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Abstract

The macroscopic description of the dynamical behavior of a porous solid composed
of two nonwelded solid phases saturated by a single-phase fluid is derived using two-
space homogenization techniques for periodic structures. The pore size is assumed to
be small compared to the macroscopic scale under consideration. At the microscopic
scale the two solids are described by the linear elastic equations, and the fluid by
the linearized Navier-Stokes equations, with appropriate boundary conditions at the
solid-solid and solid-fluid interfaces. The nonwelded interface between the two solid
phases is represented by displacement and/or velocity discontinuities proportional
to the stresses across the interface, while the stresses are assumed to be continu-
ous. After performing the homogenization procedure, constitutive relations, Darcy’s
and Biot’s type dynamic equations for the saturated composite porous material are

obtained.

Keywords: composite porous solids, homogenization.

1 Introduction

The study of the deformation and wave propagation in porous saturated media is a
subject of interest in many fields such as geophysics, rock physics, material science
and ocean acoustics, among others.

The fundamental concepts about the stress-strain relations and the dynamics of

deformable porous single-phase solids fully saturated by a fluid were established in



the works of M. Biot [1],[2],[3]. This formulation, widely accepted by the researchers
in this field, assumes that the quantities measured at the macroscopic scale can be
described using the concepts of the continuum mechanics. In that context, the
validity of Lagrange’s equations and the existence of macroscopic strain and kinetic
energy densities and a dissipation function are assumed.

When the porous matrix is composed by two (or more) different solid phases, a
more precise modelization is required. Following Biot’s approach Leclaire et al. [4]
developed a phenomenological model to describe wave propagation in a porous solid
matrix where the pore space is filled with ice and water, assuming no interaction
between the solid and ice particles. This formulation, valid for uniform porosity,
has been extended by Carcione and Tinivella [5] to include the interaction between
the solid and ice particles and grain cementation with decreasing temperature. This
model has been recently generalized to the case of variable porosity [7]. These
models are useful for different applications in geophysics, such as seismic amplitude
and velocity analysis in shaley sandstones [6] and in permafrost areas [8],[9] and for
the detection of gas-hydrate concentrations in ocean-bottom sediments from seismic
data [5]. This subject has also received attention recently for the evaluation of the
freezing conditions of foods by ultrasonic techniques [10], [11].

The equations governing the macroscopic behaviour of porous media can also be
obtained by means of homogenization methods, which consist on passing from the
microscopic description at the pore and grain scales to the macroscopic scale. Im-

portant contributions to the solution of this problem were given by Sanchez-Palencia



[12] and Bensoussan et al.[13], who developed the so called two-space homogenization
technique. This method provides a systematic procedure for deriving macroscopic
dynamical equations starting from the equations which govern the behaviour of the
medium at the microscale. It was successfully applied by different authors to obtain
a theoretical justification of Darcy’s law and Biot’s equations for single phase media
[14] [15].

Following these ideas, the aim of this paper is to apply the homogenization pro-
cedure to obtain a rigorous description of the macroscopic behaviour of porous satu-
rated composite media. We restrict the analysis to the range of small deformations
and for the case of Newtonian fluids, under the assumption of spatial periodicity.
At the solid-fluid interfaces the usual non sliding boundary condition was assumed.
At the nonwelded contact between the two solid phases continuity of stresses and
velocity-displacement discontinuities (proportional to the stresses across the inter-
face) are assumed. These kind of conditions, representing purely elastic, viscous or
visco-elastic slip at the interface, are supported by experimental research on frac-
tures (see references in [16]). Using this approach the constitutive relations, a form
of Darcy’s law and the equations of motion for this type of saturated composite

porous material are obtained.
2 Local description

Let us consider a porous medium consisting of a skeleton composed of two nonwelded

solid phases, referred to by the subscripts or superscripts 1 and 3, saturated by a



fluid phase indicated by the subscript or superscript f. In this work we will restrict
the analysis to a simplified scheme in which one of the solids envelops the other and
the fluid is only in contact with this one. Figure 1 shows two extreme configurations
of this model.

The porous medium will be considered to be periodic and composed of a large
number of periods, with [ and L denoting the length of the period and the macro-
scopic length, respectively, with a ratio € = % << 1. The microscopic and macro-
scopic behavior will be described by the two dependent spatial variables z and
Yy = % In this way the properties of the medium vary rapidly on the small scale y
and slowly on the large scale z, so they are considered to be functions of (z,y) [15].

Let Q denote one period of our composite porous medium consisting in two

nonwelded solid parts €2; and €23 and a fluid part ¢, so that
Q=0,UQ3UQy,
with boundaries
M =00, N0, TB=00,Nn00; T©*=00;n00, j=1,f3,
so that (see Figure 1):
o, =TYurle, o0, =TV urBurte, o0; =r*ure.

We assume that all parts are connected, that €2y is completely surrounded by €23
and that I''® does not intersect I''/.
We will analyze the behaviour of the composite porous medium under a monochro-

matic oscillation of angular temporal frequency w. Thus all field variables will be



understood to be defined in the space-frequency domain. We also assume that at
the local level the two solid phases are linear elastic and the fluid is compressible
and viscous Newtonian with constant viscosity 1, density p; and bulk modulus By
[14],[15]. We further assume that at this level the fluid motion is slow enough to
be described by the linearized Navier-Stokes equations and the transient Reynolds
number (or equivalently the dimensionless viscosity 7/(wps€e?)) is of order unity so
that the fluid viscosity is scaled by €* [14]. Let u; and o;,7 = 1,3, f denote the
displacement vectors and stress tensors of the three phases, respectively and set
v; = wu;. The local variables are assumed to be zero outside their domain of
definition.

The local equations are:

solid 1: V.01 =—w?piuq, in (2.1)
o =ay:e(uy), in (2.2)

solid 3: V.03 = —w?psus, in s, (2.3)
o3 =uaz:e(ug), in s, (2.4)

fluid: V.05 =iwpsvr, in Qy, (2.5)
of =-—pil+T1 in Qy, (2.6)

T =2me’e(vy), in Qy, (2.7)

iwpy = DByV-vs, in Q. (2.8)

Here pi, ps3, a; and a3 are respectively the mass densities and fourth-order elastic
tensors associated with the two solid phases, depending on the space variable and
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Q-periodic. Also, e denotes the linear strain tensor, i.e.,

o 1 8vf,l 8Uf7m
6lm(1}f) = 9 ( + 83)1 )

0x,,
Here and in what follows if a, e and u are respectively, fourth, second and first order
tensors, then a : e denotes the index contraction operation agges, with the usual
Einstein’s convention of summing on repeated indices. Similarly e - u denotes the
index contraction ey .
Next, with v, j, k = 1,3, f denoting the unit outer normal at the interface I'V*,

the boundary conditions among the different solid and fluid phases are

o1 f =0f-Vif, ON Y, (2.9)
o1 Vi3 =o03-v13, onl'? (2.10)
o1 vz =P-ul+Q-fiwu], onl"? (2.11)

vy =v;, onl'. (2.12)

In (2.11) the symbol [-] indicates the jump discontinuity in the corresponding variable

at the I'' interface, i.e.

[u] = (ul Vi U - Va1, Xy s xS XS s Xé?) ) (2.13)

where 3, X%), X%) denote the unit outward vector and two unit tangent vectors

on '3 such that {13, x5, x\?} is an orthonormal set on I'3, and similarly for
V31, Xgll), Xz(),21)- The boundary condition (2.11) is a generalization (stated in tensor
form) of that given in [17], [18], [16] and models a nonwelded contact between two

solid phases assuming that the stresses across I''3 are continuous but displacements
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and/or particle velocities across I''3 are discontinuous. Is is also assumed that dis-

placement and/or velocity discontinuities are proportional to the stresses across the

interface, with the proportionality factors being the second order interface tensors

P and @ known as specific stiffness and specific viscosity tensors, respectively. The

tensors P and (), which are dependent on the space variable and ()-periodic, are
(2)

referred to the local basis {I/13, X%)a X13 } For @ = 0 equation (2.11) represents a

purely elastic contact, while for P = 0 we obtain a pure viscous slip.
3 The homogenization procedure

Next, following Sanchez-Palencia [12] and Auriault et al.[14], we expand the un-

knowns vectors uy, us, uy in asymptotic power series of € in the form

ul = wi(z,y) =l (z,y) + el () + (@, y) F- i=1,£3,  (3.1)

where the functions ugn) (z,y),n = 0,1, -- are Q-periodic. The same expansion is
also used for oy, 03 and py. Then we substitute the expansions (3.1) into equations
(2.1)—(2.12) describing the local behavior, remembering that the spatial derivatives

take the form

Similarly,

e=e,+e'e, V=V,+e'V,, A=A, +e?A,



First, from (2.2) and (2.4),

g =a;: (e, + e_ley)(ug-o) + eugl) +--) (3.2)

jO) + .- in ij j = 1,3 (33)

Next, from (2.1) and (3.2)

€2V, - 0](-_1) +et (Vz O’ Rt V, 0(0)> (3.4)
+¢0 <Vx : UJ(»O) +V,- a](l)) +o= —pjw2 <u§-0) + eu§»1) + - )

in Q, j=13
Also, from (2.6)-(2.7),
UJ(CO) + eaj(cl) + - —p}o)l +e ( pgc T+ 2ne(v (0))> +---
:—pch)IjLe( (1)]+T](f)+ ) in Q.

Next we use (2.9)—(2.12) to obtain the boundary conditions for the local problems.

First, from (2.9) and (2.12),

ol 400 4ol 4 (3.5)
= _p;o)[ +e€ (—p;l)l + 2ney(v§0))) +--- on T,
Also, from (2.10) and (2.11)

(6 ( ) + O'(O) + 60%1) + .. ) . ]/13 (36)

= P[] +Q - [in®) + ¢ (P- [u] + Q- [iwn®]) + - on T



4 Solution of the local equations at the lowest or-

der

Let us consider the local equations for the solid at the lowest order: from (3.4) at

e 2 and (3.2), (3.5) and (3.6) at ¢! we obtain the elliptic system

vy‘O{_l) =0 ian,
o =ay: ey(ugo)) in Q,

O‘§_ vy =0 onT!,

0'1_ * Vi3 = 0 on F13.
It follows from (4.1)—(4.4) that

0 0
ul? (z,y) = ul” (z),

and from (4.2) we see that

O'§_l) =0.

With identical argument, for the solid phase 3 we get

Next, from the fluid equations (2.5)—(2.8) we get

7762<A +e2A )( +EU(1)—|—62 (2)+--->
= (V. +€¢'V,) (pf +ep§c) +62p}2) + - )
+iwps (v}) —i—ev(l) + - ) in  Qy,

10
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and
iw (p}o) +eplt) 4 ) = (4.10)
[ P10 NN ¢ > B
By (Vz +€ Vy) vy Fevy Fev + in Q.
Thus, from (4.9) at ¢! we get

P (@, y) =p (@) in Q. (4.11)

The analysis in this section shows that the zero order terms p}o), u&o) and ugo) only

depend on the macroscopic variable z.

5 Solution of the local equations for the solid phases.
The next order.

Here we will find expressions for the solid displacements at order one, i.e., ugl), uél).

First, from 3.4) at ¢! and (4.6) we see that
V, o =0 inQ. (5.1)
Also, from (3.2) at @,
o = q : (ex(ug())) n ey(ug”)) in Q. (5.2)
From (3.5)(3.6) at €® we get the boundary conditions

ago) vy = —p;o) (z)v1y on 'Y, (5.3)

o\ g =P [u®] + Q- [iwu®] on T (5.4)
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With identical argument we get the following equations for the solid phase 3:

V,-03) =0 in Qs (5.5)
aéo) =as: (€m(uéo)) + ey(ugl))) in 23, (5.6)
o s = =P+ [uV] = Q- i) on 57

Let us formulate (5.1)—(5.4) and (5.5)—(5.7) in variational form. Set
WY = {a € [H'(Q)]*, a is complex valued and  — periodic} ,j=1,3.
Then a weak form of (5.1)—(5.4) can be stated as follows: find ugl) € W), such that

(al : ey(ugl)), ey(a)) = — (al : ex(ugo)), ey(a)> (5.8)

Q1 91
+/ fpgvo)l/u@dS—l—/ P [u(o)} +Q - [z’wu(o)} adS, a¢€ ngz
rt T13
In (5.8) (-,")q, denotes the complex inner product in L?(£2;), @ denotes the complex

conjugate of o and dS is the surface measure in the corresponding surface.

Equation (5.8) can be rewritten in the equivalent form: find ugl) € W), such that

(a1 : ey(ugl)),ey(oz)>Q = p;o) (:c)/ Vil - oqdS

1 rif

_ex,lm(ug()))/ al,rtlm(xay)ey,rt(a)dy

951
+ (Ugot) - U:(J,Ot)> {/ (Pr1 +iwQp) 113 @, dS (5.9)
ris

_'_/ (Pr2 + iWQvﬂ) X%),tawds + / (Prg -+ iWQ,{;) X%)’tardS s

i3 T

13

a € Wy,

12



(1)

Similarly, a weak form for us’ is given by: find ugl) € W such that

<CL3 ey( u3 ) —€xim ugo))/ s rtim (T, Y)ey (@) dy
Q3
+ (ul) = uf)) [ /F (P o+ iw0Qu) vy, dS (5.10)

_'_/ (Pr2 + in?ﬂ) Xglg),tards + / (Pr3 + inri&) X%{tards )
ris r

13

aeW;.

The solution of (5.9) and (5.10) can be obtained by superposition as follows. For
j=1,3and A= Por A=Q,let ZWl Virtm (ilrt(4) Ji2rt(4) and WisrtA)

be the solutions of

(a; ey (210, ey(a), = /Flf v p0udsS, a €Wy (I not summed),

1

(aj : ey(Vj’rtlm)a ey(a)gj = _/Q jrtim (2, Y) ey (@)dy,

i

o € WY (r,t not summed),
(aj : ey(Wj’l”"t’(A)), ey(a)Qj = /1“13 An3.@,dS, o€ Wgz (r not summed),
(a; : e, (W), ey(a)Qj = /Fls Arzxgt@db’, o € W} (r not summed),

(a; : e, (WIBTt(A)) ey(a)ﬂj = /Fls Argxg?tardb’, a € WY, (r not summed).

Then the solutions of (5.9) and (5.10) defined up to vectors u}, u} which are functions

of = alone are given by

ui (@, y) = p (@) Y0 2 4 e (0 Z bt (5.11)
l

+<u§?t)(x)—u3t )ZZ Wln’"t P)+ZwW1"”(Q))+u1,

13



and

Uél) (LU, y) — ele (0) Z v3,rtlm (512)
(0)

—(uu —ugt )ZZ W?’"”P)—i-szg”” )+u3

Let the third order tensors &;, &3, the first order tensor ;5 and the second order

tensors (5( 5(P ,,ul ) and ,u ) be defined by

5;’ lms(x y) = Z ijtlmu .] = 17 37 61]”8(37 y) = Z Zlf’l
e

15t ZZVVlrLMP7 ,ulstxy ZZWlnrt

57 (2

35t ZZW/37LMP7 ,u35txy ZZWZinrt

(5.13)

Then the solutions ugl) = (u(l)), ul) = (uélg) in (5.11)and (5.12) can be written

in the form

ul (@, y) = Bips(@, )P (@) + Evims (@, y)eim (i () +

+50(w,y) (4 (@) - (@)

(5.14)

Q 0 . 0 *
i, y) (ol (@) — i) () + ui
1 0 P 0 0
U@, ) = €@y (0 (@) + 0371 () () — )
0 . 0 *
182 (il () — i) (@) + uj.

6 The constitutive relations

First, from (4.10) at ¢© we get

- (0) e 0 .
zwpgc)Bflzvx-vJ(c)jLVy-vJ(c) in Q.

(6.1)
14



Next, it follows from the adherence condition (2.12) that
o = iwug") onTY, n=0,1,2---. (6.2)

As the fluid velocity field vy depends upon both x and y, to extract its slowly varying
part we will average it over the fast variable y. In general we define a volume average
of 6(y) over €, where 6 is defined to be zero outside its domain of definition, in the

form
1
(0) =57 [ 0(y)dy, (6.3)
€2 Jo
and we also define the surface average

1

() = T s 0(y)dS. (6.4)
We introduce the coeflicient
Q
o=tell (6.5)

which gives a measure of the porosity of the medium. Then, averaging over €2 in

(6.1) and using periodicity and (6.2) we conclude that

1
V- <v](c0)> = <bz'wB]71p§c0) - — Uffl) -vpdS (6.6)
A Joo,
1
= gbinf_lp;O) + = iwugl) ~vpdS

Q| Jrus

1
= gbinf_lpch) + @w}/Q V, - ugl)dy
1

L Q)
_¢13|F13"Lu}/rl3 Uq ~V13ds,

where
B |F13|

15



Next, subtract the identity
z'wgb[ex(ugo)) = weV, - u§°),

(1)

from (6.6) and use (5.14)-(5.15) for expressing the terms u;’, j = 1, 3 in the resulting

equation. Then, defining the scalar J, the second order tensor ; and the first order

tensors M) and N@ by

J =B +(Vy - Big) — d13 ((Bis - 113))
Nn==(Vy- &)+ oI+ d13 (& v13)),
MO = (V67 + 65 ({67 115) )
N@ = = (9, @) + 61 (1?12 )

(6.7)
and introducing the absolute average fluid displacement in the form
go _1/.0 (6.8)
f - ¢ uf .
we obtain the following equation for the macroscopic fluid pressure pgco)
o _ ¢ o, 9 )
opy = 7vx U™ + i (1 —o1) :exluy”) (6.9)
MP) NQ@g .
+T¢ : (ugo) - u§0)> + Tqﬁ . (zwugo) - zwu§0)> + %u’{ - ((113)) -
Next, from (3.4) at € we have
a](-o) = a; em(ugo)) +a;: ey(u§1)), j=1,3. (6.10)

16



Using (5.14) and averaging over €2 in (6.10) we conclude that the macroscopic stress

in solid phase 1 takes the form
(ol7) = Crseau?) + (a2 ey (B pf + (or 2 (617)) - (1 —uf?)
+ <a1 : ey(,qu))> : <iwu§0) — iwu§0)> : (6.11)
where (' is the fourth order tensor given by
Cr = (a1 : (I +ey(&))). (6.12)

Thus, using (6.9) in (6.11) we obtain

(o) = e+ tans ey s = 00 | s e (6.13)
o ey (G} S90 U+ fan < (Bu)) At - ()

Similarly, using (5.15) in (6.10) for the macroscopic stress in solid phase 3 we obtain

<U§O)> =(Cy: ex(uéo)) + <a3 : ey(5§P))> . (ugo) - u§0)> (6.14)

+ <a3 ; ey(,u:(,,Q))> . (iwu&o) - iwuéo)) ,

where the fourth order tensor Cj is defined by

Cs = (az: (I +¢,(&))) - (6.15)

Remark: equations (6.9), (6.13) and (6.14) are the macroscopic constitutive rela-
tions for <O’§O)> and <0§0)> and the fluid pressure pgco). The coefficients in these rela-

tions contain information about the size and geometry of the interface I''® between
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the two solid phases and explicitly show how the microscopic displacement and/or

particle velocity discontinuities affect the macroscopic stresses and fluid pressure.

7 The equations of motion

7.1 Derivation of Darcy’s law

Now we shall obtain a general relation between the relative velocity of the fluid and
the macroscopic pressure gradient through a generalized permeability tensor, taking
into account the elastic deformation of the solid in contact with the fluid.

First, from (4.9) at € we get
nAY =V, V) =V, + Vapl +iwppl” in o Qp (7.2)

and from (4.10) at !

V, ol =0 in Q. (7.2)

We now introduce a vector field '171(00) representing the zero order relative velocity of

the fluid in the frequency domain, given by

’171(00) = UJ(CO) — iwugo) (x), in € (7.3)
so that
=0 onrIV. (7.4)

In terms of this relative flow equations (7.1)—(7.2) become

-V, - mVE) + V0 iwpa = fO(x,w) in Q, (7.5)
V, 0 =0 inQy, (7.6)

18



where

FOw,w) = = [Vap) + iwpsl”] (7.7)

Let us solve the cell problem (7.5)- (7.6) for vaj(co) with the boundary condition (7.4).

Let

Vo, ={e e [H' ()], Vy- =0, 0=00nTY, (7.8)

¢ is complex valued and , Q2 — periodic}, (7.9)

provided with the natural (complex) inner product in L?*(€2;), denoted by (-, -)Qf.
Then a variational formulation of (7.5), (7.6) and (7.4) can be stated as follows:

Find ’6;0) € Vg, such that

(nVi}O),Vg0> + w (pfﬂgco),@) :f(o)(a:,w)-/ pdy, ¢ € Vaq,. (7.10)
Qf Qf Q

It is known that (7.10) has a unique solution, which can be found as usual by solving

the following set of problems [12]. Let V* for s=1,2,3 be particular solutions of the

problem

(V" Vla, + i oV Pha, = [ Buds v €Yo, (1)
f

and set the second order tensor K given by

K(z,y,w) = (K),; =V} (7.12)

Then by linearity we obtain the solution

W =K fO>,w). (7.13)

19



Integrating (7.13) over Q and dividing by || the resulting equation we obtain
() = iwoul” = — () - |Vap{!) +iwpsol”] (7.14)

which is the form of Darcy’s law for this system, being (K(x,w)) its generalized
permeability [14].

7.2 Dynamic equilibrium equations

In this section we will find a set of coupled differential equilibrium equations gov-
erning the macroscopic motion of the three phases.
To formulate the equation associated to the fluid phase, first we introduce the

second order tensor H given by
H=(K)"" = H, +iH,. (7.15)

Then, using (7.15) and (6.8) we can rewrite (7.14) in the form

H. H.
—prgco) = —u? (pff — %) -u§°) — w? <&) . U](co) (7.16)

w

Next, we obtain the corresponding equations for the solids starting from (3.4) at ®

V- O’%O) +V,- O’%l) = —p1w2u§°) in Q, (7.17)
\V U?()o) +V, - O’él) = —p3w2u§0) in 3. (7.18)

Also, (7.1) can be stated in the form

V- U](cl) = prgeo) + z'w,ofv](co) in Q. (7.19)

20



Next, using (2.9), (2.11) and periodicity in the y-variable to cancel the outer bound-

ary terms,

/ Vv, - agl)dy —I—/ V- Uj(pl)dy = / a§1) ‘11dS —I—/ 0}1) -vpdS
o) Q; o0 o0

_ /Flggl.ylgdsz /F (P [u®] + Q- [iwu®]) ds. (7.20)

Thus averaging (7.17) and (7.19) over © and adding the resulting equations we

conclude that

vV, - <U§0)> —V,- <p§:0)[> + ¢13T13 — 2 <p1> (0) +ZWPf< > (7 21)

where

T13:|F113‘ [ (P[] + Q- [iwu]) as. (7.22)

Next use (2.13) and the expressions for ugl), uél) given in (5.14)-(5.15) to compute
the boundary term T3 in (7.21). For this purpose it is convenient to define the
first order tensors A, A(@) the second order tensors Z(F), Z(Q EFE) REQ EBPQ)

E(@P) and the third order tensors agp), agp) given by

Z(P P1V131+P32X135+P33X13p

ZilQ) = Q31V13,l + QS2X§?J + QS3X§2[7

O‘('P) = Zs(lp)gj,lmra O‘('Q) = Zs(lQ)gj,lmra ] = 1737 (723)

j,smr j,smr

AP) = sl ﬁ1fz, AR = Zs(lQ)ﬁlf,la
P P) P) P.Q Q Q
Eét ) = (5§ It 5?5 lt) Es(t ) = Z( ) (Ng lg N:(a,lt)>
Q,P Q P) P) Q Q Q Q
Eﬁt )= Zs(z : <5§ It 5§lt> Es(t =2z (N( ) Ngzi)

sl
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Thus, using these definitions in (7.22) and taking into account that <p§co) I > = ol p}o)

equation (7.21) becomes

Vo (o) = 0! 4 o] ({al)) s e+ {{a)) s esl?) (r)
+ (AP Y+ (B - (uf” - uf?)
+ (BP9 - (iwul” — iwnl”) + ((al?)) : g (iwnl”)
+{((a4?)) + exion?) + ((ADY) iwp” + ((E@P)) - (iwnl? — icoul?)
R (B () =) + ((ZP)) - (5 = u3) + ((Z@)) - iwou; — iwug)}
=~ () uy” — Wyl
Next using in (7.24) the expressions for p|” and its gradient obtained in (6.9) and
(7.16), respectively, we conclude that the equilibrium equation associated to the

solid phase 1 takes the following form:

Vo (o) + 67 s en(ul?) + G ea () + qslg% (AP v, U (7.25)
+D@ e, (iwul”) + D? : e, (iwul?) + ¢13? (AN ¥, - (wU)”)
_ [<p1[> — <pr _ ¢%) _ F(Q)] 0 — 2@ O
—2 (pf[ - ¢%) U —iwH, ¢ - <UJ§0) - ug°>) _p®). <u§°> - u§°>>
~FP - (iwul” — i)’} = 613 ((Z7)) - (uf = u3)
o (29 - G — ) — LBL (AP i - (o)
08P a @) - ().

In (7.25) we have introduced the second order tensors F") F(PQ) (@) and the
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third order tensors Ggp), Gép), DgQ), DéQ) by the formulae

ol = s (((ol7) + 3 =004 67 = s (o).
— g (<<a§@>> ) <<A<Q>>>) - D =i ((al?))
= o () + 2 <<A<P>>>) ,

pPO g <<<E<PQ )+ ((gePyy 4 N N

N@)

F@ — g, (<<E(Q)>> o <<A(Q)>>) .

In the same fashion, to obtain the equation of motion associated with the solid phase

3 we average (7.18) over {2 to conclude that

V- <0§0)> — 13T = —w? (p3) ugo). (7.26)

Finally, applying in (7.26) the argument leading to (7.25) we get the following macro-

scopic equation of motion for the solid phase 3:
Vo () = G ealul?) — 6 s eaul?) — 010 () 9, U0 (.20)
—DgQ) (zwu&o)) — DéQ) € (Zwu3 ) — P13—= <<A(Q >>V (in}O))
= —w? [(ps]) — FO] - ul) — 2F@ .40 4 pP). ( (0) uéO))

+FPQ) . (iwugo) zwu3 ) + ¢13 <<Z >> — u3)

+d13 <<Z(Q)>> - (lwu] —dwuy) + (qb;;) <<A >> uy - ({v13))

+(¢;‘s) ((A@VY it - ((1n3)) -

Equations (7.16), (7.25) and (7.27) are the equations of motion for our composite
system. The equation of motion for the fluid (7.16) is the same that for the classic
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Biot’s theory, due to the restricted geometrical configuration being analyzed in which
only one solid phase is in contact with the fluid. The equations of motion (7.25)
and (7.27), expressed in terms of the macroscopic particle displacements ugo), uéo)
and U (0), contain zero order jumps, first order spatial derivatives and mass terms
relating such macroscopic variables, all of them with coefficients indicated by the
superindices (), @ and (?@). The equation of motion (7.25) for the solid phase 1

also contains the classic viscous dissipative Darcy term related to the relative fluid

flow between the solid phase 1 and the fluid.

8 Conclusions

We have obtained the constitutive relations and the equations of motion representing
the macroscopic monochromatic motion of a fluid saturated porous solid in which
the matrix is composed of two nonwelded solid phases by employing the two-space
homogenization procedure. The analysis is carried over for the case in which the
local Reynolds number (or equivalently, the dimensionless viscosity n/(wpse®) is of
order unity. As expected, the behavior of the composite system is determined by
the boundary conditions at the solid-solid interface, where it is assumed that at the
microscopic level the stresses are continuous while the displacement and/or particle
velocities are discontinuous. The macroscopic equations obtained display the static
and dynamic interaction among the three phases. The jump in the microscopic
displacements and/or velocities introduce jumps in the corresponding macroscopic

displacements and/or velocities in the constitutive relations (6.11) and (6.14). Those
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microscopic jumps also introduce zero order jumps and first order terms in the
macroscopic equations of motion (7.25) and (7.27) for the two solid phases, as well as
dissipative terms related to the difference between the macroscopic particle velocities
of the two solid phases. Since only one solid phase sees the fluid phase, the equation
of motion for the fluid (7.16) reduces to that of the classic Biot theory as in references

4], [15].
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Figure Captions

Figure 1: Some simple examples of the composite homogenization volume.
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