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Abstract. A model and analytical method for solving a problem of coupled fluid flow in
the reservoir/well system is presented. The 3-D drainage area is composed of three connected
media: the tubing, the annuli (considered as a super conducting collector), and the reservoir
itself. To couple the fluid flows in these areas a non-overlapping Dirichlet-Neumann domain
decomposition method is developed theoretically and tested numerically. The method allows
to build an analytical hybrid simulator for accurate evaluation of the impact of the main
geometrical and hydrodynamic parameters of the 3-D system on the pressure drop along the
horizontal well and on its production index.

1. INTRODUCTION

The modern technology in oil and gas recovery requires new models and computational
methods and techniques which take into account geometrical and hydrodynamics parameters of
“small” perturbation. Mostly, this issue reflects the increasing understanding of the reservoir’s
structure and geometry which make effective the useage of the so called “smart” technology
[17]. Many presentations on the recent conference ”Horizontal Technology” [28] showed that
the technological progress of horizontal well drilling has been recognized by the petroleum
industry as a most efficient technique for reservoir development and characterization. A distinct
property of horizontal wells is a bounded perforation with significant length in productive layer.
At the same time, it is clear that a high span of perforation of the horizontal well may result
in a significant pressure drop along the well-bore [2, 10, 16, 24, 20, 30, 21, 22, 23, 25]. The
mechanics of pressure drop is very complex and is due to various factors, such as completion of
the well, operation conditions (e.g. sand factor), the character of fluid flow inside the horizontal
well and in the reservoir, geometry of the reservoir, hydrodynamic characteristic of the porous
media, etc. These factors may lead to substantial decrease of well /reservoir conductivity ratio.
The pressure drop results in stabilization of the well productivity; that is, beginning with a
certain critical value, further extenuation of the wellbore’s length does not cause any increase
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of productivity [8, 10, 24, 25]. It has been noted [2, 19, 21, 22, 23, 25] that for an accurate
evaluation of the pressure drop along the well a coupled well-bore/reservoir flow model has to
be considered. It has been shown [2] that in a 3-D unbounded reservoir with permeability less
than 1-Darcy and laminar well flow the pressure drop along the well-bore is insignificant. This
fact is related to the assumption that conductivity of the well in case of Poisel’s flow is much
higher than the conductivity in the reservoir and therefore, the pressure along the well changes
weakly. At the same time, the data observed in multiple operating horizontal wells showed
that productivity of these wells does not increase proportionally to the length. In recent papers
(see, e.g. [21, 22, 23, 25]) this effect has been estimated by friction of the wall and acceleration
terms in balance equation. In the present paper a model of a reservoir/well system composed
of a tube of small radius with extremely high (infinite) conductivity, a intermediate annular
zone with high but finite permeability, and the reservoir itself with low (less than 1 Darcy)
permeability (see, Figure 1) is studied. In the physical sense the model we use takes into
account the following phenomena:

e fluid flow inside tubing of the well,

e fluid flow in a screen and sand pack considered as one media with its own permeability
and

e fluid flow in a bounded reservoir limited by top, bottom and external boundaries.

This embedded coupled model allows us to take into account the main parameters that produce
pressure drop along the horizontal well. In practice the reservoir’s and well’s geometrical
parameters are incomparable. Therefore, the combined impact of these parameters on coupled
fluid flow inside the well and in the reservoir could not be efficiently estimated by methods of
numerical analysis based on finite difference (finite element, etc.) approximation of governing
equations. Our goal is to accurately evaluate the impact on well performance of the parameters
of: (1) the geometry of the reservoir/well system, and (2) the hydrodynamic characteristic of
fluid flow in three linked media (well, near well zone, and main part of the reservoir). For this
purpose two analytical models are proposed. The first approach is based on the presentation of
the reservoir pressure distribution in the form of convolution of a Green function of boundary
problem with mixed type (Dirichlet and Neumann) of boundary conditions and with unknown
density. For an explicit construction of the Green function, an alternating Schwartz algorithm
is proposed and studied.This algorithm produces a sequence of solutions to a Dirichlet problem
in a bigger (auxiliary) domain so that their restrictions to the original domain tends to the
Green function of a mixed problem. Further discrete density is modeled by means of special
coupling conditions on the wall of the well. A second approach is based on methods of separation
of variables, which allows us to reduce the initial problem to the problem of computation the
Fourier and Fourier Bessel coefficients on the boundaries of a cylindrical domain. The first
approach accounts more precisely for the “ global parameters” of the well/reservoir system
such as size of the drainage zone, shape factors of the external boundary, of the reservoir,
well’s length etc. the second approach is aimed at accurate and explicit evaluation of the
impact of the “ local” geometrical and hydrodynamic parameters: tubing/casing “diameter”,
well /reservoir conductivity ratio etc., on the pressure distribution and production index.

It is very important to note that direct application of these methods is not feasible (im-
possible). Therefore, special domain decomposition algorithms are developed. We also must
note that for convenience, these two approaches are presented in the paper separately and are
applied to different domains. The paper is organized as follows: In Section 2 we present the
coupled model of a well/reservoir system and discuss methods for an approximate solution. In
Section 3 we construct an approximation of the Green function that is an important building
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FIGURE 1. Resrvoir/Well model

block in the numerical solution method. Further, in Section 4 we discuss the numerical imple-
mentation of the method and the computational results. Finally, in Section 5 we present and
discuss a non-overlapping Schwartz algorithm in a non-homogeneous domain. In this section
we present an explicit form of the solution and discuss the convergence of the corresponding
iterative method for the Fourier-Bessel coefficients.

2. CouprPLED FLow MODEL

In this section we present a mathematical model of coupling two single-phase fluid flows:
one inside a cylindrical well of finite length and another one in a bounded homogeneous porous
media (called reservoir).We assume that inside the well the flow is steady-state, inertia-less,
and governed by Stokes equations. The flow in the reservoir obeys Darcy’s law. The well
is assumed to be cased with very dense perforations uniformly distributed over its surface.
At the interface between the well and the reservoir we use a coupling condition, introduced
by Panfilov [26], that expresses a conservation of mass through the interface. The reservoir’s
filtration is in the radial direction to the interface of the well bore, while the inflow flux can
be considered to be continuous across the surface.

2.1. Mathematical Model. In order to formulate the model we first introduce some neces-
sary notations. The points in the 3-dimensional space R?® are denoted by x = (21, 22, 3). The
reservoir is considered to be a spherical layer with thickness equal h:

Q=Bn{z: 0<az3<h}CR

where B = B(0,R) = {x : |z| < R} is a ball in R® with a center at the origin, and |z| is the
Fuclidean length of x. The well W is a cylindrical cavity along the x; axes of constant radius
Ty and finite length L, i.e.

W={z: 0<z; <L, 254 (3 —23)* <72}, (see, Figure 1)

It is assumed that:



1. The fluid is incompressible and filtration of flow in the porous media is governed by

Darcy’s law and the equation of continuity:
K
W= (wy,wy,w3) = ——Vp, V-4 =0.
I

Here w is vector velocity of fluid filtration and p is the reservoir pressure, K generally
is a symmetrical tensor of permeability with measurable and bounded coefficients, and
the p is fluid viscosity. We assume that the porous media is isotropic and homogeneous
and the fluid viscosity is constant. Substituting the expression for the velocity into the
equation of continuity we obtain:

Ap=0 in Q\W.

. The following boundary conditions are satisfied on the boundary of the 3-D spherical

layer (see, Figure 1) :

at the top (x3 = h) and the bottom (z3 = 0) of the reservoir no-flow conditions are
prescribed, while the pressure p is specified on the external boundary I'y = {z : |z| =
R, 0 < z3 < h} of the reservoir.

. Inside the well we use a simplified model derived in [26] in terms of the averaged pressure

and velocity over the a cross-section of the well. Let D(z1) = {x : 23 + (z3 —23)? <72}
be a cross section W by a plane orthogonal to the axes x; at the point (1,0, xg), and let
S(z1) its boundary

S(x1) = 0D(z1) = {(z1, 22, 23) : X2 = TyyCOSP, T3 = :cg + rwsing, 0 < ¢ < 27}

Next, denote by P,(z1) the average pressure in the well-bore over the disk D(z1) and by
Vi(x1) the average component of the velocity of the flow over D(x;) the x;. It has been
shown that under certain assumptions [26] the fluid flow inside the well W is governed
by the following two equations:

2 1 8 2
Vi) = ——w(z1),  ——Fy(w1) = 5 Vi(@r) + —wj(z1).

Here wy(z1) is the average over S(z1) of the trace of the radial component of the velocity,
namely
K dp

wy (1) = ——

— ds,
B S5z On

where n is outward normal unit vector to S(z1). Note, that in our case % = % so that

the notation w,(z1) is justified.

. The radius of the well is more than a hundreds times smaller than the other linear sizes

of the well/reservoir system. That makes it possible to assume that we can neglect the
dependence upon the angular variable ¢ of the trace of the reservoir pressure and the
normal component of the velocity on S(z;) (defined by (2)). Therefore, we can use the
notation

p(1,72,73)|5(21) = P(T1).

. The well pressure is specified as a given P, constant for z; = 0. This end of the well is

called dominated. The opposite end of the well, the point x1 = L, is called a free end.
At this end we specify the average velocity V4 which expresses a balance of mass. This
will lead to the following boundary conditions:

1
Pa(O) = Pw, Vl(L) = —s ’wl(L,CCQ,CC;g)d.TQd.’Eg.
TTw J D(L)
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6. The solution inside the well is completely specified by its boundary conditions while the
solution in the reservoir is specified only on the top (x3 = h), bottom (z3 = 0) and
external boundary I'y. These two problems, called inner and external, are coupled via
a condition on the well’s interface. In this paper we will follow the scheme described in
[2, 11, 19, 26]. For another approach for coupling external and internal problem we refer
to [22, 25].

On the interface between the porous media and the well the pressure is continuous,
while the velocities are allowed to be discontinuous. In [26] it has been shown that in this
case the average pressure P,(x1) in the well and the average of the trace of pressure in
the reservoir p(z1) on S(z1) satisfy the following interface condition:

(6) pz1) = Pa(w) + ﬁ(riw;’m) — dw, (1)),

The governing equation (3) in the well bore W and the conjugate condition (6) have been
obtained in [26] for Stokes flow by averaging over the well bore cross section. The solution
of the Stokes equations written in the cylindrical coordinate system was sought in the form
of a power series with unknown coefficient depending on x; determined from the coupling
conditions.

2.2. Decomposition of the initial problem. Here we propose an iterative method that
reduces the problem of coupling flows in the reservoir (outer flow) and in the well (inner flow)
by the condition (6) on the well/reservoir interface.
We propose the following iterative scheme:
1. Solve the outer boundary value problem in the reservoir with a given linear distribution
Py on the well surface; as a result we find: (1) the pressure function p(z) in the reservoir,
(2) the average of the traces of the normal component w,(x;) of velocity on the lateral
surface of the well, and (3) the normal component wy (L, z2, x3) of the velocity on the free
end of the well.
2. Using the w,(z1) and wi(L, z2,x3) obtained, solve the inner problem (3), (5) in W; as
result the average pressure distribution P,(x1) in the well is computed.
3. Solve

(7) Ap=0 in Q\W.

with boundary conditions (6) on the interface S(z1) and the following boundary conditions
on the reservoir’s boundary:

(8) Pzy = 0 for 23 =0,h, p(zr) =pr on I';.
4. Repeat steps 2 and 3 of this process until convergence.

2.3. Solution methods for the outer problem. Without loss of generality we can assume
that pr = 0. Let G(z,£) be the Green’s function of the mixed problem (6) — (8). By applying
the theory of Newton’s potential, the pressure function p(z) can be represented in the form:

(9) p(z) = /W Gz, O)B(€) dé.,x € R

A classical way to obtain the unknown potential density () is:to substitute the potential
p(z) into the boundary condition (6) (where P,(x1) is defined from the iteration procedure)
and to solve the resulting integral equation. The numerical realization of this approach is well
understood, but extremely expensive since it results in a boundary element method over a
surface in 3-D.
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FIGURE 2. The well model

Under the assumption 4 in Section 2.1 we can substantially simplify the solution of the
problem (6) — (8). Namely, we take the density as a function of the & - variable and the
singularity of the Green’s function G(x,&) is located along the axis z1. This allows us to use
the following approximate construction:

1. Replace the well W (see, Figure 2 as a sum of a finite number of intervals on the axes 1
defined by the points 0 = &0 < &1 <--- <& v = L

2. Approximate the potential (9) by taking [ as piecewise constant over this partition so
that

N
(10) p(z) = Zﬁz‘ /A G(x,§),d&, where , Ay = [&14, 8141
1 i

3. Find the unknown discrete density (1, ..., Sn) by taking the equation (6) at the colloca-
tion points (z1,;, 7w, 0):

(11) p(x1, 22, 23) = Py(1) + %(riwﬁ(m) — 4w, (x1)).

Here z1; € A; is a specific point aimed to minimize the error of the quadrature formula.

Obviously, the main issue in applying this modification of the boundary element method is
an explicit construction of the Green function G(z,£). In an unbounded reservoir (R = o0) of
finite thickness h the function G(z,&) is a superposition of an infinite number of fundamental
solutions of Laplace equation [18]. These series does not converge. In case of a bounded
domain such as parallelepiped or cylinder, the Green’s function with Dirichlet condition on
the side of this domain can be represented as a superposition of the source functions, but this
series converge very slowly [7]. To overcome this difficulty, an iterative method for construction
of Green’s function has been developed in [13, 14]. Here we apply this approach for mixed
boundary problems and general domains. The main idea consists of a symmetric extension on
the initial domain and the construction of a ”control” condition on the extended boundary.
That is a restriction of the ”source” function generated under conditions in the extended
domain that satisfy non-flow conditions on top and bottom of the reservoir.

3. GREEN FUNCTION CONSTRUCTION

In this section we present a mixed boundary value problem and an alternating Schwartz
Algorithm in a general form. We assume that the domain 2 is the layer between the planes
x3 =0 and x3 = h (shown on Figure 3). We further use the notations:

0N=T1UTly, I'o =9 U7, and F1C{x‘0<x3<h},

where v1 = {z | x € 9Q, 23 =0} and y5 = {z | z € IQ, x3 = h} are non empty 2-D domains.
Let G(z,€) be the Green function of the mixed boundary problem (positive solution of the
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FIGURE 3. Auxaliary domain and its Image: (a) general case; (b) spherical layer with fluxes

problem) with a singularity at &:

AG(z,&§) = 0 in Q\¢,
(12) G£E3(xv§) = 0 on y,7,
G(z,§) = 0 on I'.

3.1. Domain extension (Auxiliary Domains). Assume that there exists symmetric a ex-
tension (2 of the domain Q with respect to 71 such that (see Figure 3(a)):

e ONn{z:0<az3<h} =Q; .

e there is a sub domain B* C 2, symmetric with respect to o such that

OBt N{z:x3>h} =dQn{z:x3>h}.
Denote by
S =0B*Nn{x:23>h} and S| =BT N{x:x3 < h}
the upper and lower boundaries of the domain B, correspondingly. Further, denote by
Sy =00n{x:0>x3>—h} and Sy =N {z:x3 < —h}

the lower and upper boundaries of the extended domain €2, correspondingly (see, Figure 3(a)).
By construction S;r is a mirror image of I'y, while S5 is an mirror image of Sf with respect
to the boundary symmetric to 1, and S5 is symmetrical with respect to 1 (see Figure 3(a)).
In the case when () is a spherical layer, the extension represents itself as a ball and sub
domain B* is a “lens” (see,Figure 3(b)).

Now assume that £ € Q is a point of singularity of Green function G(z,£). Below we
show that for any point £ there exists a ”symmetric” in Q and in B* finite number of points
A (€) € Q (the extension of the domain ), such that:

1. the point £ € Ag();

2. the subset of Ag(£) that is in BT is symmetric with respect to vo;

3. the whole set Ay (&) is symmetric with respect to 1.
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Now, for a given £ € ) we construct a set with these properties. For simplicity we assume that
¢ does not belong to Sf . Take &; to be the mirror image of ¢ with respect to v2. The above
assumptions guarantee that such a point exists and is in BT. Next, we add to Ay (£) the pair
of points 79,71 in Q that is a mirror image of points £, £ with respect to v, (see Figure 3(b) ).

After this step there are three possible cases:

a: 79 € BT and m, € BT;

b: 19 € BT and 0 ¢ B™;

c: 1no¢ BT andn ¢ BT.
In case (c), we make no additional steps and we consider the set Ag(§) constructed and has
just these four points. In case (b), we add to Ag(§) one point &3, which is an mirror image of
no with respect to 7. Further, we add one more point 7y which is a mirror image of £ with
respect to v1. In case (a) we add to Ag (&) the points & and &3 that are a mirror images of the
points 1, 71 with respect to 2. Then we also add to Ai(§) the points 1, and n3 that mirror
images of £, and {3 with respect to ;. Further, we repeat the procedure (a)-(c) with respect
to the points 79 and n3. Since h > 0, after a finite number of steps we reach the case (c¢) that
completes the construction of the set Ag(&).

3.2. Alternating Algorithm. In this subsection we present an approximation of the Green
function for mixed boundary problem (12).It will be shown that it is a limit of sequence of
Green functions of Dirichlet problem in an extended domain with specific condition on its
boundary. Let £ be a point of singularity of the Green Function defined in (12) and let Ag(¢)
be the finite set constructed in Subsection 3.1.

For any v € Ay(&) define the Green function F'(z,r) with zero boundary condition on the

extended domain {2 and with singularity at v, namely:

A F(z,v) = 0 in Q\v,
F(z,v) = 0 on 0Q.

It is a well known fact, that F'(z,v) can be presented as sums of the fundamental solution of

the Laplace equation o plus a regular part denoted by ®(z,v), i.e.

1
T—V

(13)

(14) F(z,v)= + &(x,v).

|z —v|
In case of standard domain such as cylinder, cube or ball, this function has explicit analytical
presentation [7]. Next, we take the superposition of the functions F'(z,v) in the following form:

Go(w, Ap(&)) = Y Flzv).

veAL(E)

It is obvious from the construction that

(15) A Go(w, Ax(€)) = 0 in Q) A(9),
Go(x,Ak(g)) = 0 on 0f.

Therefore, this is a Green function of the Dirichlet boundary value problem in € with sin-
gularities in the set Ag(€). Also, by the construction of the set Ag(£), the Green function
Go(x, Ar(§)) is even with respect to 1 and therefore it satisfies a homogeneous Neumann
boundary condition on ~;. Thus, we have the following situation: the restriction of the func-
tion Go(x, Ax(§)) to the domain  is a solution of the Laplace equation with a singularity at
the point &; moreover, it satisfies homogeneous Neumann condition on +; and zero Dirichlet
boundary condition on I'y. Therefore, G(x,&) and Go(z, Ak(€)) differ only by the condition
on 2. Thus, we consider Go(x, Ax(§)) as an approximation to G(z,£). Our further steps
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will be to correct Go(x, Ax(§)) in such a way that they match this boundary condition. This
correction is given in the following algorithm:
An Alternating Algorithm:

1. Take the trace of the function Go(z, Ax(§)) on S and denote it by ¢(z).
2. In the domain B find a solution of the problem:

A go(z) = 0 in BT
(16) go(xz) = 0 on Sy
go(z) = ¢(a'(x)) on S,

where 2/(z) is a point of S that is symmetric to the point x on S;" with respect to 7o
(see, Fig. 4).
3. In the extended domain € find solution to the problem:

A Gi(z) = 0 in Q

(17) Gi(z) = 0 on Ty USy
Gi(z) = go(z) on S
Gi(r) = go@(@) on 55,

where 2/(x) is a point on Sy symmetrical to the point x on S; with respect to 7, .

Next, we repeat these two steps by replacing Go(z) by G1(z) and producing the next pair
of functions g;(x) and Ga(z). Continuing this process, we obtain a sequence of functions
90(2), g1(2), ..., gn(x), ... defined in the sub domain B* of the extended domain Q. Also we
have obtained the sequence of functions G (x), Go(x), ... that are even in Q with respect to ;.
Further denote:

g (2,€) = Go(z, A(€)) + go(x) + Y _[gn(@) + (Gu(2) = gn-1(2))],

n=1



and
N
n=1

The construction guarantees that these functions satisfy the following conditions:

Agn(z,§)) = 0 in BT\
(18) gn(z,€)) = Gn(x,€) on Sy
gn(@,€)) = Gn(a/(x),§) on ST,
where /() is a point on S]” that is symmetric to x on the S; with respect to 7o,
AGy(z,€) = 0 in Q
(19) Gn(z,§) = 0 on Ty USS
CIYN(xvg) = gN(x,f)) on Si’—
Gn(z,8) = gn(@'(2),§)  on Sy,

where z/(z) is a point on S, that is symmetric to the point z on S; with respect to 1. In
the domain B the functions gy (z, &) are even with respect to vo. Similarly, in Q the functions
Gn(x,&) are even with respect to ;. Therefore, the following two conditions are satisfied:

(20) (GN(7,€))zs = 0 on 72,
(21) (é]\f(:c,f))x3 =0 on ;.
In addition we have:
(22) | éNJrl(xvé) - GN(:E7§) |:| §N+1(CC,€) - .&N("LS) | on Sf_
(23) | gv41(2,€)) — (gn(@.€) |=| Gy (@) — Gn_1(2,€) | on SF.
Define:

Mm(g) = max|gn1(2) = gm(@) |

1

My, (G) = max | Gt1(z) — Ga(2) |,

2

By construction vy, (z) satisfies:
Avp (1) = 0; () =0 on T'1USS and vy, (x) <1 on S US,.

By the assumption S| and O intersect at non zero angle so we can apply the lemma (see,
e.g. [9] Chapter 4.4 ), to function v, (z). This lemma implies that

(24) | vm(z) |<g<1on Sy.

At the same time on S| , by construction :

Im+1(2) — gm(z)
Um () = .
m\) M (g)
Combined with (24), this implies that:

My1(9) < qMp(g).
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Further, we construct M,,(G) in a similar way. As a result, we obtain sequences {M,,(g)}
and {M,,(G)} that converge to zero at a rate of geometric progression with ratio q. Hence,
there exist the limits:
lm G (2, €) = §(,€) in BT, and lim Gy (2,€) = Gla,€) in O
m—0o0 m—0o0

On 7, the functions Gy (x, €) satisfy the condition (Gn(2,€))e; = 0for any N (by the symmetry
property (21)). Therefore, their limit G(z,£) satisfies homogeneous Neumann condition on ;.
On 72, by the construction, gn(z,&) has the same property, i.e. (gn(,§))s; = 0. Also, by
construction, Gn(z,€) — gn(z,£) =0 on Si” and on S; the difference

GN(2,€) — gn-1(z,€) = Gn(z,€) — GN(2,€)

approaches zero. Then limits G(z, £) and §(z, €) are equal in B, so that by (20) (G(z,£))z, = 0
on vy as well. QED.

Possible Generalization:

Al construction which is done for Laplace equation could generalized on elliptic operator of
second order in divergence with bounded and measurable coefficients. This type of equation
model fluid filtration in highly heterogeneous anisotropic porous media. Namely let

3
(25) L= (i) o)
i, v J

For applying this technique the coefficients of the operator L in (25) should be extended
evenly on extended domain ). Let coefficients k; ; of extended elliptic operator L is such that

kz‘,j = ki,j in Q

k; ; — is an even function with respectys inB™

k; ; — is an even function with respecty; in

All construction for Green function of mixed boundary problem 12 for operator L in the
extended domain are justified as well for Laplace equation. Differences concern only main
estimation (24), that is based on Lemma from Chapter 4.2 of [9]. Instead this Lemma we can
for example apply more general proposition for so called L-harmonic measure obtained in [12].

4. NUMERICAL IMPLEMENTATION OF THE METHOD

In Subsection 2.3 we proposed an approximation method for solving the problem (6) - (8).
The essence of the method was to approximate the potential (9) by (10). In the previous
section we provided a method for computing the Green function G(x,£). Our construction
ensures that on the boundary 02 the function G(z,¢) satisfies the conditions (8). The main
task in this section is to provide an approximation to the equation (11). This will lead to a
linear system for the discrete densities ;. First, we present an algorithm for computing an
approximation to G(z,£). The ball B is considered as a symmetric extension of the layer
Q. Therefore, the Green function in the formulae (10) could be represented as a limit of the
sequence {Gy(z,£)}. Note, that for obtaining functions Gy (z,€) it is not required to solve
the problems in the lens B*. The G ~N(z,&) can be represented as a sum:

N
(26) G (@,8) = Go(, Ag(€)) + Y _ (.2, 8),
n=1
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So that by (14) Go(z, &) has the form
(27) = > { s ®(x,v)},
I/EAk

where ®(z,v) is the regular part of the Green function in the ball B (see, e.g. [7]). The II,, in
(26) is the Poisson operator

2_ T 2
(28) I, (z,&) = (4m) ! /BB (RR ’|x _| ;@Z)‘g(y) ds,,

with

gn(y), on S,
(29) $n(y) = 0, on T U S,
gn(y’) on S5 .

Here, the functions §,(y) have been defined in the same way as in Section 3.2 for the the
domain Q = B; also point 3/ in (29) is given by the construction in step 2 of the alternating
algorithm (see, Figure 4). The Poisson integral (28) could be calculated by a Simpson-type
cubature formulae [1]. Some practical computations performed in [13] have shown that for
R = 5000m, h = 10m a cubature with 4040 nodes guarantees an accuracy 10~ of the normal
derivative of Gy (z,€) on 72 for N =5 steps (explained in Subsection Alternating Algo-
rithm). The Simpson formula gives higher accuracy but is quite expensive. In our calculation
we have used a less accurate but very efficient Lusternik formula [1] with 64 nodes. Further,
in order to find the discrete densities (; we need to compute integrals of the Green function
over A;. This step is implemented in following way: Using presentation (26) of Gx(z,&) and
formulae (27) for Go(z, Ax(€)) the integral over A; in (10) is presented in the form:

/Gngdg / Fn(x,€) + Z[’ L + &(z,v)] p de,

where Fy(x,§) = ij:l IT,(x, &) is a regular function.

In our numerical implementation the last two integrals are calculated analytically while
the first one is computed numerically. Thus, the outer problem is solved numerically on
any step of the iteration process described in Subsection 5.1. For this purpose at any step the
computed integrals can be substituted in the equation (11) as an approximation of the pressure
function and radial rate(4). Then numerical values of 3; are obtained by Gauss method as
a solution of linear N x N system equation(11) derived for the collocation points. Results
of the computations for G;, ¢ = 1,...,3000 in two cases are presented on Figure 5 . In our
computations L = 2000m,r, = 0.075m, and r,, = 0.05m. The hydrodynamic meaning of
discrete density distribution is a local influx towards the well surface. And it is clear from
this picture how the conjugate flow in the reservoir/well system effects the distribution of local
flux along the well. Namely: when the radius of the well, r,,, decreases, then the resistance to
the flow in the well increases. Therefore, the local influx takes its maximum near x; = 0, the
dominated end of the well. At the same time at the free end of the well, 1 = L, the influx is
reduced. Near the end points x = 0 and x = L we see certain spikes in the behavior, called
7end effects”.
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4.1. Computational Results and Discussion. As noted above, an interesting fact is the
dependence of the pressure drop and local production distribution along the well on geometrical
parameters of reservoir/well system.

It has been shown [2], that in an unbounded 3-D porous media with "normal permeabil-
ity” (less than 1D) and for flows obeying conditions 1-6 in section 2.1, the pressure drop along
the well-bore is insignificant. In a bounded reservoir the dependence on geometrical parameters
could lead to a significant pressure drop. For examine the impact of geometrical characteristics
of the reservoir boundary on production rate and pressure drop is the aim of this section. Here
the variable parameters are: L - length of the well, D; - distance between free end of the
well and reservoir boundary, location of the dominated end of the well, 7, - well’s radius,
shape of the reservoir boundary namely 1/R -radius of the curve of the ball B(0, R) .

1. First we examine the influence of the shape factor of the reservoir. Our computations
show that the pressure drop along the well-bore depends essentially on the form of the
exterior boundary I'y. The results for two limiting cases (spherical and plane external
boundaries) are given in Figure 6. Here < P >= M%L J; Pa(x1)dzy is the average
pressure in the well-bore and P, is the pressure at the fixed (dominated) end. In both
cases the distance between free end and the external boundary remained the same. These
results show, that boundary shape could lead up to 10% increase of pressure drop.

2. Next we analyzed the impact of the distance between well and reservoir exterior boundary
Iy on the pressure drop in the well. It is clear that if the free end of the well intersects
with the reservoir external boundary, the pressure drop is equal to the difference between
pressure on the dominated end and the value of pressure on external boundary pressure.
We studied the influence of the Dy on a value of the pressure at the free end of the
well on. In computational runs it was assumed that well length L, reservoir’s radius R
, well radius r,, and well location xg with respect to top and bottom, are constant. So
the parameter Dp decreases while shifting of the well towards I'y . The corresponding
results are presented on Figure 7. Here Pj, is the pressure at the free end of the well-bore.
As may be seen from Figure 7 this relation is not significant for small D, (about 20r).
But when the free end of the well is close enough to the external boundary the pressure
at this end decreases exponentially. Note that the increase of well length, which does not



14

0.30
L.m

T TT T T T T T T T T T T T [T T T T T T T [T T T T T T T [T T T T T T T T[T T T T T T ITTITTT
h 20,0 40.0 BO.0 20,0

TT
—20.0 100.0

FIGURE 6. Distribution of the < P > within a well in reservoir with plane 1 and
spherical 2 external boundary

B

L

o GkD
P

W' g
el
AR
04D

040

adb

FiGURE 7. Ratio between Py and P, vs distance to exterior boundary

decreases the distance Dy , also causes considerable pressure drop at the free end of the
well. For this purpose the following numerical experiment has been executed.

. Take the distance Dy , well radius r,,, and R; are constant and vary parameter was the

L length of the well.
The results of numerical experiments showed that the influence of the dominated end of
the well on the free end of the well could decrease even proportionally to the well length.

. It is known from field data [10] , [20] that as a result of pressure drop along the well

the dependence of production rate on the well length tends to be constant. So, the



15

—

1.00

1] 20 4.0 =] =] 0.0 120

FiGURE 8. Comparison of the relation between production rate vs. distance to the
exterior boundary

correlation between the production rate of the horizontal well has been studied for two
cases: (a) constant pressure in the well, and (b) variable pressure in the well generated
by reservoir /well flux.

We have assumed that the length L, the well location z with respect to top and
bottom and radius 7, remain constant. The variable parameter is D; . As shown on
Figure 8,in case of constant pressure the production rate sharply decreased and stabilized
as the distance from the reservoir boundary increased. In case of variable pressure in the
hole, the curve is much smoother.

. As noted above the shape of the reservoir could result in substantial changes of the
pressure drop. In the model considered a quantitative characteristics of the shape of the
reservoir boundary is the curvature radius R, = R%) . Using our model the influence of
the R, on the well production rate has been evaluated.A series of computations with
constant length L , radius of the well r, , and distance D, has been computed.
The variable parameter was R.. The corresponding results is illustrated on Figure 9.
According to these computations there exist such a critical value R? , depending on L

and Dy , that if R, is larger than this critical value R? then the production rate would
no longer depend on R, . It is important to note that all these results were obtained
for abnormally high permeability values (k = 10D), very short distances (10 m) to the
external reservoir boundary and big enough radius of the well (0.1 m). We wanted to
show that the proposed method could be used to estimate the effects of the geometry on
the production rate and the pressure distribution along the well-bore. When the distance
to the external boundary and the reservoir permeability were chosen more realisticly, the
picture is similar but the pressure drop is significantly smaller. Thus, we came to the
same conclusion as in [2] , that within the considered assumption there are no limitations
on the length of horizontal well imposed by its hydrodynamics effectiveness. At the same
time it is well known that the hydro dynamical resistance of a pipe strongly depends on
its radius.

. The impact of the well bore radius on the pressure drop along the well has been studded
further. The results of the computations of cases that satisfy the assumption (1) - (8)
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FIGURE 9. Production rate vs. reservoir curvature

in subsection 2.1 are presented on Figure 10. In these computations we varied the well
radius 1, and fixed the R, = 10000 m, k = 100 M D, Dy = 100 m, and L = 1000 m.
As shown on Figure 10, the pressure drop in a well of very small radius may reach tens
of percents.

High-pressure drops in a long horizontal well may thus be accounted for by different
technological reasons (such as well completion, casing/tubing diameters, sand factor,
screen permeability etc.) resulting in a decrease of the actual diameter of bore-hole.
Therefore, it is important to study the impact of the actual radius of the well on the flow
along the well. The distribution of local influx along the well for two cases are presented
on the Figure 11. These results show that well radius could substantially reduce the local
flux towards the well. In these computations L = 2000 m. The number of discretizations
along the well is equal 3000.

In the next section another model and method that can take into account the impact of wells
of finite conductivity on the pressure drop are presented.

5. COUPLED POROUS MEDIA MODEL

In this section the well is modeled as a super-collector, that is porous media with extremely
high permeability. We assume that the well and the reservoir are cylinders and the flows are

coupled through their interface. The corresponding mathematical problems are solved by the

method of separation variables and the solutions are represented in the form of Fourier-Bessel
series [7]. In order to describe our model we need some notations. The well and the reservoir

are represented by the domains W and 2, correspondingly:

and

W = AgU Ay, where
Ag={z:a5+23 <rg;0<azy <Ly Ay ={z:rd<ai+ai<r?;0<a <L},

Q= Ay + Az, where
Ay={x: rl <ad+23 <R} 0<a3<H; 0<umz <L}
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F1GURE 10. Pressure drop along the well-bore vs bore-hole radius
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Az={r:a3+23<r2;0<a3< H/ L<z; <H}.
Here x = (z1, x9,z3) are the Cartesian coordinates of the points = in the reservoir. One of the
possible ways to couple the flows in the regions W and €2, Ag, A1, As, As is the following:

1. Ag is the well tubing or more general - oil or gas transport domain, where flow is subjected
to the approximation of pipe hydrodynamics;

2. A; is the well annuli (screen between tubing and casing) or more general - “super col-
lector”, a bottom hole zone with small diameter with high permeability ki, where flow
satisfies Darcy low;

3. Ag + As represents the reservoir itself (bounded by the top (y = H) and the bottom
(y = h)) with permeability ko.

This domain contains two boundaries of discontinuity of the media:

e 0Ap, the boundary between tubing and bottom hole zone of porous media, where the
conjugate condition (6) is satisfied.

e 0A;, the boundary between “super collector” and porous media of the reservoir.
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Thus we consider the model:

1. The average pressure P, (1) satisfies equations (3) in Ay , conjugate boundary conditions
(6) on the well surface z3 + 23 = r,, and the condition (5) on the free end of the well
Ir1 = L,

2. The pressure p(x) satisfies the Laplace equation In Ay, As and As ;

3. On the interfaces between domains A1, As and Ag the pressure and the normal component
of the velocity are continuous.

Analytical solution of this general problem could be developed by using iterative techniques.
First, one can apply the developed technique for spherical layer 2 in the Section 2 to cylindrical
domain and show the following:

Let Q is a cylindrical extension of the domain €. There exists a pressure distribution on
the external boundary of the extended domain Q, such that the solution of the problem in a
cylinder annuli Q with this boundary condition will satisfy non-flow conditions on the top and
the bottom.

Thus, one can reduce the problem to the following two step procedure:

1. First step: Split the cylinder  into four homogeneous media, i.e. Q& = AyUA; UAgU As,

where
Ay={ax: 2 <a3+a2i <R} 0<az <L}

2. Second step: Solve the two problems in the cylinder A = Ag U A; U Ay and Ajg, corre-
spondingly by a non-overlapping domain decomposition algorithm [6, 29].

3. Third step: Reduce the problem in A to a sequence of problem in Ay and B = A; + A,.
This sequence is linked through conjugate condition (6) and converges as a geometrical
progression.

Finally, the overall problem is reduced to the problem of flow with mixed boundary condi-

tions in heterogeneous porous media in an annulus cylinder B with permeability

(30) K= Rrind
k‘g in AQ.

Detailed description of the proposed methods is beyond the scope of the present paper. Here
we will cover part of the algorithm that gives the analytical solution of the mixed boundary
problem in highly heterogeneous porous media B = A; 4+ Ay. The algorithm is realized in the
form of a Fourier-Bessel series. It makes possible to investigate explicitly the dependence of
the pressure drop on the well radius (casing/tubing diameter) and well/reservoir conductivity
ratio.

5.1. Splitting of the problem. We introduce new variables = = z1/ry,y = z2/Tw,2z =
r3/rw, 7% = 2% + y%;2 = 2z then the main dimensionless geometrical parameters are : L =

l/rw, Ry =ro/rw, R= Rp/ry. Domains B, A; and A, are transformed into:
A1={(r;z): Ro<r<l;0<z<L}and As={(r;2):1<r<R; 0<z<L}.
B={(r;z):Ro<r<R; 0<z<L}
Define the edge and lateral parts of the cylindrical domains Ay, Az as follows (see Figure 12):
ag={Ryp<r<1, z=0}) by={Ro<r<1, z=L}; e ={r=Ry, 0< z < L},
ay={1<r<R, 2z=0}; bp={1<r<R, z=L}; co={r=R, 0<z<L}

Denote the interface between A; and A as d = {r = 1;0 < z < L}. Further, we make the
following assumptions:
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1. we have Darcy flow in B with discontinuous permeability (30);
2. the pressure p and radial component of the velocity are continuous at the interface d
between A; and As;

. the pressure is given on the boundary a; and equals to p;

a non flow condition is specified on ao;

5. the reservoir pressure p, on the right end, and on the external boundary b1, b2, and cs
of the cylinder is given;

6. pressure is a linear function of z along the boundary c¢;; that corresponds to Poisel flow
in the tubing of the well (more general distribution could be considered in the same way
as in previous section).

B~

Thus for reduced pressure function

_ p1 in A’
(31) p—(p—pb)/(pw—pb)—{ Lot
po in As.
we obtain following mixed boundary-value problem:
Apl = 0 in A1
pr = 1 on aj
(32) pr = 1—2z/L onc
pr = 0 on by
Apg =0 in AQ
(p2). = O on as
(33) p2p = 0 on ¢y
p2 = 0 on by
The coupling conditions on the interface d between the media A; and As are following:
(34) P1 lr=1-0= P2 |r=1+0
0 0
(35) kl%“:lfo = k2%|r:1+0

The method, the algorithm, and the main results presented bellow remain the same for any
type of Dirichlet or Neumann conditions on external the boundary of the annular cylinder B
namely on a1, ag, by, ba, co .
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5.2. Alternating algorithm without overlapping. In this sub section modification of
Schwarz Dirichlet-Neumann [29] alternating algorithm without overlapping in coupling cylin-
drical annuli is presented. If the ratio G = ky/ky is very small then the pressure in the reservoir
(domain A) is close to discontinuous function that is a linear function in 4; and equals to zero
in As. When G increases then the pressure might be adjusted both in A; and in As so it
becomes smoother. Moreover, it is obvious that the increase of G decreases the pressure in
A; and increases the pressure As. Under the assumption that G = ko/k; < 1 this process is
implemented as an iterative procedure:

1. At each step solve two problems: (a) (33) in the domain As with homogeneous Dirichlet
condition on the interface d; (b) (32) in the domain A; with homogeneous Neumann
conditions on the same side.

2. Extend this solution through the interface between A; and As. The extension is subject
to the coupling conditions (34),(35);

3. Correct this extension on non-joint parts of a boundary.

A distinctive feature of this process is the correction of the solution only on non-joint part
of boundary: a1, as, by, ba, c¢1, ca, because on the interface d between A; and As the pressure
and the normal flux satisfy the coupling conditions on each step automatically.

From a mathematical point of view this iterative procedure makes possible to represent
the solution of the problem (32), as a sum of three types of functions: U;(r, z), W;(r,z) and
Vi(r, z), where Uy(r,z) = (L — z)/L, Wy(r,z) and Vy(r, z) are equal zero, and for ¢ = 1,2, ...
the functions U;(r, z), W;(r,z) and V;(r, z) are solutions to the following problems:

(1) Function U;(r, z) is a solution of the problem

A UZ‘(T, Z) = 0 in A1 UA,
Ui(Ro, Z) = Ui(’l”, 0) = 0
(36) aU;(1, 2)
A Sk S
or
Ui(r,0) = —Vi(r,0) — W;(r,0), when Rp<r<1.

(2) Function V;(r, z) is a solution of:

A Vi(r,z)) = 0 in AjUA
Vi(l2) = Vi(R2) = 0
Vi(r,0) = 0,

(Vi(r,0)): = —(Uia(r,0))2

(37)

Moreover, function V;(r, z) have to satisfies the coupling conditions (34,35).
Then each function

N
(38) Yy =Y (Ui+Vi)

=1

for N > 1 satisfies all boundary conditions except the condition on ¢; and c¢o. Thus, we
introduce the following correction:
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(3) Function Wj(r, z) is a solution of the problem
A Wi(r,z) = 0

Wi(R,z) = —Ui-1(R,%)
(39) Wi(r, L) 0
Wi(1-0,2) Wi(1+0,2)
Wi(Ro,z) = —Vi(Rp) on ¢;.

In next subsection 5.3 it will be shown that functions: U;(r,z), Wi(r, z) and V;(r, z), exist
and can be represented in the form of Fourier and Fourier-Bessel series. Moreover, we find a
condition on the parameters G and R/Ry, (but not on the length L !), so that V;(r,z) tends
to zero with rate of geometric progression with a ratio ¢ < 1.

Then the function

N
(40) uN:U0+VN+ZWi

i=1
by the construction solution of Laplace equation in A; and As and satisfies all boundary
conditions in the problems (32 -33), except conditions on ¢; and ¢o. Function uy on ¢ is equal
to (L —2)/L + Vn(Ryp, z) on ¢; and 1+ Vn(r,0) on a; and in addition Vi (r,z) tends to zero
when N tends to co. Thus, uy tends to the solution of the problem (32)-(35).

Presentation (40) contains main pressure function Uy generating flow in the pipe (solution
of the problem (3)-(5)) and the sum of terms generated by perturbations of the reservoir’s flux.
These “flux” terms dominate in case when the parameter coefficient of heterogeneity G is near
one and are negligible when G is small.

5.3. Implementation of non-overlapping Algorithm. The first approximation Uy is a
linear function: Uy = (L—z)/L and it satisfies all conditions except two boundary conditions:

on as when z =0,1 <r < R and on ¢y whenr = R,0 < z < L.

To correct the function Uy on ag and on co we solve the the problem (37). The solution of
this problem is sought in form of Fourier-Bessel series [7]: V; = ®;(r,z) in Ay, and V; =
G®;(r,z) in A;. Here

() () = 3 Rnlr) D) S
m=1 m m
(42) Ry (1) = Jo(vmr)Yo(vm) — Jo(vm) Yo(vmr),

Where vy, is the root of the equation R,,(R) = 0.

The D,,(1) in (41) is a Fourier-Bessel coefficient of the function —1/L. The function Up+ V1
satisfies all conditions (33-35) except the conditions on aj,c¢; and cp. To correct it we need to
solve the the problems (36) and (39) with corresponding boundary conditions on a; and ¢;.
The solutions U; can be represented in the form:

(13) ch V) S

Here Ey(r) = Jo(,ukr)Yo(,ukRo)—Jo(umRo)Yo(ukr) and py, is a root of the equation Ej(ug) = 0;
C(i) are Fourier-Bessel coefficients of the function G®;(r, L). An application of the maximum
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principle gives the following inequality:

(44) C(i) < Ci(i), where Ci(i+1)=—GC}(i Z G Qm.
Here
2 ! 7Jo(VmR
Q T / TRy (r)dr and g o) + Jo(nE)

Assume that G, R and Ry are such that
(45) G Qumgm <g<1.
1

Then from the recurrence relation (44) it follows that Cy(i) < ¢'. Finally, we have to make
the last correction concerning the conditions on the sides ¢; and ¢y of annuli cylinder. For this
purpose we have already introduced the problem (39). The solution of this problem has the
form:

Wi(r,z) = Yo% RL(r,z)cos(B,z) ind;
Wi(r,2z) = 0% R3(r,z)cos(Bpz)  indy

R} allo(B,r) + a2 Ko(B,r)
R? = bLIy(B,r) + b2 Ko(B,r)
aplo(Bn) + az Ko(Bn) = bplo(Bn) + by Ko(Bn)
anli(By) —apK1(Bn) = G(byI1(By) — by Ki(By))
ayKo(BaRo) = f —aplo(By)
biIo(BoR) = f2—b2Ko(ByR).
Here B,, = M, f} is the Fourier coefficient of V;(Ry, z), and f2 is the Fourier coefficient
of Ui—1(R, z). Then the function
N N
uN—ZU T, z) ZV(T z)—I—ZWi(r,z)
i=1 i=1

satisfies all conditions except the conditions on z = L, 1 < r < R, where Uy(r, L) tends to
zero because of condition (45) Q.E.D.
Conclusions:

1. The actual ratio reservoir/well conductivity has a greater impact on the pressure drop
as compared to other parameters of the system ”reservoir + horizontal well”. Second in
significance parameter influencing the pressure drop is the radius of the well.

2. The ratio reservoir/well conductivity is defined by the completion of the well (tubing
radius, actual ”screen + sand pack” conductivity etc.) and actual radius of oil/gas flow
along the tubing.

3. When the ratio of reservoir/well conductivity is very small (G = % << 1), then the
productivity index of horizontal well is significantly affected by the geometrical parameters
of the reservoir. From our results it can be deducted in the case G << 1 that: the distance
from the external boundary on the first place, the shape factor (curvature of the reservoir
boundary) on the second place, and length of the well in third place affect the pressure
drop along the well.
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4. Because of the pressure drop along the well-bore, the productivity of the horizontal well,

(10]
(11]

(12]
13]

14]

(15]

[16]
7]
18]

beginning at certain critical value ceases to grow with increase of its length. The proposed
computational methods can be used to predict accurately this critical length and its
dependence on ratio reservoir/well conductivity.

List of used notations

o — wviscosity
K — permeability
P — pressure in the reservoir
Tw — radius of the well
L — length of the well
P, — average pressure in the well — bore
P, — pressure in the fived (dominated) end of the well
Pr, — pressure on the free boundary of the well
Dy — distance between free boundary of the well and reservoir boundary
R — radius of external boundary
h — reservoir thickness
R.=1/R — curvature radius of external boundary (shape factor)

B(0,R) — sphere of radius R
0 — casing radius
r? — 2242

Jo(Yo) — Bessel function of zero order of first (second) kind

In(Ko) — Modified Bessel functions of zero order of first (second) kind
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