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Abstract

Recently a stable pair of finite element spaces for the mixed formulation of
the plane elasticity system has been developed by Arnold and Winther. Here
we construct a two-level overlapping Schwarz preconditioner for the resulting
discrete system. Essentially, this reduces to finding an efficient preconditioner
for the form (-, -) 4+ (div -, div ) in the symmetric tensor space H (div,2). The
main difficulty comes from the well known complexity of building precondition-
ers for the div operator. We solve it by taking a decomposition similar to the
Helmholz decomposition. Both additive and multiplicative preconditioners are
studied, and the conditioner numbers are shown to be uniform with respect to
the mesh size.

1 Introduction

The purpose of this paper is to present and analyze the overlapping Schwarz precon-
ditioner for the mixed formulation of the plane elasticity system. Compared to the
primal-based methods, mixed finite element methods have some well-known advan-
tages [1, 14]. For example, the dual variable, which is usually the variable of primary
interest, is computed directly as a fundamental unknown. Another important advan-
tage, in the case of linear elasticity, is that the mixed formulations exhibit robustness
in the computation of nearly incompressible materials. Mixed methods also have
some obvious disadvantages, such as the necessity of constructing stable pairs of fi-
nite element spaces and the fact that the resulting discrete system is indefinite. For
decades extensive research has been taken to explore the mixed formulation of the
plane elasticity system (also known as the weak formulation of the Hellinger-Reissner
principle). Most of them focused on developing stable pairs of mixed finite element
spaces and several different solutions have been proposed [2, 3, 6, 21]. As stated
in those papers, the crux of the difficulty is that the stress tensor in the Hellinger-
Reissner principle has to be symmetric. Indeed, the symmetry condition of the stress
tensor is so hard to satisfy that the authors of [2, 3, 21] had to resort to composite
elements. Only recently did Arnold and Winther propose a new pair of mixed finite el-
ements (the Arnold-Winther elements) which does not use composite elements [6]. In



this paper we choose to use the Arnold-Winther elements. The Arnold-Winther finite
element spaces consist of piecewise polynomials and satisfy the stability requirement.
In [6] only the pure displacement boundary problems are considered, but we will show
that the spaces also work for the pure traction boundary problems. To prove it, one
only need to modify the interpolation operator given in [6] so that it preserves the
essential boundary condition. Finally, we mention some alternative ways to circum-
vent the difficulty of constructing stable pairs of spaces while preserving symmetry
for the stress tensor. One way is to reformulate the saddle-point problem by using
Lagrangian functionals so that it does not require symmetric tensors [4]. Another
way is to use least-square formulation so that it does not require the classical discrete
inf-sup condition [7].

Throughout the paper, we adopt the convention that a Greek character denotes
2 x 2 symmetric tensor, a bold Latin character in lower case denotes a vector and
a bold Latin character in upper case denotes an operator or a matrix. Let 7 =
(7ij)1<i j<2 be a symmetric tensor, v = (vy, v2)" be a vector and ¢ be a scalar. Define
dive = a%vl + a%vg and
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Define the innerproduct between vectors and the innerproduct between matrices as:
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Let Q be a convex polygon in R*. We will use the usual notation L?(Q2) for the set
of square integrable functions on Q and H*(f)), where s is a real number, for the
normal Sobolev space defined on 2 [15]. Denote || - ||s,o the H*-norm and | - |5 the
H*-seminorm as defined in [15]. Define the spaces

L*(Q) = {vectors v = (v1,v2)" such that v; € L*(Q) for i = 1,2},
H(div, Q) = {symmetric tensors T = (7;;)1<; j<2 such that 7;; € L*(Q)
and div T € L*(Q)},
H(div,Q) = {7 € H(div,?) such that T7n|sq = 0},

where n is the outer normal vector on 0€). For simplicity, we will use the notation
(-,-) to denote the L2-innerproduct and || - || to denote the L?*-norm over scalar,
vector or tensor fields defined on the whole Q. Define the norm on H(div, Q) as
|7 || r(aiv ) = [(7, 7) + (div 7, div 7)]"/2. Now we can state the mixed formulation of
the plane elasticity problem rigorously. We only consider the pure traction boundary
problem: Find o € Hy(div, ) and u € L*(2) such that

{fQAO':TdCB—}-deiVT-ud:B:O V1 e Hy(div,Q), O

Jodive -vde = [,g-vdx Vo e L*(9Q).



where the compliance tensor A : H(div,Q) — H(div,() is bounded, symmetric
and uniformly positive definite and g € L*(Q) is the body force. In order that the
above problem be well posed, we need the compatibility condition on g. Let

et (3).().(2)

be the space of infinitesimal rigid motions. By Korn’s inequality, one can see that
for any g € RM*22@ _ which means the orthogonal complement of RM in L*(f),
system (1) has unique solution in Ho(div , Q) x RM> 2@ [14].

The discretization of the system (1) leads to a symmetric indefinite linear system.
Generally speaking, there were three main approaches toward solving large symmetric
indefinite linear systems corresponding to certain mixed formulations. One can use
the well-studied Uzawa-type method [10, 14, 17]. The second choice is the positive
definite reformulation proposed by Bramble and Pasciak in [8] and [9]. The third
choice is the preconditioned minimum residual method analyzed in [5, 22]. Our pa-
per adopts the idea of preconditioned minimum residual method. An analysis similar
to the one in [5] will show that the problem of constructing a preconditioner for the
indefinite linear system derived from system (1) is essentially the same as the problem
of constructing a preconditioner for the bilinear form (-, -) + (div -, div -) in the ten-
sor space H(div,€2). We construct the preconditioner by the overlapping Schwarz
method. For more background on this topic, one can refer to [16, 11, 12, 24, 25].
The main difficulty comes from the well-known complexity of building overlapping
Schwarz preconditioners for the div operator and also the non-nested character of
the finite element spaces.

In Section 2 we briefly present the mixed finite elements introduced in [6]. Further-
more some important observations on this finite element space are stated and proved.
In Section 3 the details of the overlapping Schwarz preconditioner are explained and
the condition number of the preconditioned system is analyzed. In Section 4 the
main assumption used in the proof in Section 3 is proved. The results of numerical
experiments illustrating the theory are given in Section 5. In Appendix A, we give a
proof of the stability and approximation property of the mixed finite element spaces.
In Appendix B, we construct a Clement-type interpolation operator which is used in
Section 4.

2 Finite element discretization

First we present the Arnold-Winther elements. Let 7 be a quasi-uniform triangulation
of €2. On each triangular element 7' € 7 define

7 = {symmetric tensors 7 € (P5(T))* such that div T € (Py(T))*},
V= (P(T)),

where P;(T) denotes the space consisting of polynomials of degree i or less. The
degrees of freedom for X7 are



e the nodal values of the three components of 7(z) (9 dofs)

e the moments of degree 0 and 1 of the two normal components of 7 on each edge

of T' (12 dofs)
e the moments of degree 0 of the three components of 7 on 7' (3 dofs)

and the degrees of freedom of V are given as the zero’th and first order moments.
Figure 1 illustrates the degrees of freedom for 3. The finite element spaces on mesh

Figure 1: Finite element 3p

7 and domain 2 are defined as follows:

3(7,9Q) = {7 defined on Q satistying 7|y € Xy for each T' € T,
T is continuous on the degrees of freedom on each vertex
and each edge of 7 and T™n|gq = 0.}

V(T,Q) = {v € Ly(Q) such that v|r € Vi for each T € T}.

The definition of 3(7, ) clearly implies that 3(7,Q) C Hy(div,Q) (see [6, 14]).
Note that the boundary condition on|sq = 0 implies two linear relations among the
three components of & on boundary nodes. Hence on the corner vertices where two
boundary edges meet, we will have & = 0. This fact was noticed by Arnold and
Winther in [6]. Another immediate observation is that, by Green’s formula,

dive € RM*v@.o, for all o € X(7,9).

We have the discrete elasticity problem: find o € 3(7,Q) and v € V(7,Q) such
that
{(AU,T) +(divr,u) =0 VreX(T,Q), )

(dive,v) = (g,v) Yv e V(T,9Q).

Let V* C X be defined as {7 € 2| (div T, v) =0, for all v € V'}. We say the pair
of mixed finite element spaces (3(7,12), V(7,()) is stable if there exists constants
¢ and C independent of the mesh size such that

(A0'70-> > CHUH2H(diV,Q)7 for all o € Vla

di
sup (div T, v)

T = Clvlr20), for all v € RM*VT.®,
TEX(T,Q) HTHH(div Q)



The second condition is called the discrete inf-sup condition. In [6], the stability of
this new pair of spaces is proved for the pure displacement boundary problem. A slight
modification in the proof will show that it also works for the pure traction case (see
Appendix A). It follows from the results given in Appendix A that for g € RM tre)
the discrete solution of (2) exists and provides a good approximation for the weak
solution of (1).

Next we introduce the Argyris element which will play an important role in the
analysis to be given later. Let Qp denote the Argyris element [15] defined on T'. Tt
is a quintic element and the degrees of freedom are

e the nodal values (3 dofs), the first derivatives at the nodes (6 dofs) and the
second derivatives at the nodes (9 dofs)

e the moments of degree 0 of %q on the edges of T' (3 dofs)
Define the space

Q(7,Q) = {q defined on Q satisfying ¢|r € Qr for each T € T,
q is continuous on the degrees of freedom on each vertex
and each edge of 7 and airy ¢ € X(7,Q)}.
Clearly Q(T,Q) C H*(Q).
It is well know that for any o € H(div, Q) satisfying dive = 0, there exists

a ¢ € H*(Q) such that airy ¢ = o. Analogously on the discrete level we have the

following exact sequence:
0 — P(Q) -5 Q(T,0) 2% 27,9 &% v(T,Q).

The exactness of this sequence for discrete spaces without boundary conditions was
proved on page 408 of [6] and the proof of the above exact sequence follows from their
result. For the convenience of further analysis, we note the following lemmas:

Lemma 2.1. For any q € Q(7,9), qloq is a linear function.
Proof. Since (airy ¢)n|sq = 0, we have
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By the continuity of the first and second derivatives of ¢ on the vertices, it is obvious

that Vg|on = const. O
Let H2(Q) = {q € H*(Q) such that q|sn = 0, Vq|sq = 0} and define
Q(7,Q) = {q defined on  satisfying ¢|r € Qr for each T' € T,

q is continuous on the degrees of freedom on each vertex

and each edge of 7 and ¢|gqo = 0, Vq|oq = 0}.
Clearly Q(7,9Q) C HZ(Q). From the previous analysis we can derive
Lemma 2.2. The following exact sequence holds:

div

0 — Q(T,Q) 2% »(7,0) &% v(T,q). (3)



3 Overlapping Schwarz preconditioner

In this section we develop an overlapping Schwarz preconditioner for the discrete
problem (2) so that preconditioned minimal residual method can be used to solve
this problem. For simplicity, denote ¥ = 3(7,Q) and V = V(7 ,Q). Denote || - ||s
and || - ||y to be the norms on ¥ and V respectively, which are just || - || g(aiv,0) and
|- ll£2(q)- Let X* and V™ be the dual spaces of ¥ and V' with dual norms || - ||s+ and
|| - |[v+. Define operators

A: X X" (Ao, 7)=(Ao,7), foralTeX,
B:Y¥Y—-V" (Bo,v) = (dive,v), forallveV.

Let B': V. — ¥* be the adjoint of B. Equation (2) can be rewritten as

o A BY (o F
(0)=G 906 @
where F € 3", Ge Vi and M : ¥ xV — ¥* x V*. Let V/RM be the quotient

space with the quotient norm | - ||y ga. We have the following lemma:

Lemma 3.1. If (o, u) is a solution of the equation (4), then

co([[Flls- + 1G]

= + (G|

ve) < lolls + [[ullv/ra < a((|F] V),
where ¢y and c; are positive and independent of h.

Proof. By the stability of the finite elements spaces (3, V') and Proposition 1.3
in [14],

lolls + llwllv/rm < cr([Flls +[1Gllv-),

where ¢, is independent of h. By the Schwartz inequality, the other direction comes
from

F(T G(v
IFllz- + 1G]y = sup £ 4 g E0)
res |7l vev [vllv
A di di
— up (Ao, ) + (div T, u) | sup (diveo,v)
TED ||‘7'H2 veV ||’U||V

< cllofls + lullv)-

]

Our purpose is to find a preconditioner for the operator M. By lemma 3.1, we
only need to find an operator § : ¥* x V* — 3 x V such that ||S||z(z*xv*nxv) and
|87 £mx v,z xv+) are bounded uniformly in h(see [5] for details). Indeed we can

consider those § in the form § = (% é‘))’ where §; : X" =Y and Sy : V¥ -V
2

and their inverses are bounded uniformly in A. Define the innerproduct

Ao, 1) = (o,7)+ (dive,divT)



on Y. Consider the following problem: find o € ¥ such that
Alo,7)=F(r), VTeXx. (5)

Clearly a good preconditioner for this problem will yield an ideal &;. Similarily, a
good preconditioner for the problem: find w € V such that

(u,v) =Gv), VveV (6)

will yield an ideal S;. The space V' consists of discontinuous linears on the triangles
so the solution of (6) reduces to the inversion of a 3 x 3 block diagonal matrix. Hence
the problem of finding S reduces to the problem of constructing &;. In the remainder
of this paper we will focus on constructing a two-level Schwarz preconditioner for
problem (5).

Let 7y be a quasi-uniform mesh on () with characteristic mesh size H and 7j, be a
quasi-uniform refinement of 7y with characteristic mesh size h. Let Q;, i = 1,-- -,k
be a non-overlapping decomposition of {2 whose boundaries align with the coarse
mesh 7. Extend €; by one or more layers of fine elements to get €;, then we have
an overlapping cover of ) whose boundaries align with the fine mesh 7;,. Figure 2
illustrates how the subdomains are defined inside €2 and near the boundary of 2.
The bold line contour draws the boundary of €; and the outmost dashed line contour
draws the boundary of €2;. We have illustrated the case of one cell overlap although
we may overlap many more cells in practice.
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Figure 2: Subdomains Q, and O,

Assume all Q; and ©; be convex polygons and denote the characteristic distance
between 0€,;\0Q and 0€;\00 as §. Furthermore, assume there exist a positive integer
N, such that for all z € Q, z is included in at most N. subdomains in {€;}. Define

QO = Q(TH, Q), 20 = E(TH, Q), V() - V(TH, Q),
Q= Q(7x,9), ¥ =3(7,90), V =V(T,,Q).

For i =1,---,k define 3;, V; and Q; to be the subspaces of 3, V and Q respec-
tively, which vanish outside €2;. Recalling how we defined the boundary conditions
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for Q(7,Q) and X(7,€), it is clear that
Qi g Q(,];l, Qz)a Ez _,C,_ E(,];L,QZ), for all 7, = 1, e ,k.

Hence the space 3; does not correspond to a natural stress tensor approximation
subspace with pure traction boundary condition.

Denote W(7) to be the set of all nodes in the mesh 7. We know that Qo € Q
and 3y ¢ 3 since, for example, a function o € X is not continuous at the points in
U (7,,) which are on the edges of the coarse grid. Hence we need to define interpolation
operators. The easiest way to do this is to take the average of the degrees of freedom
on those nodes where discontinuity occurs. For any point v € U(73), let ©(v) be the
set of all triangles in 7y which contain the vertex v and |O(v)| denote the number of
triangles in ©(v). We define ¢ and 7 as follows: on each element T' € 7, let G| € Qr
and 7T|r € X satisfy

Z airy ¢(v

Te@()

1
1©(v)
5 1
T7(v)|r = (\@(v)| T};@(U) T(v) Tv) —7(v)|r,

on each vertex v of T' and vanish at all the other degrees of freedom. Define

airy G(v)|r = (@ .

Toqg =q+q, for all ¢ € Qo,
Iygr=17+T7, for all T € 3.

It is not hard to see that Zy maps Qo to Q and Iy maps 3y to X. Therefore ¢ € HZ(Q)
and 7 € Hgy(div,Q). Furthermore, since ¢ vanishes on all the other degrees of
freedom except for the second derivatives on each node, we can derive from a standard
scaling argument that for all g € Qg and ¢+ = 0,1, 2,

lg — Zoqlia = |Glia < ch®7|Glaa < ch®lqlaq, (8)

where ¢ is independent of A and H.
The following lemma shows the relations between the spaces defined above.

Lemma 3.2. The following commutative diagram of exact sequences holds:

0 — Qo 2y, 3 a, Vo
170 110 Lid 9)
0 — Q airy, y 4,y
For each i =1,--- ,k, we have the exact sequence
0 — Q 2w I oy, (10)



Proof. Let T be a triangle and v;, ¢ = 1, 2,3 be its three vertices. Denote the
opposite edge to each vertex v; as l;. Let 7;, ¢ = 1,2, 3 be given constant symmetric
tensors. Define ¢ € Qr as:

airy q(v;) = 1, fori=1,2,3;

q(vi) =0, Vq(v;) =0, / —qds =0, fori=1,2,3

and define 7 € X as:

T(v;) = T4, fori=1,2,3;

/Tnd:;:/Tnsds:O, /'Td.’I}:O, fori=1,2,3.
l; l; T

7 7

Let n and s denote the outer normal vector and the unit tangential vector on
0T respectively. Simple calculation shows that %q = n’(airy ¢)n and %q =
—nT(airy ¢)s. Hence by the definition of ¢ and the integration by parts, all of
[, (airy ¢q)n - nds, [ (airyq)m - sds, [, (airyq)n -nsds and [, (airy q)n - ssds
vanish. Consequently,

/(airy q)nds =0, /(airy q)nsds =0
! I

@ %

Smcefl qu-Oandfl 3 qu-()lmphesfl o qu—fl qu—O so by Green’s

formula
/ airy gdx = 0.
T

We have shown that 7 and airy ¢ are identical on all the degrees of freedom. Therefore
T = airy ¢ and consequently divT = 0. We will use these results to prove (9) and
(10).

By lemma 2.2, in order to prove (9), it is sufficient to prove the commutativity
property. By the definition of Z; and I, for all ¢ € Qy and 7 = airy ¢ we have
7(v)|7r = airy ¢(v)|r at each vertex v of each T' € 7, where ¥ and ¢ were defined
by (7). We can conclude that ¥ = airy ¢, which implies airy Z, = Ipairy . For any
T € ¥ we have div 7 = 0, which implies div Iy7 = div 7. That completes the proof
for (9).

By the definition of Q; and 3; for « = 1,--- , k, we can see that for each ¢ € Q;,
airy ¢ vanishes on the vertices of 75, on 0¢); and for each 7 € X;, 7 vanishes on the
vertices of 75 on 0€2;. Hence by lemma 2.2 and the previous analysis, (10) is clear. O

By the commutative diagram (9), we immediately have the following lemma.

Lemma 3.3. For any T € X, there exists a positive constant w independent of h
and H such that
ATy, Io7) < wA(T, T). (11)



Proof. Since
A(To7, To7) = [To7||? + ||div L7 || = [[To7|]* + ||div 7,

we only need to show that ||Ip7||> < wl||7||*>. This follows from a standard scaling
argument, the definition of Iy and the quasi-uniformity of the mesh. O

Now we can define our preconditioner. Let I be the identity operator. For ¢ =
1,---,k, let I; denote the natural imbedding of 3; into ¥. Define P, : ¥ — ¥, as
the H(div, ) adjoint of I; and define operators T; = LP;, for i = 0,--- , k. We also
define the bilinear form A; on X; x X; for each ¢ by

A(o,7)=A(o,7), forallo,7€X,.

The additive and multiplicative Schwarz preconditioners (denoted by B, and B,,
respectively) are defined by:

k
B, A=) T;
=0
B,A=1—-(T—-T)(I—-Ty_1) - (I—Tp)? - (I—Tp_1)(I—-Ty)
—I1-EE.

Note that the computation of the action of B, or B,, on a function ' € X* involves
the solution of subspace problems and the application of the interpolation operator
I, and its L*-adjoint.

The proof of the following result is standard: [13, 24]

Theorem 3.1. Assume that (11) holds (with w € (0,2) in the multiplicative case)
and that:

(A) For any o € X there exists a decomposition o = Zf:o l,o; and a constant Cx
such that Zf:o Ai(0i,0;) < CusA(0,0).

Then, we have

1
C—A(a, o) SAB,Ao,0) S NwA(o, o),
A

2—w
Caw?N?

(12)
A(o,0) S AB,Ao,0) S Ao, o),

in which < means “less than or equal to” up to a trivial constant.

Remark 3.1. Theorem 3.1 indicates that the condition numbers of B,A and B,,A
are bounded above by constants depending only on C, w and N.. Hence if we can
prove assumption (A) with Ca independent of h and k, then the condition numbers
of BoA and B,,A are also bounded by constants independent of h and k.

10



4 Proof of assumption (A)

In this section we prove the assumption (A). The main idea of the proof is very
similar to that used in the analysis given in [18]. It is based on the exact sequence (3)
which divides ¥ into two parts, one of which is divergence free. The decomposition
in assumption (A) will be constructed seperately on the two different parts of 3.

First we introduce some operators. Denote Py, to be the L? orthogonal projection
from V onto V. Clearly,

1Py, v < v, forallv e V. (13)

Let IIq denote the natural interpolation operator onto Q associated with the degrees
of freedom.Denote C''(€2) to be the space of continuous functions with continuous first
derivatives. It is not hard to see that IIqq is well defined as long as ¢ € C*(f2), ¢ has
continuous second derivatives on each node of the fine mesh, ¢lgq = 0 and Vg|sq = 0.

We construct a partition of unity {6;}%_, using the Argyris finite elements on the
mesh 7, (without any boundary conditions). Specifically, we start with a smooth
partition of unity, {;}%_, satisfying

(1) supp(6;) € Q; ; (2) \ézboo <06, j=0,1,2,

where || o denotes the W7, seminorm. We then define 6; to be the Argyris interpolant
of 6;. It easily follows that {6;}%_, is a partition of unity satisfying

(1) ilr € P5(T) for any T € Tp;  (2) supp(6i) € Q;
(3) 0ilj00 < C377, j=0,1,2.

Clearly we have

Oilono0 =0, Vbilano00 = 0,
airy 0;(v) =0,  for all v € U(7,) N (082, \01).

Hence for any ¢ € Q, we have IIq(#;q) € Q;. Furthermore, by the approximation
property of the Argyris element (Theorem 6.1.1 in [15]) and the inverse inequality,

16:0 — Tq(Big) 50 < ¢ Y (h*10iqlsr)* < clbigls o for all ¢ € Q.
TeTy,

Note that we can apply the inverse inequality here since 6;q|r is a polynomial of
degree less than or equal to 10. Therefore we have

Iq(0iq)|2.0 < c|bigla0, for all ¢ € Q. (14)
We also need an interpolation operator Pq, : H3(Q2) — Qo such that
(I —Pq,)dliq < cH* g, forall g € H§(2),i=0,1,2. (15)

We will prove in Appendix B that such an operator exists.
Finally, we can prove the key result of this paper:

11



Theorem 4.1. Under the settings of the subdomains and the meshes defined above,
assumption (A) holds with

where ¢ depends only on w and N..

Proof. For o € X, define o € 3y and a ug € V such that

(o8, 7) + (div T, 1) =0, V1 e X,
(div o), v) = (Py,dive,v), VYve V.

Fori=1,--- k define of € 3(7,,Q;) and a u; € V(7;,,;) such that

(o7, T)g, + (div T, u;)g =0, V1 € 3(Ty, Qi),
(dive?!,v)g, = (dive — Py, dive,v)g, Yo € V(T Q).
We need to show the above definitions are proper, i.e. the compatibility conditions
are satisfied. Since RM C Vy C V and dive € RM*V, so clearly

(Py,diveo,v) = (dive,v) =0, for all v € RM.

Thus o is well defined. Since the boundary of ), aligns with the coarse mesh, it’s
obvious that

[ (dive — Py, dive) -vde =0 for all v € RM.
Q;

Therefore o is also well defined for i = 1,--- | k.

The moments of degree 0 and 1 of the normal components of o; on each edge of
the fine mesh on 9Y; are zero. By the proof of lemma 3.2, we can extend o? to €
by a divergence-free function in QZ\QZ which has nonzero degrees of freedom only on
the nodes on 9€);. The resulting function can be extended by zero outside of Q; and
yields a function (still denoted by ¢?) in 3;. By construction, dive? = 0 in Q\€;.
Since the mesh is quasi-uniform, there exists a constant ¢ independent of h such that
fori=1,---k,

107 | Er(aiv,2) < cllo? || raiv a0
By the above inequality and lemma 3.1,

k k
Y Ale?, o)) < cllofl @ + D 109w o)
=0 i=1
k
< co(|Py,divel®+ ) [dive - Py,div oll32a,)
=1
< c||div .
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Next consider 0 = o — Iyo) — Zle o?. Simple calculation shows that dive® = 0.
By the finite overlapping assumption and lemma 3.3, we know that A(g? o%) <
c¢A(o,0) where ¢ only depends on N, and w. Set

a __ . . -1 __a
oy = airy Pq,airy ~ o,

o} = airy Ilq(f;airy ~'(o® — Iyol)), fori=1,--- k.

The above definitions are proper since divo® = 0 and div (6* — Iyo§) = 0. Clearly
o = Z?:o I,o¢ while ¢ € ¥; and dive? =0 for i =0, - , k. By inequality (15),

A(of, 0f) = |lairy Po,airy ~'o?||* < c[o?|]* = cA(o”, 07).
Let ¢ = airy ~!(o® — Iyod) and ¢ = airy ~'o®. Then
G = airy "' (o — Ipairy Pq,q) = (I - Pq,)q + (I — Zy)Pq.q-

By inequality (14), the assumptions on 6;, inequality (8) and inequality (15),

S A(o? Z |airy g (0;4)||” < CZ 10515 0,
i =1

Ea

Z 4|€7|(2),Qi+5_2|€?|iﬂi+‘qg,ﬂi)

H4 H?
N(yﬂLyﬂL Dlgl.q

H R )
ch(54 t5t 1l

| /\

Therefore we can conclude that S°F  A(e¢,0%) < C(H4 + ?22 + 1)A(o, o), where ¢
depends on w and N..
Finally, define o; = 0¢+0¢ fori =0,--- , k. Clearly o = Zf:o I,o0; while o; € X;
and
k z z ot
ZA(O’Z', o;) < 2(2 Ao, o) + ZA(O’?, o)) <c(— + = +1)A(o,0),
i=0 i=0 i=0

where ¢ depends only on w and N,.. This completes the proof of lemma 4.1. O

Remark 4.1. We have shown in the above theorem that C4 is of order O(?—f%—?—;%—l).
Recall that for the classical second order elliptic problem, similar result has been proved
with C'x of order O(?—; + 1). In our proof the divergence free part is mapped to the
fourth order Argyris finite element space, which brings Ig—f to the result. It is not clear
whether a sharper estimate can be proved for our problem.
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5 Numerical Results

Let Q be the unit square (0,1) % (0, 1). We solve both the problem (5) and the problem
(2) by the preconditioned MINRES method. The overlapping Schwarz preconditioners
B, and B,, are used for problem (5) and the preconditioner S is used for problem
(2), as described in Section 3. In the implementation of the MINRES solver, we use
preconditioned Lanczos procedure to generate a tridiagonal matrix whose eigenvalues
are good approximations of the eigenvalues of the original matrix. Therefore we can
derive an estimate of the condition number of the original matrix. Note that for
symmetric positive matrix we define the condition number as the ratio between the
maximum eigenvalue and the minimum eigenvalue, while for symmetric indefinite
matrix whose eigenvalues lie in [a,b] U [¢,d] where a < b < 0 < ¢ < d, we define its
condition number as ‘Z—f. For problem (2) the linear system is indeed singular and
its kernel is RM, but we can avoid this kernel in the computation as long as the
body force g satisfies the compatibility condition and the initial guess in the iterative
method is perpendicular to RM.

To get the most accurate condition number estimates from the Lanczos procedure,
we need to choose the test problem carefully. Indeed we experimented over several dif-
ferent test problems and finally chose the one which gave the largest condition number
z(1l—x) 0 )

0 y(-y))

9.2
For problem (2), we set u = 0.5, A\ = 1 and the body force g = (12y E)xl ), which

estimates. For problem (5) we set the exact solution to be o = (

satisfies the compatibility condition.

Table 1: Condition number estimates, H/6 =4, k = 4.

Problem (5) Problem (2)

h No Prec. ‘ Additive ‘ Multiplicative ‘ No Prec. ‘ Additive ‘ Multiplicative
1/8 3.4e+5 5.12 1.06 1.1e+5 12.61 2.09
1/16 1.4e+6 5.01 1.06 1.8e+5 12.36 2.13
1/32 | 5.5e+6 4.96 1.06 6.3e+5 11.34 2.15

Table 2: Condition number estimates for problem (5), H/d = 2.
Additive Multiplicative

h |[F=4|k=8]k=16|k=4|k=8]k=16
1/8 4.86 | 6.07 6.04 1.02 | 1.02 1.02
1/16 | 4.88 | 5.98 6.02 1.02 | 1.02 1.02

In Table 1, we report the condition numbers of the unpreconditioned systems
and the preconditioned systems for both the problem (5) and the problem (2). The
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Table 3: Condition number estimates for problem (5), k =4, H = 1/2
‘ h ‘ ) H Additive ‘ Multiplicative ‘

1/4 [ 1/4 | 4585 1.01
1/8 [ 1/8 | 512 1.06
1/16 | 1/16 | 8.35 1.52
1/32[1/32 | 18.63 2.75

coarse mesh and four overlapping subdomains are fixed. The results are uniform with
respect to h.

For problem (5), we also computed the condition numbers for various values of k
and h. The results are given in Table 2 and they are uniform with respect to both &
and h.

Finally, in Table 3, we give a set of condition numbers for various . Note that
larger values of ¢ yields better preconditioners.

A Stability of the finite element spaces

For simplicity, we extend our notation || - ||sq of the Sobolev norm and |- |sq of
the Sobolev semi-norm to the vector case (H*(€2))? and the symmetric tensor case
(H%(Q))3. The weak solution for system (1) exists and is unique in Hg(div,Q) X
RM™t2@ . For simplicity, let ¥ = 3(7,Q2) and V = V(7,Q). Since divX C V,
clearly

o | a@iv.o) = [|ollon < c(Aa,a)'/?, for all o € V-

We only need the discrete inf-sup condition to show the stability of the finite element
spaces. Indeed, we have

Lemma A.1. There exists a constant ¢ independent of the mesh size such that

(div T, v)

sup > cl|lvllon, Vv e RM*V.

TED HTHH(div,Q)

Proof. The results of Grisvard [19, 20] imply that when 2 is a convex polygon,
the solution (o, w) of system (1) with g € RM "> has the regularity u € (H%(Q))?,
o € Hy(div,Q) N (H'(Q))? and ||o|10 < cllglloq- Taking g = v gives ||v|on <

c((ﬁz‘f’s). Thus, it suffices to construct an interpolation operator 1T, : Hy(div, Q) N

(H'(Q))> — X bounded in L((H*(Q))?, H(div,)) such that divIl;, = Pydiv,
where Py : L*(Q) — V is the L? orthogonal projection.

In [6], such an interpolation was defined for the pure displacement case. We only
need to do a slight modification to make it work for the pure traction problem. Let A
be the characteristic mesh size. Let Ry, be the interpolation operator from L?(Q) onto
the space of C°-quadratics with respect to the mesh 7}, as defined by Scott and Zhang
[23]. Ry, preserves the homogeneous boundary condition on H'(2) and Ryp = p for
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all CY-quadratic p defined on mesh 7;,. Define Ry, mapping (H*(92))? to the space of
symmetric tensors of CY-quadratics with respect to the mesh 7, by

e for any corner x of the polygon Q, Ry (7)(z) = 0;

e for all the other degrees of freedom z, Ry (7)(x) = (Eg:gi%gg Eg:gzggg)

Consider the triangles in 7, as closed subsets of {2 which contain their boundary.
For a triangle T € 7y, define Sy = | J{T;|T; N T # 0, T; € 7,,}. Following the proof
of [23], we will show that

1. for any 7 € Hy(div, Q)N (H'Y(Q))?, (Ry7)n|oq = 0;
2. (stability) for j = 0,1 and 7 € (H'(2))?, |Ru7|l;r < Soi_g B |T|i5y;

3. (approximability) for j = 0,1, 1 < m < 3 and 7 € Hy(div,Q) N (H™(Q))3,
IRaT = 7ljr < k™| Tlm,s;-

The first result is obvious from the definition. The proof for stability is exactly the
same as the proof of theorem 3.1 in [23]. We need to prove the approximability. By
the Bramble-Hilbert lemma, there exists a symmetric tensor of quadratic polynomials
p = (pij)1§i7j§2 € (PQ)S such that

7 = plljsr < CR" |7 |5y, 0<j<m<3.

Hence
|IRaT — 7l < |7 = plljr + |IRa(T — p)lljz + lp — Repllr

1
< CZ W1 = pllisy + lp — Rypljr

i=0
< ch" T lns + lp = Ruplljr.

By the definition of Ry, p — Ry p has none-zero nodal values only at the corners of

polygon €. Denote V, the set of the corners of polygon Q. Then ||p — Rup|jr <

Y, o [P, where [p(v)]2 = T2 o, (). Now we evaluate [p(v)] for
each v € V,.. It is easy to see that v is the intersection of two edges 71, 72 of mesh 7,

and 1,72 C 9Q2NOSt. Denote ny, ny the outer normal vectors on 7y, 5 respectively.
Then by the boundary condition of 7 and the trace theorem,

2 2
hlp()P <) lonillg,, = ¢ Y lI(r = p)mili,,
i=1 i=1

< ch(h|l(T = p)5 5 + (T = P)li 5)

< ch2m_1|7'|3%ST.

Hence |p(v)| < ¢ch™ 7|5, and consequently ||p — Rpplljr < ch™|7|s,. That
completes the proof of approximability for R, because of the limited overlap property

of {ST}

16



Define IT, = (I — Ry,) + Ry, where 19 is defined exactly the same as is defined
in [6]. II, clearly preserves the boundary condition of H(div,2) and as shown
in [6], we have divI[,7 = Pydivr and [|[I07]on < c(||7]oa + hl7|10) for all
T € H(div,Q)N (H'(22))?. Finally, by the properties of IT) and Ry, it is easy to see
that

|7 — p7llog < ch™||T||lma, for 7 € Ho(div, Q)N (H™(Q))?, 1 <m < 3.
Consequently for 7 € Hy(div,Q) N (H'(Q))3,
HHhTH%{(div,Q) = ||Hh7'||(2),ﬂ + [|div HhTHg,ﬂ
= [ 75,0 + [Pvdiv T]gq
<c|rlio

Therefore I, is bounded in L((H*(Q2))3, H(div,())) by a constant independent of
the mesh size. O

B Construction of the operator Pq,

Here we construct an operator Pq, : H3(Q2) — Qq such that inequality (15) holds.
Let Hj(Q2) = {w € H'(Q) such that w|sq = 0}. Note that for ¢ € HF(Q), we have
Vq € (Hj(Q))?. By Scott and Zhang [23], there is a Clement type operator II from
H'(Q) to its continuous piecewise linear subspace based on the mesh 7z preserving the
homogeneous boundary condition. Let T' € Ty and Sy = J{T;|T;NT # 0, T, € Ty}.
Let v;, i = 1,2, 3 be the three vertices of T" and [; be the edge of T" which is opposite
to the vertex v;. From the proof of Theorem 3.1 in [23], there exists a constant c
independent of H and T" such that

3 1
Z [Hw(v;)] < CZ H™ Mw|m.sp, for all w € H'(Q). (16)

i=1 m=0

Define the operator Pq, as

for each vertex v; in 7Ty :

(Pqoq)(vi) = Hg(v:), airy (Pq,q)(vi) = 0,
S (Pa@)(e) =I(Law), 5 (Paa)(w) = (5 a)w)

for each edge [; in Ty :

0 0
/lia—n(PQOq)ds:/lia—nqu.

Clearly Pq, is well-defined and maps HZ(Q2) to Qp. We will show that Pq, is stable
in the following sense:

2
Pualic <Y H" 'qlms,, forqe Hy(Q), T €Ty, i=0,1,2.  (17)

m=0
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By the inverse inequality, we only need to prove inequality (17) for ¢ = 0. Let ¢,
j = 1,---,21 be the basis of the Argyris element in T, that is, ¢; equals to 1 on
the j'th degree of freedom while vanishing on all the other degrees of freedom. The
Argyris element is almost affine but not affine, but by using the technique in the
proof of Theorem 6.1.1 in [15], we can conclude that there exists a constant ¢ which is
independent of H and T" such that |[¢;|jo,r < cH when the j'th degree of freedom is
the nodal value at the vertex or the moment on the edge, while ||¢;|lor < cH? when
the j'th degree of freedom is the first derivative at the vertex. For each ¢ € HZ(Q),
we have Pq,q|r = 251:1 N;(q)¢;j, where N; : HF(Q) — R are defined as

;

g(v;), when the j’th dof is the nodal value on wv; ;
0
() (v,
No(q) 9 when the j’th dof is the first derivative on v; ;
J U= 11 = 9)\Vi),
(500
0, when the j'th dof is the second derivative on vj ;
\fl, %q ds, when the j’th dof is the moment on [; .

Thus

IPauallor < Z N, (@l o < c(HZ Tg(v)|

)+ S e+ 1Y) [ 2 gas)

By the inequality (16),

Zm —q (v; |+Z|H —q (v:)] <cZHm—2|q|m,sT,

m=1
Z Mg(v:)| < ¢ Z H" gl
i=1 m=0

By the trace theorem, we have

|/—qu|2<cH/|—q|2ds

< cH(H 1!|VQHT+H|VQ|1T)

<C Z H*" %[}, 1.

m=1

The stability result (17) follows immediately from combining all the above inequali-
ties.
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Finally we prove the inequality (15). Let ¢ € HZ(€)). By the Bramble-Hilbert
lemma, there exists a linear polynomial p such that

lqg = pllisy < cH* lqla,sy, fori=0,1,2.

One important observation is that Pq,p|r = p|r. By the triangle inequality and
inequality (17),
¢ — Paudlir < |la = plir + [Pa,(a — p)lir
S CH2_I|Q|2,ST7

where ¢ is independent of H and 7. Thus inequality (15) follows from the limited
overlap property of {Sr}.
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