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ABSTRACT. We consider the the interpolation problem between H?(Q) N H} () and
HL(Q), where Q is a polygonal domain in R? and H}(Q) is the subspace of functions
in H*(Q)) which vanish on the Dirichlet part (92)p of the boundary of €. The main
result is that the interpolation spaces [H2(Q)NHE (), H5(Q)]s and HT$(Q)NHE ()
coincide. An application of this result to a nonconforming finite element problem is
presented.

1. INTRODUCTION

Let €2 be a two dimensional domain with boundary 02 = (09)p U (092)y, where
(092)p is not of measure zero and (92)p and (0Q2)n are essentially disjoint, and let
V := H},() be the subspace of functions in H'(€2) which vanish on the Dirichlet part
(0Q)p of the boundary of Q. Let u € H}(Q) be the variational solution of an elliptic
boundary value problem and u; € Vj,, be an approximation of u, where V} is a finite
dimensional approximation space which might not be a subspace of V. Further, let us
assume that, for a norm |||, defined on V' + V}, and a constant ¢ one can prove that

(1.1) lu = unln < cf|ull g @), for all v € H})(Q),
and
(1.2) lu—uplln < chllullp2@),  for all u € H*(Q) N HLH(Q).

By interpolation, from (1.1) and (1.2), we obtain that for a fixed s € [0, 1]:
lu — up|[n < CthUH[H?(Q)mH;,(Q),H;,(Q)h_S for all u € [H*(Q) N Hp(Q), Hp(Q)]1 -

If we assume that the variational solution u belongs to an intermediate space
HY™ Q)N HL(Q), s € (0,1) and w is not in H?(£2), then it is natural to ask:
Does [H*(Q)NHL(Q), HS(Q)]1—s coincide with H'™$(Q)NH} () ? This type of question
arose in [4] and [5]. The paper will give a positive answer to this question for the special
case when () is a polygonal domain in R?.

The remaining part of the paper is organized as follows. In Section 2 general interpo-
lation results and some notation are presented. The proof of the fact that
[H2(Q2) N HH(QQ), HH(Q)]1-s coincides with H™*(Q) N H}(Q) when Q is a polygonal
domain is given in Section 3. In Section 5, an application of the interpolation result of
Section 3 to a nonconforming finite element problem is given.
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2. ABSTRACT INTERPOLATION RESULTS

In this section we give some basic definitions and results concerning interpolation
between Hilbert spaces and subspaces using the real method of interpolation of Lions
and Peetre (see [11] and [12].

Let (X,Y) be a pair of separable Hilbert spaces with inner products (-, -)x and (-, )y
respectively, and satisfying, for some positive constant c,

{ X is a dense subset of Y and

(2.1) lully< cllullx  for all u € X,

where ||ull% = (u,u)x and |[ul|? = (u,u)y.
Let D(S) denote the subset of X consisting of all elements u such that the antilinear
form

(2.2) v— (u,v)x, veX

is continuous in the topology induced by Y. For any u in D(S), the antilinear form (2.2)
can be extended to a continuous antilinear form on Y. Then by the Riesz representation
theorem , there exists an element Swu in Y such that

(2.3) (u,v)x = (Su,v)y forallve X.

In this way, S is a well defined operator in Y, with domain D(S). The next result gives
some of the properties of S.

Proposition 2.1. The domain D(S) of the operator S is dense in X and consequently
D(S) is dense in Y. The operator S : D(S) CY — Y is a bijective, self-adjoint and
positive definite operator. The inverse operator S™' :' Y — D(S) C Y is a bounded
symmetric positive definite operator and

(2.4) (S7'2,u)x = (z,u)y forallz€y, ueX

The interpolating space [X, Y] for s € (0,1) is defined using the K function, where
forueY andt >0,

K(tu,X,Y) = K(t:u) = inf, (Juolfe + £ = wollp )"
Then [X, Y] consists of all u € Y such that
t/‘wt(%+ni(@,ufcﬁ<<oo
The norm on [X, Y] is defined (1)0y
fulfn, =< [ e E IR
where we have chosen the normalization

0 t(1_28) —1/2 9
Cs = / dt =4/ —sin(7s).
o t?+1 T

By definition we take

[X,Y]p:=X and [X,Y], =Y.
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The next lemma provides the relation between K (¢,u) and the connecting operator S.

Lemma 2.1. ForallueY andt >0,

K(tu)? = (I + 25w, u),,

For the proof of this lemma see, for example, [1].

Remark 2.1. Lemma 2.1 gives an alternative expression for the norm on [X,Y]s,
namely:

(2.5) ol e, = cg/o £ (14 2570 Y ), dt.

In addition, by this expression for the norm (see Definition 2.1 and Theorem 15.1 in
[11]), it follows that the intermediate space [X,Y ] coincides topologically with the do-
main of the unbounded operator SY?0=%) equipped with the norm of the graph of the
same operator . As a consequence we have that X is dense in [X,Y]s for any s € [0, 1].

Lemma 2.2. Let Xy, be a closed subspace of X and let Yy, be a closed subspace of Y.
Let Xy and Yy be equipped with the topology and the geometry induced by X and Y
respectively, and assume that the pair (Xo, Yo) satisfies (2.1). Then, for s € [0,1],

[X07 Yv(-)]s - [Xa Y]s N Yv(-)
Proof. For any u € Y, we have
K(t,u, X,Y) < K(t,u, Xo, Yp).

Thus,
(2.6 lull iy, < lulloos,  for all u € [Xo, Yol s € [0,1]
which proves the lemma. O

Lemma 2.3. Let Hi,fli, i =1,2, be separable Hilbert spaces such that H? is a subspace
of H' and the pair (H?, H') satisfies (2.1). We assume further that there are linear
operators E and R such that

(2.7) E:H' — H' is a bounded operator fori=1,2,
(2.8) R:H' — H' is a bounded operator fori=1,2,
(2.9) REu=u  forallu€ H".

Then, the pair (H?, H') satisfies (2.1) and for s € [0, 1], an equivalent norm on [H? , H'|,
is given by [|[E()|| 2,1, i-e., there are positive constants ¢ and ¢y such that

(2.10) cllull gz, my, < 1Bullige i, < collullizmy,  forallu € [H?, H',.

Proof. First, we prove that the pair (H?, H') satisfies (2.1). Let v € H! and let {w,}
be a sequence in H? convergent to Fu in the norm of H'. Then {Rw,} is a sequence in
H? which converges to u in the norm of H'. Thus, H? is dense in H'. For the estimate
part of (2.1), from our hypothesis, we have

llullgr = [|REu|| g < ¢||Eull g < c||Eull g2 < c||u]| g2 for all u € H?,

where c is a generic constant which is not be the same at different occurrences.
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For the second part of the lemma let s € [0, 1] be fixed. From the hypothesis (2.7),
by interpolation, we have that
1 Eull gz, m, < collullize m, for all u € [H?, H',,

for some positive constant c,.
Next, from (2.8), by interpolation, we obtain that for some positive constant ¢;

al|Rolligz my, < |[0lljg2 gy,  forallve [H?, HY, .
Finally, for u € [H?, H],
[ulligz,m, = |REul| g2, < o1 | Eull gz g,

This completes the proof of the lemma. O

3. INTERPOLATION BETWEEN H?(Q) N H, () AND H}(Q).

Let Q be a polygonal domain in R? with boundary 9Q = (9Q)p U (09)y, where
(02) p is not of measure zero, and (0€2)p and (0€2)y are essentially disjoint and consist

of a finite number of line segments. Let H}(Q) denote the space of all functions in

H'(Q) which vanish on (99)p. Let 9Q be the polygonal line PP, --- P, P;. Here we
consider that the set { Py, P», ..., P,,} consists of all vertices of Q2 and all the points of

(02)p N (092) y. We will also call the points of (02)p N (9Q)y vertices of J2. The main
result of this section is:

Theorem 3.1. Let s € [0,1] be fized and let Q C R? be a polygonal domain with Lips-
chitz boundary. Then

(3.1) [H?(Q) N Hp(Q), Hp(Q)]s = [H*(Q), H'(Q)]; N Hp(Q).

In order to prove Theorem 3.1 we introduce first some further notation. For j =
1,2,...,m, let U; be an open disk centered at P; such that U; contains no vertices other
than P;. Next we add more disks, say U;, centered at P;, j =m+1,...M, such
that P; € 9Q or U; C Q, and

M
aclJu.
j=1

By increasing the number M of disks and modifying the radii of the disks, we can assume
that P is not in Uj, for k # j and the radii of the disks are equal to some positive number

M
r1. Then, there is a partition of unity {gzﬁj}j]‘il subordinate to the covering 'Uo Uj, ie.,
]:

M
(3.2) supp(¢,) C Uj, Z pi(x) =1 forallz € Q.

5=0
Let us denote U; N2 by €;, j = 1,..., M. We note here that one can find ry > 0
such that

(3.3) dist(Q\Q,supp ¢;) >ry  j=1,... M.
Further, for j =1,2,... , M, we define (0€2;)p and (0€2;)n to be
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and denote the space of functions in H*(€2;) which vanish on (9Q;)p by Hp(Q;). Also
we introduce the spaces

%
on

To prove Theorem 3.1 we assume for the moment the following result.

HZ(Qy) =={ue H*(Q)NHH(Q): — =0 on 9Q;\(9Q)}.

Theorem 3.2. Let €); be one of the domains defined above. Then there exist a positive
constant ¢ such that

(3.4) lull 2,15 @1, < cllullie,),mey),
for allw € [H2(Q,), HH()]s N M;(r), where
M;(r) :=={u € H' () : dist(Q\Q;, supp u) > ro}.
In addition, we need also the following lemma.

Lemma 3.1. Let Qy C Q be domains in RN with Lipschitz boundary. Let m be a
nonnegative integer, 0 < s < 1 and rqg > 0. Define

M (7o) == {u € [H™(Q), H™(Q)], : dist(Q\Qo, supp u) > 1o}
Then there is a positive constant ¢ = c(s,ry) such that
(35) HU/H[Hm+1(Q)7Hm(Q)]5 < CHUH[Hm“(Qo),Hm(Qo)]s fO?“ all u € M(TO).

Proof. Since €2 has Lipschitz boundary (see, e.g., [3], [6]), an equivalent norm on
[H™H(Q), H™(Q)]1_s = H™(Q) is the double integral norm

L D*u(y)P
[l = Nl + [ [ A d

lal=m "o q

A similar statement holds for . Let u € M(rg). Then,

[llzme) = llullm)

and for a fixed multi index o with || = m we have

Du(x) — Du(y)|?
// | ‘i ) y’NHs(y)' de dy =1, + 2L =

’Da a (y ’Da
// ’N+2s dz dy + 2 |z — y[V+es ‘N+25 dx dy.

Q\QO QO
Next, let K :={z € Qq : dlSt(ZL‘ Q\QO) > ro}. It follows that

‘DOl « 2
I = / / |I—y|N+25 dx dy = y|N+28 dy |D%u(x)|* dx

o K K Q\Qo
c / |Du(z)|* dz < c||u||§{m(90).
K

Summing up these estimates we obtain that (3.5) holds. O
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Now we can prove Theorem 3.1.

Proof. The space H%(Q2) N HL(2) is dense in HL(€2) (see for example Theorem 1.6.1 in
[10]). Applying Lemma 2.2 with X = H*(Q), Y = H'(Q), X, = H*(Q) N HH(Q2) and
Yo = Hp (), we obtain that

(3.6) [H*(Q) N Hp(Q), Hp(Q)]s © [H*(Q), H ()]s N Hp(Q).

In order to prove the other inclusion of (3.1), we need to show that for a positive
constant c,

(3.7) ||U|| [H2(Q)NH L (Q),HL ()]s < cfful| [H2(),HL ()]s

for all u € [H*(Q), H5(Q)]s N HLH(Q). We let ¢ denote a generic positive constant. Let
M

uw € [H*(Q),HH(Q)]s N HH(Q). For j =0,1,...,M, let u; := ¢; u. Then, u= > u;

j=1
and by applying Lemma 2.2, and Theorem 3.2 we obtain

[ull 2 Q)NHL (Q),HL( ]S_ZHUJHW YNHL(Q),HL ()]s

< ZH“JH[H? HL(2))] <CZHUJHH2(Q JHY Q)]s

Next, using the fact that multlphcatlon by a smooth function is continuous on
[H2(Q2), H'(Q)],, we have
gl mi@, < elluglliz)m@, < cllullpze) mo),:
Combining the above estimates we see that (3.7) follows. Finally, from (3.6) and (3.7)

we conclude the result. O

3.1. Proving Theorem 3.2. To begin with, we consider the case when Q; = U;, i.e.,
2; is a disk. We assume, without loss of generality, that €2; is the unit disk U centered
at the origin of a Cartesian system of coordinates. In this case we have (092;)p = (0€2;)
and

Hp(Q) = Hy(U), HZ(Q;) = Hy(U).

Let £ : H}(U) — H'(R?), be the extension by zero operator (for r > 1), and let
R: H'Y(R?) — Hj(U) defined as follows.

First, we introduce a smooth cutoff function 1 which depends only on the distance r to
the origin and satisfies

niry=1 for 0< r<1 and n(r)=0 for r>2.
Then, for a function v € H'(R?) we define Rv € Hy(U) by
(Rv)(r,0) := vy (r,0) — 3v1(1/r,0) +2v1(1/r%,0), (r,0) € U,
where

vi(r,0) :==v(r,0)n(r), (r,0) € R,
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Note that R : H'(R*) — H{(U) for i = 1,2, and we can apply Lemma 2.3 with H? =
HZ(U), H* = H*(R?) and H' = H}(U), H' = H'(R?). Thus,
HUH[HS(U),H(}(U)]S S CHEUH[H?(RQ),HI(R?)}S fOl" all u e [Hg(U), Hé(U)]S,
for some positive constant ¢. On the other hand, by Lemma 3.1 we have
HEUH[HQ(RQ),Hl(RQ)}S S CHUH[H?(U),Hl(U)}S for all u € [Hg(U), H&(U)]S N M(TO),
where
M(ro) :={u € H'(U) : dist(0U, supp u) > ro}.

Using the above two estimates proves Theorem 3.2 in this special case.

Before we consider the remaining cases, let us introduce some new notation. Let o, 3

be real numbers such that o < 8 and 8 — a < 2. Using polar coordinates (r,6) we
define the sector domain

Sap ={(r0):0<r<l1, a<d<pf}
and the following spaces:

HY(S4p) :={u€ H (Sug):u=0 for r=1},

H?(S05) = {u € H*(Sap) 1 u = g—z =0 for r=11}%,

H'(Sap) :={u€ H(Syp) :u=0 for =~}

Y

ﬁé,ﬂ(saﬁ) ={ue ﬁi(sa,g) cu=0 for 0 =« and 0 = [},

where ¢ = 1,2 | v = a or v =  and the functions are zero on line segments or arcs in
the trace sense.

All the remaining cases of Theorem 3.2 can be reduced to the following standard ones:
The domain €, coincides with Sy, for some real number w € (0, 27) and

o Case 1. “Free-Free”: Hb(€;) = H'(So.) and H2(Q;) = H*(S,,,) or
e Case 2. “Dirichlet-Free”: H} () = HY(So.,) and H2(Q;) = HZ(S,,,) or
o Case 3. “Dirichlet-Dirichlet”: H}L () = Hi,(So.) and H2(Q;) = H2,(So.)-
Next, we prove Theorem 3.2 in Case 1.
We define the infinite sector domain S'O,w by

Sow :={(r,0):7 >0, 0<0<uw}.

The operators E : H'(Sy,,) — H'(So.) and R : H'(Sy,) — H'(S,.,) defined in the case
of the disk, satisfy the hypotheses of Lemma 2.3 with H' = H*(Sy,,), and H' = H'(S.,,),
i=1,2. Thus, H?(Sy,) is dense in H'(Sy,,) and similar arguments used in the case of
the disk can be used now to show that

(3.8) HUH[ﬁl?(so,w),ﬁll(so,w)}s < cllullimz(so,.),m (50,001
for all u € [H?(Sy,,), H'(Sow)]s N M(rq), where ¢ is a positive constant and
M(ro) == {u € H'(Sy,,) : dist(dU,supp u) > 1o}

Therefore, the proof for Case 1 is complete .
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For the Case 2 and Case 3 we will use again Lemma 2.3, but we need to construct
operators F/ and R with stronger properties.

In order to prove Theorem 3.2 in Case 2, let us assume for the moment that the
following existence result holds.

Theorem 3.3. Let a < 0 be such that w — o < 2mw. Then, there are linear operators E
and R such that

(3.9) E: ﬁi(so,w) — ]:]i(Sa7w) is a bounded operator, i = 1,2,
(3.10) R: H'(S4.) — Hi(So.) is a bounded operator, i =1,2,
(3.11) REu=u  forallu € H(Sow)-

First, we observe that from (3.9), we get in particular that
E : Hi(Sow) — H'(S,.,) is a bounded operator, i = 1,2.
From the previous case we have that H 2(Sa.w) is dense in H 1(Sa.w). Thus, we can apply
Lemma 2.3 with H* = H{(Sy,,), and H* = H'(S, ), i=1,2 and obtain that for a positive
C7
(3.12) el iz s oot < NEUllizzes, o).

for all u € [H2(Sp.), HL(Sow)]s-
From (3.9), by interpolation, we have that for another constant c,

(3.13) 1Eull (7205, ), S0 < Clllliazso.), i (5000

for all u € [H?(Sy), H'(Sou)]s-
Combining (3.12) and (3.13) we obtain

(3.14) HUH[ﬁg(so,w),ﬁg(so,w)}s < cllullizrcsy ), fr(s0.0)1,0

for all u € [H2(Sp.), HL(Sow)]s-

Now we can use the proof of Case 1 to finish the proof of Case 2. More precisely, from
(3.8) and (3.14), we see that

(3.15) lull (2500088 5000 < Clullizziso ), (s0.0)1.
for all u € [H2(So.,), He (Sow)]s N M(ro). Here,
M(rq) == {u € H}(S,,,) : dist(dU, supp u) > 7o}

Therefore, we have proved Theorem 3.2 in this case too.
For the Case 3 we assume that we have the following result.

Theorem 3.4. Let a < 0 be such that w — o < 2w. Then, there are linear operators E
and R such that

(3.16) E: H (Sy.) — H!(Saw) is a bounded operator, i = 1,2,
(3.17) R:H (S,.)— Hévw(Sow) is a bounded operator, i = 1,2,

(3.18) REu=wu  forallue ﬁ&,w(so,w)'
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We can reduce the proof of Case 3 to an estimate which follows from the previous
case. The arguments are similar to those of Case 2.

4. PROVING THE EXISTENCE OF THE OPERATORS F AND R

The proofs of Theorem 3.3 and Theorem 3.4 are based on the following extension
result.

Lemma 4.1. Let Q be a triangular domain in R* with boundary 09 = (9Q)p U (09Q)w,
where (0Q)y = T is one of the edges of O (I is an open interval in R) and (002)p
consists of the union of the other two edges. Then, there exist a linear operator P such
that

(4.1) P: Hégl/Q(F) — H5(Q) and is a bounded operator, i = 1,2.
Here,
Hyg*(T) = [H3 (D), L (D)o, Hog* (D) = [HE(D), Hy (D)L o,
and
9 9 ou
Hy(Q)={ue H (Q):u:a—nzo on (0Q)p }.

Proof. For v € HééQ(F) let © denote the extension by zero of v to the rest of 0€2. Then,
for some positive constant ¢ we have

~ 1/2
(4.2) [l rv/200) < cllvll gy forall v € Hyg (D).

For v € C3°(I") we define Pv to be the solution of the problem:
Find b € H?*(Q2) such that

A% =0 in Q,
(4.3) b=1v on 0f,
g—z =0 on 0f2.

It is known that (see, e.g., Proposition 1.3 in [8]) Problem (4.3) has exactly one solution
be HA(Q) C Hp(Q) and

(44) ||bHH2(Q) S CHUHHS/Q(F) S CHUHH(%Q(F) for all v e C'SO(F),

where ¢ is a positive constant. In addition, since v € C5°(T'), we have b € H3(f2) (see,
e.g., Section 3.4.2 in [10]).
Next, in order to estimate ||b||g1(q) we consider the following fourth order problem.
Find w such that
A%w = —Ab in Q,
(4.5) { w e H2(Q).

The (weak) solution w of the above problem satisfies w € H3(Q) N HZ(N) (see, e.g.,
Corollary 3.4.2 in [10]). Then, using Green’s first and second identities, we get
I(Aw)

(Vb,Vb) = (=2b,b) = (A%w, b) = (522, b) + (Aw, Ab),

where (-,-) and (-,-) are the inner products on L*(Q2) and L?(92), respectively. Since
w € HE(Q)) and Ab is harmonic it follows from Green’s identity that (Aw,Ab) = 0.
Consequently,
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(4.6) 1Bl ) < € Ha(aAnw)

HbHHl/Q(BQ) forallv e CSO(F),
H-1/2(69)

where c is a positive constant. Next, we have

o(Aw)
O0(A )
on H-1/2(8Q)  peH/2(60) ||<P||H1/2(aﬂ)

Denoting the harmonic extension of ¢ € HY?(9Q) to Q by the same symbol ¢, and
applying again Green’s identity, we obtain

J(Aw) Oy
4.8 = ( —,Aw) — (Ab, v).
(4.8) (=5, % = (5, Aw) = (Ab )
In order to estimate the right hand side of (4.8), on the one hand we have
(49)  [(Ab@)| = [(Vb, Vo)l < (bl @l i) < cllblla@llellm 2o,

and on the other hand we can prove that

Iy
(4.10) [(Aw, %H < CHbHHl(ﬂ)H80HH1/2(69)-

Indeed, using trace inequalities we have

dp
[(Aw, %H < cllAw|| 200100/ Onl| g-1/200) < cllAw|[m) [|00/0n 117250

where
0 5a:0
'_(p —  sup M'
on H-1Y20Q)  6eHY/2(89Q) HHHHl/Q(aﬂ)

Let us denote the harmonic extension of § € H'/2(9Q) to by the same symbol 6. By
applying Green’s identity and the fact that ¢ is a harmonic function, we obtain

Oy
<%,0> = (Vo, V) < llolla@lflla @) < 1ol a2 1l mrzoo)-

Next, since (2 is convex, the operator A? defines an isomorphism from H3(Q2) N HZ(2)
onto H~ () (Corollary 3.4.2 in [10]). Thus, we get
[Aw] o) < cllwllmag) < c|A%wlla-1(0). < cl|Ab]r-1(0).
From Green’s identity and the definition of the negative norm we see that
860 < Il

Finally, from the above estimates we conclude that (4.10) is proved.
Combining (4.6)-(4.10) we deduce that

(4.11) 6] 102y < CHbHHl/2(aQ) for all v € Cg°(I),

where ¢ is a constant independent of the function v € C§(T"). From (4.2), (4.3) and
(4.11) we have

(4.12) 6] 1) < cflv for all v € C5°(T),

HH362<F>



11

Using (4.4), (4.12) and the density of C§°(I') in both H&{Q(F) and HS’({Q(F), we can
extend the definition of P so that (4.1) is satisfied. O

Proof of Theorem 3.3.  Let O denote the origin of a polar coordinate system used
to describe the sector domain S, . Let € > 0 be fixed, and let A, B, C, D denote the
points with polar coordinates (1,0), (1,w), (1, «) and (e, ), respectively (see Figure 1).
Let I := (O,A) = (0,1), I; := (D,A) = (—¢,1) and denote by T, Ty the triangular
domains O, A, C' and D, A, C, respectively.

B

FIGURE 1. Sector domain.

We introduce here two new spaces:

Hééi([) = {ue HY(I): /1@ dx < 0o},

0 — X

and

Hgéi([) = {ue H¥?*(I) :u(l) =0, /1 M dr < oo}.

For u € ﬁl(S(),w), define yu to be the trace of u to the interval I. Thus,

Hi(So.) forallu € ﬁ"(SOM), i=1,2.

(4'13) nyuHHéall/?(]) < CHU‘

Next, we construct an extension operator F; which takes functions defined on I into
functions defined on the whole interval I; and are zero on the interval (—e¢, —¢/2). We
require that F; to satisfy:

(4.14) | Eyu) for all u € Hig (1), i=1,2,

< ¢flul

Hig 2 (1) Hi Y2 (1)

where ¢ is a positive constant. One way to construct F; is the following:
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By Theorem 1.4.3.1 [9], one can find an extension operator Ey which takes functions
defined on I into functions defined on the interval J := (—1, 1) such that

1Bl iz, for all w € Hepy/*(I), i =1,2.

y < ellull iy
Next, let  be a smooth function on J which is equal 0 on the interval (—1, —¢/2) and is
equal 1 on the interval (0,1). The operator E3 which multiplies a function defined on J
with 7 and then takes the restriction of the new function to the interval I; is continuous

from Héajﬂ((]) to Héo_l/2(11). Thus we can define E; by
El(U) = Eg(EQ(’LL))

By Lemma 4.1, we can extend Fj(yu) to a function b = P(E;(yu)) defined on the
whole triangular domain 7} and such that (4.1) is satisfied for Q2 = T} and I' = [;. Next,
we consider the restriction of b to the triangular domain 7" and the extension by zero
of the new function to the sector domain S, . Let b be the function obtained by this
process. Then, define an extension operator denoted FEj, mapping functions defined on
So,w into functions defined on S, by

| w,if x € Sy
Ew) - { 55 LT

Combining (4.13) and (4.14) with the fact that the operators involved in defining b are
continuous, we get that

(4.15) 1 Evull gis, oy < cllull s,y for allu € H'(Sp.).

Now we introduce another extension operator denoted E., which coincides with the
classical even extension operator when w = —«, mapping functions defined on S, into
functions defined on S, ,, by

u(r,0), if (r,0) € So.
(Eeu)(r,0) =
u(r,20), if (r,0) € Sao.

Finally, we define the required operators £ and R, by
(Bu)(r,0) = = (Ea)(r.6) + (1= Z)Ey(r.0), (.6) € o

and
w

(Rv)(r,0) :=

(v(r, 0) — v(r, 39)), (r,0) € So

a —w

Simple computations show that £ and R have the desired properties.
The proof of Theorem 3.4 is similar. The operators £ and R from Theorem 3.4 are
defined in the same manner as in the above proof.

5. AN APPLICATION TO A NONCONFORMING FINITE ELEMENT PROBLEM

In this section, we apply the results of the previous to a modified Crouzeix-Raviart
nonconforming finite element approximation. Let € be a polygonal domain in R? with
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boundary 92. The L*(Q)-inner product and the L?*(2)-norm are denoted by (-,-) and
|||, respectively. We consider the Dirichlet problem

—Au=f in
(5.1) { u=0 on Of).

We consider the simple boundary condition above for convenience of notation. All of

the results to be given extend to Dirichlet problems with mixed boundary conditions.
The variational formulation of (5.1) is the following:

Find u € V := H(Q) such that

(5.2) a(u,v) = F(v) for all v € Hy(Q),
where F(v) = (f,v) and

a(u,v) = / Vu-Vvdr forall u,v € Hy(S).
Q

Let 7, be a quasi-uniform triangulation of €2 and let h = max diam(T).
TE LR
Next, we consider the Crouzeix-Raviart finite element nonconforming space

Vi :={v|vislinearon all 7 € 7,
v is continuous at the midpoints of the edges
v =0 at the midpoints situated on 0Q},

and define on V + V}, the bilinear form
ap(u,v) = Z D, (u,v), where D, (u,v) = /Vu - Vv dx

T€T,

and the associated norm

ulln ==V an(u, uw).

It is easy to show that the form ay(-,-) is positive definite on Vj,. The Crouzeix-Raviart
approximation is: Find u; € V}, such that

(5.3) ap(up,v) = F(v) for all v € V.
The next statement is a version of Strang’s Lemma [2, 6, 7].
Proposition 5.1. Let u € V and w € V}, be arbitrary. Then
. ap(u —w,v
(5.4) o=l < inf lu v+ sup %
Proof. Let u € V), satisty

ap(@,v) = ap(u,v)  for all v € Vj,.
Then, ay(t — u,v) =0 for all v € V}, and consequently,

o= il = i = o

Thus,

- N B ar(t —w. v
ot = wlln < e — il + 116 — wlln = ot — ally + sup “eLE=220)
A T
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Moreover,
ap(tt —w,v) = ap(t —u+u—w,v) = ap(u —w,v).
Combining the above estimate and equalities we obtain (5.4). O

In particular, when u is the solution of (5.2) and w = wy, is the solution of (5.3), we
obtain the estimate

(5.5) |lu — up||p < inf [ju — v||, + sup
’UEVh 'UEVh

If w e H2(2) N Hy (), the first term of the right-hand side of (5.5) can be estimated by
ch|u| g2 using standard approximation properties. For the second term, we can use the
following result (see, e.g., [2], [7]).

ap(u — up,v)
[v][n

Lemma 5.1. Let u € H*(Q) N HY(Q) be the solution of (5.2) and uy, be the solution of
the discrete problem (5.3). Then, for some positive constant ¢

ap(u — up,v)

(5.6) ol < chlu|gz,  forall v € Vi, ue H*(Q) N Hy(Q).
Consequently,
(5.7) lu — unllp < chlulgz  for all u € H*(Q) N Hy(Q).

The method given by the discretized problem (5.3) has the disadvantage of not being
stable when F' is only in V' = H~1(Q2). A modified method, which is stable on H~}(Q),
can be defined as follows.

First, we define 7. to be the triangulation obtained from 7; by joining the midpoints
of the edges of the ‘chiangles in 7,. Let S b be the standard conforming finite element
space of all functions in H{(2) which are linear on each triangle 7 € T%. Note that
S b cV.

Next, we define the operator T" : Vj, — S h by Tv = w, where

1. w(x) = v(z) when z is a midpoint of an edge in 7j,

2. w(xz) = 0 when z is a vertex of 09,

Na
3. w(z) = =" v(y;) when z is an interior vertex of 7, where yi,ys, ... , yn, are the

midpoints of those edges in 7, that are adjacent to x.

Clearly, n, is bounded above by a fixed natural number. Let M, be the set of all
midpoints of the edges in 7,. Let E} be the set of all line segments connecting in each
triangles in 7, the mid points of the edges. Finally, let Ej /5 be the set of all edges in
Ty. Then,

2

[o]]* = h? Z v} (yi), v € Vi,

Yyi€EMp

[ Z (v(y:) = v(y;))?, v € Vi,

(vi,y;j)EER
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and

wing ® D (wlw) —w(z;))?, we Sy

(wi,2;)€EL )2

From the way we defined T" and by using the above equivalences, it is easy to verify that

(5.8) [Tl gy < ¢ an(v,v),  forallveV,
and
(5.9) |Tv —v||* < ch? ap(v,v),  for all v € Vj,

for some positive constant c.
Consider the following modified version of Problem 5.3: Find u; € V}, such that

(5.10) ap(ap,v) = F(Tv),  forall v € Vp,

Note that since Twisin V, (5.10) is well defined for F' € V’. We will use the interpolation
results from the previous two sections to prove an error estimate for the modified method.

Theorem 5.1. Let u be the solution of (5.2) and let @y, be the solution of (5.10). Then,
for s € [0,1], we have the following error estimate:

(5.11) lu—anlln < ch®|Jull sy,  for allu € HT5(Q) N Hy(Q).

Proof. For u € Hg(Q), we set F(v) = (—Au,v) and define P,u = @, where ay, is the
solution to (5.10). By taking v = 4, in (5.10) and by using (5.8), we easily get that

[ Prulln = lltnlln < cllullmq)-
This immediately implies that
(5.12) (I = Py)ulln < cllullmq),  for all u € Hy(S).
Next, for u € H*(Q) N H}(Q), from Proposition 5.1, we obtain
ap(u — Up, v)

|lu — ap|ln < inf ||v — ul|, + sup
VeV vevi,  |[vlla

Using standard approximation properties gives
inf flu— ol < inf = vlln < chlule)
To estimate the second term in the right-hand side of the above inequality, we note that
ap(u — Up,v) = ap(u — up, v) + ap(up — Up,v), v € Vi,
From Lemma 5.1,
an(u — up,v) < chlul gz |[v]|s-
On the other hand, with the help of (5.9),
ap(up — ap,v) = ap(up,v) — ap(ap,v) = (f,v) — (f, Tv)
< I lo = Toll < chlul o) l[v]la-
Combining the above estimates gives
(5.13) (I = Py)ulln < chllullgz)y,  for all u € H*(Q) N Hy ().



16

C. BACUTA, J.H. BRAMBLE, AND J.E. PASCIAK

Finally, from (5.12) and (5.13), by using interpolation and the result of Chapter 3, we
obtain

— ChSHuHHl-‘rs(Q)’

1T = Pu)ulln < ch*lfullrznmg, my,_,

for all w € H*5(Q) N H}(Q). This completes the proof of the theorem. O

1]
2]
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