, x 0], [v x n])e + (¢ '[uy, - n], [v-n])e

—({Bawy x nh[v x n)e — ({Ohus -0}, [v - n)e,
bn(v,pr) = —(V7-v, pn)+ {pn}, [v -1,

cn(Pn, @) = (@) + (Olpal, [a])e,-

The bilinear form a) (-, -) is nonsymmetric so if we want to get a symmetric form we should
use symmetric stabilization terms. namely, we can replace the last two terms of (3.11) by

(3.12)

(e(Ap + {0nup xn}), @+ {Onv X n})g,
(e(un — {pn} + {Onuy, -n}), ¢ — {q} + {Ouv - n})e.

Again after formally eliminating A, and p;, we get the problem
(3.14) ay(up, v) + b (v, pn) — bp(un, q) + cu(pn, @) = (£, v), Vv € Vi, Vg € M,

where

(3.13)

a;(up,v) = (Vru,, Vov) + (e u, x 0], [v X n)e + (¢ u, -0, [v - n])e
(3.15) —({Onup, x n},[vxn])e — ({0nv X n},[u, x nl)¢
—{0auy, -m}, [v-n))e — ({Oav -0}, [up - n)e.

is a symmetric bilinear from on Vj, x V}, which will produce IP (interior penalty) DG
method for the Stokes system.
Similarly, we can get a problem with a skew-symmetric nonsymmetric part if we add

(e(Ap +{0nuy xn}),¢p — {0nv X n})¢
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(e(pn = {pn} +{0aup -m}), ¥+ {q} — {Oav -n})e.
Again after elimination of A, and uj, we get a problem
(3.16) ay®(up, v) 4+ bp(v, pr) — bp(up, q) + cn(pn, q) = (£, v), ¥v € V}, Vg € My,
where
ar¥(up,v) = (Vruy, Vrv) + (e Hu, x n], [v x n])e + (¢ '[uy, - n],[v - n])¢
(3.17) —({Ohup, x 1}, [v xn])g+ ({Onv x n}, [u, X n)e
—({Onup -n}, [v-n)e + ({Onv - n}, [u, - n)e.

The bilinear from a}*(+,-) has a skew-symmetric nonsymmetric part and is coercive on
Vi, x Vj, for any € > 0. This form in fact will produce the NIP (nonsymmetric interior
penalty) discontinuous Galerkin method for the Stokes system.

Remark 3.1. The case Vi, C H(div; Q) will simplify the bilinear forms a}® or aj and by,
so that we get the problem

(318) aj{iv(uh,v) + b(V,ph) — b(uh, q) + Ch(ph, q) = (f, V),VV € Vi,Vg € My,
where aj; (up, V) is defined by

ag,(un, v) = (Vruy, Vrv)+ (e u, x n],[v x n])e
(3.19)
—{({Onuy, x n},[v xn])e F ([u, x n],{0nv X n})e.

Both systems were analysed by Wang and Ye in [31] for e = ah,}l and 6 = 0 and for
appropriate choice of the finite element spaces Vi, and My. In [31] it was shown that
the bilinear form a, (up, V) is symmetric and coercive for sufficiently large o, while the
bilinear form al, (W, v) has skew-symmetric nonsymmetric part and is coercive for any
a> 0.

Remark 3.2. The case Vi, C H(curl; Q) will lead to another simplification of the bilinear
forms ay®, aj and by, so that we get the problem

(3.20) al (ap, v) + by (v,pp) — bp(un, @) + cn(pn, @) = (£, v), Vv € V,,,Vqg € My,
where ¥, ,(uy,v) is defined by
af (W, v) = (Vruy, Vzv)+ (e '[u, 0], [v-nl)e
—({0aun -}, [v-nl)e F (fun - 0], {Oav - n}e.

Remark 3.3. Note that the discrete problems (3.14) or (3.16) do not require u = 0 on
the boundary 0. This boundary condition is imposed in a weak sense by the penalty term

(3.21)

(e a, x n],[v xn))e + (¢ '[uy, - 0], [v-n)e.

Remark 3.4. Ifin (3.11) § = 0, then V}, and Q) need to satisfy an appropriate inf-sup
condition. Such approach for 2-D Stokes equations has been studied by Girault, Riviere,
and Wheeler in [21].
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Now we shall get a more concise form of the bilinear forms (3.15) and (3.17) by intro-
ducing a new notation. Following [11], for vectors v and n, let v ® n denote the matrix
whose ij-th element is v;n;. For a vector w we define a matrix valued jump [ -] as

[[W]] = Wok, @ Ny + W|pr, ® 0y

where e € £ is an edge (face) shared by two adjacent finite elements K and K. If e € £
is an edge on the boundary 012, define [w] = w ® n. Further, for two matrix valued

variable o and T we use
d

o:iT= Z 0ijTij, 0, T € R
ij=1
Using these concise notations we can show that
({Oaup x n}, [v xn])e + ({Onuy -0}, [v-nl)e = ({Vu} : [v])e
and
(e, x ], [v xn))e + (e uy, -n), [v-n)e = (e us] : [v])e.

Thus, the bilinear forms defined in (3.15) and (3.17) could be written in the form

(3.22) a; (uy, v) = aj)(uy, v) — ({Vv}: [up])e

and

(3.23) ay*(up, v) = ap(up, v) + ({Vv} : [u])e

where

(3.24) ay(uy, v) = (Vruy, Vrv) — V) [v]e + (€ un] : [v])e

Using these new notations we can rewrite the problems (3.14) and (3.16) as: find
up, € Vj, and pp, € @), such that

(3.25) A(up, pr; v,q) = (f, v) Vv eV, Vq € Qp,
where
(326) A(Vv q;, W, T) = CLh(V, W) + bh(w> Q) - bh(vv T) + Ch(Q? ’l").

Here and further a,(v, w) is either aj (v, w) or a}*(v, w). Thus, (3.25) incorporates
two methods, one involving the symmetric bilinear form aj(v,w) and another with a
nonsymmetric form aj*(v, w).

The sufficiently smooth solution u, p of the problem (1.1) — (1.3) satisfies the identity

A(u7p; v, Q) = (fv V) Vv e Vh> \V/q € Qh
so that subtracting this from (3.25) we get
(327) A(u — Up,P — Ph; V, q) =0 Vv € Vi, Vg € Q.

This Galerkin orthogonality condition implies that both methods, the symmetric and the
nonsymmetric, are consistent.
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4. STABILIZED FINITE ELEMENT APPROXIMATION FOR FULLY DISCONTINUOUS SPACES

Our goal of this section is to choose the parameters € and ¢ and the spaces Vj, and Q)
in (3.25) so that the method is stable and converges with optimal order.

First, we shall specify the finite element spaces. Let Py(K) be the set of all polynomials
on K of degree less than or equal to k. We will assume that P,(K) C V(K) and P,,(K) C
Q(K) with [ > 1 and m > 0.

For K € 7 let I¥ : H*Y(K)? — V(K)¢ be the orthogonal L? projection. Since
P(K) Cc V(K) it is well known that for a w € H!™1(K)?

(4.1) w—Tw,x < ChEY S ||wllix s=0,1,2,

I+3
(4.2) W —T¥wlox < Chy* Wi,

where the constant C' depends on [ and the minimum angle of the finite element K. In a
similar manner we define the orthogonal projection I1¥ : H™(K) — Q(K) so that

(4.3) V- Ylx < Ch [¢llmx s=0,1,2

m—L
(4.4) [ — TElox < CRy 2|0l mar. k.

When dealing with fully discontinuous spaces we can define the global L? orthogonal
projection operators I1; : V(h) — V}, and Il : Q(h) — @), as
Mv(z) =1Ev(2), Myq(z) =1Kq(z), 1€ K, K€ T.
Next, we specify the “small” parameters € and §. Namely, we choose
(4.5) e =e(@) =a; he, 6=0(x)=asyh, for vz€ecé

where h, is the length of the edge e for d = 2 and the diameter of the face e for d = 3.
The positive numbers aq, as will be determined later.
Now we formulate two essential assumptions under which we shall carry our analysis.

Assumption 4.1. The local polynomial spaces Q(K) and V(K) satisfy the inclusion
(4.6) VO(K) C V(K).

Assumption 4.2. If ap(-,-) = a}*(-,-) then oy > 0 is any fized constant, if ap(-,-) =
a; (-, ) then ag > 0 is sufficiently large, and cs is any positive constant.

Note, that in order to achieve optimal error approximation the polynomial spaces for
the velocity should be one degree higher than the spaces for the pressure. Therefore,
assumption 4.1 represents a very mild restriction on the local polynomial spaces. In
addition to (4.6) in [11] the inclusion V - V(K) C Q(K) is required as well. This implies
that here we have more freedom in choosing the finite element spaces.

For v € V(h) we introduce two norms || - ||y and || - ||.

(4.7) IVIE = (V2v, Vov) + (b VI VDe = IV 2vIP + Y h M IVIE,

eef

(4.8) VI = WU + D BicllAV = IVIE + (hrArv, hyAqv) = VI + |hrArv].
KeT
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Also, for ¢ € Q(h) we shall use the following notation

(4.9) lall? = Ylall* + > helllalll?-

e€y

Note that if v > 0, then (4.9) is a norm, while if 4y = 0 it is a semi-norm. Since 0 <y < C
it is easy to see that

lal < Cllall.  Va € Qn.

Let K € 7 has an edge e. It is well-known that there exists a constant C' such that for
any function g € H'(K),

(4.10) lglle < € (hlgll% + hx I Vyll) -
In particular, for any v € V},, we have
hel |V l? < C (IVVI% + Rl Av]E)

and the standard inverse inequality yields

hil|Av||% < C||Vv|% Vv € V.
Therefore, there are positive constants ¢, C' independent of A such that
(4.11) vl < vl < Clivilly - vv € Vi

The following lemma provides the estimates for ||v —II;v||; and ||¢ — I2q]|.

Lemma 4.1. For any g € H™(Q) and v € H™*(Q)?, one has

(4.12) v -l < OBVl
(4.13) la — Taogll < CR™ gl
Proof. Using the definition of 11y, I and (4.1), (4.2), we first show the estimates
(4.14) V(v —ILv)P < Ch|v|i,
(4.15) Y orMv - ILvIE < ORIV,

ecf
(4.16) lg = Toql* < CRP™HVlg|7, 1,
(4.17) Y helllg—Tagll2 < CH™ Vg7

e€&y

Then (4.10) and (4.1) imply
(4.18) > hMIv —ILWVIIEE < C ) (v = L[ + hielv = TLv[3 ) < CR¥||v]lE,,.
ec& KeT

We complete the proof by taking into account the definitions of ||v|. and | ¢|., and the
estimates (4.14)-(4.18). O
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Theorem 4.1. Let the assumptions 4.1 and 4.2 hold. Then the bilinear form A(v,q; w,r)
satisfies the inf-sup condition
Alv,q; w,r)

(4.19) co(Ivlls +llall) < sup

) V(V, Q) S Vh X Qh
wevi, reQn Wl + 7]l

with a constant ¢y > 0 independent of h and ~.
For (v, q) € V(h) x Q(h) the bilinear form A(v,q; w,r) is continuous so that

(4.20) A(v,q; w,r) <ci(llvll + llalAwlle +lirl), - V(w, r) € Vi x Qn
with constants ¢; > 0 independent of h.

The proof will be based on several lemmas we shall prove below.
First, we show the coercivity of the bilinear form aj(-,-) in ||v|;-norm.

Lemma 4.2. Assume that oy > 0. In addition, if ap(v,v) = aj(v,Vv), we assume that
o 1s sufficiently large. Then there exists a constant o independent of h, such that

(4.21) an(v,v) > ao|[v])?, v € V.
Proof. The inequality (4.21) follows immediately for a,(-,-) = a}*(-,-), since
(4.22) ap*(v,v) = (Vv Vo) +ar ) h ' ([IVE = aollvI

ec&

with a constant oy = min{1, a4 }.

Now we consider the case of symmetric form ay(+,-). It follows from the Cauchy-Schwarz
inequality, (4.10), and (4.10) that for an edge (face) e € & between the elements K; and
Ky

IA

le

/e (Vw} : [vlds

C (hel VWi, 12+ hel VWi, [12) he * [ [V]
he 21 [v11le

[N

(4.23)

N

C (||VTW||%{1UK2 + hiHV%'WH%{lUKz)
< ClIVrw(gumhe *[IIVI |-

Similarly, if e C 0f) in and edge (face) of K then

Jiowh:mas| < 0 (rlTwlel) r Il

< C|Vw|xhe || [V]e-

After summing over K € 7 and taking into account the above inequalities we get

[({Vw}:[VDel < ClIVrw] (Zhglll[[\’]]Hi)

eef

1 .
< JIVewlP+ 0D n VI

ec&



14 RAYTCHO LAZAROV AND XIU YE

Thus, we obtain

ay(v.v) = (Vrv,Vrv)+ar Y h ' [V])2 - QZ/WV}

ecf ec&

IVrv]? +an ) B HIIVIIE — §||VTV||2 —C Y rIVIIE

ecf =

Vv

= —IIVTVII + (a1 = 0) Y b IVIIE = aollvII,

ecf

with ag = min(%, a; — C). By choosing a; large enough such that a; > C + —, we see
that the estimate (4.21) holds true with cg = 3. O

Next we show that the bilinear forms aj (-, -) and a}*(-,-) are bounded in || - ||.-norm.
Lemma 4.3. There exists a constant 3, independent of h such that
(4.24) |an(w, V)| < Bol[wll.[Ivl. Yw,v e V(h),
where ap(-,-) = aj(-,-) or ap(-,-) =aj(--).

Proof. By the definition of aj,(w,v) and using (4.23) and Schwarz inequality, we see that
there exists a constant C' such that

an(w, V)| < C{l[Vrwll[Vv]]

+ (IVrwl + [[hr Arw|*)? (Zh v ||2>

ecf

+(IVvl* + [hrArv]?)? (Zh HIw ||2>

ecé

l

N[ =

1

+<;h;1!|[[ H2> (;WH ||2>

< Ballwll vl
which proves the desired boundness. O
The following lemma provides a upper bound for the bilinear form by, (-, -).
Lemma 4.4. For (v,q) € V(h) x Q(h)
l
(4.25) bu(v,q) < Clvl: (HQH + (> hikldli k) 2) :

KeT

Further, if (v,q) € Vi, X Qy then
b (v, q)| < C|lvl1llall-
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Proof. By the definition of by,(v, q), the Schwarz inequality, and (4.10) we have

1

bn(v, )] < C !IVTV!|||Q|!+<ZheIIqII§> (Zh v ||2>

eef eef

< Clvl (!IQIH > hilali k) %>-

KeTy,

Finally, we prove

Lemma 4.5. There is a constant 34 independent of h such that

(4.26) AW, v,q) < BalllVIE + llgll2) ¥ (v, q) € Vi x Q.

Proof. First, we note that A(v,q;v,q) = an(v,v) + cn(q,q). Then the inequality follows
immediately from (4.24) with 84 = max{1, as}, if a,(-, -) is nonsymmetric and from (4.22)
with 84 = max{S,, as}, if a,(-,-) is symmetric. O

Proof. (of Theorem 4.1). Obviously the boundness of the form A(-;-) follows immediately
from Lemmas 4.3 and 4.4.

To prove the inequality (4.19) we shall use the fact that the differential problem (1.1)
— (1.3) has unique solution that is stable in H}(Q2)¢ x L2(€Q). For a given q € L(Q) let
€ € H}(Q)? and 6 € L2(9) be the solution to the problem

—AE+VO=0, V-&=—q, x €.
The solution exists and satisfies the a priori estimate

(4.27) 1€l + 1161 < Bllall

where the constant 5 depend only on the domain 2. Take w = I1,€ € V}, and use (4.11)
and (4.2) to get

(4.28) L = Iwl? = Vrwl* + > kot Iw]I2
eck
< VILEIP + D t[E - TLEN)? < Clgll
eck
Next,

A(v,¢;11&,0) = ap(v,11,§) + bu(111€, )

an(v,IHh&) + bn(€, q) + bn(IL:€ — &, q)
(4.29) = —(¢,V-&) +ap(v,ILE) + bp(ILE — £, q)
lall* = ClvIl €N + bn(TLE — €, q)

lall* = Crllvllllall + o (1L € — &, q).

v

A%



16 RAYTCHO LAZAROV AND XIU YE

Using integration by part, (4.6), (4.2), we transform the term by, (II,€ — &, ¢) as follows:
(1€~ €0) = (€ — €. Vra) = Y [ (L €) -y ds + ({a}. (16~ &) - mihe.
KeT V9K

Now, using the relation (4.6) and since II;£ is a local orthogonal L2-projection we get
that (I1,& — €, Vrq) = 0. Further, using the identity

(4.30) 3 /a avends = (gl {v-nhe,+ (Gah v e

KeT

we transform the last two terms to get

(L€ —&,q) = —(lg, {TL& - &) n})e,

(4.31) > (Zth{ & —§) n}H2> (ZhH ||2>

e€&y ec&y
> =Cl&lllall« = =Callalllall-
Combining all these and choosing (31 = max{C}, Cy} we get
1
A(v,q;11,€,0) > §||61||2 = Bu(IvI® + lgll?)-
Let By = (4/(1+261) > 0. Then
A(V7 q;Vv + 2ﬁ2H1£> Q) = A(V7 q;v, q) + 252A(V7 q, H1€7 O)
> Ba(IvIE + Nall?) + Ballgll® = 2826:(IvIT + llgll?)

= Ballall* + IvIR)-

The inequality (4.19) follows easily by using the stability of the projection IT1;£€ in || - |1,
established in (4.28), and the a priori estimate (4.27)

A(VJQ;W7T> > A(V,q;V+ 262H1£7Q)

sup >
wevireQy Wil + [|7]] Iv + B1L: €[l + (gl

S Ba(llall® + IvlI7)
vl + BollTLEll + gl
o Ballal® + VI
— vl +Cllal
= colllgll +Ivll)-

This completes the proof of the Theorem 4.1. O

5. ERROR ESTIMATES

Here we establish an optimal error estimate for the finite element solution. First, we
shall establish estimates for ||u — u,||; and ||p — px||-
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Theorem 5.1. Let the assumptions 4.1 and 4.2 hold. If u € H*Y(Q)? and p € h™1(Q),
then

(5.1) lp = pall + lu = wnll < O allee + B lpllm).
Proof. By first Strang’s lemma we have

lp = pall +la =l < lp = Topl| + [Ju — ITyu].

1 A(uy, — I, pp, — Hop; v, q)
+— sup
€0 veViqeQp vl + flall
< |lp = ap[| + [lu — Hyul.
1 A(u—-11 — Ilp:
4 Sup (11 1, p 2p7V7Q)
€0 vEV,q€Qn vl + gl

< C(llp = Hapll + 3 eeg, hrelllp = Hap][f? + [lu — yull.).

Here we have applied (4.19) and the Galerkin orthogonality (3.27). Then the result

follows from the approximation properties of the projections II; and Il, established in
(4.1) — (4.4). O

The rest of the section is devoted to the error analysis in the L2-norm for the velocity
approximation. We shall use a standard argument by considering the dual problem which
seeks (w;r) € HE(Q)? x L3(9) satisfying (in a weak sense)

(5.2) —Aw+Vr=u,—u, V-w=0 inQ.

To gain an additional power in h for the error |[u —u;|| we need an assumption regarding
the regularity of the solution of (5.2). Namely, we assume that (5.2) has full regularity in
the sense that (w,r) € H%(Q)? x H*(Q) and the following a priori estimate holds true:

[wllz +[l7{ly < Cllu — .

This assumption is known to hold for €2 a convex polygonal domain in two dimensions.
The situation in 3-D is more complicated (for more comments, see [19], p. 185 and the
references cited there).

First notice that

ap(w, v) = ap(v, w)
ap’(w, v) = ap’(v, w) +2({Vv}: [w])e = 2({Vw} : [v])e.
Then if ap(-,-) = aj(-,-), we have
(5.3) A(v,q; w,r)=A(—w,r; —v,q).
If ap(-,-) = a(-,-), we have
(54)  A(v,q w,7) = A(=w,7; —v,q) + 2({Vw}: [V])e — 2({Vv} : [wl)e.
It is not hard to see that for any (v, q) € V/(h) x Q(h), the solution (w,r) satisfies
(5.5) A(w,r; v,q) = (u, —u, v).
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We assume that the Stokes problem has full regularity in the sense that (w,r) € H?(2)4 x
H'(Q) and the following a priori estimate holds true:

(5.6) [wlla + [lrfl < Cllu = u].

With the above regularity, it is not hard to establish the following estimate:

(5.7) Iw = hwll. + [Ir = Hyr|] < Chjja — .

Theorem 5.2. Let (uy,, pr) € Vi xQp and (u, p) € (HFHQ)NHL(Q))4x H™H(Q)NL3(Q)

be the solutions of (3.25) and (1.1)-(1.3), respectively. Then there exists a constant C
independent of h such that if ap(-,-) = aj(-,-), then

(5.8) la =] < & (A uller + 2" pll)
and Zf ah(‘? ) = a’;tw('u ')7 then
(5.9) lu =yl < C (W [[uflir + 2™ pllin) -

Proof. Let v =1, —u and ¢ = p — py, in (5.5). Using (5.4), (5.3), (3.27) and [w] = 0 on
e € £, we have

lu—w,l* = A(w,r; wy —u,p—ph)
(5.10) = A(u—up,p—pn — —i—@Z/{VW} [u—u]ds
ec&
= A(u—uy, p—pp; —w+1ILHw, r—1Ilr) +92/{VW} [u —uy]ds,

ec&
where 0 = 0 if ap(-,-) = aj(-,-) and 0 = 2 if ap(-, ) = a}*(-,-). We will obtain the bound
for ||u — uy|| by estimating each term in the right hand side of (5.10). Using (4.24), (5.6)
and (5.1) we get

Cllu = wp [l flw — Tywi].
Ch (' allier + 2" H[p ) [l — wall.
Using integration by part, assumption (4.6), (5.1), (5.6) and (4.15), we have

it =, p =)l < 13 [ Vo= p)- (w = wds

lap(u —uy, Ihiw—w)| <
<

1Y /{ (Tlyw — w) - n}p — pa]ds|

e€&o

KeT

D=

(Zhlnnlw w||2> <Zh||p m ||2>

6680 66&)

< Ch (Wl + B [pllsr) = .
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Then (4.25), (5.1) and (5.6) imply

br(a—wp, 7= Tor)| = Clu—wll. (|7 = orl| + (D bgelr — Tor|} )2
KeT

< Ch(h[uflisr + " Hpllms) u — -
It follows from (5.1), (4.17) and (5.6)
lcw(p — pr, 7= 1or)| < y(p — pu, 7 — 1lor)

tag [ Y hellp=palllZ | | D helllr = Tar] |2

ecéy ecéy

< Ch( [[ullips + B pllmee) [l — ug ).
Schwarz inequality, (4.10), (5.1) and (5.6) imply

N
[NIE

Z/{VW}:[[H—uhﬂds < O DRl VWIE ) (D ket T — w2

ecg V€ ecE ecE

< O [ullier + A" Hlpllr) 0 — .

Combining above estimates and (5.10), we prove the theorem. 0

ACKNOWLEDGMENT

The authors thank Dr. Jean-Luc Guermond for his valuable comments during the early
stage of this work that led to improving the presentation.

REFERENCES

[1] D. Arnold, F. Brezzi, B. Cockburn and D. Marini, Unified analysis of discontinuous Galerkin methods
for elliptic problems, STAM J. Numer. Anal. 39 (2002), 1749-1779.

[2] D. Arnold, F. Brezzi and M. Fortin, A stable finite element for the Stokes equations, Calcolo, 21
(1984), 337-344.

[3] I. Babuska and M. Zlamal, Nonconforming elements in the finite element method with penalty, STAM
J. Numer. Anal. 10 (1973), 863-875.

[4] F. Bassi and S. Rebay, A high-order accurate discontinuous finite element method for the numerical
solution of the compressible Navier-Stokes equations, J. Comput. Phys. 131 (1997), 267-279.

[5] C.E. Baumann and J.T. Oden, A discontinuous hp finite element method for convection- diffusion
problems, Comput. Methods Appl. Mech. Engrg. 175 (1999), 311-341.

[6] F. Ben Belgacem, The mortar finite element method with Lagrange multipliers, STAM J. Numer.
Anal. 84 (1999), 173-197.

[7] F. Brezzi and M. Fortin, Mixed and Hybrid Finite Element Methods, New York: Springer 1991.

[8] F. Brezzi, G. Manzini, D. Marini, P. Pietra and A. Russo, Discontinuous Galerkin approximations
for elliptic problems, Numerical Methods for Partial Differential Equations, 16 (2000), 365-378.

[9] F. Brezzi and J. Pitkdranta, On the stabilization of finite element approximations of the Stokes
equations, in Efficient Solution of Elliptic System, volume 10, Notes on Numerical Fluid Mechanics,
W. Hackbusch ed., Vieweg & Sohn, Braunschweig, (1984), 11-19.

[10] P.G. Ciarlet, The Finite Element Method for Elliptic Problems, North-Holland, New York, 1978.



20
[11]

[12]

RAYTCHO LAZAROV AND XIU YE

B. Cockburn, G. Kanschat, D. Schotzau and C. Schwab, Local discontinuous Galerkin methods for
the Stokes system, STAM J. Numer. Anal. 40 (2002), 319-343.

B. Cockburn, G. Kanschat, and D. Schotzau, The local discontinuous Galerkin methods for incom-
pressible fluid flow: A review, Computer and Fluids (Special Issue: Residual based methods and
discontinuous Galerkin schemes)”, 34 (2005), 491-506.

B. Cockburn, D. Schotzau and J. Wang, Discontinuous Galerkin methods for incompressible elastic
materials, (to appear in Comput. Methods Appl. Mech. Engrg.)

B. Cockburn, G.E. Karniadakis, and C.W. Shu (eds.): The Discontinuous Galerkin Methods: Theory,
Computation and Applications, Lecture Notes in Computational Science and Engineering, Vol. 11,
Springer-Verlag, 2000.

B. Cockburn and C.W. Shu, The local discontinuous Galerkin finite element method for convection-
diffusion systems, SIAM J. Numer. Anal. 35 (1998), 2440-2463.

M. Crouzeix and P. A. Raviart, Conforming and nonconforming finite element methods for solving
the stationary Stokes equations, R.A.ILR.O. R3, pp. 33-76 (1973), 33-76.

J. Douglas, Jr. and T. Dupont, Interior penalty procedures for elliptic and parabolic Galerkin meth-
ods, Lecture Notes in Physics, Vol. 58, Springer-Verlag, Berlin, 1976.

J. Douglas, Jr. and J. Wang, An absolutely stabilized finite element method for the Stokes problem,
Mathematics of Computation, 52 (1989) 495-508.

A. Ern and J.-L. Guermond, Theory and Practice of Finite Elements, Applied Mathematical Sciences
159, Springer, 2004.

V. Girault and P.A. Raviart, Finite Element Methods for the Navier-Stokes Equations: Theory and
Algorithms, Springer, Berlin, 1986.

V. Girault, B. Riviere, and M.F. Wheeler, A discontinuous Gelerkin method with nonconforming
domain decomposition for Stokes and Navier-Stokes problems, Math. Comp., 74 (249) (2004), 53—84.
M.D. Gunzburger, Finite Element Methods for Viscous Incompressible Flows, A Guide to Theory,
Practice and Algorithms, Academic Press, San Diego, (1989).

P. Hansbo and M.G. Larson, Discontinuous Galerkin methods for incompressible and nearly incom-
pressible elasticity by Nitsche’s method, Comput. Meth. Appl. Mech. Engng., 191 (2002) 1895-1908.
P. Hansbo and M.G. Larson, Discontinuous Galerkin and the Crouzeix-Raviart element: Application
to elasticity, M2AN Math. Model. Numer. Anal. 37 (2003) 63-72.

P. Hood and C. Taylor, Numerical solution of the Navier-Stokes equations using the finite element
technique, Comput. Fluids, 1 (1973) 1-28.

T. Hughes, L. Franca and M. Balestra, A new finite element formulation for computational fluid
dynamics: V. Circumventing the Babuska-Brezzi condition: A stable Petrov-Galerkin formulation of
the Stokes problem accommodating equal-order interpolation, Comput. Meth. Appl. Mech. Engng.,
59 (1986) 85-99.

T. Hughes and L. Franca, A new finite element formulation for computational fluid dynamics: VII.
The Stokes problem with various well-posed boundary conditions: symmetric formulations that
converge for all velocity/pressure spaces, Comput. Meth. Appl. Mech. Engng., 65 (1987) 85-96.

N. Kechkar and D. Silvester, Analysis of local stabilized mixed finite element methods for the Stokes
problem, Mathematics of Computation, 58 (1992), 1-10.

O.A. Ladyzhenskaya, The Mathematical Theory of Viscous Incompressible Flows, Gordon and
Breach, London, 1969.

A. Quarteroni and X. Valli, Numerical Approzimation of Partial Differential Equations, Springer
Series in Computational Mathematics, v. 23, 1994.

J. Wang, and X. Ye, A new finite element method for Stokes equation by H(div;{2) elements,
Technical Report 99-09, TICAM, 1999.



DISCONTINUOUS GALERKIN FEM FOR STOKES SYSTEM 21

DEPARTMENT OF MATHEMATICS, TEXAS A& M UNIVERSITY, COLLEGE STATION, TX 77843-3368
E-mail address: lazarov@math.tamu.edu

DEPARTMENT OF MATHEMATICS AND STATISTICS, UNIVERSITY OF ARKANSAS AT LITTLE ROCK,
LitTLE Rock, AR 72204

E-mail address: xxyeQualr.edu



