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Abstract

We analyze the semidiscrete mixed finite element methods for parabolic integro-differential
equations which arise in the modeling of nonlocal reactive flows in porous media. A priori L2
error estimates for pressure and velocity are obtained with both smooth and nonsmooth initial
data. More precisely, a mixed Ritz-Volterra projection, introduced earlier by Ewing et. al. in
[STAM J. Numer. Anal., 40 (2002), pp.1538-1560], is used to derive optimal L?-error estimates
for problems with initial data in H2 N Hi. In addition, for homogeneous equations we derive
optimal L?-error estimates for initial data just in L?. Here we use elementary energy technique
and duality argument.

Key words. Parabolic integro-differential equation, mixed finite element method, semidiscrete,
optimal error estimate, smooth and nonsmooth initial data.

AMS Subject Classifications. 65M12, 656M60, 65N40.

1 Introduction

In this paper, we consider mixed finite element approximations to the following initial-boundary
value problem of the form

t
u — V- (AVu) = —/ V- (B(t,s)Vu(s))ds + f(z,t) in Qx J,
0
u = 0 on 90 xJ, (1.1)
u(-,0) = wup in Q,

where (2 is a bounded domain in R¢ (d = 2,3) with smooth boundary 99, J = (0,T], T < o
and w; = Ou/0t, A = {a;;(z)} and B(t,s) = {b;j(x;t,s)} are two d x d matrices with smooth
coefficients. Here, by Vu we denote the gradient of a scalar function u and by V - o we denote the
divergence of the vector function o. Further, we assume that A is positive definite uniformly in .
The nonhomogeneous term f = f(x,t) is assumed to be smooth. Equations of the above type arise
naturally in many applications, such as in nonlocal reactive flows in porous media (cf. Cushman
and Glinn [6] and Dagan [7]) and heat conduction through materials with memory (cf. Renardy et
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al. [19]). Flows of this type, called NonFickian flows (cf. Ewing et al. [10]), exhibit mixing length
growth.

Now we give brief summary of the works regarding numerical methods for this type of problem
using finite elements. Finite element approximation schemes of the problem (1.1) with smooth
and nonsmooth initial data have been developed and studied quite intensively in the last decade
(cf. [3, 4, 13, 15, 16, 17, 21]). The construction and the analysis of the proposed schemes use the
standard tools of the finite element method and the Ritz-Volterra projection, introduced by Cannon
and Lin in [3].

In [21], Thomeé and Zhang have studied this type of problem for both smooth and nonsmooth
initial data. In particular, for a homogeneous equation with nonsmooth initial data, an optimal-
order L2-error estimate is proved via a semigroup theoretic approach. Subsequently, using energy
method for the homogeneous equation Pani and Peterson in [16] showed convergence of the finite
element approximations of order O(t~*h?) in L?-norm and O (t~'h?log(+)) in L>-norm, when the
initial data ug is in Hg () N H2(2). Recently, in [17], Pani and Sinha have carried over the analysis
of Luskin and Rannacher [14] for parabolic equations (i.e. equation (1.1) with B(¢,s) = 0) to finite
element approximations of time dependent integro-differential equation of parabolic type. They
have proved optimal-order error estimates by an energy technique and a duality argument for the
homogeneous equation with both smooth and nonsmooth initial data.

Often the problem (1.1) is reformulated by introducing a new dependent varialbe
t
o(t) = AVu —/ B(t, s)Vu(s)ds, (1.2)
0

which in flow in porous media has a meaning of velocity field (or if properly scaled, mass flux). Then
the equation uy — V - 0 = f expresses a mass balance in any subdomain of ). The finite element
method for this setting, called mixed formulation, gives direct approximation of the velocity field
and the pressure at the same time, while maintaining the underlying local mass conservation. This
property makes the mixed formulation more favorable for certain applications. In recent years,
the analysis of mixed finite element method for such problems has been investigated in [9, 12, 10].
While the authors of [9] have discussed the general setting of the problem, the formulation and
analysis described in [12] are valid for only a special case, namely, when the operator B(t,s) is
proportional to the operator A. More recently, Ewing et al. [10] have studied the problem (1.1)
with when A depends on time and have derived sharp error estimates in L?-norm for the velocity
field and pressure. The analysis uses Ritz-Volterra projection instead of the mixed Ritz projection
used earlier in [9]. In addition, local L? superconvergence for the velocity along the Gauss lines and
for the pressure at the Gauss point are also derived for the mixed finite element method. In all these
papers error estimates are obtained assuming high regularity on the solution which in turn demands
high regularity on the initial function and the boundary of the domain.

It is well known that the solutions of a homogeneous linear parabolic equation have the so-
called smoothing property (cf. [20]). That is, the solution is sufficiently smooth for positive time
t, even when the initial data are not. Optimal error estimates for the pressure and the velocity
by mixed finite element method of parabolic problems for smooth and nonsmooth initial data were
derived in [5]. The results in [5] use the smoothing property of the parabolic equation to obtaine
also superconvergence results for mixed finite element methods with nonsmooth data. Unfortu-
nately, unlike parabolic equations, parabolic integro-differential equations have a limited smoothing
property; e.g., when ug € L?(f2) the solution can not have higher regularity than H?(Q), a fact
established by Thomeé and Zhang in [21]. Further, the mathematical difficulty associated with the
analysis of numerical approximations to the solution of (1.1) lies on the integral term when added
to standard parabolic equations. Since (1.1) is an integral perturbation of a parabolic equations, it
is natural to examine how far the mixed methods for parabolic problems [5] can be extended to the
integro-differential equations.



The aim of this paper is to study the convergence of the approximate solutions of (1.1) by mixed
finite element methods. First, we establish an optimal rate O(h?) in L?-norm for the “smooth” case,
namely, when the initial function ug € H2(Q) N Hi(Q). These results rely on a mixed Ritz-Volterra
projection introduced in [10] (instead of the standard Ritz projection). Here we were able to improve
the results of [10] by reducing the smoothness of the initial data ug from H?3 to H?2.

The main goal of the paper, optimal estimates for nonsmooth data, namely, ug € L?(f2), are
considered in the last section of the paper. The first new result is the estimate (5.1) where we
establish and optimal O(ht~!) convergence rate of the velocity field and the same convergence
rate for the pressure as well (see, Remark 5.2). However the convergence rate in the pressure is
suboptimal. Unlike [5], our analysis does not use semigroup theoretic approach and is based only on
relatively simple energy technique and duality argument. Unfortunately, we were not able to derive
optimal estimate for the pressure in the generality of problem (1.1).

An optimal error estimate for the pressure is established for a class of problems when A = a(¢t)]
and B = b(¢t)I and a and b are independent of the spacial variable z. In this case, we were able to
apply duality argument and to show optimal convergence rate O(h?t~!) for the pressure.

The paper is organized as follows. In Section 2, we give the mixed setting of the problem (1.1)
and prove some a priori estimates for the solution needed further in our analysis. The estimates
related to mixed Ritz-Volterra projection are carried out in Section 3. Section 4 is devoted to
the error estimates for smooth initial data. Finally, Section 5 deals with the error estimates with
nonsmooth initial data.

2  Mixed finite element formulation and some a priori estimates

In this section, we introduce the mixed form of the problem (1.1) and prove some useful a priori
estimates. In addition, we recall some known basic estimates for the solution.

To describe the weak mixed formulation, let W = L2(£2) be the L? space on  with standard
inner product (-,-) and norm || - ||. Let

V = H(div,Q) = {0 € (L>(Q)?: V-0 L*N)}
be the Hilbert space equipped with the norm ||o|| = (||o||2 4 ||V - o||2)=.

Following [9], we now recall the weak mixed formulation of (1.1) as follows: Find (u,0) € W xV
such that

(ug, w) = (V-o,w) = (fyw) YweW, (2.1)
(oo, v) —I—/O (M(t,s)o(s),v)ds + (V- -v,u) =0 YveV (2.2)

with u(z,0) = ug(z). Here, « = A=Y, M(t,s) = R(t,s)A™!, and R(t, s) is the resolvent of the matrix
A~!B(t,s) and is given by

t
Ris,t) = A B(t, 5) +/ AV B(t, T)R(r, 8)dr, t> s> 0.

Since the matrix A is positive definite then obviously there exist positive constants C; and Cy
such that

Cilloll < lloli- < Calloll, where [lof%-1 == (A7 0, 0). (2.3)

Below, we shall prove some a priori estimates for v and o satisfying (2.1) and (2.2). These
estimates will be useful in our subsequent analysis.



Lemma 2.1 Let (u,0) satisfy (2.1)-(2.2) with f =0 and let 0 <i,j < 2.
If0 <25 —14 <2, then

. 2 ¢ . 2
i du i o
G0 < Clually s and [ |22 ds < Clul o (24)
Further, if 0 <25 —i—1< 2, then
Jloio 17 v, |
%(t) < CHUO”gjﬂ'q and /0 § @(5) ds < C”UOHgg‘ﬂ;l- (2.5)

Proof. For brevity, we shall refer to the first and second inequalities in (2.4) as Fj(u;i,5) and
Fy(o;1,7), respectively. Similarly, the first and second inequalities of (2.5) be denoted by S (u;4, 5)
and Sz(0;1,7), respectively. Choose w = uw and v = ¢ in (2.1) and (2.2), respectively. Then we
obtain from their sum

Lyl 4 o2 <c(/t|| ||d)| ||
——||lu olls-1 < ollds | ||o]|.
2dt ATt 0

Integrate from 0 to ¢. Then use (2.3) to get

o+ [ loPas < (ot + [ [ otrparas).

An application of Gronwall’s lemma leads to the estimates F(u;0,0) and F»(o;0,0). Differentiate
(2.2) with respect to time to have

(aos,v) + (Mt )0 (t) + /0 Mi(t, $)0(s), v)ds + (V - v,us) = 0, Vo € V. (2.6)

Here, M;(t,s) is obtained by differentiating M (¢, s) with respect to ¢. Taking w = u; and v = o
in (2.1) and (2.6), respectively and noting the fact that ||o(0)] < C||Vuo|| < C|lugll1 we obtain
S1(030,0) and Sa(u;0,1). Similarly, the choice w = tu; and v = to in (2.1) and (2.6), respectively
will lead to the estimates S1(0;1,0) and Sa(u;1,1). Next, differentiating (2.1) with respect to ¢t we
obtain for f =0

(uge, w) — (V- o, w) = 0. (2.7)
Taking w = t?u; and v = t?0; in (2.7) and (2.6), respectively we obtain from their sum

1d K
5l + 2l < €2 (I + [ 1o)las ) loul + el

Integration from 0 to ¢ and a standard kickback argument leads to

t t
Pl + [ s2||as||2sc(t2|o<t>||2+ / {||o||2+s||us|2}ds).
0 0

Use previously proved estimates Si(c;1,0), Fa(0;0,0) and Sa(u;1,1) to obtain Fj(u;2,1) and
F5(0;2,1). The remaining cases will not be discussed in details, but the following table summerizes
the necessary techniques: That is, the equations and the choice of w and v that would lead to the
desired estimate.



Equations w v Estimates

(2.1), (2.2) u o F1(u;0,0), F»(0;0,0)
(2.1), (2.2)F  wy o S1(030,0), So(u;0,1)
(2.1), (2.2)F  tuy toy S1(0;1,0), Sa(u;1,1)
2.4 (2.2 t2uy  tPoy Fi(u;2,1), Fa(o;2,1)
(2.1)4, (2.2)F  tuy toy Fi(uw;1,1), Fy(o;1,1)
(2.1)Y (2.2)%  tuy  toy S1(0;1,1), So(u;1,2)
(2.1)Y (2.2)2  t2uy  t?0r  Si(032,1), S2(u;2,2)
(2.1)2, (22)2 tQutt tZO'tt Fl(u;272), F2(0;272)
Note that ( - )¥ is obtained by k times differentiating equation ( - ) with respect to .

Lemma 2.2 Let u satisfy (1.1) with f =0. If ug € H*(Q) N H(Q), then
lu(t)lI3 + t[[uell3 < Clluoll3.
Further, if ug € L*(Q), we have

a3 + t*uell3 < Clluol?, teJ.

Proof. For a proof, see [17] and [21].

Let T} be a quasiuniform triangulation of . Let Vj, x W), denote a pair of finite element spaces
satisfying the follwing conditions:
(1) V-V, C W, and
(7i) there exists a linear operator IT;, : V' — V}, such that V - II}, = P, V,
where Py, : W — W}, is the L?-projection defined by

(¢_Ph¢7wh)207 thEWhu(bEW

Further, we shall assume that the finite element spaces satisfy the following approximation proper-
ties:
o —noll < Chllo]l, (2.8)
lu — Prul| < CR"||ull,, r=1,2.

For examples of such finite element spaces, we refer to Raviart-Thomas [18], Brezzi, Douglas and
Marini [1] and Brezzi and Fortin [2]. Note that II;, and Py, satisfy
(V- (o —Ipo),wp) =0, wp € Wy; (u— Ppu,V-vp) =0, vy € V. (2.10)
Then the corresponding semidiscrete mixed finite element approximation is defined as follows:
Find a pair (up,or) € W), x V3, such that
(unt,wn) = (V- on,wp) = (fywn)  Ywy € Wy, (2.11)

t
(aoh,vh)—i—/ (M (s, 8)on(5), vn)ds + (V - v, upn) = 0 Yon € Vi, (2.12)
0

with up(x,0) = ug p(z), where ug p, is a suitable approximation of the initial function wug(x) to be
defined later. The pair (up,o0p) is a semidiscrete approximation of the true solution of (1.1) in the
finite element space W}, x V3, where oy (z,0) is chosen to satisfy (2.12) with ¢ = 0 and it is related
to ug,, as follows:

(aoh(O)mh) + (UQJL, V- ’Uh) =0.

Throughout this paper C' denotes a generic positive constant which does not depend on the mesh
parameter h but may depend on T'.



3  Mixed Ritz-Volterra projection and its properties

Following [10], we now define mixed Ritz-Volterra projection as the pair (@p, o) : [0,T] — Wy, x Vj,
such that

(a(o —ap,vn)) + /Ot(M(t,s)(o —ap)(s),vp)ds + (V-vp,u—1ap) =0, v, € Vp, (3.1)
(V~(a—&h),wh):(), wp, € Wh,. (3.2)

Set p = (u — 4y) and n = (0 — 7). We now rewrite the equations (3.1)-(3.2) as

(am,vp) + /0 (M(t,s)n(s),vn)ds + (V- vp,p) =0, vy € Va, (3.3)
(V-n,wn) =0, wp € W (3.4)

From [10] (see, Theorems 2.5-2.6), we now recall the following estimates of p and n

L]l + Bl < Ch? (||U(?5)||2 + / ||u<s>||2ds) (3.5)

and

lpell < C1? <IIUI|2 + llutlle +/0 (lu(s)ll2 + IIUt(S)Ilz)d8> - (3.6)

Note that the estimate of p; contains a term ||u;||2 under the integral sign. However, an inspection
of the proof (cf. [10]) shows that it is not necessary. The elimination of this term is very crucial for
the nonsmooth data error estimates. In order to analyze this we need the following result which is
a particular case of [8] (cf. Lemma 3.1).

Lemma 3.1 Let the index of Vi, x W}, be at least one. Assume that ) is 2-regqular [8]. Letn € V,
g€ L2(Q) and f = {fo, i} with fo € (L), f1 € L*() and

f) = (fo,v) + (f1,V-v), veV.
If z € Wy, satisfies the relations

(an,vp) + (V- wvp,2) = f(on), vn € Vi,
(V-n,wp) + (cz,wn) = glwp), wy € Wh,

then there exists ho > 0 sufficiently small such that, for all 0 < h < hg,
Izl < C (Rllnll + B2V -0l + | foll -1 + Bl foll + 1 £1] + gl —2 + BZ|lg]l) -

Instead of (3.6) we prove the following result.

Lemma 3.2 Let (in,61) be the mized Ritz-Volterra projection of (u,0) € W x V defined by (3.1)-
(3.2). Then, for small h, there is a positive constant C' independent of h such that

lw— an)ell = pe(0)] < OB (||u<t>||2 a0l + | ||u<s>||2ds) |



Proof. We borrow the proof technique from [10]. We first split p; as
Pt = (Ut — Ph’ut) + Th)t, (37)

where 73, = (Pyu — @p,). We now estimate ||75,||. Differentiating (3.3)-(3.4) with respect to time ¢
to have

(ang,vp) + (V- vp, pr) = — (M(tﬂf)?’](t) —I—/O Mt(t,s)n(s)ds,vh) , Uy € W, (3.8)
(V * Mty wh) =0, wp € Wy (3.9)

We now apply Lemma 3.1 to (3.8)-(3.9) with ¢ =0, f; =0,

flop) =— (M(t, t)n(t) —|—/0 Mt(s,t)n(s)ds,vh> , and g =0.

t t
||f||sc(||n||+ / ||n||ds) and ||f||1§0<||77||1+ / ||77||1ds),

I 7nell < C {hllnell + RNV - el + 1 Fll-1 + RILFI S

t
< C{hllntll Sl + (-1 + Bl + [ (Ol +h||n||>ds}. (3.10)

Since

we obtain

It follows from ( [10, p.1544]) that

Inll-1 < O{Ilpll + Ch(|Inll +/0 ||77(5)||d5)}- (3.11)

A substitution of (3.11) into (3.10) yields

t t
||m||sc{h||nt||+h<||n||+ / ln(s)llds) + B2V - ell + ()] + / ||p<s>||ds},

which together with (3.7), the triangle inequality, and the estimate of ||p|| leads to

t t
@I < Ch{||77t||+||77||+/0 ||77(5)||d5+h“v'7]t||+h(||u||2+/0 IIullzdS)}- (3.12)

Since the estimate of ||7|| is already known, it remains to estimate the terms ||V - n]| and ||n:|. In
view of (2.10), (3.2) and (3.9), it is easy to see that

IV-nel*> = (V-(0t —6n4), V- (00 — Gnyr))
= (V(or=6nt),V:(0r —poy)) < CIV o[V el

so we get
[V -nell < Cllol]s- (3.13)

Next, to estimate ||n:||, we note that

1]l < [ho = on,ell + [Mnoe — oull < CU[¢nell + Alloellr)- (3.14)



where ), = II;,0 — &p,. For the estimation of ||1y, ¢||, we first differentiate (3.1) with respect to ¢ to
get

@wﬁwm@m+me@m@me
= (047715 + M(t, t)ny + /Ot My (t, s)nn(s)ds, 1/1h,t)
+ (a(ﬂhat —o)+ Mt t) (Mo — o) + /Ot My(t, s)(Ilpo — o)(s)ds, d)h,t>

=—(V - Yntpt) + (a(HhUt — o)+ M(t,t)(Iho — o) + /Ot M(t, s)(Ipo — U)(S)dsa%//h,t) :

Then we apply Cauchy-Schwarz inequality to have
oncl? < € (Wall+ [ Tonlds ) Fonel 19l
+CQmwfmm+mﬂw—om+Ame;awmw)wmw
Kickback [|1)p,.¢]| to obtain
onl SC{WM+AWWMHWVWMWWM>
+0 (M=ol + I =) + [ o - o)sllas). @19

Note that ||V - ¢, ¢]| = 0 and it follows from [10] (see, page 1545) that

[¢nll < Cipll+ Aol +/0 ol[1ds)). (3.16)

Putting (3.16) into (3.15) we have

t
lonell < c{ww+md+h<wﬁrwwm+[jwm@)}

and this combined with (3.14) yields

t
|mnsc@pwwmn+mwmrHMM+A|wm@ﬁ. (3.17)

Finally, using (3.17), (3.13) and the estimate of ||| in (3.12), for small h we obtain

t t
lpell < C1? {IIUIIz + lluell2 +/ lufl2 + (Ilatll + ol +/ |0||1d5) } :
0 0

which completes the proof. O

4 L?-error estimates with smooth initial data

In this section, we shall derive optimal L2-error estimates for the solutions % and ¢ assuming the
initial function ug € H2(Q) N H}(Q). Using the mixed Ritz-Volterra projection (i, dp) we first



write the errors as

e1(t) ==u—wup = (u—1ap) + (an —up) == p+ pa, (4.1)
ea(t):=0c—op=(c—6bp)+ (Gn —on) =0+ 0. (4.2)

Since the estimates of p and n are already known it is enough to have estimates for pp and 6},.
Using (2.1), (2.2), (2.11), (2.12), (3.1) and (3.2), we note that (pp,0p) satisfies the following error
equations

(abp,vp) —l—/o (M(t,)0n(s),vn)ds) + (V -vp,pn) = 0, v, €V, (4.3)
(prtswn) = (V- On,wn) = —(pr,wn), wp € Wh. (4.4)

For a function ¢ defined on [0, 7], we define ¢(t) as

- /0 Co(r)ir

Clearly, ¢(0) = 0 and ¢;(t) = ¢(t). Integrate (3.3) and (3.4) from 0 to ¢ to get

(an), vp) —I—/O (M(s, ), Un) / / (1),vp)drds + (V -vp,p) = 0, (4.5)
(V -n,wp) = 0, (4.6)

satisfied for vy, € Vj, and wy, € Wy, respectively Similarly, integrate equations (2.1), (2.2), (2.11)
and (2.12) from 0 to ¢. Then using the resulting equations, (4.5), (4.6) and uy(0) = Phug, it is easy
to verify that (py,0;,) satisfies the following equations

(aéh,vh) / ( (S S)9h ’Uh dS —/ / S T 9h ) Uh)dT+ (V-Uh,ﬁh) =0, (4.7)

(Ph,t; wh) - (v : éh; wh) = _(p7 wh) (48)
with vy, € V, and wy, € W),

Now we state the main results of this section.

Theorem 4.1 Let (u,0) and (un,op) be the solutions of (2.1)-(2.2) and (2.11)-(2.12), respectively
with f = 0. Further, let ug € H?(Q) N H() and up(0) = Pyug. Then there is a positive generic
constant C' independent of h such that

[u(t) = un ()] < Ch?[|ugll2, (4.9)
and
lo(t) = on(®)]| < Ct~2hllugll2, teJ (4.10)

hold true.

The proof requires some preparatory results that are established below in a sequence of lemmas.

Lemma 4.1 Let (pp,0) satisfy (4.7)-(4.8) and up(0) = Pyug. Then there is a positive constant C
independent of h such that

t t
l6nl + / 10u]Pds < © / lods.



Proof. Set wy, = pp, and vy, = 0}, in (4.7) and (4.8), respectively. Then sum the resulting equations
to have

1d

Sl + 105 = </Mswh@i//M On(rir.n) = (p.1)
o ([ ntsn+ [ 10utmlartas ) 161+ 1ol

HMP+—W%W<c<muﬁme /n% |w>

IN

In view of (2.3) we obtain

2dt

Integrating from 0 to ¢, we have

t t S t
|mW+A|%st0(Awmﬁ+A|mvmwﬂ¢+cé|ﬁwﬁ

An application of Gronwall’s lemma completes the rest of the proof. 0

Lemma 4.2 Let the hypotheses in Lemma 4.1 hold true. Then there is a positive constant C
independent of h such that

Héh(t)ll2+/O llpn(s)l1ds < O/O lp(s)|*ds.

Proof.  Setting wy, = pp, and v, = 6, in (4.8) and (4.3), respectively. Then we obtain from their
sum

1d
llonll? +

2dtH9hHA 1 = ( (t t 6‘h / M(t, S)eh( )ds Hh) — (p, pn)

OQ@ﬁm+Ana@wﬁ|M+wm%«

1d . o
lonll + 55210013+ < (10 + [ 1IPds) + Clol.

IN

Kickback the term ||pp|| to have

Integrating from 0 to ¢ and further using (2.3) and Lemma 4.1 the desired estimate is easily obtained.
This completes the rest of the proof. ([

Lemma 4.3 Let (pp,0r) satisfy (4.3), (4.4) and up(0) = Prug. Then there is a positive constant
C independent of h such that

t t
me+AﬂMW%SCAUMQW+ﬂm®WMS

Proof. Choose wy, = tpp, and v, = t0, in (4.4) and (4.3), respectively. Then sum the resulting
equations to have

o} + ity = = (3106 /JWt@%mwa—amm>

< CQ@@W+AH%@MQm%wHwaww

10



By (2.3) and kicking back ¢||63]| it now follows that
d 2 2 2 N 2 ¢ N 2 2 2
L gtllonly + ol < chn+mwm+A|%@nw+um|)
Integration from 0 to ¢ leads to
t t R s
mmW+Aswwwss c(AWWW+¥wm%4%W+AH%meMQ.

An application of Lemma 4.1 and Lemma 4.2 completes the rest of the proof. 0

In order to obtain an estimate for 6, we differentiate (4.3) with respect to t to have
t
(Oz@hm Uh) + (]\4(157 t)&h, ’Uh) + / (Mt(ﬁ, S)Qh(s), vh)ds, +(V - VUh, phﬂg) =0, vy € Vj. (4.11)
0

Lemma 4.4 Let the hypotheses in Lemma 4.8 hold true. Then there is a positive constant C
independent of h such that

t t
AsﬂmA%&HN%QWSCAUMF+ﬂmWM&

Proof. Setting v, = t?0), in (4.11) and wy, = t2pp 4 in (4.4). Then we obtain from their sum
1d
2dt

t
j/MM@Q%@ﬂw®+N%ﬁ4—ﬁme)
0

llonel? 45 A2 10n]5-1} = —t* (M (¢, )61, 61) + (M, 1)(2), 6n)

Integrating from 0 to ¢ and use standard kickback argument to have

t t t S
[ stonatpas 2o < o ([ sionipas+ [ [ 1o 1Paras )
0 0 0 0
t t
—I—C/ 52||p5||2d5—|—0/ 52||9h(5)||2ds.
0 0

Finally, use Lemma 4.1, Lemma 4.3 and Gronwall’s lemma to complete the rest of the proof. [

Proof of Theorem 4.1. By triangle inequality, we have

[u(t) = un(®)] = llex @ < @ + llonll-

For the first term on the right of the above inequality, we use (3.5) and Lemma 2.2 to have

t
ool < €32 (Jull+ [ ullads) < €2l
0

Using Lemma 4.3, Lemma 3.2, (3.5) and Lemma 2.2, it now follows that

t t
thonl> < C (/0 {||p||2+82||ps||2}> < Cn' (/O {IIUII§+SQIIUSII§}) < Ch't|luo|[3-

Altogether these estimates proves the first statement of the theorem. Combining (3.5), Lemma 3.2,
Lemma 4.4 and Lemma 2.2, the second statement is easily obtained and this completes the proof.
O
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Remark 4.1. (i) Note that Theorem 4.1 yields optimal order of convergence assuming uy €
H?(Q) N H(Q). Compared to [10](see, Theorem 3.1) the results presented in Theorem 4.1 require
less regularity assumption on the initial function ug. In [10], one requires ug to be atleast in H3(£2).

(ii) In contrast to [10], we do not require the assumptions
1Puuo — un(0)[] < Ch?[luol> and |[T1,o(0) — o4 (0)]| < Chlluoll>

but up(0) = Phug suffices for the present analysis.

5 L?-error estimates with nonsmooth initial data

This section is devoted to the error estimates for the semidiscrete Galerkin method for the homoge-
neous equation (1.1) with nonsmooth initial data. In particular, for homogeneous equations, optimal
order error estimates for the solutions are shown to hold assuming ug € L?(Q2). First objective of
this section is to prove the following theorem.

Theorem 5.1 Let (u,0) and (up, o) be the solutions of (2.1), (2.2) and (2.11), (2.12), respectively
with f = 0. Assume that ug € L*(Q2). Then

llo(t) — on(t)|| < Ct'hljugl|, te€.J. (5.1)

The proof of the above theorem require some preparations. For this purpose we shall first establish
a sequence of lemmas which will lead to the desired result. Using (2.1), (2.2), (2.11) and (2.12), we
obtain the following error equations

(e1,e,wp) — (V- eq,wp) =0, Ywy, € Wy, (5.2)

t
(aea, vp) —|—/ (M(t,s)ea(s),vp)ds + (V -vp,e1) =0, Yo, € V. (5.3)
0
Lemma 5.1 Assume that ugp € L*(Q) and up(0) = Pyug. Then we have

t
nﬂm—aw2+/unw—ﬁw2scmwww.
0

Proof. Integrating (5.2), (5.3) with respect to ¢ and using the fact that up(0) = Phuo, we get
(er,wp) — (V-éq,wp) =0, (5.4)

(aéa,vp) + /Ot(M(s, s)éa(s), / / (s,7)éa(7), v )drds, +(V - vp, é1) = 0.(5.5)

Choose wy, = Ppii — iy, and vy, = I1,6 — 63, in (5.4) and (5.5), respectively and add these equalities.
Then using (2.10) we obtain

S IPw = i} 6 — o3 < Cllo — Tag 6 — o

t S
w0 ([ - 1mel+ [ o - mlaras) o~
0 0

+c</0t(

a6 — ]| + / 6 — &h|d7)ds> 16 — 6ull
0
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Apply (2.3), kickback ||||TI;,6 — &3 || and then integrate from 0 to ¢ to get

t t t s
|\Phﬁ—ah||2+/ ||Hh&—6h||2ds§0/ ||&—Hh6||2ds+0/ / 11,6 — 642 drds.
0 0 0 JO

With an aid of (2.8) and Gronwall’s lemma, it follows that
t ¢
| Prti — g, ||? +/ |16 — 61%ds < C’h2/ & |3ds.
0 0
Now it remains to estimate ||G|;1. Integrating (1.2) by parts we have
¢ ¢
o(t) = AVu — / B(t,s)Vis(s)ds = AVu — B(t,t)4 + / Bs(t, s)Vi(s)ds,
0 0
and hence
¢
ol < € (la@l+ [ laelds).
From (1.1) with f = 0, we have
V- (AVu) = —u— [ V- (B(t,s)Vis(s))ds

0

_v-(B(t,t)va(t))+/o V - (By(t, s)Vi(s))ds.

[
|
&

Integrating from 0 to ¢ and then using elliptic regularity and Lemma 2.1 we obtain

t t
lill2 < lluoll + [u(®)]| + C / lillads < Clluol + € / ldl2ds.

Now application of Gronwall’s lemma yields
]|z < Clluol-

Now combine (5.6), (5.7) and (5.8) to complete the proof.

Lemma 5.2 Assume that ugp € L*(Q) and up(0) = Pyug. Then we have

t
t| L6 — 642 +/ s|| Pru — up||*ds < Cth?|jug||*.
0

(5.7)

(5.8)

Proof. Taking wp, = t(Pru — up) and vy, = ¢(IIp6 — 63) in (5.4) and (5.3), respectively. Then using

(2.10) we obtain from their sum

1d

2
t

<0 (o=l + [ 6~ molas) (s o)
0

t| Pou—up|* +

t
+C (||Hh5’ — ol +/ [TIn6 — 5’h||d5) (t[[Tn6 — Gal))-
0

13
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Again use of (2.3) and integration from 0 to ¢ now leads to
¢ t t
t|Tn6 — 64))% + / s||Pru —up||?ds < C (/ s%||o — Mo ®ds + / |16 — a—||2ds)
0 0 0
t
+C/ 1,6 — 64%ds.
0

Here it is important to emphasize that the multiplication by s? is very crucial for the estimation of
the first term of the above inequality. We apply Lemma 5.1, (2.8), a priori estimate in Lemma 2.2
and (5.8) to complete the rest of the proof. O

Lemma 5.3 Assume that ug € L?(Q) and up(0) = Pyug. Then there is a positive constant C
independent of h such that

t
t2||Phu—uhH2+/ $2| o — op||2ds < Cth?||uol|?.
0

Proof. Setting wy, = t?(Pyu — up) and vy, = t2(Ilo — 0y) in (5.2) and (5.3), respectively. Then
using (2.10) we obtain from their sum

1d
s NP —unl?} + Pl —onll-2 < Clo = Mhol|[[Tho — onll + ¢ Pau — un|®
t
<0 (o =msl + [ o = Wslds) (2o - )
0
t
+C (||Hh6—6h| +/ ||Hh6—6h|d8> (t2HHhU _Uh||)~
0
Integrate from 0 to ¢ and then use standard kickback argument to have
t t
2P — un|? + / 2o — op2ds < C (/ 2|0 — Mo |2ds
0 0
t t
+/ s|| Pru —uh||2ds+/ |Hh&—&||2ds) .
0 0

An application of (2.8), Lemmas 5.1-5.2, a priori estimates in Lemma 2.2 and (5.8) yield the desired
estimate and this completes the proof. (I

Lemma 5.4 With ug € L*(Q) and uy(0) = Pyug, we have

t
B|Tho — o2 +/ | Py — wns||%ds < Cth2Juo].
0

Proof. Differentiate (5.3) with respect to ¢ to have

(cvea 1 (t),vn) + (M (t, t)ea(t), vp) + /0 (M(t, s)ea(s),vp)ds + (V - vp, e1,4(t)) = 0. (5.9)
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Setting wy, = t3(Pruy —up¢) and vy, = t3(lpo —0p,) in (5.2) and (5.9), respectively and using (2.10)
we obtain from their sum

1d
2dt
+Ct3||0 —po|||TTpo — op|| + CtBHHhU — Uh||2

t
20 (o= Mal + [ o - Wslds) (Pl - o)
0

3
)| Phug — ungl® + {t*|Mho — onl% 1} < C oy — Myo||[Tho — onl| + §t2|\UhU —onl%

t
+C (||Hh6—5'h| +/ ||Hh6—6h|d8> (tBHHhU _Uh||)~
0
Here, we have used the identity

/ (Me(t, s)ea(s), vp)ds = (My(t,t)éa(t), vn) —/ Mis(t, 5)éa(s), vy )ds.
0 0

and use the same argument as in Lemma 5.3 to get

t t
Bl|Tho — onl2 + /s3||Phut—uh7t||2ds§C</ Yoy — o |2ds
0 0

¢ ¢
+/ 52|\Hha—ah||2ds—|—/ s%||o — Mo *ds
0 0
t t
+/ ITL,6 — a—||2ds) + C/ s3I0 — o *ds.
0 0
Apply (2.8), Lemma 5.1, Lemma 5.3, a priori estimates in Lemma 2.2 and (5.8) to obtain
¢ ¢
t? |y — onl® + / || Pou — upl|*ds < Cth? ||ugl|® + C/ s°|po — on|*ds.
0 0
Finally, an application of Gronwall’s lemma completes the rest of the proof. 0

Lemma 5.5 Assume that ug € L*(Q) and un(0) = Phug. Then there is a positive constant C
independent of h such that

t
£ Prug — up | +/ S Mho — on|2ds < CHR2uo 2.
0

Proof. Differentiate (5.2) with respect to t and set wy, = t4(Pyu; — up ) in the resulting equation
and vy, = t*(Il00 — o) in (5.9). A similar argument as before now leads to

1d
§E{t4||PhUt — ’U/h7t|

Yo+ Moy — onellhor < Ot oy — Mo ||| Thor — onl|

+2t3HPh’U,t — ’U,h)t|

>+ C{llo = pol|l + [Hho — on |} (¢ | TMhor — onell)

t
e <|ef ~s+ [ o - Hh&nds) (Tt — o)
0

t
+C <|Hh(§' — ('AJ'hH +/ HH}I@' — (A)'thS) (t4||Hh0't — O'h,tH)-
0
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Integrate from 0 to ¢ and then use standard kickback argument to have

t t
t Poug — unl|* + / s\ poy — on||?ds < C </ st||loy — o] %ds
0 0

t t
—|—/ 83| Phuy — uh1t||2ds + / st|lo — o) %ds
0 0

t t
/s4||l_[ho—ah||2ds+/ ||Hh&—&||2ds).
0 0

Application of (2.8), Lemma 5.1, Lemma 5.3, Lemma 5.4, a priori estimates in Lemma 2.2 and (5.8)
to obtain desired result and this completes the rest of the proof. |

Remark 5.1. Note that Lemma 5.3 and Lemma 5.5 yield the following estimates
| Pou — un|| < Cht =12 ||ug|| (5.10)
and

< Cht™32||ug||. (5.11)

||Phut - Uh,t|

In case of purely parabolic problem (i.e., B(t,s) = 0), similar estimates are derived in [cf. Lemmas
7-8, 5] via semigroup theoretic approach. In contrast to [5], the present analysis uses only elementary
energy technique.

Define é;(t) = fg ea(s)ds. In order to derive optimal L?-error estimate for ey, we first prove the
following result.

Lemma 5.6 Assume that ug € L*(Q). Then there is a positive constant C such that

l[e2()]| < Chluol-
Proof. By triangle inequality, we have
[e2(t)| < (|6 = TIno|| + [ TIn — G-

Now use Lemma 5.2, (2.8) and (5.8) to obtain the desired estimate which completes the proof.
O

Proof of Theorem 5.1. With vy, = Ilpeq = llpo — op, we obtain using (5.3)
(aez,e2) = (aeg, ez —Ijes) + (aeg, Iljez)

— (aes, ez — Thes) — /Ot(M(t,s)eg(s),Hheg —ea)ds — (e1,V - (Tnes — e2))
- [ @rs)eats) s - 1.7 2
— (aes,0 — Tho) — /Ot(M(t, $)ea(s), Tno — o)ds — (1, V - (ho — o))
_ /Ot(M(t, $)ea(s), e2)ds — (e1,V - e3), (5.12)

Using the definition of P, we note that

—{(e1,V-(Ilo —0)) + (e1,V-e2)} =—(u—up, V- Ipo—op))
= —(Phu — Up, V . (Hho — Gh)).
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and hence, using (2.1) and (2.11), we obtain

(Phu—up, V- Mpo —op)) = (Pou—up, V- Mpo —0)) + (Pou—up, V- e2)
= (ur — un, Pou—up).

The remaining terms in (5.12) are discussed below. Further, integrating by parts we have
t t
—/ (M(t,s)ea(s),Ipo — o)ds = —/ (M(t, s)éa,s(s), 0 — o)ds
0 0

= —(M(t,t)és(t), o — o) + /0 (M, (t, s)éa(s), o — o)ds.

Similarly,

—/ (M(t, 8)62(8)762)d82—(M(t,t)éz(t)7€2)+/ (Ms(t, 5)éa(s), e2)ds.
0 0

Putting these together and using (2.3), we get from (5.12)

t t
leal? < € (||€2|| - ||é2(8)||d8> lo — Mao +C (||é2|| - |é2<s>||ds) leal
e — e[| Prs — .
Kicking back ||ez|| and using Lemma 5.6 we get
le(®)? < € (o — Mol + | Pt — e — o]l + 12 uol?).

Finally, an use of (2.8), (2.9), a priori estimates in Lemmas 2.1 -2.2, (5.10) and (5.11) completes the
rest of the proof. O

Remark 5.2. As a consequence of (5.10), (2.9) and Lemma 2.1 it is easy to obtain
Ju(t) — un(®ll < Cht= 2 ugl, t €. (5.13)

Note that the estimate (5.13) is not optimal with respect to the approximation property. One
should expect O(h%t~!) order of convergence. However, under certain assumptions on the coefficient
matrices it is possible to obtain optimal order of convergence with ug € L?(£2). For this purpose we
now consider the following backward problem: For fixed ¢ > 0, find (p(s), {(s)) € W x V such that

(ps,w) +(V-Cw) =0 YweW, s<t, (5.14)
(agﬁv)—&-/ (M™*(1,8)¢(T),v)dT + (V- -v,p) =0 WYwveV, s<t, (5.15)
p(t) =g

Here,
C(6) = AV~ [ B Vplo)a
a = A7, The matrices M*(, s) and B*(1, s) denote transposed of M (1, s) and B(r, s), respectively.
The corresponding semidiscrete version seeks a pair (pi(s),n(s)) € Wp x V, such that
(Phsswn) + (V- Cuywn) =0 Vwp € W, s <t, (5.16)
(alp,vn) + /t(M*(T,s)Ch(T),vh)dT + (V- vp,pn) =0 Yo, € Vg, s<t, (5.17)

pr(t) = Prg.
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Using (2.1), (2.2), (2.11), (2.12) with f = 0 and (5.14)-(5.17) we obtain
Llwp) — ()} =V -0.0) = (V-G )} (V- omp0) — (V- Gorun)}
- / (M* (7, 5)C(r), o (s))dr + / (M5, 7)o (7). C(5))dr
s 0
+/ (M*(T,S)Ch(T),ah(s)dT—/O (M (s, 7)on(T),Cn(s))dr (5.18)

The following two lemmas are proved to be convenient for error estimates with nonsmooth initial
data. In the lemma below, we first establish the negative norm estimate for e; = u — uy.

Lemma 5.7 Let (u,0) and (up,on) be the solutions of (2.1)-(2.2) and (2.11)-(2.12), respectively
with f =0 . Assume that ug € L*(Q). Then

lu(t) = un(t)l| -2 < Ch?||uol.

Proof. Integrate the identity (5.18) from 0 to ¢. Using the fact that

| [ ornomoras = [ [ 0r sy, o,
we get
(u(®), p(1)) — (n(6),pr(6)) = (w0, p(0)) — (un(0), pn(0)).
With s (0) = Pyuo and gy, = Pphg, we have
(e1(t), 9) = (uo, (p — pn)(0)).
Applying estimate (4.9) of Theorem 4.1 to the backward problem with g € H2(Q)NH{ (Q) we obtain

(e1(t), 9) < lluollll(p = pr)(O)]| < Ch?||uolllg]l2,

and this completes the proof. O

We now state our second main result of this section in the following theorem.

Theorem 5.2 Let (u,0) and (un,op) be the solutions of (2.1)-(2.2) and (2.11)-(2.12), respectively
with f = 0. Further, assume that ug € L*(Q) and

A=al and B=0b(ts)],
where a is a positive constant and b(t, s) is a scalar function of s and t. Then the following estimate
lu(t) = un(®)l| < Cth?||uo|l, ¢ € J,

holds true.

Proof. For a function ¢ (s) defined on [s, ], we set
~ ¢
P(s) = —/ Y(r)dr, s<t.
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Note that ¢(t) = 0 and ¥,(s) = t(s). Analogous to estimate (5.8) it is easy to show that the
solution p(s) of the backward problem (5.14)-(5.15) satisfies

15(s)]l2 < Cllg]l- (5.19)
With €;(s) = p(s) — pr(s) and ez(s) = ((s) — (u(s), integrate (5.18) from £ to ¢ to obtain

(er(t).9) = (e t/2 (t/2)) — (ex(t/2), ex(t/2)) + (u(t/2), ex(t/2))

/ / (7, 8)ea(s), ¢(7))drds _/2/ (1 5)ea(s). () irds
+/0 /Q(M(T’S)U(S)&g(T))des

= Lh+4+L+I3+14+ 15+ I

We now proceed to estimate each term separately. For the term I, apply Lemma 5.7 and a priori
estimates for the backward problem to have

1] = |(ex(t/2),p(t/2))] < llex(t/2)l| 5 Ip(¢/2)]l, < CR*tH|uollllg]l-
Apply (5.13) to the backward error €; to have
lex(s)ll < Ch(t — )~ 2||g]l. (5.20)
Using (5.13) and (5.20), I» can be estimated as
|I2] = [(ex(t/2), &1(t/2))] < lle(t/2)]Illex(t/2)] < CR*t |luolllgll-
For I3, we apply Lemma 5.7 to the backward problem to obtain
[e1(s)]|-2 < Ch?|g]- (5.21)
Thus, using (5.21) and Lemma 2.2 it now follows that
13| = |(u(t/2), &1(t/2)] < llu(t/2)]l5]1E1(t/2)l -y < CR*¢ luollllgll.

To estimate the remaining terms we first note the following: Since the matrices A = al and B(t,s) =
b(t, s)I are independent of x, we set {(s) = Vw(s), so that

w(s) = Ap(s)—/ B(r,s)p(r)dr

t
Ap(s) + Bls )p(s) + [ Br(r o))
where p(s) = — f p(7)dr. Using (5.19) it is easy to verify that

fate)la < € (1)l + [ 150)lldr ) < Clal. (5:22)

19



Now to estimate Iy, we first rewrite it as (recall that {(s) = Vw(s) and M (¢, s) is a scalar function)
L ot
I, = - / / (M(7,8)V - (0 —op)(s), w(r))drds
= / / (0 —on)(s), M(7,s)(w — Pyw)(7))drds
/ / (o —opn)(s), M(T,s)Pyw(r))drds

_ / / (0 — an)(s), M(7, 8)(w — Pyw)(r))drds

_/0 /; (e1,5(s), M (7, 8)(Prw — w)(7))drds — /03 /;(6175(3), M (7, s)w(r))drds

= I;+I;+1I;.

Here in the last step we have used (5.2). We now proceed to estimate each term separately. For I},
we use the definition of P}, operator and integration by parts formula to have

I, = / / (6 —11,6)s(s), M(T,8) (0 — Ppid),(7))drds
_ / (V - (6 = T1p6)s(s), M(L/2, 5) (i — Paib)(t/2))ds
/ / (6 —,6)s(s), M, (7, 8)(w — Pow)(7))drds

= (V- (6~ ) (5), M(t/2,4/2)(0 — Pyd)(¢/2)

role+ /-\

- / (V- (6 — 046 (3), Ma(t/2, 5)(i — Prid)(t/2))ds
+/ (V- (6 —T,0)(t/2), M. (1,t/2) (W0 — Prw)(7))dr

/ / (6 = T146)(s), Moo, )(0 — Pyt (7)) drds.

Here, we have used to fact that (0) = 0 and @w(¢) = 0. Using (2.9), a priori estimates (5.7), (5.8)
and (5.22) it now follows that

t

[l < cn’ <|6(t/2)||1|@(t/2)|2+/02 o (s)llxllw(t/2)]2ds

/£ Hff(lt/Q)||1H171(T)||2dr+/j/L |6(S)|I1|@(T)Ilzdrds>

Ch?||uollllg]l-

A

IN
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Similarly, for I3, integration by parts formula leads to

2 = / / (@ — i) (r))drds

= /0 (e1,5(8), M(t/2,s)(w — Prw)(t/2) ds—|—/ / e1,5(s), My (7, s)(w — Pow)(7))drds
= (ea(t/2), M(t/2,t/2)(w — Phw)(t/2)) — (ex(0), M(t/2,0)(w — Phw)(t/2))

—/2(61() s(8/2,8)(w — Ph@)(t/2))d8+[(el(t/2) (7, t/2) (W — Pyw)(7))dr

0

- / (e1(0), M, (, 0) (@ — Py (r))dr — / / ex(s (@ — Pyi)(r))drds.

2

Using the fact that up,(0) = Pruo and applying (2.9), Lemma 2.1 and (5.22) we obtain
%
1 < cn? <{||€1(t/2)|| + lex(O)[H@(t/2)]2 +/0 lex(s)[HHlw(t/2)[|2ds

+ [ et/ -+ les @) aar+ [* [ ||€1(8)||||@(T)||2de8> .
< O uollg

As before integrating by parts we rewrite the term I3 as

I = / / e1,5(s8), M(r, s)w,(7))drds

_ /O(els() (t/2, s)is(t/2) ds+/ / e1q(s ())drds
= (ex(t/2), M(t/2,t/2)(t/2)) — (e1(0), M(t/2,0)(d — Pr)(t/2))

- / "(ea(s), Me(t/2,9)(t/2))ds + / (e1(t/2), M .t/ 2y () dr

0

m\é

( 1(0), M, (7,0)(i — Pyi)(r))dr — / / ex(s (7))drds.

Here, in the last step we have used the definition of P, operator. Now using Lemma 5.7 and a priori
estimate in (5.22) we obtain

Bl < c<{||e1<t/2>||2+h2||uo||}||w<t/2>|2+ [ ers)-aliate/2) s
+ [ ertt/2 o+ 12l e + [ [ ||e1<s>||2||w<7>||2dfds>.
< O uollll.
Hence,

|14 < Ch?[luollllg]].
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The term Ig is estimated in a manner similar to I, and hence, we get
16| < Ch?[luollllgll

Finally, it remains to estimate the term I5. Again integtating by parts we obtain

Is = / / (1,5)é2,5(s), é2,+(7))drds

/ (M(t/2,5)éz,s(s), é2(t/2) ds+/ / (1, 8)é2.5(5), E2(7))drds

(M(t/2,t/2)éa(t/2), é2(t/2)) — /O (M (t/2,5)éx(s), €2(t/2))ds

+ / (Mo (. /2)85(£2). £2(r))dr — /0 : / (Mo a(r 5)e(5), 6a()drds.

2

Before estimating the term I5 we note the following. Analogous to Lemma 5.6, we obtain (with time
reverse)

le2(s)ll < Chllg]l- (5.23)

Applying Lemma 5.6 and (5.23) it now follows that

t

;] < C <|é2(t/2)||||§2(t/2)||+/0§ llea(s)lllle2(t/2)(1ds

+/;|ég(t/2)||||62(7)||d7+/05/; ||é2(3)||é2(7—)||d7'ds.>

< Ch?|luollllgll.
Altogether these estimates yield the desired result and this completes the proof. 0
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