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SUMMARY

We consider a finite volume discretization of second order nonlinear elliptic boundary value problems
on polygonal domains. For sufficiently small data, we show existence and uniqueness of the finite
volume solution using a fixed point iteration method. We derive error estimates in H 17, Lo— and Loo—
norm. In addition a Newton’s method is analyzed for the approximation of the finite volume solution
and numerical experiments are presented. Copyright © 2004 John Wiley & Sons, Ltd.
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1. INTRODUCTION

We analyze a finite volume element method for the discretization of second order nonlinear
elliptic partial differential equations on a polygonal domain Q@ C RZ. Namely, for a given
function f we seek w such that

Lwu=-V-(Aw)Vu)=f in Q, and u=0, on 9Q, (1.1)
with A : R — R sufficiently smooth such that there exist constants 3;, i = 1,2, 3, satisfying
0<p1 <A(z) <P, |A(z) <B3, for zeR. (1.2)

Finite volume approximations rely on the local conservation property expressed by the
differential equation. Namely, integrating (1.1) over any region V' C € and using Green’s
formula, we obtain

— /av(A(u)VU) -nds = /Vfdgc7 (1.3)
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where n denotes the unit exterior normal to V.

There are various approaches in deriving finite volume approximations of nonlinear elliptic
equations. One, often called finite volume element method, uses a finite element partition
of ), where the solution space consists of continuous piecewise linear functions, a collection
of vertex centered control volumes and a test space of piecewise constant functions over the
control volumes, cf., e.g., [5, 20, 19]. A second approach, usually called finite volume difference
method, uses cell-centered grids and approximates the derivatives in the balance equation by
finite differences, cf., e.g., [16]. A third, uses mixed reformulation of the problem, [23]. The
first approach is quite close to the finite element method. The second approach is closer to
the classical finite difference method and extends it to more general than rectangular meshes.
It is used mostly on PEBI or Voronoi type of meshes. The third approach is close to mixed
and hybrid finite element methods and can deal for example with irregular quadrilateral and
hexahedral cells. Finite volume discretizations for more general nonlinear convection—diffusion—
reaction problems were studied by many authors, cf., e.g., [12, 17].

We shall use the standard notation for the Sobolev spaces W, and H® = W3, cf., [1]. Namely,
L,(V), 1 < p < oo, denotes the p-integrable real-valued functions over V' C R?, (-,-)y the
inner product in Ly(V), and || - HW;(V) the norm in the Sobolev space W (V), s > 0. If V = Q
we suppress the index V', and if p = 2 we write H* = W3 and | - || = || - || ;- Further we shall
denote with p’ the adjoint of p, i.e., 1—17 + 1% =1,p>1

It is well known that for domains with smooth boundary, for f € C”", with r € (0, 1), there
exists a unique solution u € C?*7, cf. e.g., [14]. Also for || f|| sufficiently small, there exists a
unique solution v € H? N H}. However, here, since we assume the domain €2 to be polygonal,
we do not expect the solution u to have such regularity. We shall assume that for f € Lo,
problem (1.1) has a solution v € W72 N Hj, with 4/3 < ¢ < 2. Note that in order (1.3) to be
well defined, u € H'** with s > 1/2. Using a standard Sobolev embedding we see that for
u e W2, with ¢ > 4/3 this is true.

We shall study approximations of (1.1) by the finite volume element method, which for
brevity we shall refer to as the finite volume method below. The approximate solution will be
sought in the piecewise linear finite element space

Xn=Xn() = {xe€C®): x|x linear, VK € Tp; x|oa = 0},

where {75}, is a family of quasi-uniform triangulations of Q, h denotes the maximum
diameter of the triangles of 7j,.

The discrete finite volume problem will satisfy a relation similar to (1.3) for V in a finite
collection of subregions of 2 called control volumes, the number of which will be equal to
the dimension of the finite element space X;. These control volumes are constructed in the
following way. Let zx be the barycenter of K € 7j,. We connect zx with line segments to the
midpoints of the edges of K, thus partitioning K into three quadrilaterals K., z € Z;,(K),
where Zj,(K) are the vertexes of K. Then with each vertex z € Zj, = UkeT, Z,(K) we associate
a control volume V, which consists of the union of the subregions K,, sharing the vertex z
(see Figure 1). We denote the set of interior vertexes of Z by Z.

The finite volume method is then to find u, € X} such that

—/ (A(up)Vup) - nds :/ fdx, Vze Z). (1.4)
oV, V.
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A FVEM FOR A NONLINEAR ELLIPTIC PROBLEM 3

Figure 1. Left: A union of triangles that have a common vertex z; the dotted line shows the boundary
of the corresponding control volume V. Right: A triangle K partitioned into the three subregions K.

The Galerkin finite element method for (1.1) is: Find w,, € X}, such that

a’(uh;ulmX) = (fu X)7 VX € Xh7 (15)
with a(-;-,-) the form defined by

a(vyw, ¢) = / A()Vw - Vo d.
Q
It is known that the solution u,; of (1.5) satisfies

luy, = ull + AV (w, = W)l < Clu, f)R?
lug, = ully, < Cp inf [V (u— )y, withp> 2. (L.6)
o x€Xn P
Numerical methods for this type and more general problems has been considered by many
authors, cf., e.g, [4, 13, 18, 21].

Here for sufficiently small data we shall derive similar results for the finite volume method.
Li, in [20], considers a variation of the finite volume method under investigation here. The
method differs in the construction of the control volumes. Instead of the barycenter zg, the
circumcenter is selected. For this finite volume method similar results with the finite element
method, for the H'-norm error estimate, are valid.

In Section 3, we establish existence of the finite volume solution u, of (2.3), using a fixed
point iteration method. In particular, in Theorem 3.1 we show that the iterations remain
inside a fixed ball with a radius that depends only on f. Then in Theorem 3.2 we show that
for a sufficiently small data, f, the fixed point iteration operator is Lipschitz continuous with
Lipschitz constant less that 1.

In Section 4 we derive optimal order H'~, Lo— and almost optimal L.,—norm error estimates.
Note that for the Ly estimation we assume that A’ is also Lipschitz continuous, A” € L (R)
and f € H'.

Also in Section 5 we analyze a Newton’s method for the approximation of the finite volume
solution u;,. We consider an inexact Newton iteration, a variant of the Newton iteration for
nonlinear systems of equations, where the Jacobian of the system is solved approximately,
cf., e.g., [2, 3, 11]. A similar approach for the finite element method is analyzed by Douglas
and Dupont in [13]. As it is expected, one has to start the Newton iteration with an initial
approximation uy sufficiently close to u;. Also, following [13], we show that the Newton
iterations converge to u; with order 2. Finally in Section 6 numerical results are presented.
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2. PRELIMINARIES-THE FINITE VOLUME METHOD

There has been a tendency of analyzing finite volume element method using the existing
results from its finite element counterpart, cf., e.g., [7, 8, 9, 10]. The investigations recorded in
all these references were concentrated on elliptic and/or parabolic problems with coefficients
independent of the solution, i.e., the function A is only spatially varied. The finite volume
element method is viewed as a perturbation of standard Galerkin finite element method with
the help of an interpolation operator I, : C'(2) — Y}, defined by

Inv = Z v(2)¥,, (2.1)
z2€Z)

where
Yy = {n € La(R) : n|y. = constant, Vz € Z; nly. =0, Yz € 00},

and ¥, is characteristic function of V,. We note that I, : X;, — Y} is a bijection and bounded
with respect to the Lo—norm, i.e., there exist c¢1, co > 0, such that

allxll < [[nxll < calixll,  Vx € Xn. (2.2)

The finite volume problem (1.4) can be rewritten in a variational form. For an arbitrary
n € Yy, we multiply the integral relation in (1.4) by n(z) and sum over all z € Z,? to obtain
the Petrov—Galerkin formulation, to find uj;, € X} such that

ah(uh;uhvn) = (f’ n)a vﬁ € Yha (23)
where the form ap(-;-,-) : Xp x Xp, X Y, — R is defined by
ap(w;v,m) = — Z n(z)/ (A(w)Vv) -nds, v,w € Xp, n €Y. (2.4)
z2€Z) 4

Obviously, ax(w;v,n) may be defined by (2.4) also for v,w € W} (Q) N Hg(Q), p > 2, and
using Green’s formula we easily see that

ap(w;v,m) = (L(w)v,n), forv,w e WZ}(Q) NHY(Q), n €Yy, (2.5)
The bilinear form ap,(w;-, ), with w € Lo, of (2.4) may equivalently be written as
ap(w;v,n) = Z{(L(w)va Nk + (A(w)Vo - n, 77)8K}a Vv € Xp, n € Y. (2.6)
K
Indeed, by integration by parts, we obtain, for z € Z) and K € 7,
/ L(w)vdx = —/ (A(w) Vo) - nds — / (A(w) Vv) - nds, (2.7)
0K, NOK OK.NoV,

z

and (2.6) hence follows by multiplication by 7(z) and by summation first over the triangles
that have z as a vertex and then over the vertexes z € Z)). Also, we can easily see that Ij, has
the following properties, cf., e.g., [7],

/Ihxdx:/ x dx, ¥y € X, for any K € Ty, (2.8)
K K

Copyright © 2004 John Wiley & Sons, Ltd. Numer. Linear Algebra Appl. 2004; 00:1-26
Prepared using nlaauth.cls



A FVEM FOR A NONLINEAR ELLIPTIC PROBLEM 5

/Ihxds = /de7 Vx € X, for any sideeof K € Ty, (2.9)
IHnX o) < XNl o ey VX € Xn, for any sidee of K € Tj,, (2.10)
Ix = Inxllz, ey < AV, iy X € Xny 1< p < 0. (2.11)

In addition in [7, Lemma 6.1, Remark 6.1, Lemma 5.1] the following lemma was derived.

Lemma 2.1. Let e be a side of a triangle K € Ty,. Then forv € W]D1 (K) there exists a constant
C1 > 0 independent of h such that

1

o1
|/U(X — 50 ds| < OVl 40 [Vl e Y€ X with — 4+ =1 (212)
Also, for f € W;, 1=20,1 and x € X,
oy i o1 1
b 701 < R gl 1€ W3 i3 =00, with L5 2 =1, (219

where e, : Ly x X;, — R is defined by

en(f,x) = (f:x — Inx) (2.14)
Lemma 2.2. Let v e W2, 4/3 < q < 2. The following identities hold.

Z A(@)Vv-nxds =0, Z A@)Vu-nlpxds =0, Vxe€ Xp. (2.15)
oK oK

where w could be an element of Xy, or the point value at the midpoint of the edge e of triangle
K, of an element of Xjy,.

Proof. Note, that for v € Wq2, the trace Vv - n on 0K exists for ¢ > 4/3. The left identity is
obvious by rewriting the sum as integrals of jump terms over the interior edges of 73. These
jumps obviously vanish due to the continuity of A(w)Vv -n (in the trace sense). A similar
argument gives the second identity. O

Our analysis will be based on the corresponding one for linear problems, cf., e.g, [7, 8]. There
the error estimations are derived by bounding the error between the bilinear forms of the finite
element, a, and the finite volume methods, aj. This is shown to be O(h) uniformly in Xp.
Then for sufficiently small i the finite volume bilinear form aj, is coercive in X}, which leads
to the existence and uniqueness of the finite volume approximation.

In the nonlinear case a similar estimation for the error functional €,

Ea(w;vhux) = a(wWhaX) - ah(“ﬁvhthX) VUhaX S Xh7 w e L007 (216)

shows that this error is not O(h) uniformly in Xp, cf. Lemma 2.3. This is due to the fact that
the bound of €, (wn; vh, ), will depend on |lwy|[;_ . Inverse inequalities of the form, cf., e.g.,
(6],

IV, < CR**2M|Vx|l,,, ¥x € Xy, with1<t<s< oo, (2.17)

which are true in a quasi-uniform mesh, give e, = O(h'~2/*), uniformly in a ball of X} with
respect to Wl-norm, for ¢ > 2.
In the sequel we derive estimations for &,.
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Lemma 2.3. There exists a constant Cy > 0, independent of h, such that

1 1
[ea(wn; v, X)| < CoBshl|Vwn - Noplly VXl o Ywn, vn, x € X, PR (2.18)
Proof. In view of Green’s formula and (2.6), we may write ¢, in the following form:
a(wn;vn, X Z{ (wn)vh, X = Inx)x + (A(wn)Von -1, x — InX)ox }
(2.19)
= Z {Irc + Ik}
K

Applying Hélder’s inequality to Ik, and using the fact that wy and vy, are linear in K, and
using (1.2) and (2.11), we have

k| < Bsl|Vwp, - VUhHLp(K)HX - IhXHLp/(K) < Bsh||Vwp, - Vvh”LP(K)HVX”Lp/(K)- (2.20)

For the I1x, we break the integration over the boundary of each triangle K, into the sum of
integrations over its sides, and thus may use (2.12), and follow the same steps as in estimating
Ix. Hence,

(x| < CrhlAlwn)Vonlyws i) IVXIl L, () < CrBshlVwn - Vol o0 VXL, ) (2:21)

Finally, (2.20) and (2.21) establish the desired estimate for Cy = Cy + 1. O
The following lemma will be used in Section 4 to estimate the error in the Lo—norm. For
this estimation we will need to assume that A’ is Lipschitz continuous with constant L, i.e.

|A'(x) = A'(y)| < Llz —yl, Va,yeR. (2.22)

Lemma 2.4. Assume that A’ is Lipschitz continuous and v € VVq2 N HE, for 4/3 < q < 2.
Then there exists a constant C > 0 independent of h such that for wp, v, x € X,

lea(wni on, )1 SC{R? [Vl (IVwn - Voul| + [[v]ly2) (229
+ AV - V(on =)l VX, '
with 1/q+1/¢' = 1.

Proof. Let wg and w,. denote the average value of a function w over triangle K and the edge
e, respectively. Since v € qu, Lemma 2.2 gives the identity

((A(wh) - A(wh,e))VU "N, X — IhX)BK =0, VX € Xp.
Employing this identity, the fact that vy, is linear in K, Green’s formula, and (2.8) we get

€a(wn; vn, X) = Z((A’(wm = A (wn ) Vwn - Von, X = InX)
+ Z A(wn,e))V (v —v) -1, x — Inx), Z{IK + ITg}.
Using now Hoélder’s inequality, the fact that wy, is linear in K, and (2.11), we can bound I,

|IK|§O/ |wh—wh,}(||V’LUh'Vvh||X—IhX|dJC
K

< Ch2||thHLm [V, - vUhHL2(K) ||VX||L2(K)

(2.24)

Copyright © 2004 John Wiley & Sons, Ltd. Numer. Linear Algebra Appl. 2004; 00:1-26
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For the estimation of Ik, we apply (2.12) and we get,
(x| < Ch|(Awn) = A(wn,e))V (0r = 0)lwa ) VXL, 5)- (2.25)
Further, a simple calculation gives
[(A(wn) = A(wn.e))V (n = 0)lwa i) < CUVwR-V (0n =), 1) + PIVWRll L 0llw (i) -

Summing now over all triangles, the relation above, (2.24), (2.25) and using the fact that
q' > 2, we obtain (2.23). O
Next we will derive a “Lipschitz”-type estimation for &,.

Lemma 2.5. Let v € H' N Ly, w € VVp1 with p > 2 and A’ be Lipschitz continuous with
constant L, cf. (2.22). There exists Cy > 0 such that

l€a (V5 Gny X) — €alw; dn, X))

2.26
< Cohl[Vonll,_(Bs + LIVl IV -0l [V, VonxeXn, 20
where (B3 is the upper bound of A’, cf., (1.2).
Proof. We can easily see that
o030 = a0 = S04 [ Av((A) = A) Vo)1 - )
= UK
+ [ (40) = Aw) Vo nx— ) ds
OK
Also, since ¢y, is linear in K, div (V¢y,) = 0, therefore,
div((A(v) — A(w))Ven) = {A'(0)V(v — w) + (A'(v) — A'(w))Vw} - Ve, in K.
Then, this, (2.11), (2.12), the Holder inequality
lowlly, <llolly, lwlly,, witht>s, 242 =1, (2:27)
for s = 2 and t = p and the Sobolev inequality, cf. e.g., [6, 4.x.11],
ol < [IVvll, Vs < oo, (2.28)

give for Co = Cp + 1
lea(vs @n, X) — a(w; dn, X)| < C2h(Bs]|V (v — w)|[ + L] [v — w[ [Vw[ DI VX [[Vénll,,
< Coh(Bs||V (v — w)|| + Lilv — wl,_[[Vwl[, IV [[Vnll,
< Coh(fs + LIVwl MV =) [ VX[ [Vl - O

3. EXISTENCE OF FVE APPROXIMATIONS FOR SMALL DATA

In this section using a fixed point iteration we will show that a finite volume solution u, of
(2.3) exists and is in the ball
By ={x € Xn: HVXHLP <M}, withp>2,

Copyright © 2004 John Wiley & Sons, Ltd. Numer. Linear Algebra Appl. 2004; 00:1-26
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where M = M (f) > 0, cf. Theorem 3.1. Further, if M is sufficiently small, i.e., an appropriate
norm of f is small, the finite volume solution uy is unique, cf., Corollary 3.3.
For a fixed f € Ly, we consider the iteration map T}, : X;, — X, given by

ah(vh;Thvhvn) = (fa 77)7 vn € Yh' (31)

In view of the Sobolev imbedding, [|v|, < C||v|ly: for p > 2, we shall employ the following
o P
inf-sup condition, cf., e.g., [6, Chapter 7]: There exist constants a = (A4, ) > 0, h, > 0 and
e =€(A,Q) > 0 such that for all 0 < h < h,, and v, € X and w € Lo,

a(w; vy,
HVvhHLpgoz sup M

, (3.2)
O#XGX}L ||VX||LP/

with2§p§2+eand%+§=1.
In view of the identity a(wp;vn, X) = an(wp; vn, Inx) + €a(wr;vn, x) and the error estimate
in Lemma 2.3 and (2.17),

lea(wn; vn, )| < ChlIVwy - Vol IVl < OB 22 ([Vwnllp [IVonl, IV,
there exists hps > 0 such that for all 0 < h < hyy < hg

an(wn; Vn, In
IVonlly, <o sup 2Lt )

, Yo, € Xp,wp €By, 2<p<2+te (3.3)
0#X€Xh ||VX||LP/

Therefore, for h < hys and vy, € By, Thop is well defined. Note that (3.3) holds also for p = 2
and w, € By ={x € Xn: ||Vx|,. <M}, withp> 2.

In the following two theorems we will show that in a sufficiently small ball By, and data f,
there exists a unique solution u, € X}, of (2.3).

Theorem 3.1. There exists hy > 0, such that for all 0 < h < hyy, if |f|]| < Ma™! then T),
maps By into itself for 2 < p < 2+e.

Proof. Let vy, € By then in view of (3.3) we have

;T I T
IVThonll,, <a sup an(Vn; Ton, 1nx) <a sup (fs Inx)

T~ - 3.4
i, VAL, oieex, VAT (34)

Then, using (2.2) and the Sobolev inequality [[v]| < ||v[yy1, for p > 1, cf. [6, 4.x.11], we get
P

IVThonlly, < allfl; (3.5)

which gives the desired result. O
Next, we will show that the iteration map T} is Lipschitz continuous. For M sufficiently
small, T}, is a contraction in Bjs in H'-norm, which gives the uniqueness of the solution uy, of

(2.3) and the convergence of the fixed point iteration, v,’f“ = Thvp — up, as n — oo.

Theorem 3.2. Let A’ be Lipschitz continuous with constant L, cf. (2.22). Then there exists
a constant Cp, = C(A,Q) > 0 and h'y, > 0, such that for || f|| < Ma=", M < C™" and all
0 < h < hhy, Ty, is a contraction, with constant £ = C,M < 1,

IV(Tho — Thw)|| < V(v —w)|, Yv,w € By. (3.6)

Copyright © 2004 John Wiley & Sons, Ltd. Numer. Linear Algebra Appl. 2004; 00:1-26
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Proof. Let v,w € Bys. Then, in view of the definition of T}, (3.1) we have
an(v; T, m) — ap(w; Thw,n) =0, Vn € Y.
Therefore, we can easily see that for n = Inx, x € Xa,
an(v; Thv — Thw, InX) = an(w; Thw, Inx) — an(v; Thw, InX)
= eq(v; Thw, X) — ea(w; Thw, x) + ((A(w) — A(v))VThw, V).
Using now the fact that for sufficiently small h, Thw € By, cf., Theorem 3.1, the Holder
inequality (2.27) with s = 2 and ¢ = p and the Sobolev (2.28), the last term of the right-hand
side of (3.7) can be bounded for any x € Xj,
[(A(w) = A(v))VThw, Vx)| < B5l|(w — 0)[VThw| || [[Vx||
< allw — oll, 9Tl 9] < oMV (0 — w)] 9] ¢

(3.7)

3.8)

Also, in view of Lemma 2.5 the remaining two terms in the right-handside of (3.7), give
leq(v; Thw, X) — ea(w; Thw, )| < Coh=2/PM (85 + LM)||V (v — w)]| | Vx]|. (3.9)

Since, ap(vp;-,-) is coercive for v, € By and h sufficiently small, choosing x = Tpv — Thw in
the above relation and in (3.7) and (3.8) gives that there exists a constant Cr, = CL(A,) > 0
such that

IV(Tho = Thw)|| < CLM|V (v = w)].

Therefore, for M < Cgl, T}, is a contraction with constant 0 < { = Cp M < 1. O
Finally, Theorems 3.1 and 3.2 give the following corollary,

Corollary 3.3. Assume that A’ is Lipschitz continuous with a constant L. Then there exist
constants Cp, = C(A,Q) > 0 and hg > 0 such that if || f|| < o 'C; ', with2 < p < 2+ ¢ then
for h sufficiently small the problem (2.3), i.e., find up € X, such that

an(un; un, Inx) = (f, Inx), Vx € Xu,

has a unique solution, with € given in (3.2).

4. ERROR ESTIMATES

In this section we shall derive Wl— with 2 < s < p, Ly— and Lo.-norm error estimates for
the error up — u for f € L. We shall assume that the nonlinear problem (1.1) has a unique
solution u € qu N Hg, with 4/3 < ¢ < 2. In Section 3 we show that a finite volume solution
up, of (2.3) exists and is unique.

First, we will derive an a priori error estimate in ||V - ||, , 2 < s < p, norm. For s = 2 we
get the usual H'-norm error bound. But for s > 2 this estimate combined with a standard

Sobolev imbedding gives an L.,—norm error estimate, cf. Theorem 4.2.

Theorem 4.1. Let up and u be the solutions of (2.3) and (1.1), respectively, with f € L.
Then, if v = afBsM < 1 there exists a constant C = C(u, f), independent of h, such that for
0<h<hy
4
IV (un =), < Clu, IR0 with2 <s <p<2+e, 5 <e<2, (4.1)
where « is the constant appeared in (3.2).

Copyright © 2004 John Wiley & Sons, Ltd. Numer. Linear Algebra Appl. 2004; 00:1-26
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Proof. Using the triangle inequality we get
IV(un =)y, <IV(w=2)lp, +[IV(un =2l Yx € X (4.2)
In view of the approximation property of X,

inf [[V(v=x)[,, < ChM*2/572/9)|y)| e, with 4/3 < g <2<s, (4.3)
XEXH N a

the first term of the right—handside of (4.2) is bounded as desired. Also, we can easily see that
alu;up = X, ) = a(u; un = u, ) + a(u;u—x,¢) < a(u;un —u, ) + Baf[V(u =) L IV,
with 1/s+ 1/s" = 1. Hence, in view of (3.2), we may write for 2 < s < p,
CL(’LL, Up — X, 7/))
IV(un =)l S sup  ——=mmr=—r
b= Dogpex, VYL,

S a sup a’(ua Up — U, 11[})
oxpex, VI,

(4.4)
+aB||V(u =X)L,

Then in view of (4.3), it suffices to estimate the first term of the right-handside in the relation
above. We can easily see for any ¢ € X,

CL(’LL; Up — Uﬂ/’) = a(u; Up, 1/}) - (f7’(/))
= {a(u; un, ) — alun; un, ¥)} +{ealun; un, ) —en(f, )} = I + 11

Using then the fact that uj, € By, the Holder inequality (2.27), with ¢ = p, and the Sobolev
inequality (2.28), we have for any x, v € Xy,

(| = la(u; un, ¥) = alun; un, )| < Bsll(un — w)[Vunlll, [V,
< Bsllun = ull L IVunll IVl < Bs M|V (un —u)[ IV, (4.6)
< BsM(|[V (un =), + IV =)L)V,

The remaining term I can be bounded using Lemma 2.3 and (2.13), the inverse inequality
(2.17) and the Holder inequality (2.27), with ¢t = 2¢/(2 — q) and t = st/(t — s),

len(£, )] < CRIANIVY| < CRE> Y PV, = CRIFIIVEL,,, (4.7)

(4.5)

and
lea(un;un, )| < Ch(|[Vup - V(up — )|, + [ Vun - Vull, )Vl
< C(W 2P M|V (un = u), + Rl V|, [ Vull ) V], (4.8)
< C(W P M|V (un = w)|, + B2 M|[Vul| ) [V, -

Further, in view of the Sobolev imbedding, cf., e.g., [1]

||v||Lt < Clvlly:, Vo ew!, r<2 and t <2r/(2—7), (4.9)
and 2 2 2 2 2 2 2 2 2
l1+=---=1--4+---=2—--—+-—- +-—--,
t p t qg s s
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relation (4.8) becomes
lea(un; un, )| < C(R2PM|V (un —w)llp, + 22O fully ) IV, (4.10)
Thus (4.4)—(4.10) and the fact that 1 —2/q < 0, give

A= NIV(@ur =), < (v+aB2)|V(u— )|, +Ch 2P|V (u, — )|
+ Ch1+2/5_2/q(||u||qu + £

(4.11)

Finally, for h sufficiently small, the estimation above, (4.2) and (4.3) give the desired
estimate. a

Corollary 4.2. Let up and u be the solutions of (2.3) and (1.1), respectively, with f € Ls.
Then, if v = afsM < 1 there exists a constant Cs = Cs(u, f), independent of h, such that for
0<h<hpy

lu—unll,_ < Cslu, YRIF257210 with2 < s <p<2+e. (4.12)

Proof. In view of the Sobolev imbedding v, < Cs||[Vo|| , s > 2 and Theorem 4.1 we can
easily see that (4.12) holds. ad

Note that the constant Cs in Corollary 4.2 blows-up as s — 2. Later, in Theorem 4.5, we will
show an almost optimal order L., error estimate. Next, we will show that the finite volume
solution wy, is also bounded in ||V - ||, , 2/g+2/q = 1. This will be used later in the Lo—norm
error estimation. !

Theorem 4.3. Let up and u be the solutions of (2.3) and (1.1), respectively, with u €
W2NHg, 4/3 < q <2. Then uy € Wy, uniformly for all 0 < h < hyy, i.e.,

2 2
[Vunll,, < Clu, f), with p + 7= 1. (4.13)
Proof. We rewrite up by adding and subtracting Rpu and Ilpu, where Ry, : H& — X}, is the
elliptic projection operator defined by
a(u; Rpu, x) = a(u;u, x),  Vx € X,
and I, : C(Q) — X}, the standard nodal interpolant. Thus

IVunll,, < IV (un = Bpu)ll,, + IV Rullp,

(4.14)
< |IV(un = Rpu)llp, + IV(Rru = Ipw)||p + [VIaull g, -
In view of the approximation property, (4.3), II;, satisfies
V(v —v)| . < CRM27210 1)y, 4/3<q<2<s. (4.15)

Then, the last term in (4.14) can easily be estimated in view of (4.9) and (4.15), we have
IVITyull, < Cllullyyz- (4.16)
Also, we can easily see that the identity
a(u; Rpu — u, Rpu — u) = a(u; Rpu — u, Hpu — ),

Copyright © 2004 John Wiley & Sons, Ltd. Numer. Linear Algebra Appl. 2004; 00:1-26
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12 P. CHATZIPANTELIDIS, V. GINTING, R. D. LAZAROV

gives
IV(Rnu—w)|| < O V(IThu — ).

Thus, using the inverse inequality (2.17), (4.15) and the fact that 2 —2/¢g = 1 — 2/, we can

bound the second term in (4.14) by

IV (Ruu —pw) |, < CR¥/ TV (Ryu — Tu)| 17
! _ 4.17
< CRTY(|V (Rpu = )|l + IV (Maw = w)ll) < Clully

Finally, the first term, in (4.14) can be estimated similarly. From Theorem 4.1, (2.17) and the
fact that 2 —2/¢g =1 —2/q we have

IV (un = Ry, < O/ TV (up, — Ryu)|
< CRYTH(|V (un — )| + IV(Ryu — w)|| + |[V(Mpu —w)]])  (4.18)
< C(u, f).

Combining now this with (4.14), (4.16) and (4.17), proves the theorem. O
For the proof of the Lo—norm error estimate we will employ a similar duality argument as
the one used in [13]. Let us consider the following auxiliary problem. Let ¢ € H¢ be such that

a(u; ,v) + (A (w)VuVp,v) = (u—up,v), Yo € H}. (4.19)

If A(u) is Lipschitz continuous and A’(u)Vu € Lo, then the solution ¢ of (4.19) satisfies the
following elliptic regularity estimate,

||<p||Wq20 < Cllup, —wu||, with 4/3 < go < 2, (4.20)
where ¢p depends on the biggest interior angle of © and the coefficients A(u), A’ (u)Vu. If Q is

convex then qo = 2, and if it is nonconvex then gy < 2.

Theorem 4.4. Let up and u be the solutions of (2.3) and (1.1), respectively, with v €
W2NHyNWL, 4/3 < q < 2. Then, if u and A" are Lipschitz continuous, A" € Li(R),
f € H and v = ﬁflﬁgM < 1 there exists a constant C, independent of h, such that for

sufficiently small h,
lun — ul| < C(u, f)h*=2/a=2/, (4.21)

Proof. Before we begin the proof we note the following Taylor expansions
1
A(up) — A(u) = (up — u)/ Al(u—t(u —up))dt = (up, —u)A’,
0

A(up) — A(u) — AI(U)(Uh —u) = (up — u)2/0 A”(u = up))(1 — t)dt (4.22)

= (up — u)?A”.

Then, in view of (4.19), we have

lu = un||* = a(usu —un, ) + (A" (u)(u — up) Vu, Vip)
= a(u;u, ) — a(un; un, ©) + ((A(un) — A(w))Vun, V)
= ((A(un) = A(w))Vu, Vo) + ((Aun) — A(u))Vu, Vi) — (A'(u) (un — u)Vu, Vo)
= a(u;u, ) — alun; un, @) + ((A(un) — Aw)V(un —u), Vo)
+ ((Aup) — A(u) — A (u)(up, — u))Vu, Vo).
Copyright © 2004 John Wiley & Sons, Ltd. Numer. Linear Algebra Appl. 2004; 00:1-26
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Further, using (2.3) and (4.22), the relation above gives for any x € Xy,

Ju—un|® = a(u;u, ¢ — x) — alun; un, ¢ — X) +en(f, X) — €alun; un, X)
+ ((up, — w) AV (up, — u) + (up, — u)2A"Vu, Vo)

= {a(un;u —un, o — x) + ((un — u) A'Vu, V(e — x)) +en(f, x)} (4.23)
— ea(un;un, x) + {(un — w)A'V (up — u) + ((up — u)?A"Vu, Ve)}
=0+ 1+ I

Choosing now y = I in (4.23) and using (2.13) and Lemma 2.4 we get

L] < CUV(un =)l + [Vull_llun = u)IIV(e = Ta@) | + Ch? || £l g [ VIIne]l, (424)
|I2| < CL{R2(IVunll, (HVun [ + lullyy) + Rl Vs - (un — )l IVl -

Since 2 < ¢ = 2¢/(2 — q), (4.16), the approximation property (4.15) and the fact that
2 >3 —2/qo, now give

1] < CR2=210 (|19 (u = un) | + I Vull, = wnll + Bl L) el - (4.25)
Using then Theorem 4.1 and (4.20), we obtain
|11] < Cu)h®= @ {|IV (wn = w)ll + hllf || g+ un = ull }llun =]
< C(u, f)RP2/972/0 ||y, — u|| + C(u, f)A22P|juy — ).
Also, using the fact that ¢, qo > 4/3 we get ¢’ < 2qo/(2 — qo), thus in view of (4.9) and (4.15),
19Tl < Cllpls -

Then this, the inverse inequality (2.17), the Holder inequality (2.27), with s = 2, t = g and
s =q, t =2, and the fact that 2q/(7 — 2) < g, for ¢ > 4/3, give

(4.26)

L] < C{R*2 9Vl (IVunll I Vunll oy + elhs)
+ Al Vunll IV (un = w)[) HIVITell
< CIIVunll, {02252, + ulls) + IV Can — )]}l
Using, next Theorems 4.1 and 4.3 and (4.20), we obtain
|I2| < Cu, (W27 4RIV (un = w)|)[un — ull < Clu, YR ju — up]]. (4.27)

Next, we turn to the estimation of the term I3 in (4.23). For this we use the Holder inequality
(2.27) with ¢ = go; hence

[s| < OV (un — w)l[ [(w — un) Vel < ClIV(un —w)l| lun —ullp, [Vely, - (4.28)
Then the interpolation inequality, cf., e.g., [15, Appendix B],

1/2 .
oll,,, < loll2llol /%, with s = 2q0/(4 = qo),

and the Sobolev inequality (2.28) give

lun = ull,,, < CIIV (un = w2 |lun, — /2.

Copyright © 2004 John Wiley & Sons, Ltd. Numer. Linear Algebra Appl. 2004; 00:1-26
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14 P. CHATZIPANTELIDIS, V. GINTING, R. D. LAZAROV

Therefore, using this and Theorem 4.1 in (4.28) give
1
[Is] < CIIV (u = wn) P2 lu = un |2l @llws < (CIV (= un)l® + 5 lu—unl) lu— unl
1
< C(u, HRPE2D |lu— | + 5w — un*

We can easily see that 3(2 —2/q) > 4 —2/q — 2/qo. Therefore, combining the relation above
with (4.23), (4.26) and (4.27), we get

lu = upl|* < [L] + | I + | I3
< C(u, [)R210721% lup, — | + Clu, fYRP2/4 Jup = ul|® + C(u, IR/ 9]|u = up|
1
+ C(u, IPPCD Ju— | + 5 llu—unl?,
which for sufficiently small h gives the desired estimate. O

Theorem 4.5. Let up and u be the solutions of (2.3) and (1.1), respectively. Then, if Q0 is
convex, vy = C’Qﬂl_lﬂgﬁgﬂuﬂwl < 1, with Cq > 0 a constant depending only on Q, u € W2,

and f € Loy, then there exists a constant C independent of h, such that for sufficiently small
h,

1
= unlly.. < Clu, /) log(3). (129)
Proof. Using again a triangle inequality we get
lun —ully < llw, —ullp + llun =l
where wu;, is the Galerkin finite element approximation of u, i.e.,
alup;uy, x) = (f, %), Vx € Xa. (4.30)
In the case of the linear problem —div (A(x)Vw) = f, we have for A € W2, cf., eg., [6]

1
lwn —wl,_ < Ch? 10g(ﬁ)||w||wgo=

where wy, is the finite element approximation of w. Since f € L. and u € W2, then
A(u) € W2 Therefore,

1
[ Rhu —ull,_ < C(u)h? log(ﬁ). (4.31)
The estimation of ||, — Rpul|,__ was derived in [21], where it shown that
lwy, = Rnullp, < llu, =l (4.32)

with v = CaB; ' B2s]|ull 2 - Thus (4.31) and (4.32) give
P

(1= )l —ull. < Cl)h?log(3), (4.3)

We turn now to the estimation of |lu;, — up|_. Let mo € Ko € 7 such that |lu;, —unl, =
[(w), — up)(z0)| and d,, = & € C§°(NN) a regularized Dirac é—function satisfying

(0,x) = x(x0), Vx € X

Copyright © 2004 John Wiley & Sons, Ltd. Numer. Linear Algebra Appl. 2004; 00:1-26
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For such a function §, cf., e.g., [6], we have
suppd C B={z € Q: |z —zo| < h/2},

/ §=1, 0<6<Ch™2 ||§], <CRU-P/P 1 <p<oo
Q P

Also let us consider the corresponding regularized Green’s function G € Hg, defined by
a(uy; G,v) = (6,v), Vv € Hy. (4.34)
Then, we have

lwp, —unlly . = 0,1y —un) = aluy; G, wy, — un) = a(uy; Gry ), — un)
= (f,Gn) — alw,; un, Gn) (4.35)
= en(f, Gn) — €alun; un, Gn) + {a(uy; un, Gn) — alun; un, Gn)},

where G}, € X}, is the finite element approximation of G, i.e.,
a(uy; G, x) = a(uwy; Gro X)), VX € X,

Since u € W2, we have u € H?. Thus, in view of Theorem 4.3, |[Vuy||, < C. Further, using
Lemma 2.4 and (2.13), (1.2) and Theorem 4.4, we obtain

luy, = unll,. < CLREF g + IVunllg I Vunll + [ Vanlllul 2)
+ Al Vunlly, IV (un = w)ll + [y, = wn) [Vunl[[HIVG]] (4.36)
< CRA (Nl + = + lly, = ul)IVGll-

The last term can be estimated by, cf., e.g., [13],
luy, —ull < C(u, )R (4.37)

In addition in view of [22, Lemma 3.1] we get

1

Gl < CIIVG]|, < CWWHLS, (4.38)
with s | 1. Choosing now s = 1 + (log(1/h))~! we have
Gl < Cllos(7))/2 (439
Combining now (4.35)—(4.39), we obtain
g~ wnll. < Clos S log(3) (1.40)
(From this and (4.33) for v < 1 we get the desired estimation (4.29).
Copyright © 2004 John Wiley & Sons, Ltd. Numer. Linear Algebra Appl. 2004; 00:1-26
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16 P. CHATZIPANTELIDIS, V. GINTING, R. D. LAZAROV

5. NEWTON’S METHOD

In this section we shall analyze Newton’s method for the computation of the finite volume
solution uy, of (2.3). We consider an inexact Newton iteration, a variant of the Newton iteration
for nonlinear systems of equations, where the Jacobian of the system is solved approximately,
cf., ef., [2, 3, 11]. Our analysis is based on a similar approach for the finite element method,
studied by Douglas and Dupont in [13].

Also here, we will assume that (1.1) has a unique solution v € H? N H}. For ¢ € H! we
define the bilinear form N(¢;-,-) on H} x H} by

N(¢;v,w) = a(¢; v, w) + d(¢; v, w), (5.1)

where d is given by
d(¢5v,w) = (A'(¢)vV, V). (5-2)

Further, let Ny, be the corresponding finite volume form to N, defined for ¢ € H? N H} on
(H2NHY) + X, x (H? N H) + X, by

Ni(¢;v,w) = an(¢; v, w) + di(¢; v, w), (5.3)

where dj, is given by

0K

dp(p;v,w) = — ;/K div(A'(¢)vV ) [hw dx +/ (A (p)vV @) - nlpwds. (5.4)

For u) € X}, the Newton approximations to the solution uj, forms a sequence {uf}°, in
X, satistying

Np(upsuf ™ —uf, x) = (f. Inx) — an(uf;up, Inx),  Vx € Xp. (5.5)

We will show that uﬁ — uyp, in H'-norm as k — oo, with order two, provided that u% is
sufficiently close to up. For this we will assume that w;, converges to u sufficiently fast,

lu—unly_ +onllu—unllg —0, ash—0, (5.6)
where
on = sup{[Ixll, /Xl - 0# x € Xa}. (5.7)
Since 7}, is a quasi-uniform mesh, there exists a constant C, independent of A such that
1
jonl < Clog(7). (5.8)
Further, let C3 be another constant, independent of h, satisfying
”uh”Wolo < Cs. (5.9)

Note that this assumption holds, for w € H?2, cf. Section 3. In addition we assume that A" is
bounded and is Lipschitz continuous, i.e.,

A" ()] < Ba, |A"(2) = A"(y)| < Lolz —y|, Vo,y R (5.10)

Next, we will show various auxilliary results that helps in the proof of Theorem 5.1. We
start by stating the following lemma of Douglas and Dupont, [13].
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Lemma 5.1. Given T > 0, there exists positive constants §, hg and Cy such that the following
holds. If 0 < h < hog, if ¢ € WL satisfies

Iy <7 and ould—ull g <6,
and if G is a linear functional on H} with

el = S109]

sup ,
0#xEX ||X||H1

then there exists a unique v € X}, satisfying the equations
N(¢;v,x) = G(x), w € X. (5.11)
Furthermore, v satisfies the bound
ol < CulllGIII- (5.12)

We shall also use the error functional €y, defined by ey = N — Nj, and we derive similar
estimates to ., cf. Section 2.

Lemma 5.2. For ¢ € X}, the error functional e satisfies

len (89,1 < ChIIVEl L (L+ onlloll gl el glixlig, Vv € X

Proof. jFrom the definition of £y we can easily see that, exy = ¢, + (d —d},). Therefore in view
of Lemma 2.3, it suffices to bound d — dj,. Following the proof of Lemma 2.3 we have,

=> {(div((A(¢)¥) Vo), x — Inx)x + (A ($)1)Ve) - n, x — InX)ox }
% (5.13)

=> {Ix +1Ix}.
K

Applying Holder’s inequality to I, and using the fact that ¢ is linear in K, (1.2), (5.10) and
(2.11), we have

x| < (B3][Ve- V7/’||L2(K) + Ball |V¢|27/1||L2(K))”X - IhX||L2(K)
< Ch(BsIIVY - VYl 1,y + Ball VLY L ke DIV X L 16

For the I1x, we break the integration over the boundary of each triangle K, into the sum of
integrations over its sides, and thus may use (2.12), and follow the same steps as in estimating
Ix. Hence,

(5.14)

[IIxc| < ChI(A(D)V)V Y| 1 (1) VX 1y (1)
< Ch(Bs[IV¢ - VY 1y + Ball VLY 1y ke DIV X Lo 16 -
Then combining this with Lemma 2.3 and (5.14), we get
len (¢34,)| < CR(IVll, VUl + IVl ¢l Vo)Xl
Finally, in view of the definition of o} we get the desired estimate. ]

Next, we derive a “Lipchitz”—type estimation for .
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Lemma 5.3. Let v,w, ¢, x € X then
len (vs &, X)—en (w; &, X)| < CA{||[V(v = w) - Vo + [Vwlp_ (v — w)Vg]|
+(Vol? = [Vw?)gl| + |Vl _ 10 = w)gll I Vx-
Proof. Similarly as in the proof of the previous lemma, we can easily see that ey =
€a + (d — dp). Thus in view of Lemma 2.5, it suffices to estimate d(v; ¢, x) — dn(w; @, x)-
Using a similar decomposition as in (5.13) and then applying (2.11) and (2.12) we get

|d(v; ¢, x) = dn(w; ¢, x)| < Ch{]|div((A"(v)Vv — A (w)Vw)g) ||
+ (A" (0) Vo = A'(w)Vw)o| g HIV -

(5.15)

(5.16)

Next, since ¢ € X}, we have
div((A'(v)Vv — A (w)Vw)e)
= (A"(0)|Vo]? = A" (w)|Vwl*)é + (A'(v) Vv — A'(w)Vw) - V¢
— (A7) V0P = [w)p + (A" (0) — A" (1)) Ve[
+ (A" (v)(Vv = Vuw) - Vo + (A’ (v) — A (w))Vw - V.
Therefore, (5.16) gives
|d(v; ¢, x) = dn(w; ¢, x)| < Ch(|[V(v —w) - Vo[ + [Vl _[I(v = w)Ve|) [V
+ Ch(|(1Vo]* = [Vul)el| + [IVwl]_lI(v = w)l)Vx]-

Finally, this estimation and Lemma 2.5 give the desired (5.15). O
Next, we show an error bound that we will employ in the proof of Theorem 5.1.

(5.17)

(5.18)

Lemma 5.4. For vy, wp, x € Xy, we have
len (vn; Wi — Vh, X) + €a(Vh; VR, X) — Ea(wh; wh, X))
2 — 2
< Ch(on(IVonlly,_ 4+ IV (wn + o)l ) + A~ ") lwn — onll g X1 g -

Proof. In view of the definition of ey and &, we have

(5.19)

en (U Wh — Vi, X) + €a(Vn; Vhy X) — €alwWhs wWh, X)

= ;/Kdiv(A(vh)V(wh —vp) + A'(vp) (wp, — vi) Vo + A(vp) Vo,

- A(wh)vwh> (x = Inx) dx

+ ; /é)K (A(Uh)V(wh —vp) + A (o) (wn, — vi) Vo, + A(vp) Vo

- A(wh)th> -n(x — Inx) ds.
Then, since vy, wy, are linear in K € 7, we get
div(A(vh)V(wh — ) + A’ (o) (wh — vi)Vop + A(op)Von — A(wh)th)
=2A(vp) Vo, - V(wp, — vp) + A" (v3) (wn, — v3)|Vor|? + A (0p) | Von|? — A (w) [V |?
= A" (vp)(wn — vp)|[Von|? + A’ (on)|[Von [ = A (wn)|Vop*
+ A (wp)|Vop |2 — A (wp) |[Vwn |* + 24" (v,)Vuy, - V(wp — vp).
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We consider now similar Taylor expansions as in (4.22) and denoting this A’ and A” the
expressions corresponding to A’ and A”, where we substitute A with A’. Then the previous
relation gives

div(A(vh)V(wh —vp) + A'(vp) (wn, — vi)Vop + A(vp) Vo, — A(wh)th)
= —(wp, —vp)2A" |V |? = A (wp)Vor - V(wy — vp) — A (wp)Vwy, - V(wy, — vp)
+ 2A (vp,)Voy, - V(wp, — vp)
= —(wp, —vp)2A"|Vup|? + (A (vy) — A’ (wp)) Vo - V(wp, — vp)
+ (A (vp) = A (wp))Vwy, - V(wp — vp) — A (0) |V (wp, — vp)|?
= —(wp, —vp)2A" |V |? + (A" (v) — A (wp))V (wh, +vn) - V(ws, —vn) — A (0p) |V (wy, — vp)|?
= —(wp, —vp)2A"|Vop|? = (wn — vp) A’V (wy, 4 vp) - V(wp —vp) — A (0) |V (wp, — i)
Finally, this combined with (2.11) and (2.12) give the desired estimate
len (vn; wh = vny X) + €a(vn; va, X) = €a(wns wh, X))
< Ch(|lwn — vnll, _IIVonll7_ + lwn —vall, IV (wn +va)ll
+ llwn = onlly ) llwn = onll g Xl o
< Ch(on(IVunlly_ + l(wn +vn)llp ) + b Ywn = vnllzp Xl g O

Next, we show that the Newton sequence obtained by (5.5), is well defined and it converge
to the finite volume approximation up, of (2.3) with order 2.

Theorem 5.1. There exists positive constants hg, 0 and Cs such that if 0 < h < hy and
onllul —upllyn < 6 then {uf}e, exists and v, = ||uf —upl| is a decreasing sequence
satisfying

Vi1 < Csopvi. (5.20)

Proof. The proof is based on a similar result of Douglas and Dupont, [13], for the finite element
method. First we show that for hg and § are sufficiently small, and oy, ||Juf — unllgr = onvk <0,
with 0 < h < hg, there exists a unique UZ+1, given by (5.5). It suffices to show that if

Np(ufiv,x) =0, Vx € Xp,

then v = 0, or else |[v| ;1 < 0. For this we will employ Lemma 5.1 and demonstrate that
Cul|lG|Il < ||lv|| g1, for an appropriately defined functional G. We can easily see that

N(UMU’X) = G(X)a
where G is given by
G(X) = N(U}L;’U, X) - Nh(u;gw v, X) = {N(Uh, v, X) - N(U’Z;U7 X)} + EN(U’;CN v, X) =1 + II7
Following the proof in [13] we have that that
1] < Conllun — ukll g [0l o [1X] g = Convilloll g X1 g1 - (5.21)

For the estimation of IT we use the inverse inequality, (2.17), (5.9), Lemma 5.2 and the fact
that induction hypothesis and (5.6) give

il g < vi+ unll g < 0370 + Jlunll g < G, (5.22)
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to get

111} < Con (L + onllugll ) + h (1 + on gl ) llwnllws ol X1 g2

(5.23)
< Convellv|l g llxll g + Chonllvll gl x|l g -

Hence, since o, < C'log(1/h), (5.21) and (5.23) give for 0 and h sufficiently small, ||[v|| ;. <
Coon (v + h1og(1L/1) [ s < ol s thus v = 0.

In order to show (5.20) we will employ again Lemma 5.1 for a different functional G. This
time let

N (up;up ™ —up, x) = G(x),  Vx € Xn,
where G is defined by

G(x) = N (up; uf, — un, x) + N(ufsuptt —uf, x)
+ N (ups up ™ = g, x0) = N(ugsup ™ — g, x)
= {N (un; uf, — un, x) + alun; un, X) — a(uf; uf;, x)} (5.24)
+{en (uf; uptt = uf, X) — eaun; un, x) + cal(uf; uf, x)}
+ {N(up;uf ™ —uf ) = N(uf;uf ™ —uf )} =T+ 1T+ 111

We will show that
Gl < Copvi(vk + vit1) + Chopvitr. (5.25)

Then Lemma 5.1, and opv, < 6, give

Vg1 < C4|||G||| < C'Uhl/k(l/zC + Vk+1) + Chohl/k_,_l
1 (5.26)
< Copvi +C(5 + hlog(ﬁ))ykﬂ.
Finally for sufficiently small § and h, the desired estimate, (5.20), follows easily.
Let us turn now to the estimation of |||G]||, for G given by (5.24). The terms I and 1] are
similar to the ones that appear in the analysis of the finite element method in [13], thus using
the same arguments we get

|I+III| SCJth(Vk'i‘Vk-i-l)HXHHl- (5.27)

Then, we can easily see that II can be rewritten in the following way,

I = en(uf;up™ —uf, x) —en(un;up ™ —uf, x)
+en(unup ™ = uf, X) = calunsun, x) + a(uf; uf, x)
= {en(up;uptt —ui, x) —en(uniup ™ — uf, x)} (5.28)
+en(unsuptt — un, x)

— {en(un;ujy, — un, X) + calun; un, X) = ea(uf; ug, x)} = I + I + I3,
Using Lemma 5.3, (5.9), inverse inequality, (2.17), (5.6) and (5.22), we can bound II; in the
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following way,

11| < CR{(IV (up, = un)llp . + [Vunllp lluk = unlly IV (al ™ = up)]
+ (IIV (g, +wn)ll, IV (ufy — )|

2
Il — ) o™ =l Y g (5.29)

< C((1+ (Jug, + unll gr + h)on)ve e + vir1)) Ixll
< Copvk (Vi + Vi) x e -

Further, using Lemma 5.2, (5.9) and (5.6), we can easily bound 11z,

k
(11| < Ch(IVunlly  + onl|Vunlly_lunllgo)llug ™ = wnll gl

(5.30)
< Ch(1 + on) Vs lx] g -

Finally using, Lemma 5.4 and the fact that |Vun|, < C3 and h”V“ﬁHLw < COllufll i £ C,
113 can be estimated by

2
11| < C(howl|Vunlly . + honl|V (uf + un)ll ;. + Dliuf; = unll g x|

. (5.31)
< Clon + Dviclixllg-

Therefore combining (5.27) and (5.29)—(5.31), we get the desired (5.25). O

6. NUMERICAL IMPLEMENTATIONS

In this section we present procedures for implementing the finite volume method for the
nonlinear problem. A series of numerical examples is given to further assess the theories
that were preceedingly deduced. Following the previous mathematical works, we implement
two iterative schemes to solve the nonlinear finite volume problems, namely the fixed point
iteration and the Newton iteration. As will be clear in the following subsection, these two
schemes are built in the finite dimensional setting, i.e., using the finite element space Xj,.
We denote {¢;}&, to be the standard piecewise linear basis functions of Xj. Then the finite
volume element solution may be written as

d

up, = Z a; ¢; for some a=(a,as, - ,aq)
i=1

T

6.1. Fized Point Iteration vs Newton Iteration

To describe the schemes, we begin with several notations, noting that some of them have
already been mentioned. Let Zj be the collection of vertices z; that belong to all triangles
KeT,and Z) ={2z,€ Zy:2: ¢ Up}. Let I = {i: 2 € Z)}, Ik = {m: 2y, is a vertex of K},
Ty, ={KeT,:i€lg},and I, = {m € I: z, is a vertex of K € T}, ;}. Let V; be the control
volume surrounding the vertex z;.

Now we may write this finite volume problem as to find a = (a1, g, -+ ,aq)? such that
F(a) =0, (6.1)
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where F : R — R? is a nonlinear operator with

Fi(a) = — - A(uh)Vuh-nds—/v fdz Viel. (6.2)

The fixed point iteration is derived from the linearization of (6.1) on the coefficient A(u) in
(6.2). Thus, given an initial iterate a® (i.e., equivalently u9 = E;i:o a%¢;), for k=0,1,2,---
until convergence solve the linear system M (a*)a**! = g, where M(a¥) is the resulting

. . d .
stiffness matrix evaluated at uf = >0, a¥@;, whose entries are

Mh =~ [ AV nas
oV

On the other hand, the classical Newton iteration relies on the first order Taylor expansion of
F(«). It results in solving a linear system of the Jacobian of F'(«). An inexact-Newton iteration
is a variation of Newton iteration for nonlinear system of equations in that the system Jacobian
is only solved approximately, cf. e.g., [2, 3, 11]. To be specific, given an initial iterate o, for
k=0,1,2,--- until convergence do the following:

(a) Solve F’(a®)6k = —F(a*) until |[F(a®) + F'(a*)5%|| < B [|1F(a®)||;
(b) Update aft1 = oF + 6*.

In this algorithm F’(a*) is the Jacobian matrix evaluated at iteration k. For iterative
technique solving a linear system such as the Krylov method we only need the action of
the Jacobian to a vector. It has been common practice to use the following finite difference
approximation for such an action:

Fl(o*)v ~ Flo® + ov) _F(ak), (6.3)

g

where o is a small number computed as follows:

__ sign(o* ) Ve max(a* - ol ol
v-vU

3

with € being the machine unit round-off number. We note that when 8 = 0 then we have
recovered the classical Newton iteration. One common used relation is

IF )]\’
||> ’

with By = 0.001. Choosing f, this way we avoid oversolving the Jacobian system when a* is
still considerably far from the exact solution.

Instead of using (6.3), we will present below an explicit construction of the Jacobian matrix.
We note that we may decompose F; () as follows:

Fi(a) = Z F; k(a), where F;g(a)= _/Kmavi A(up) Vuh-nds—/ fdz.

KeTy Knv:

From the above description it is apparent that F;(«) is not fully dependent on all

a1, ae, -+, aq. Consequently, 81;;@) = 0 for j ¢ I;,. Next we want to find an explicit form
J
OF;(a) ; )
of “Ba; for j € I;.
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Now suppose the edge z;z; is shared by triangles K, K, € T}, ;. Then

OF; /
== /K o (A'(un) ¢;Vup - n + Aup) V- n) ds.

9oy e=lr

Furthermore,
Oh _ _ Z / (A (up) ¢iVup - n+ A(up) V ¢; - n) ds.
Doy KNoV;

KeTy ;

From this derivation it is obvious that the Jacobian matrix is not symmetric but sparse.
Computation of this Jacobian matrix is similar to computing the stiffness matrix resulting
from standard finite volume element, in that each entry is formed by accumulation of element
by element contribution. Once we have the matrix stored in memory, then its action to a vector
is straightforward. Since it is a sparse matrix, devoting some amount of memory for entries
storage is not very expensive.

6.2. Numerical Examples

In this subsection we present several numerical experiments to verify the theoretical
investigations. We solve a set of Dirichlet boundary value problems in Q = [0,1] x [0, 1].
We compare the fixed point iteration and the Newton iteration. In both schemes, the iteration
is stopped once |uf —uf~!||r.. < 107'%. In all examples below, the initial iteration is taken
to be a = (0,0,---,0)7.

The first example is solving —V - (k(u)Vu) = f in Q where the function f is chosen such that
the known solution is u(x,y) = (z — 2%)(y — y?) The nonlinearity comes from the coefficient
with k(u) = ﬁ The results are listed in Table I. First column represents the mesh size. The
domain is discretized into N numbers of rectangle in each direction. Each of these rectangle is
divided into two triangles. Second and third columns correspond to the number of iterations
performed until the stopping criteria is reached for fixed point iteration (FP) and Newton
iteration (NW), respectively. The table shows that a superconvergence is observed in H!-norm
due to the smoothness of the solution. Number of iterations in both schemes do not depend on
the the mesh size. The numerical results for the second example are presented in Table II. Here

Table 1. Error of FVEM for nonlinear elliptic BVP, with u = (z — 22)(y — ¢?) and k(u) = 1/(1 + u)?

h # iter H'-seminorm Ls-norm Loo-norm
FP | NW || Error x10~° | Rate || Error x10~° | Rate || Error x10~° | Rate
1/16 7 5 17.1931 - 3.73555 - 7.51200 -
1/32 7 5 4.31635 1.99 0.94094 1.99 1.88100 1.99
1/64 7 5 1.08075 1.99 0.23568 1.99 0.47000 2.00
1/128 7 5 0.27778 1.96 0.05894 2.00 0.01180 1.99

the exact solution is chosen to be u = 40(x — 2?)(y —y?) and k(u) = 0.125(—u> +4u? — Tu+8)
ifu<1andk(u) =1/(14wu)if u > 1. Again a superconvergence is observed for this example.
Furthermore, number of iterations needed are slightly higher than the previous example, which
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may be due to larger source term f. In this case the Newton iteration is shown to converge faster
than the fixed point iteration. Next we consider a problem with known solution u(x,y) = x!-¢

Table II. Error of FVEM for nonlinear elliptic BVP, with u = 40(z — 2?)(y — ¥*) and k(u) =
0.125(—u® +4u® — Tu+8) if u < 1 and k(u) = 1/(1 +u) ifu > 1

N # iter H'-seminorm Ls-norm Loo-norm
FP | NW || Error x1072 | Rate || Error x10=2 | Rate || Error x10=2 | Rate
1/16 || 16 10 33.65484 - 7.33022 - 13.3000 -
1/32 || 15 8 9.10047 1.89 1.98347 1.89 3.57150 1.90
1/64 15 7 2.32645 1.97 0.50708 1.97 0.91120 1.97
1/128 15 7 0.58451 1.99 0.12740 1.99 0.22880 1.99

with k(u) = 1 +u. Obviously, this solution is an element of H?(£2) but not in H3(£2). Also the
resulting source term f only belongs to L?(2). The results are presented in Table ITI. These
experiments show that the H'-norm of the error decreases at first order. The Ly-norm of the
error decreases slower than second order. Again, this case shows that the Newton iteration is
relatively faster than the fixed point iteration.

Table II1. Error of FVEM for nonlinear elliptic BVP with u(z,y) = ' and k(u) =1+ u

N # iter H'-seminorm Lo-norm Loo-norm
FP | NW || Error x10~% | Rate || Error x10~% | Rate || Error x10~* | Rate
1/16 11 6 34.1671 - 3.71216 - 8.97536 -
1/32 11 7 17.5558 0.96 1.44873 1.36 3.53674 1.34
1/64 11 7 8.68644 1.02 0.53714 1.43 1.33414 1.40
1/128 11 8 4.20084 1.05 0.19272 1.48 0.48582 1.46

Tables IV and V illustrate Theorem 5.1. In this theorem, it has been shown that there
exists a sequence of solutions in the Newton iteration such that their errors with respect to
the finite volume solution uy, are a decreasing sequence. Using the notation in that theorem,
Vi = |[uf — up| ;2 is a decreasing sequence satisfying

Vk+1 §C5crhulz, k=0,1,2,---.

We would like to examine the numerical behavior of this sequence for a fixed mesh size h. It
is obvious that given vy we have

v < (C5Uh)2k_ll/gk, k=1,2,---,
which after dividing by ugk and taking logarithm on both sides give
llog(v /v < Cson (28 — 1),  k=1,2,--
Hence we should expect that the sequence v would decrease exponentially as k — oo.
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Table IV. Results for case 2

. h=1/32 h=1/64 h=1/128
[og(i/ ) | m | Nlog(ve/v3 )] | m || [log(ve/s3 ) | m

1 1.13 1.13 1.13

2 3.40 3.02 3.40 3.02 3.40 3.02

3 7.97 7.08 7.96 7.06 7.96 7.05

4 16.8 15.0 16.8 14.9 16.6 14.7

The Tables IV and V show the decreasing behavior of the sequence resulting from the
Newton iteration for last two model problems described above. In each table, k represents the
iteration level, h is the mesh size, and m is the value of row k divided by the value of row
k—1.

For case 2 presented in Table IV, in which the problem has a piecewise continuous coefficient
and larger source term, we see that the decreasing behavior of the sequence is approximately
exponential, and it is independent of the mesh size. Similar trends are also evident for case 3
shown in Table V.

Table V. Results for case 3

. h=1/32 h=1/64 h=1/128
[log(ve/vg )| | m || [log(ve/vg )| | m || [log(ve/13 )| | m

1 1.17 1.32 1.45

2 3.57 3.05 3.86 2.93 4.19 2.89
3 8.04 6.85 8.72 6.63 9.26 6.37
4 16.8 14.3 18.2 13.9 19.6 13.4
5 32.7 27.9 36.9 28.1 40.1 27.6
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