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ABSTRACT

Interpolation between Subspaces of Hilbert Spaces and
Applications to Shift Theorems for Elliptic
Boundary Value Problems and Finite Element Methods. (December 2000)
Constantin Bacuta, B.S., “Al. I. Cuza” University of Iasi, Romania

Chair of Advisory Committee: Dr. James H. Bramble

In the real method of interpolation one starts with two Hilbert spaces, X and
Y, with certain properties and constructs a family of Hilbert spaces called the inter-
polation spaces. In applications to partial differential equations and finite element
methods, the following question often arises: If the interpolation spaces X and Y
are known Sobolev spaces, and if X,; and Yy are closed subspaces of X and Y, re-
spectively, what are the interpolation spaces of X;; and Yy 7 For certain boundary
value problems, the answer to this kind of question, together with a complete char-
acterization of the range of the corresponding differential operator, leads to stability
estimates for solutions in terms of fractional norms. These types of estimates are
known as shift theorems. The thesis is concerned with developing new interpola-
tion results and shift theorems for the special case of polygonal plane domains, and

presents some applications of the new results.
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CHAPTER I

INTRODUCTION
Regularity estimates of the solutions of elliptic boundary value problems in terms of
Sobolev-fractional norms are known as shift theorems or shift estimates. The shift
estimates are significant in finite element theory. Applications of the shift theorems

can be found for example in the following.
e Nitsche’s duality argument for polygonal domains.
e Multigrid convergence theorems.
e Convergence of “mortar” finite element methods.

The shift estimates for the Laplace operator with Dirichlet boundary conditions
on nonsmooth domains are studied in [25], [28] and [32]. On the question of shift
theorems for second order elliptic boundary value problems with mixed boundary
conditions or biharmonic problem on nonsmooth domains, there seems to be no work
answering this question.

One way of proving shift results is by using the real method of interpolation of
Lions and Peetre [2], [29] and [30]. The interpolation problems we are led to are of the
following type. If X and Y are Sobolev spaces of integer order and X is a subspace
of finite codimension of X then characterize the interpolation spaces between X and
Y.

When X is of codimension one the problem was studied by Kellogg in some par-
ticular cases in [25]. The interpolation results presented in Chapter IT give a natural

formula connecting the norms on the intermediate subspaces [Xg,Y]s and [X,Y]s.

The journal model is Mathematics of Computation.



The main result of Chapter II is a theorem which provides sufficient conditions (the
(A1) and (A2) conditions) to compare the topologies on [X, Y], and [X, Y], and
gives rise to an extension of Kellogg’s method in proving shift estimates for more
complicated boundary value problems.

Kellogg’s approach in solving subspace interpolation problems on sector domains
involves reduction of the problem to subspace interpolation on Sobolev spaces defined
on all of R?. This reduction requires construction of “extension” and “restriction”
operators connecting Sobolev spaces defined on sectors and Sobolev spaces defined
on R%. Another difficulty in Kellogg’s method is finding the asymptotic expansion
of the Fourier transform of certain singular functions. The new approach taken in
this dissertation in solving subspace interpolation on sector domains, which avoids
the Fourier transform and the construction of the extension and restriction operators,
is to use a convenient scaling norm for the Sobolev spaces on a sector domain. An
example of a convenient scaling norm in our case is a multilevel norm originating from
multigrid theory [14], [16] and [34]. Using classical preconditioning techniques ([9]-
[15]), a proof of the fact that the multilevel norm on H! is equivalent to the standard
norm on H'! is presented in Chapter III. In Chapter IV we use the multilevel norm
described in Chapter III in order to solve a codimension one subspace interpolation
problem which applies mainly for the special cases of polygonal domains and for sector
domains.

A new proof of the main subspace interpolation result presented in [25] and
an extension to subspace interpolation of codimension greater than one are given in
Chapter V.

In the general context of interpolation between Hilbert subspaces we consider
the problem of interpolating between H?(Q) N HL(2) and H} (), where Q is a

polygonal domain and H}(Q) is the subspace of functions in H'(2) which vanish



on the Dirichlet part D of the boundary of Q. This question arose in [7] and [8].
In Chapter VI we exhibit some results concerning this problem and in Chapter IX
we deal with applications to a nonconforming finite element problem of the theory
presented in Chapter VI.

Shift theorems for the Poisson equation (with mixed boundary conditions) on
polygonal domains are considered in Chapter VII. The first step in the proposed
approach of this issue is to reduce the original shift estimate problem to a similar
problem on simpler domains, for example sector domains. The second step is to
characterize the range of the corresponding differential operator of the problem by
means of dual singular functions on sector domains [19], [23], [24], [27]. The next step
is to use an eigenfunction representation of the norm on H§ in order to check the
validity of the (A2) condition for the subspace of L? involved here. The final step is
to use the equivalent multilevel norm on H{ and the interpolation results of Chapter
IV to check that the condition (A1) holds.

Shift estimates for biharmonic problems are considered in Chapter VIII. The
results of Chapter V combined with a Kellogg type approach are used in order to

solve the corresponding subspace interpolation problem.



CHAPTER II

INTERPOLATION RESULTS
In this section we give some basic definitions and results concerning interpolation
between Hilbert spaces and subspaces using the real method of interpolation of Lions

and Peetre ([1], [29], [30]).

A. Interpolation between Hilbert spaces

Let X, Y be separable Hilbert spaces with inner products (-,-)x and (-, )y, respec-

tively, and satisfying for some positive constant c,

X is a dense subset of Y and

|ully< cllullx  for all u € X,

where ||ull3 = (u,u)x and |[ul|? = (u,u)y.
Let D(S) denote the subset of X consisting of all elements w such that the

antilinear form
v— (u,v)x, vEX (2.2)

is continuous in the topology induced by Y. For any w in D(S) the antilinear form
(2.2) can be extended to a continuous antilinear form on Y. Then, by Riesz repre-

sentation theorem, there exists an element Swu in Y such that
(u,v)x = (Su,v)y forallve X. (2.3)

In this way S is a well defined operator in Y, with domain D(S). The next result

illustrates the properties of S .

Proposition I1.1 The domain D(S) of the operator S is dense in X and conse-



quently D(S) is dense in Y. The operator S : D(S) CY — Y is a bijective, self-
adjoint and positive definite operator. The inverse operator S™' 1Y — D(S) C Y is

a bounded symmetric positive definite operator and
(S™'z,u)x = (z,u)y forallzcy, ue X (2.4)
If in addition X is compactly embedded in'Y , then S™' is a compact operator.

The interpolating space [X,Y]s for s € (0,1) is defined using the K function,

where for u € Y and t > 0,
K(t,u) := inf (JJuollx” + *|lu — uo||y)"2.
ug€X
Then [X, Y] consists of all uw € Y such that
/ t= TRt u)? dt < oo.
0
The norm on [X, Y] is defined by
ully yy, = €2 / R )? e,

where

0o t(172s) —1/2 9
Cs = / dt =/ —sin(7s).
o tP+1 7T

By definition, we take
[X,Y]o:=X and [X,Y]; =Y.

The next lemma provides the relation between K (¢,u) and the connecting operator

S.



Lemma 11.1 Forallu €Y andt >0,
K(t,u)? =8 ((I+25 ) u,u), .
Proof.  Using the density of D(S) in X, we have

K= inf (ol + 2 —uolly?).

Let v = Sug. Then
[ uollx” = (uo, uo)x = (Suo, u)y = (S~ v, v)y.
This implies that

K(t,u)? = inf ((S0,0)y + 2]u— 5"|)y"). (2.5)

veY
Solving the minimization problem (2.5) we obtain that the element v which gives the
optimum satisfies
(I +#*S ) = t?u.
For this v, (S~ u,v)y is a real number and consequently,

(S7 0, 0)y + llu— S|y’ = (S 0, v+ 1257 0)y + 2|lully? — 2(u, S 0)y
= t2((S7 v, u)y + [Jully” — 2(u, S~ )y
=t*(u,u — S M)y = (u,*(u — S™'))y = (u,v)y

=t (I +t*57")  u,u),

Remark I1.1 Lemma II.1 gives a new expression for the norm on [X,Y]s, namely:

(L / B (R R (2.6)



In addition, by this new expression for the norm (see Definition 2.1 and Theorem 15.1
in [29]), it follows that the intermediate space [X,Y s coincides topologically with the
domain of the unbounded operator SY*1=%) equipped with the norm of the graph of
the same operator. As a consequence we have that X is dense in [X,Y]s for any

s €10,1].

B. Interpolation between subspaces of Hilbert spaces

Let K = span{pi,...,pn} be a n-dimensional subspace of X and let X be the
orthogonal complement of K in X in the (-, )y inner product. We are interested in
determining the interpolation spaces of X and Y, where on Xy we consider again
the (-, -)x inner product. For certain spaces Xx and Y and n = 1, this problem was
studied in [25]. To apply the interpolation results from the previous section we need
to check that the density part of the condition (2.1) is satisfied for the pair (X, Y).

For ¢ € K, define the linear functional A, : X — C, by

Aju = (u,9)x, ueX.

Lemma I1.2 (Bacuta, Bramble) The space Xy is dense in'Y if and only if the fol-

lowing condition is satisfied:

A, is not bounded in the topology of Y 27)

for all p € IC, ¢ # 0.

Proof.  First let us assume that the condition (2.7) does not hold. Then for
some ¢ € K the functional L, is a bounded functional in the topology induced by Y.
Thus, the kernel of L, is a closed subspace of X in the topology induced by Y. Since

Xy is contained in Ker(L,) it follows that

Xo C Ker(L,) = Ker(L,).



Hence Xy fails to be dense in Y.
Conversely, assume that X is not dense in Y, then Y, = X—;CY is a proper closed
subspace of Y. Let yg € Y be in the orthogonal complement of Yy, and define the

linear functional ¥ : Y — C, by
Yy = (u,yo)y, u €Y.

¥ is a continuous functional on Y. Let ¢ be the restriction of ¥ to the space X.
Then % is a continuous functional on X. By Riesz Representation Theorem, there is

vg € X such that
(u,v0)x = (u,yo)y, for all u € X. (2.8)

Let Pc be the X orthogonal projection onto K and take u = (I — Px)vp in (2.8).

Since (I — P)vg € X we have ((I — Px)vog, yo)y = 0 and
0= (([ — P]C)’U(),U(])X = ((I — P}C)/Uo, (I — PIC)/UO)X-

It follows that vy = Pxvg € K, and via (2.8), that ©» = A,, is continuous in the

topology of Y. This is exactly the opposite of (2.7), and the proof is completed.

Remark I1.2 The result still holds if we replace the finite dimensional subspace K

with any closed subspace of X.

For the next part of this section we assume that the condition (2.7) holds. By
the above lemma, the condition (2.1) is satisfied. It follows from the previous section

that the operator Sk : D(Sx) C Y — Y defined by

(u,v)x = (Sgu,v)y  forallv e X, (2.9)



has the same properties as S. Consequently, the norm on the intermediate space

[Xic, Y], is given by:
ul|? = c? t72 (I + 2S5 u,u),, dt. 2.10
Xk, Y] o/, K Y

Let [X,Y]; x denote the closure of X in [X,Y];. Our aim in this section is to

determine sufficient conditions for ¢;’s such that
Xk, V]s = [X, Y5k (2.11)
First, we note that the operators S and S are related by the following identity:
Sc' == Q)57 (2.12)

where Qx : X — K is the orthogonal projection onto K. The proof of (2.12) follows
easily from the definitions of the operators involved.
Next, (2.12) leads to a formula relating the norms on [ X, Y]s and [ X, Y],. Before

deriving it, we introduce some notation. Let

(u,v)x, = (I + 257", v) for all u,v € X. (2.13)

X

and denote by M; the Gram matrix associated with the set of vectors {p1,... ,¢,}

in the (-,-)x. inner product, i.e.,

(My)ij = (¢, 0i)x, 1, €{1,...,n}.

Theorem I1.1 Let u be arbitrary in Xi. Then,

o0

[ty = Py, + 2 / O (M, dY e, (2.14)
0

where < -, > 1is the inner product on C" and d is the n-dimensional vector in C"
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whose components are

di = (u,0i)xe, i1=1,...,n.
Proof.  Let u be fixed in Xx and denote
wi= (I +#S ) u and wy = (I +t2Sc") . (2.15)
Then the norms on [Xi, Y]s and [X,Y]s are given by
fulfn, =<2 [ T )y d (216)
and
lulfen, =< [ e ey de, (217)
respectively. For v in Y, by using (2.12), we have
Sclo =8 — Qe (S ™) =S — i&z«pi, (2.18)
i=1
where a; = (S7v, ;) x. From (2.15) it follows that
(I + S Hwe = u. (2.19)
Replacing Si'wy with the expansion given by (2.18), we obtain
(I+S Nwe =u+t* i Qs
i=1
where a; = (S~ wy, ;). Equivalently, applying (I +t2S~!)~! to both sides, we have
wi = w—l—tQiai(IthQSl)lgai. (2.20)

=1

We calculate the coefficients «; by taking the (-,-)y inner product with ¢; on both
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sides of (2.20) for j =1,... ,n. From (2.19) one sees that wx € Xx. Hence

n

Z (([ +t2S_1)_1g0i,cpj)oni = —t_2(w,<pj)x j=1,...,n.
i=1

With the notation adopted in (2.15) and (2.13) the system becomes

n

Z(@iagpj)X,t Q; = _t_2(u,<,0j)X,t j = 1, o, n.
i=1
Let a be the n-dimensional vector from C" whose components are «;. Then
MtO[ = —t_2d.
Since the vectors 1, ... , @, are linearly independent, the matrix M, is invertible and
a=—t?Md.

Now, going back to (2.20), we get

(. @)y = (w,w)y + 3P0+ 257 gy w)y

=1

= (w,u)y + iai(t251(1 +257) i u)x
i=1

= (w,u)y + i%‘((%‘, w)x = (I + 157 i, u)x
=1

= (w,u)y — i&’d"'
=1

Thus

(Wi, w)y = (w,w)y +t72(M;'d,d). (2.21)

Combining (2.16), (2.17) and (2.21) completes the proof.

For n = 1, let K = span{y} and denote Xx by X,. Then, for u € X, the
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formula (2.14) becomes

o0

2s+1 |(U790)Xt|2
G 2 R gy (2.22)

ol 1, = P, + [
[X,,Y]s [X.Y]s 0 (0, 0)x

Next theorem gives sufficient conditions for (2.11) to be satisfied. Before we state

the result we introduce the conditions:

(A1) [X,,.Y];=[X,Y]s, fori=1,... n

(A.2) There exist § > 0 and v > 0 such that
Z lail® (01, 1) xe <7 (Mya,a)  forall o = (ay,...,a,)t € C", t € (,00).
i=1
Theorem I1.2 (Bacuta, Bramble, Pasciak) Assume that, for some s € (0,1), the

conditions (A.1) and (A.2) hold. Then

[X’C7 Y]s = [X7 Y]S,IC-

Proof.  Let s be fixed in (0, 1). Since X is dense in both these spaces, in order
to prove (2.11) it is enough to find, for a fixed s, positive constants ¢; and ¢y such

that
el < el < ey, forallue Xi. (223)

The function under the integral sign in (2.14) is nonnegative, so the lower inequality
of (2.23) is satisfied with ¢; = 1. For the upper part, we notice that, for u € Xx and

wic as defined in the proof of Theorem II.1,

(we.u)y = (I +28g) M), = (ww)y — £ (S +£25¢") M, u)

Y Y

2
< (u,u)y < c(s)|ullixy,-
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Then, by using (2.17), (2.21) and the above estimate, we have that for any positive

number 6,

2 2 0078
\wmm%smuwwmm+l 254 (e w2 dt

)l + [ i e+ [ e ) dr

Hence the upper inequality of (2.23) is satisfied if one can find a positive 6 and ¢ = ¢(9)

such that
/5 2 (MM, d)dt < cllullfyy,,  forall u € X (2.24)
From (A.2), there exist 6 > 0 and v > 0 such that

<Mt_loz, O‘> <7 Z |O‘i|2 (4, SOz‘))_(,lt
i=1
for all @ = (v, ... ,0,)" € C", t € (4,00). In particular, for a; = (u, ;) x4,
t=1,...,n, we obtain

M, dy <~ [ ) xal” for all t € (6, 00),u € X,
< ) ZZI(%%)Xt (6, 00) *

where d = (dy, ... ,d,)*. Thus, using the above estimate, (2.22) and (A.1), we have

/5' < > Z (SOM Pi )X t
- ’(ua Pi )X t‘

<7 / (!
Z ((qu SOZ)XL‘

< e’ Z lulltx,, v1, < ves *nllullfx v,

=1

Finally, (2.24) holds, and the result is proved.
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Remark I1.3 By Lemma I1.2, the space Xy is dense in [X,Y]s if and only if the

functionals Ly, ¢ € KC, ¢ # 0 are not bounded in the topology induced by [X,Y]s.

C. Some useful lemmas

Lemma 11.3 Let X,Y be separable Hilbert spaces and let X, Yy be closed subspaces
of X, Y, respectively. Let Xy and Yy be equipped with the topology and the geometry
induced by X and Y, respectively, and assume that the pairs (X,Y) and (Xo, Yo)
satisfy (2.1). Then, for s € [0,1],

[X()a}/b]s - [X7 Y]S N }/E)
Proof.  For any u € Y, we have
K(t,u, X,Y) < K(t,u, X, Yo).

Thus,

||U||[X7y}s S ||u||[X0,YO]5 fOl" all u e [X(),YE)]S, S € [O, 1], (225)

which proves the lemma.

For any two Banach spaces X and Y satisfying (2.1), the interpolating space
[X,Y]s can be defined as in Section A by using the function K = K(t,u, X,Y).

The next lemma will be used in Chapter VII.

Lemma I1.4 Let X,Y be Banach spaces satisfying (2.1), let X; be the space X
equipped with an equivalent norm || - ||x, and let Yy be the space Y equipped with an

equivalent norm || - ||y,. Then, for s € [0,1], we have

(X1, Y1), = [X, Y], (2.26)
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Proof.  The proof follows directly from the definition of the function K and the

definition of the interpolating spaces which appear in (2.26).

Lemma IL.5 Let H', H', (i =1,2), be separable Hilbert spaces such that the pairs
(H? HY), (H? H") satisfy (2.1). We assume furthere that there are linear operators

E and R such that

E:H' — H' is a bounded operator, i = 1,2, (2.27)
R:H' — H' is a bounded operator, i =1,2, (2.28)
REu=u  forallu € H>. (2.29)

Then, for s € [0,1], an equivalent norm on [H?, H', is given by | E()| g2 a1, i€,

there are positive constants ¢y and co such that
Cl||u||[H27H1]S S ’|Eu’|[ﬁ27ﬁ1]s S CQ||U||[H27H1}S fOT‘ all u € [H2, Hl]s. (230)

Proof.  From (2.28), by interpolation, we obtain that for some positive constant

c1, we have
c1l|Rol| g2, 1, < HvH[ggﬂl]s for all v € [H? H'], . (2.31)
For u € H? let v = Fu. Then, using (2.29) and (2.31), we get
cil|ulliz,my, < [[Bulljge gy,  forallue H? (2.32)
From the hypodissertation (2.27), again by interpolation, we have that

| Eull gz, m, < callullize . for all u € [H?, H',, (2.33)



16

for some positive constant co. Thus, from (2.32) and (2.33) we obtain that the in-
equalities involved in (2.30) are satisfied for any v € H?. By Remark I1.1, H? is dense

in [H?, H'];. Therefore, (2.30) holds and lemma is completly proved.

Let  C © be domains in B2 and V1(9), V1(Q) be subspaces of HX(Q), H' (),

respectively. (On V1(Q), V1(Q) we consider inner products such that the induced

norms are equivalent with the standard norms on H*(2), H*(Q), respectively). Let’s

denote the duals of V1(Q), V1(Q) by V=1(Q2), V71(Q), respectively. We suppose that
there are linear operators £ and R such that

E:L*(Q) — L*(Q), E:VYQ)— V(Q) are bounded operators, (2.34)
R:L*Q) — L*(9), R:V'(Q) — VYQ), are bounded operators, (2.35)
REu=u  foralluc L*(Q). (2.36)

Let ¢ € L2(Q) , ¢ = Ev € L*(Q) and 6 € (0,1) be such that

L*(Q)y = {u € L*(Q) : (u,v)) =0} is dense in [L*(Q),V(Q)]s, (2.37)
L2(Q); = {u € L*(Q) : (u,7) = 0} is dense in V~(Q), (2.38)
[L2(Q) 5, VD) = [LA(Q), V(). (2.39)

Lemma I1.6 Using the above setting, assume that (2.34)-(2.39) are satisfied. Then,
[L(92)4, VI = [L*(Q), V(). (2.40)

Proof.  Using the duality , from (2.34)-(2.36) we obtain linear operators E*, R*



17

such that

E*: L2(Q) — LX(Q), E*:V Q) — V), are bounded operators,  (2.41)

R L*(Q) — L*Q), R :V~Y(Q) — VXQ) are bounded operators,  (2.42)

E*R'u=wu for all u € L*(Q), (2.43)

E* maps LQ(Q)J to L*(Q)y, (2.44)

R* maps L*(Q)y to L*(Q);. (2.45)

From (2.41) and (2.44), by interpolation, we obtain

1E" vz @)y v-1@s < cllollie@)va@), forall ve L(Q);. (2.46)
For u € L*(Q)y, let v := R*u. Then, using (2.45), we have that v € LQ(Q)J Taking
v:= R*u in (2.46) and using (2.43), we get

ulliz2@), v-1@), < CHR*UH[B(Q)J,vﬂ(ﬁ)}Q for all u € L*()y. (2.47)
Also, from the hypothesis (2.39), we deduce that

||R*u||[L2(§)J7V,1(§)]9 < c|R*ull 2@y -1, forall uwe L*(Q),. (2.48)

From (2.42), again by interpolation, we have in particular

HR*UH[LQ@)’V,l(ﬁ}e S C||U/||[L2(Q)7V71(Q)]9 for all u e L2(Q)w. (249)
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Combining (2.47)-(2.49), it follows that
||U/||[L2(Q)w,v—l(ﬂ)}9 S CHUH[LQ(Q),V*(Q)}G fOl" all u e L2(Q)w. (250)

The reverse inequality of (2.50) holds because L*(£2), is a closed subspace of L?(€2).
Thus, the two norms in (2.50) are equivalent for u € L*(2),. From the assumption

(2.37), L*(Q), is dense in both spaces appearing in (2.40). Therefore, we obtain
(2.40).

Remark 11.4 The proof does not change if we consider €2 C Q to be domains in R"

and H' is replaced by any other Sobolev space of positive integer order k.



19

CHAPTER III

MULTILEVEL REPRESENTATIONS OF NORMS
Let Q be a domain in R? and let M; C M, C ... be a nested sequence of finite
dimensional approximating subspaces of H'(Q) (or a subspace of H*(€2)). Then, a
natural norm can be considered on H'(Q) in terms of L?*(Q2)-orthogonal projections
onto My, k = 1,2,.... Under some special conditions, it turns out that the new
norm is equivalent with the standard norm on H'(Q). These types of results have
been studied for the first time in the finite element multilevel theory (see , e.g.,
[34]) by means of tools from approximation theory. Inspired more by the theory of
preconditioning (as presented in [9], [14], [16]), this chapter provides complete proofs

of the norm equivalence result for the special cases of polygonal or sector domains.

A.  Some results from the multilevel theory

In this section we present some lemmas which are used through the rest of the chapter.

A more complete presentation of multilevel theory can be found in [16].

Lemma IIL.1 Let p € (0,1) and let {l,,,} be a double sequence of nonnegative real

numbers satisfying
Ln < p™ "0 forallm,n=1,2, ...

Then, for any a = {a,},b = {b,} € lo with nonnegative entries, we have

Z lmnambn < 1_pH&H12HleQ ’

m,n=1

where || - ||, denotes the norm on ls.
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Proof. By the Cauchy-Schwarz inequality we obtain

Z Lin Gm b <Zanb +2 Z P

m,n=1 m>n 1

< [lallfiol] +2 Z Z P iy

k=1 n=1

< lallllBll + 2llall[lol > p* = praHHbH-
k=1

Lemma II1.2 Let M be a Hilbert space with inner product (-,-), and let {M} be
a sequence of nested subspaces of M (My C Myi1,k = 1,2,...). Denote by Qy the
orthogonal projections onto My and for any positive integer J let By : M; — My,
By = Zgzl A;le, where A\, > 0. Then By is a symmetric positive definite operator

and B erists and is characterized by

J J
(B;lv,v) = min {Z )\kHkaQ, v = ka, Vg € Mk} s
k=1 k=1

where || - || is the norm induced by the inner product (-,-).

Proof.  Obviously, B is a symmetric operator. For any v € M; we have

J J
(BJU,U) = Z (ka U Z ma Z ka U maacHUHQ‘
k=1 k=1

Thus, By is a positive definite operator and a straightforward application of the Riesz

Representation Theorem shows that B]l exists with domain M ;. Now let v € M,
J
and let v = > v, be any decomposition of v such that vy € M. By the Cauchy-
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Schwarz inequality we get

J J J
(By'v,v) = Z Bjlv, ) Z (QrBj v, ui) < Z(kalevyQk:lev)l/Q(Uk:;Ukz)lﬂ
k 1 k=1 k=1

= Z)\_I/Q Q1B 'v, B} 11})1/2 A /2(1} vk)1/2

1/2 7 1/2
7 1/2 h=t
= (U, Bj_ll))l/2 <Z)\k(1)k, Uk;)> .

This leads us to the inequality

J J
(B;'v,v) < min {Z Mellvell?, v = ka, v € Mk} :

k=1 k=1

Since the equality can be obtained by taking v, = )\,ngklev, the proof is complete.

Lemma I11.3 Assume that the hypotheses of Lemma II1.2 are satisfied and that
A < p Agg1 for some number p € (0,1). Then, there is a constant ¢ independent of

J such that
J
(B;'v,v) < Z/\k:H(Qk: — Q)| < ¢ (B;'v,v),  forall ve M. (3.1)
k=1

Proof. Let v € M be fixed and define vy := (Qr — Qr_1)v. Clearly, v, € My

J
and v = Y vg. Thus, by Lemma II1.2, we obtain the left part of (3.1). For the other

J
part, let v € M; and v = > vy, be any decomposition of v such that vy € M. Then,

J

(Qk - Qkfl)v = Z(Qk - Qkfl)via

i=k
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and
J J
1(Qk — Qe—1)oll <D 1@k = Qr—v)uill <Y _llill
i=k i=k
Consequently,
J g/ 2 g s A\ 12 2
1/2 k 1/2
S Al(Qe — Qo <Y (ZA,/ umw) 3 (Z (%) W umw) .
k=1 k=1 \i=k k=1 \i=k !

1/2
Defining A to be the symmetric J X J matrix with entries A, = (%) for ¢ > k,

and ¥ the J—dimensional vector with components A} / ?||lvil, we see that

J
D M@k — Qee)vll* < IAZIE < IANRIIZ-
k=1

By an easy application of Lemma III.1, ||A]|;, can be bounded uniformly in J, and
consequently, there is a constant ¢ independent of J, v and the splitting of v, such

that

J J
Z/\kH(Qk: — Qr-1)v|* <ec Z e llve |2 for all v € M;.
k=1 k=1

The required inequality follows again by applying Lemma III.2.

B. Multilevel norm equivalence on H*

Let © be a domain in R? with boundary 9Q = (992)p U (0Q) y, where (9Q)p is not of
measure zero, and (9Q)p and (9S2)x are essentially disjoint. Let M = H},(€2) denote

the space of all functions in H'(Q) which vanish on (9Q)p. Assume that

MiCcMyCc..cCM;C..CM,
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is a nested sequence of finite dimensional approximation subspaces of M in the sense
that U2, My, is dense in M. Since H}(R2) is dense in L*(2) it follows that for u €
L2(2), limy_0o Qru = u. Let (-,-) denote the L*(Q) inner product and let || - ||
be the norm on L?*(Q2) induced by (-,-). For k = 1,2,..., we define the operator
P, : M — M, to be the orthogonal projection with respect to the inner product
A(-,-), where

Alu,v) := / Vu - Vo dx for all u,v € M,
Q
and Ay : M, — M, is defined by
(Apu,v) = A(u,v) for all u,v € M.

Let u, be the largest eigenvalue of Ay and assume that the sequence {1} is equivalent

to {471} i.e., there exist positive constants a;, as such that
ard® <pp < ad®, k=1,2,.... (3.2)

We denote 451 by ).
The goal of this section is to show that, under certain conditions on the sequence
of subspaces { M.}, we have the following.

(ML.0) There exist positive constants ¢; and ¢ such that
1 A(u,u SZ)\kH Qr — Qr_1)ul|* < caA(u, u) for all u € M.
k=1

All the considerations of this section remain valid if we replace {\;} by an equiv-
alent sequence, for example {x}. In order to study the above norm equivalence we
start by introducing the following conditions:

(ML.1) There is a positive constant ¢ independent of j and k£ and a number p € (0, 1)
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such that
Alug, u)| < ep* IV Alug, ug) 2 A(ui, u)Y? for all w € M.
| J P j» Ui

where uy := qru = (Qr — Qr_1)u.

(ML.2) There exists ¢ independent of J such that

J
Z)‘kH(Qk — Qr-1)ul® < cA(u, ) for all u € M.

k=1

(ML.3) There exists ¢ independent of k£ and J such that
(I — Pr_1)u||< c)\,zlﬂA(u,u)lﬂ, for all u € M.

Condition (ML.1) is known as a Strengthened Cauchy-Schwarz Condition. The
next result gives some connection between the above conditions. The result is known

in multigrid theory (see [16] or [15]). For completeness we provide the proof here also.

Proposition ITIL.1  (a) The norm equivalence (ML.0) holds whenever Condition
(ML.1) and Condition (ML.2) are satisfied.

(b) Condition (ML.2) holds whenever Condition (ML.3) holds.

Proof of part (a). Let u € M be fixed. Then u = Y uy, where uy, = qpu € M.
k=1

From (3.2) we get that
Alug, ug) < egllugl)®,  forall k=1,2,.... (3.3)
Using Condition (ML.1), we obtain

Au,u) = Z Alug,uj)<c Z PR3 Ay, ug )2 A, ug) 2.

k,j=1 k,j=1
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By Lemma III.1 and (3.3), we have

1+ p
A(u,u)§01 pZA(uk,uk)gc

1+ p —
— = > Ml
P k=1 P k=1

which gives the lower inequality in (ML.0). For the other inequality consider a
sequence {u;} convergent to u in the H} () norm, chosen such that u; € M;. Then

Condition (ML.2) implies that for any positive integer N,

N
Z Ml (Qr — Qr—1)ug|)? < cAlug, uy),
k=1

where c is independent of N, J and u. Letting J to tend to infinity in the above

inequality we have

N
Z Ml @k — Qr1)ul)® < cA(u, u) for all u € M.
k=1

Since N was arbitrary, this justifies the validity of the upper inequality of (ML.0).
Proof of part (b). First, Condition (ML.3) implies

1(Pe = Pi—s)ull* = (I = Pee1) (P = Po-)ull?
< eAJA((Py — Peoy)u, (P — Poy)u)),  for all u € My,

with ¢ independent of k and J. Next, by applying Lemma II1.2 and Lemma III.3

with v = w and vy, := (P, — Py_1)u, we deduce that

J J
> M@k = Qe-)ullP< > Mll(Pe = Pecy)ul®, for all u € M.
k=1 k=1

Combining the last two estimates, we have

D Nll@Qr = Qe-n)ull® < ¢y APy — Pecr)u, (P — Pia)u))

= cZA((Pk — Py_1)u,u) = cA(u,u),  for all u € My,
k=1
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with ¢ independent of k£ and J. Therefore, Condition (ML.2) holds.

If the domain €2 is nice enough, for example €2 is a convex polygonal domain
and 09 = (0Q)p and {My} is associated with a sequence of nested meshes on €,
then the regularity condition (ML.3) holds. The above result suggests that, in order
to prove Condition (ML.2), we can have an overlapping domain decomposition of
2 such that on each subdomain Condition (ML.3) is satisfied. Then, we use the
above proposition to obtain Condition (ML.2) relative to each subdomain. To get
the result on the whole domain, one can use multiplicative Schwarz preconditioning
type arguments. Next, we shall make this outline more precise.

Let M; = iM} be a splitting of M; associated with an overlapping domain

i=0
decomposition of €2

0= U Q, (3.4)
MY = {u € My : supp(u) C Q;}. (3.5)

Let Qi : L*(Q) — M}, P} : M — M; be the orthogonal projections with respect to
(-,-) and A(+,-), respectively. A useful condition about the splitting of M is

n .
(ML.4) For each u € M, there exists a partition u = > Ju;, with u; € M, satisfying
i=0

ZA(UZ',UZ') < cA(u, u),
i=0
where ¢ is independent of J and u € M.

Lemma I11.4 Assume that Condition (ML.4) is satisfied and that Condition (ML.3)
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holds on each subdomain, i.e.,
(I — Pl ))ug|< c/\,:1/2A(ui,ui)1/2, forallu; € M, i=1,..n, (3.6)
for some constant ¢ independent of J and i. Then Condition (ML.2) is also satisfied.

Proof. By Proposition III.1(b), there is a constant ¢ independent of .J such

that

J
> (@ — Qi Duwill® < eAlug,ug) o all w; € M), (3.7)
k=1

n
For any u € M, we consider the decomposition u = » u;, with u; € M’ given by
i=0

Condition (ML.4). Then,

J J n
Dol @k = Qe-n)ull® <y A Y @k = Qu-n)ui)?
k=1

k=1 i=1

n J
— nz Z el (Qr — Qr—1)uws|>.

i=1 k=1
Next, for each fixed 7 and u; € M, C M; we have that
J
wi =Y (Q — Qi)
k=1
where (Q} — Q% _,)u; € M} C M. Thus, by applying Lemma II1.2, Lemma III.3 and
(3.7), we obtain that
J J
D Al(@n = Quenul®< € 3 Al (@ — Qi )ul*< eAlui, w).
k=1 k=1

Combining the above estimates with Condition(ML.4), we have

J
D Mll(@Qk — Qea)ull® < enA(u, ),
k=1

with ¢ independent of J.
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Therefore Condition (ML.2) is satisfied.

The last part of this section is concerned with the Strengthened Cauchy-Schwarz
Condition (ML.2) for the case of polygonal domains.

Let 2 be a polygonal domain with with boundary 0Q = (0Q)p U (0Q)y, as
considered at the beginning of the section, and let (7;) be a quasi-uniform sequence
of nested triangulations of {2 such that the parameter hy, associated to (7y) is hy, ~ 27
For k > 1 the space M, is defined to be the space of all functions which are piecewise
linear with respect to 7y, vanish on (0£2)p and are continuous on 2. We denote the

space HL(Q) by M.

Lemma II1.5 Under the above considerations, the Strengthened Cauchy-Schwarz

Condition (ML.1) holds.

Proof. Let 1 <k < j be fixed. For 7 € 7y, u, v € M we adopt the notation

D, (u,v) = /Vu -V dx.

First, we prove the existence of a constant ¢, independent of k£ and j, such that

1/2

Alu, ) < e (i Alu,w)) " (B 0] + by Ao, 0)) 2, (3.8)

for all u € My, v € M;.

Indeed, let u € My, v € M; and start by writing

Au,v) = ZDT(U, v). (3.9)

T€T

Using Green’s formula and the fact that w is linear on 7 we have

D, (u,v) = /g—zv ds. (3.10)
or
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Since u is linear on 7 we have, in addition,

2
/(g_u) ds < erhy ' Dy (u, u), (3.11)

mn
or

where ¢ is independent of k, 7, 7 and u. Further, by the trace inequality we get

/U2 ds < ¢y (h;1||1)]|%2(7) + thT(U,U)> , (3.12)
or

where ¢, is independent of k, j, 7 and v. From (3.9)-(3.12) and the Cauchy-Schwarz
inequality we obtain
-1 2 (1 —1,.012 1/2
Alu,v) < 7 (B D) (17 0l + hiDr(0,0))
TE€TY
where ¢ = /c1co. Finally by applying the Cauchy-Schwarz inequality for vectors we
conclude that (3.8) holds.
Next, let v € M and let uy = (Qr — Qr—1)u, u; = (Q; — Qj_1)u. Using standard

estimates for the L? projections we have
lugl* = (1 = Qs—1)u;|l* < chiA(uy,uy),

where c is another constant independent of j and w. Taking v = u; and v = u; in

(3.8) and combining with the above estimate we obtain

B\ 12
Aug,uj) <c (h—j) Alug, ug) Ay, uj).
k

Therefore, Condition (ML.1) holds with p = 1/v/2.
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C. The case of polygonal-sector domains

In this section we choose a specific sequence of approximating subspaces {M;} and
verify that the sufficient conditions used in proving (ML.0) are satisfied for a par-
ticular type of polygonal domain. Though the considerations which follow might be
true for a more complicated domain €2, we restrict our study to a simple case when
(2 is the polygonal-sector domain. We say that 2 is a polygonal-sector domain (see
Figure 1) if
n+1
Q== (3.13)
i=1
where, for : = 1,... ,n+ 1, 7; is a triangular domain with vertices 5;, O, S;11 and

O is taken to be the origin of a Cartesian system of coordinates in the plane.

Sn+1

Sn

FIGURE 1. Polygonal-sector domain.

We assume, without loss of generality, that S; lies on the positive semi-axis. For

i=1,...,n+2, let I'; denote the segment [O,S;], and fori=1,... ,n+1, let a;
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be the measure of the angle between I'; and I';,;, and define the angle w of €2 by

n+1

W= g Q;.
i=1

For our results concerning interpolation, it is enough to consider only the cases
Oy =0, (0)y = Thip or (2)y =T1 UL, 1o, Let 7y = {7,... , 7.} be the
initial triangulation of 2. We define multilevel triangulations recursively. For k > 1,
the triangulation 7}, is obtained from 7;_; by splitting each triangle in 7;_; into four
triangles by connecting the midpoints of the edges. The space M, is defined to be the
space of all functions which are piecewise linear with respect to 7y, vanish on (0€2)p
and are continuous on €. Let Q) denote the L?*(2) orthogonal projection onto Mj
and N\, = 4F 1.

In addition, for ¢ = 1, ... ,n, we define the subdomain €2; of {2 to be the domain

made up by 7; and 711 ( Q, =7 U 7.+1), and define the subspaces M} of M, to be
M} ={u € My : supp(u) C Q;}, k=1,2,....

Lemma I11.6 Let €2 be a polygonal-sector domain as defined above and assume that
0Dy =0 or (00)n = Tpia. Then the splitting My = > MY satisfies Condition

1=0

(ML.4).

Proof. Fori=2,...,n+1,let Q be the polygonal-sector domain such that
sl
Q= 7.
j=1
Then T; is a part of 9 (see Figure 1). We fix J, and for u € M, we define y;u to

be the restriction of u to I';. By standard results about traces of functions in H!, we

have

viu € Hop*(Ty)
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and
H%'UHH&{Q(H)S cllullgron< cA(u,u)  for all ue M. (3.14)

Throughout the whole proof of this lemma, ¢ is a constant independent on J, ¢, and
it might be different at different occurrences. For ¢ = 2,... ,n, we extend by zero v;u
to the rest of 07; and consider an extension of the new function to 7;, denoted by ;

and satisfying
u; € Mffl’i = {v|,, v e M7}
(3.15)
|Gy < CH%“HH&{?(H) for all u € M;.

For example, we can take u; to be the discrete harmonic extension of v,u to 7;.

Define u; € MY by

u(z) ifz en
u(r) =4 dy(z) ifz €m

0 if z€Q\Q,

u(r) —w(z) ifx €
UZ(ZE) = /&/Z'Jrl(x) ifx € Tit+1

0 if e Q\Q,

u(z) —a,(x) ifz €7,
Up () = u(x) ifz €741

0 if =€\,

Clearly, u = uj4us+- - -+u,. Using (3.14), (3.15) and the Cauchy-Schwartz inequality
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we obtain that
Alug, u;)< cA(u, u) forallue My, i=1,... n.

Therefore,

n

ZA(ui,ui)S enA(u,u)  for all u € My,

=1

which concludes the validity of Condition (ML.4).

Theorem III.1 Let Q be a polygonal-sector domain. Assume that (0Q)y = 0 or
(0Q)n = Thag or (02)y = Ty UT,40. Assume that the angles of the polygon 0XQ,
excepting w, are not greater than m for those angles contained in (0Q)p, and not
greater than /2 for the mized angles with one edge in (0Q)p and the other edge in
(0Q)n. Let the sequence { My} of subspaces of H},(2) be as described before Lemma
I11.6. Then Condition (ML.2) holds.

Proof.  First we consider the case when (0Q)y = 0 or (0Q)ny = [',42. In this
case, by using the assumptions about the angles of 02, and eventually by increasing
the number n of subdomains, we have full regularity for the Laplace operator on
each subdomain €2;. Thus (3.6) is satisfied (see, e.g., Theorem 2.3.7 in [24] and [16]).
On the other hand, from Lemma III.6 the splitting M; = iM} satisfies Condition
(ML.4). Thus, by Lemma II1.4, Condition (ML.2) holds.zzo

Next, we study the case (0Q)y = I'1UT,42. If w is not greater than 7, Condition
(ML.3) is again fulfilled. According to Proposition III.1(b) we obtain that Condition
(ML.2) holds. Let w be greater than 7 and define Q to be the polygonal domain
made up by completing  with 7,5 := [Sp42, 0, S1]. Let 982 be the boundary of €,

and define (8@) ~n =0 and (8@) p = 0. Assume, without loss of generality, that €
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is a convex domain. Consider

T, = {70, - Tna1s Tna2 }-

Then we define the multilevel triangulation 75, recursively in the same manner we
defined 7;. For k =1,2,..., the space Mj, is defined to be the space of all functions
which are piecewise linear with respect to 7;, vanish on (GQ) p and are continuous on
Q. The L%()) orthogonal projection onto M, is denoted by Q.

We fix J and for u € M; we denote by yyu the restriction of u to (0€2)x. Thus,

we have
mvu € Hog*((09))
and
H/}/NUHHOIO/Q(FN)S clull o< cA(u,u)  for all u e My, (3.16)

where ¢ is a constant independent of .J, which might be different at different occur-
rences. The set (0€2)y is part of the boundary of 7,,2. We extend yyu by zero to
the rest of d7,,42 and consider an extension of the new function to 7, denoted 2

and satisfying

/&/n+2 € Mj}JrQ = {U’Tn+2 v E MJ},
(3.17)
|tnrolin i, )< cH’yNuHHééz(FN) for all u € Mj.
For example, we can take 4,2 to be the discrete harmonic extension of yyu to 7,19.

Define @ € M, by

u(z) ifz €Q

=g}

&
-~

|

Upio(z) if 2 € Tphyo.
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Using (3.16), (3.17) and the Cauchy-Schwarz inequality we obtain that
A(t, 1)< cA(u,u) for all w e M.
From Lemma III.2 and Lemma III.3, we obtain that

J J
Z Mell(Qr — Qr—1)ul]*< CZ Mel|lug]|*  for all w € M; and (3.18)
k=1 k=1

for any partition of u,

J
U= Zuk, with u, € M.
k=1

On the other hand, we have |g = u and

The restrictions to €2 of functions in M}, are in M;. Hence, we can take

~

u, = ((Qr — Qr_1)@)|q in (3.18). In addition, since  is a convex domain and
((9@)]\; := ). Condition (ML.3) is fulfilled for 2. By Proposition II1.1(b), we obtain
that Condition (ML.2) holds on Q. Then

J J J
D Al @k = Qu-)ulP< e Y Nl @k = Qr)itl gy < € Y Mell(Qk = Q)32
k=1 k=1 k=1
< cA(t,u)< cA(u,u),

for all w in M. Therefore we have proved that Condition (ML.2) also holds in this

case and the proof of the theorem is complete .

The main result of this section is now easy to prove.

Theorem II1.2 Let Q be a polygonal-sector domain with 02 = (02)p U (0Q) N sat-

isfying the hypotheses of the previous theorem. Let { My} be the sequence of subspaces
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of HH(Q) described before Lemma (I11.6). Then (ML.O) holds.

Proof. The Strengthened Cauchy-Schwarz Condition (ML.1) holds for our
domain and the sequence {M}} of subspaces of H},(€2) given here (see Section B).
Moreover, by the previous theorem, Condition (ML.2) also holds. Thus, the theorem

follows from Proposition III.1.

D. The case of sector domains

Let 2 be a sector domain subdivided in say n+ 1 smaller sector domains. (See Figure

2). Then, (3.13) holds for 7; being a triangle with one curved edge, i = 1,... ,n.

Sh Sh+1

FIGURE 2. Triangulating a sector domain.

Next we preserve the setting from the previous section except that the sequence of

subspaces { M} is differently defined. Again we consider 73 = {7y,...,7,} to be the



37

initial triangulation of €2 and define multilevel triangulations recursively as follows.
For k > 1, the triangulation 7} is obtained from 7;_; by splitting each triangle in
71 into four triangles by connecting the midpoints of the sides including the curved
sides (as suggested in Figure 2 for 7). The space M} is defined to be the space of all
functions which are are continuous on (2, piecewise linear with respect to 7}, vanish
on (092)p and in addition vanish on all the curved triangles of 7. The sequence
of subspaces {M}} defined in this way remains a nested sequence of approximation
subspaces of Hp(Q) (see, e.g., [9]). We note that the parameter hy;, associated with

the quasi-uniform sequence of triangulations {7}, satisfies

lim 2% by, = ¢ > 0.

k—o0

Thus, the assumption (3.2) about the eigenvalue py of the operator Ay is satisfied.
The proof of the Strengthened Cauchy-Schwarz Condition (ML.1) can be carried out
in the same way we presented in Lemma II1.5 for the case of polygonal domains.
Finally, the results presented in the previous section can be reproduced for the
case of the sector domain and we can conclude that the multilevel norm associated

with our sequence Mj, provides an equivalent norm on H}(Q).
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CHAPTER IV

SUBSPACE INTERPOLATION BY MULTILEVEL NORMS
Let © be a domain in R? with boundary 99 = (992)p U (0) 5, where (9Q)p is not of
measure zero, and (992)p and (9€)y are essentially disjoint. Let H}(Q) denote the

space of all functions in H*() which vanish on (992)p. Assume that
MyCMyC,...,CMyC...

is a sequence of finite dimensional subspaces of H},(€2) whose union is dense in H}(€2),

and assume that an equivalent norm on H},(2) is given by

lull? == Mell(@k — Qur)uul, (4.1)
k=1
where @, denotes the L?(Q2) orthogonal projection onto My, ||| = |||l 2«

Qo = 0, and )\, = 4. The goal of this chapter is to solve a codimension one
subspace interpolation problem by means of multilevel geometry and topology. From
the applications point of view, this is equivalent to providing sufficient conditions for
the function factored out from X = L*(Q) in order to satisfy the Condition (A1) of

Theorem 11.2.

A. Scales of multilevel norms

On H} () consider the norm given by (4.1) and define H;'(2) to be the dual of
H},(Q). Then, the elements of L*(Q) can be viewed as continuous linear functionals

on H},(Q) and we have the natural continuous and dense embeddings

Hp(Q) C L*(2) € Hp'(Q).
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One can easily check that

ully =" AT @k — Qe—r)ull®  for all u € L*(Q), (4.2)
k=1
where || - ||_; denotes the norm on H,'(€2). Further, we consider the inner product

on H%(£2) to be
(1, 0)0 = > M (Qr — Qe-1)u,v)r2e)  for all u,v € H(Q) N LX), o= —1,1.
k=1

Then the pairs (H5(Q), L2(2)) and (L%(Q), H;'(2)) satisfy the condition (2.1) and

the operator S associated with each of these pairs is given (in both cases) by
Su = i Me(Qr — Qr—1)u,  for all u € D(S). (4.3)
k=1
For any 6 € [0, 1], let
Hp(Q) = [Hp(Q), L), Hp'(Q) = [L*(Q), Hp' ()],

and let || - ||, be the norm on H%(Q2) for a € [—1,1]. By using (2.6), one can easily

check that
lull2 =D MA@k — Qe-n)ull®,  for all u € Hp () N L*(9). (4.4)
k=1
Consequently, H,’(Q) is the dual of H%(Q) for 6 € [0, 1].

Remark IV.1 For any a € (0,1], the norm on HZ(Q) is given by (4.4). On the
other hand, for u € H3(S),

J-1

J
D NNk = Quonull® = Jlul® + (47 = 1)) AN = Quull® = A5 = Qy)ul?
k=1 k=1
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and
Jim X3/(— Qu)ul” = 0.
Thus, we obtain that an equivalent norm on H(S2) is given by

luallz == lll® + Y AR = Quul
k=1

B. Sufficient conditions for (A1)

Let X = L?(Q) and Y = H;'(Q). For a fixed y in the interval (0, 1), let ¢ € L?(Q)
satisfy the following conditions:

(C.0) 6 ¢ ().

(C.1) There exist ¢; > 0 and § > 0 such that

[e.o]

(6000 = 30 3 @ = Qua)ol 2 ™ for 20

(C.2) There exist ¢ > 0 such that

1@k — Qr-1)@|* < X, k=1,2,....

Our goal in this section is to characterize the space [ Xy, Y]y for 6 in (0, 1), 6 # 6.

Remark IV.2 From (C.2) it follows that ¢ € H% () for 8 < 6y. Thus, from (C.0)
and (C.2), by applying Lemma I1.2 (see the proof of (4.6)), we have that X, is dense

in'Y. Consequently, the space [Xy,Y]s is well defined.
Theorem IV.1 Let ¢ € L*(Q)) and satisfy (C.0)-(C.2). Then

[L2(Q)g, Hp' ()], = [L(Q), Hp ()], 0 <0< 1, 06 (4.5)

0,9’
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Furthermore, if 0y < 0 <1 then
[L*()g, Hp' ()], = [L*(Q), Hp' ()], (4.6)

Proof.  Let 6 # 0y be fixed. Following the proof of Theorem II.2 until (2.24),
we see that in order to prove (4.5), it is enough to show that, for ¢ given by (C.1),

there is a positive constant ¢ = ¢(, 0, ¢1, ¢2) so that we have

00 2
[:= / o [ O)xal” <clul?, forallue X,. (4.7)
4 (¢7 ¢)X,t

Let u € X = L*(Q) be fixed. Denote Qi —Qr_1 by gx, with Q¢ = 0, and for u € L?(Q)
denote
Uy = /\,:0/2||qku|| and @ := {ug}. Then we have

[ull—o = llalli,-

Here (-, -)x is simply the L?*(€2) inner product (-,-). Then, we have

5 (@, qro).

(u, @) xe = (I +125~ Z

Using the Cauchy-Schwarz inequality and the estimate given by (C.2) we obtain

00 1—-60/2

U, <c k ull. 4.8
0 8)x < 23 Tl (48)

For u € X, we have (u, ¢) = 0. Then

o0
Z qr, ¢
k=1

Thus,

(u, @) x Z)\ iU U, Gk ),
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and hence we also have the estimate

00 —00/2

A
U, < cot? k qru||- 4.9
000wl < a3 gl (49)

Now we are prepared to estimate the integral I. The constant ¢, to be used next,
may have different values at different places in which it appears but depends only on
the constants @, §, ¢; and ¢y . First we will treat the case 0 < 6 < 6. Let 6, = 6y —0.

Then, by (C.1) and the estimate (4.8), we have

o0 )\1 00/2 2
I< C/(S (= (Z A +t2“‘]k““> dt

3 ZOO Q) 2l |
C m n
=< R O

—14264

= > Ol [ o

A +t2 (An + 12)

m,n=1

Next, we use the formula

0o t3 20 1a _bl—@
dt:—i 0<bh<?2 06+#1 b>0. 4.10
/0 a+r)b+e)" @ a-b 071 q (4.10)

The integral can be calculated by elementary calculus methods. If a = b, then the

right side of the above identity is replaced by lc;gea’e. Thus,

[e'e} t71+291 [oe} t71+291 0 1 )\1791 _ )\1791
dt < dt = ApAp) T ——— T
/5 Am + ) (A +12) 7 7 /0 O T B 5 ) 1= S ) An = An

Combining the above inequalities, we get

. 62 ML= AT
I<c ) (Anhn) —/\m

)\—0/2
Am — A

[l gmul| A"l gnl]-

m,n=1
Let

1-601 1-601
01/2 )\m — )\n



Then, the above estimate becomes
o0
I<c ) Ly,
m,n=1
An elementary calculation gives

2(mfn)(1791) o 2f(mfn)(1791)

lmn -

2(m=n) _ 9—(m—n) -

Now we can apply Lemma III.1 and obtain
I < cllalli, = cll ullZy,

which proves (4.7) in this case.
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For the remaining part, i.e., 8y < 0 < 1, we set 6; := 6 — ;. The estimate

(4.7) can be done in the same manner. The only difference here is that we use the

inequality (4.9) instead of (4.8). This completes the proof of (4.6).

Now let 6y < 6 < 1 be fixed. By the previous part, it is enough to show that

L2(Q), is dense in H;?(Q). Using Lemma I1.2, this is equivalent to proving that the

functional

u— (u,), u€LQ),

(4.11)

is not continuous in the topology induced by H;?(Q). To see that, let {u,} be the

sequence in L?(Q) defined by

n

Up = Z )\ZO qr Q-

k=1

From (C.0) we have that

(uns @) = > Allad|)* — oo,

k=1
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as n — o0o. On the other hand, using (C.2)

n

(tnwn)-g = A g

k=1
is uniformly bounded. Therefore, the functional defined in (4.11) is not continuous

and (4.6) is proved.
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CHAPTER V

INTERPOLATION BETWEEN SUBSPACES OF H?(R™) AND H*(R").
In this chapter we give a simplified proof of the main interpolation result presented
in [25]. An extension to the case when the subspace of interpolation has finite codi-
mension bigger than one is also considered.

Let a € R and consider the Sobolev space H*(RY) defined by means of the
Fourier transform. For a smooth function v with compact support in RV, the Fourier

transform 4 is defined by

al€) = (2m) NP2 / u(w)e ™ d,

where the integral is taken over the whole RY. For u and v smooth functions the

« -inner product is defined by

(1, 0) = / (1+ [€P)" a(€)3(e) de.

The space H*(R") is the closure of smooth functions in the norm induced by
the a -inner product. For a, [ real numbers (a < (3), and s € [0,1] it is easy to

check, using Remark II.1, that

[H’B(RN), Ha(RN)} L= HsaJr(lfs)ﬁ(RN)'
For ¢ € HP(RY), we are interested in determining the validity of the formula

[HJ(RY), H*(RY)] = [HP(RY), H*(RY)], (5.1)

N

For certain functions ¢ the problem is studied by Kellogg in [25]. The goal of this

section is to give a new proof of Kellogg’s result concerning (5.1) and to extend it
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to the case when Hg (RN) is replaced by a subspace of finite codimension. First,
we consider the case when 0 = o < . The operator S, associated with the pair

X = HP(RN), Y = HY(RN) = L*(RY), is given by
Su = p*Pu, ue D(S)= H*(RN),

where 11(€) = (1+]¢[2)z, € € RN. For the remaining part of this chapter, H? denotes
the space HP(RN) and HP is the space {a |u € HP}. For 4, © € HP, we define the
inner product and the norm by

(4,0)5 = / 12905 ¢, lalls = (a,a)”.

To simplify the notation, we denote the the inner product (-,-)o and the norm || - ||o
on H° or H° simply by (-,-) and || - ||, respectively.

Let ¢ € HP be such that for some constants € > 0 and ¢ > 0,

[9(&) — b(w)p*%*mw«)‘ < cp oo forallp> 1 (52)

0<ayg<p,

where p > 0 and w € SV~ (the unit sphere of RY) are the spherical coordinates of
¢ € RY, and where b(w) is a bounded measurable function on SN~!  which is non

zero on a set of positive measure.

Remark V.1 From the assumption (5.2) about ¢ we have that
be H* = if and only if oy <a <p, (5.3)
and by using Lemma 1.2, we find that
H(f is dense in H* if and only if o < «y. (5.4)

Theorem V.1 (Kellogg) Let o € HP be such that its Fourier transform ¢ satisfies
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(5.2), and let 0y = ap/B. Then

(HD,H°] =[H], H°] , 0<s<1, 1—s+# by, (5.5)

ER7

Proof.  Following the proof of Theorem I1.2; we see that in order to prove (5.5),
it is enough to verify (2.24) for some positive constant ¢ = ¢(s) and §. Using (2.22),

the problem reduces to

00 2
s (W O)xal” o o for all u € X, ,
/5 (. 9)xe I, ’

where X = H? and Y = H° = L?(RY). Denoting 1 — s = 6 and ®(t) = (¢, d) x4,

this becomes

2

(525

o 281429 ~

Io— / t2973%dt < CHquﬁ for all u € H(f. (5.6)
o (#)

H2ﬂ+t2 )

Using (5.2) it is easy to see that, for a large enough § > 1

1o
(m, ) 2 CtQ(eoil) for all ¢ 2 6, (57)
M

and (5.2) also implies that
GO < elpl =27 for Jg] > 1. (5.8)
Before we start estimating I, let us observe that by using spherical coordinates
lulls = [~V do. e ] 59)

where
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First, we consider the case 0 < 0 < #y and set ¢, := 0y — 0. For u € ﬁ(f we have

2
M4ﬂu ¢ . t4 /‘L2[8u ¢
M2ﬁ 427 o M2ﬁ 427

Thus, by this observation and (5.7) we get

r<ef :ot“@l ( / %\u(ﬁ)d)(&)\ d5)2 d.

2

Then,
>~ 2 2
l&l<1
<of (S ([ o !df) i< e [T d P ol < @)l
5
€l<1

On the other hand, by Fubini’s theorem, we have

L= [ :Ot?*—%( / %www dé)th

€1>1

-/ :Oti”—%( / %www d&)( / 7M(’;§§22ft2|u<n>¢<n>| dn)dt

1€1>1 [n|>1

0 3-20
= | [ emtnoteomnl (e | | ey

€1>1[n[>1
and by using (4.10), the estimate (5.8) and spherical coordinates { = (p,w), n = (r, p),

we obtain

g elf / / )20 (rp) "2 20 Ry (u(r)*’, u(p)* YU (r)U (p) dp dr,
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where for a € (0,1), z > 0, y > 0, we denote

@

U forx#y

O[l'ail

Ro(z,y) = ;
, orr=y.

The function © — R,(z,y) is decreasing on (0, 00) for each y € (0,00) and it is
symmetric with respect to z and y.

Using this observation, we get

L) [ [ 0o EI RGP ) UG drdp
o o

<) [ [ KGpve)00) dr dp
where
K(r,p) = (rp) ™= Rag, (r2, ). (5.10)
In order to estimate the last integral, we apply the following lemma.

Lemma V.1 (Schur) Suppose K(x,y) is nonnegative, symmetric and homogeneous

of degree —1, and f, g are nonnegative measurable functions on (0,00). Assume that
k :/ K(l,x)x_% dr < 0.
0

Then

/?/:K(x,y)f(:r)g(y) dr dy < k(/:of(xf dx) : (/:Og(y)2 dy) %. (5.11)

We will prove this lemma later. For the moment, we see that the function K (x,y),

given by (5.10), is homogeneous of degree —1, and satisfies

k:/ K(x,l)x’% dr < oo.
0
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Indeed

oo 268(1—61) __ 1 6_ 00t1791 . tel—l
k= R . / ——— dt < oo, 0<0; <1.
/Ox o x 154 ) PR oo, for 1

By Lemma V.1,

I < c(9) / :°U2<p> dp < c(®)ull?

and by combining the estimates I; and I, we obtain (5.6).
Let us consider now the case 6y < 8 < 1, and let #; = 6§ — 5. Then, by using

(5.7), we have

I<ec / :Ot%-l ( / %www df)th.

The remaining part of the proof is very similar to the proof of the first case. The

theorem is proved.

Proof of Lemma V.1. By Fubini’s theorem, it follows

/:O/ZOK(x’y>f(flf)g(y) dr dy = /:Of(w) (/?K(x,y)g(y) dy) dz
— /oof(x)/ooxK(x,xt)g(xt) dt dx = /:Of(fﬂ)/:oK(l,t)g(xt) & do

_ / (iOK(l,t)O/:O F(x)g(at) du dt

< /?K(l,t) (/jf@)? d:z:)é(/zog(xt)Q d:z:) '
< /:OK(u)t% dt (/:Of(x)Q dx)%(/zog(xt)Q d:z:)%.

Next we prepare for the generalization of the previous result.

Let ¢1, ¢, ..., én € HP(RN) such that for some constants ¢ > 0 and ¢ > 0 we
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have

16:(€) — Gi(€)| < epz72+=< for €] > 1

O<aq<pB,i=1,...,n,

(5.12)

where

Gi(€) = bi(w)p~2 720 £ = (p,w),

and b;(-) is a bounded measurable function on SV~! which is non zero on a set of
positive measure.

Define
4ﬁ¢z 7 |§|4ﬁ¢z bt oy
Dj;(t) = ('u?ﬂ +t2’¢3)’ Gij(t) = (|£|2ﬁ —i—t2’¢]) 0, = 5

xi gt

_ 1 o0
(I)ia '::_biab'o' 7d7-7 ':1727"'7 )
B1.6,) 1= 50t | i de i "

where (-, ), is the inner product on L?(SN1).

Clearly, [-,] is an inner product on span{¢; | i =1,2,... ,n}.

Lemma V.2 With the above setting we have

(I)ij (t) - [&Z, &j]tei+9ji2 (513)

|Dy;(t) — Dy (£)] < 07271 ¢ > 5, (5.14)
for some constants ¢ >0, n>0 and § > 1.

Proof. By using spherical coordinates, we have

43 = e’} alJroz] -
/|§||2§|+t2¢’¢ d¢ = / dp/bl-(w)bj(w) dw.

l§1=1
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The change of variable p® = tx in the first integral completes the proof of (5.13). The

proof of (5.14) is straightforward.

Theorem V.2 (Bacuta, Bramble, Pasciak) Let 1, @, ... ,pn, € HP be such that the
corresponding Fourier transforms ¢1, ¢a, ... , ¢, satisfy (5.12) and in addition, the
functions ¢n, go, . .. , dn are linearly independent.
Let K = span{p1, p2,... ,pn}t. Then
[H?, H°), = [H°, Hpc, (1—8)3+# i, fori=1,2,... n.

Proof.  We apply the Theorem I1.2 for X = H® Y = H° K = span{¢1,... ,¢n}
and s such that (1 — )8 # «a;, i = 1,2,... ,n. By using the hypothesis (5.12) and

Theorem V.1, we get
[Hgi,HO]s = [Hﬁ,HO]S’W fori=1,2,... n.

So (A1) is satisfied. In order to verify the condition (A2), we first observe that
(M,)ij = ®;;(t). By denoting D, = diag(M,), the condition (A2) can be written as
follows:

There are § > 0 and v > 0 such that
My —~Dy >0, forall t e (d,00),

where for a square matrix A, A > 0 means that A is a nonnegative definite matrix.

From the previous lemma we obtain the behavior of (M;);; for ¢ large:
(Me)ij = (13 @] + fis (D)%%~
where |fi;(t)] < ¢t~ for t > §. Denote M;, M the n x n matrices defined by

(My)ij = [6i, &5 + fig (1), (M)yj = (61, 5]
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and let Dy = diagM,, D = diagM. Next, for a = (ay,ay, ... ,a,) € C", we have
<(Mt - VDt)Oéa Oé> = <(Mt - VDt)OZt, Oét>

where < -,- > is the inner product on C™ and (oy); = a; %71 i =1,2,... ,n.

Hence, the condition (A2) is satisfied if one can find v > 0, 6 > 0, such that
M, —~yD, >0, forallt € (§,00).

On the other hand, since gzgl, gb~2, . ,ggn are linearly independent, M is a symmetric

positive definite matrix on C"™ and

lim (M, —~vD;) = M > 0.
j{%( t —vDy)

Thus, one can find v > 0 so that M, — ’y[?t > 0.

Finally,

t—o0

Therefore, there are v > 0, § > 0 such that M, — vD, > 0, for all t € (0,00), and

(A2) holds. The result is proved by applying Theorem II.2.

The corresponding case of interpolation between subspaces of H” of finite codi-
mensions and H%, where «, 3 are real numbers, a < (3, is a direct consequence of the
previous theorem.

Let o < 3 and @1, @9, ... ,0, € HP be such that the corresponding Fourier

transform ¢, @9, ... , @, satisfy for some positive constants ¢ and e,

|6:(€) — Gs(&)] < cp~Z 721 for [¢| > 1

a<vy<p,i=1,...,n,

(5.15)
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where

Gi(€) = bi(w)p~ 2720 € = (p,w),

and b;(+) is a bounded measurable function on S¥~! which is non zero on a set of

positive measure.

Theorem V.3 Let oy, o, ..., 0, € HP be such that the corresponding Fourier trans-
forms ¢y, da, ..., dn satisfy (5.15), and in addition, the functions ¢y, s, ... , oo are

linearly independent. Let L = span{¢1, 2, ... ,on}. Then
[HE H®), = [H® H%.r , sa+ (1—s)3#y, fori=1,2,...,n. (5.16)
Furthermore | if sa+ (1 — s)f < min{~,;, i =1,2,... ,n}, then
[HE HY), = Heot(0=98, (5.17)

Proof. The first part follows from the main theorem V.2 and the fact that
T : H* — H° defined by Tu = p*u, uw € H is an isometry from H® to H?~¢ for any
v € |, A

Now let s < min{~;, i = 1,2,... ,n}. By the first part of the theorem, in order
to prove (5.17) we need only to prove that HY is dense in H***(1=9% By Lemma

I1.2, this is equivalent to proving that

A PN
Hﬁ ou — (ua Sp)ﬁ = (ua (p)ﬁ:

(5.18)
is not bounded in the topology of H**t(=)8 for all p € L, v # 0.
For a fixed ¢ € £ we have ¢ = > c;¢;.
i=1
Since ggl, g52, cee ggn are assumed to be linearly independent, ¢ fails to be a “good”

function (better than ¢;, i = 1,2,... ,n). More precisely, the asymptotic expansion
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at infinity of ¢ is of the same type (except maybe a different b-part) with one of the
functions ¢, @s, . .. , ¢n. Thus, it is enough to check (5.18) for ¢ € {@1, P2, ... ,n}.

Assuming that A, is continuous, it implies that

(11, ¢z)ﬁ = (ﬂ, fi)SOH*(l*S)ﬂJ u € Hﬁ)

for a function f; € Hsa+(1=98,
Thus, by using the density of H% in H*, for s < 3, we get that f; = p?’p~2se+1-5)8) 4,

On the other hand,
/M2(Sa+(1_8)ﬁ)|fi|2 d§ _ /M2,8—25a+25,8|¢i|2 d§
> C/ p2ﬁ—2sa+25,@p—N—4ﬁ+2%pN—ldp
)

_ C/ p_1+2('yi—(80t+(1_5)/6))dp = 0
1

for sae + (1 — s)8 < min{~;, i =1,2,... ,n}. This completes the proof.
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CHAPTER VI

INTERPOLATION BETWEEN H2(Q) N HL(Q) AND HL(Q)
Let Q be a polygonal domain in R? with boundary 99 = (992) pU(992) x, where (0Q)p
is not of measure zero, and (9Q2)p and (092)y are essentially disjoint and consist of a
finite number of line segments. Let H1(2) denote the space of all functions in H'(Q)
which vanish on (092)p, and let s € [0,1] be fixed. In this section it will be shown

that
[H2(Q) N HE(Q)v H}B(Q)]s = [HQ(Q>7 HE(Q)]S N HE(Q) (6'1)

The space H*(Q) N H}(Q) is dense in H},(Q2) (see for example Theorem 1.6.1 in
[24]). Applying Lemma I1.3 with X = H*(Q), Y = H5(Q), Xo = H*(Q) N HH(Q)

and Yy = H}, (), we obtain that
[H*(Q) N Hp(Q), Hp(Q)]s C [H*(Q), Hp(Q)]s N Hp (). (6.2)

In order to prove the opposite inclusion of (6.2), we need to show that for a

positive constant c,

[ullrz()nm @b @1, < cllullime),mr @) (6.3)

for all u € [H*(Q), H,(Q)]s N HH(Q).

Let 092 be the polygonal line PP --- P, P;. Here we consider that the set
{Py, Ps,...,P,} consists of all vertices of 92 and all the points of (02)p N (ON)y.
We will also call the points of (9€2)p N (0Q)x vertices of OS2

For j =1,2,... ,m, let U; be an open disk centered at P; such that U; contains

no vertices other than P;. Next we add more disks, say U;, centered at FP;, j =
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m+1,... M, such that P; € 0Q orUj C 2, and
M

aclu
j=1

By increasing the number M of disks and modifying the radii of the disks, we can
assume that Py is not in Uj, for & # j and the radii of the disks are equal to some
positive number ry. Then, there is {gb]}]]‘il a partition of unity subordinate to the

M
covering 'Uo U; such that
]:
M
supp(¢;) C Uj, Z ¢j(x) =1 forall x € Q. (6.4)
j=0
Let us denote U;NS2 by €2; and the restriction of ¢; to Q; by n; (7 =0,1,...,M).

We note here that one can find » > 0 such that
dist(C\Qy, supp u;) >r  j=1,... M. (6.5)
Further, for j =1,2,..., M, we define (0€;)p and (092;)n to be
(0N = (0 Nx N0y,  (09;)p = IU\ (0,

and denote the space of functions in H*(€;) which vanish on (9Q;)p by Hp(€;).

Also we introduce the spaces

Ou =0 on 090;\(092)}.

HA(0,) = {u € () N H(Q) s =

We reduce the proof of (6.3) to the following result.

Theorem VI.1 Let € be one of the domains defined above. Then, there exist a

positive constant ¢ such that
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lull 2,3 0,0, < Cllullimz@mey.  for allw e [H2(Q;), Hp(y)] N M;(r),
(6.6)

where M;(r) := {u € H'(;) : dist(Q\Q;, supp u) > r}.
In proving the main result of this section, we need also the following

Lemma VI.1 Let Qo C Q be bounded domains in RN with Lipschitz boundary. Let

m be a nonnegative integer, 0 < s < 1 and r > 0. Define
M(r) == {u € [H™(Q), H"(Q)], : dist(Q\Q, supp u) > r}.
Then there is a positive constant ¢ = ¢(N, s, r,€, Qq) such that

2|l rrme1 (@), o1 )], < cllwl|pam+ ), Hmt (90)). for allu e M(r). (6.7)

Proof.  Since 2 has Lipschitz boundary (see, e.g., [5], [17]), an equivalent norm
on [H™(Q), H™(Qo)]1_s = H™$(Q) is the double integral norm

\Da Dufy)*
lalss, g 1= ey + Z / / y‘w ddy.
Similar consideration holds for §)y. Let w € M (r). Then,

|l 7m0y = ||wllzm (o)

and for a fixed « so that |a| = m we have

Da a 2
I: //‘ y‘NHS( y)l dedy = I, + 21,

|Du(z) — D*u(y)]? |Du(z) — D*u(y)[?
= // \:1: _y’N+2s dxdy + 2 [z — [V dxdy.

Q0 Qo Q\Qo Qo




Next, let K := {xz € Qq : dist(x,Q\Qy) > r}. It follows that

|Da a 2
/ /|x— |N+28 dzxdy < N | DYu(z)|* dedy

Q QO K Q\QO K
[\ Q| o [\ Q|
= > |D%u(z)]? dady < e ]| Frm (530 -

Summing up these estimates we obtain

HuHers Q < C HuHers Qg

where ¢ depends only on Q, Qg, N, s and r. Therefore, (6.7) holds and the proof is

complete.

Now we go back to our polygonal domain Q C R?. Given Theorem VI, we can

prove the main result of this section.

Theorem V1.2 (Bacuta, Bramble, Pasciak) If Q C R? is a polygonal domain with

Lipschitz boundary then (6.1) holds.

29

Proof. 'The constant ¢ , we use here, might be different at different occurrences.

Let uw € [H*(Q),HL(Q)]s N HH(Q). For j = 0,1,..., M, let u; := n; u

M
u =Y u; and by applying Lemma II.3, and Theorem we obtain
j=1

||U||[H2( QNHL (Q),HL(Q) ZH%H[H? )NHL(Q),HE ()]s

< CZHUJHW VHL Q)]s < CZHUJH [H2(0),H ()]

7=1

Then,

Next, using Lemma VI.1 and the fact that multiplication by a smooth function is

continuous on [H%(Q), H'(Q)]s, we have

lwill 20, m @, < cllugliimz@),me). < cllullie),m @),
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Combining the above estimates we see that (6.3) follows. Finally, from (6.2) and (6.3)

we conclude the result.

A. Proving the reduction theorem

To begin with, we consider the case when §2; = Uj, ie., €; is a disk. We assume,
without loss of generality, that €); is the unit disk U centered at the origin of a

Cartesian system of coordinates. In this case we have (0€;)p := (0€2;) and
Hp(Qy) = Hy(U), HI(Qy) = H(U).

Let E: HY(U) — H'(R?), be the extension by zero operator, and let
R: HY(R?) — H}(U) defined as follows:
First, we introduce a cutoff function n € D(R?) which depends only on the distance

r to the origin and satisfies
nir)y=1 for 0< r<1 and n(r)=0 for r>2.
Then, for a function v € H'(R?) we define Rv € H}(U) by
(Rv)(r,0) := vi(r,0) — 3v1(1/r,0) 4+ 20, (1/r%,0), (r,0) €U,
where
v (r,0) == v(r,0)n(r), (r,0) € R

The operators F, R satisfy the hypotheses of Lemma I1.5 with H?> = HZ(U), H? =

H?*(R?) and H' = H}(U), H' = H'(R?). Thus, according to this lemma, we deduce
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that
lull iz my . < cllBullireymeey,  forall w e [HF(U), Hy(U)ls,
for some positive constant c. On the other hand, for another constant ¢ we have
1 Bullizmey,m rey, < cllullipzey,mey, — forall u € [Hi(U), Hy(U)]s 0 M(r),
where
M(r) = {u € H'(U) : dist(OU, supp u) > r}.

Using the above two estimates Theorem VII.1 is proved in this special case.
Before we consider the remaining cases, let us introduce some new notation. Let
a, # be real numbers such that o < # and  — a < 27. Using polar coordinates (r, )

we define the sector domain
Sap ={(r8):0<r<1, a<f<p}
and the following spaces:

H!(Sap) :={u€ H (Sap) :u=0 for r=11},

H2?(Snp) == {u € H*(Sap) :u= % =0 for r=11},

Hi,'y(sa”@) = {u€ H(S,p3) :u=0 for 0 =71},

H};,a”@(Sa”g) ={u € Hf;(Sa”g) cu=0 for 6 =« and 0 =},

where ¢ = 1,2 , v = a or v = 3 and the functions are zero on line segments or arcs

in the trace sense.
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All the remaining cases of Theorem VII.1 can be reduced to the following stan-
dard ones:

The domain €; coincides with Sy, for some real number w € (0, 27) and
e Case 1. “Free-Free”: H}(Q;) = H!(So.) and H2(Q;) = H2(Sy.) or
e Case 2. “Dirichlet-Free”: Hp(Q;) = H.(So.) and HZ(€;) = HZ(So.) or

e Case 3. “Dirichlet-Dirichlet”: H}(Q;) = H}

*,0,w

(SO,W) and HE(QJ) = Hf,o,w(SO,w)‘

Next, we prove Theorem VII.1 in Case 1.

We define the infinite sector domain S’Ow by
Sow :={(r,60):r>0,0<6<w}

The operators E : H)(Sp.,) — H(Sow) and R : HX(Sy.) — H(Sy,,) defined in
the case of the disk, satisfy the hypotheses of Lemma IL.5 with H* = H(S, ), and
H' = H!(S,,), i=1,2. Similar arguments used in the case of the disk can be used

now to show that

||“||[HE(So,w),Hi(So,w)]s < CHUH[H2(So,w),H1(SO,W)]S (6.8)
for all u € [H?(So.), H!(Sow)]s N M(r), where ¢ is a positive constant and
M(r) = {u € H}(So) : dist(dU, supp u) > r}.

Therefore, the proof for Case 1 is complete .

For the Case 2 and Case 3 we will use again Lemma I1.5, but we need to construct
operators I/ and R with stronger properties.

In order to prove Theorem VII.1 in Case 2, let us assume for the moment that

the following existence result holds.
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Theorem VI.3 Let a < 0 be such that w —a < 2w. Then, there are linear operators

E and R such that

E : H(So.) — H!(Saw) is a bounded operator, i =1,2, (6.9)
R: H{(Saw) — H.o(Sow) is a bounded operator, i =1,2, (6.10)
REu=u  forallue H.(So.)- (6.11)

First, we observe that from (6.9), we get in particular that
E: H; ((Sow) = Hi(Saw) is a bounded operator, i = 1,2.

Thus, we can apply Lemma 115 with H® = H! (So.,), and H® = H!(S,,), i=1,2 and

obtain that for a positive c,

ull 772 (S0,0), 12 o (50,0070 < CNEUN Er2(S0 ), 12 (S0 (6.12)

for all u € [H2(Sow), Hlo(So0w)ls-

From (6.9), by interpolation, we have that for another constant c,

Bl [52(S ), HE (Sa)le < CllUll[E2(50.0),H2 (S0.0)]s (6.13)

for all u € [H2(So.), H (Sow)]s-
Combining (6.12) and (6.13) we obtain

[ll {722 (0,00, 12 oS00 < €Nl 280,012 (S0, (6.14)

for all u € [H2(Sow), Hlo(So0w)ls-

Now we can use the proof of Case 1 to finish the proof of Case 2. More precisely,
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from (6.8) and (6.14), we see that
[ll (722 (50,00, 12 oS00 < €Nl 280,011 (S0, (6.15)
for all v € [vao(S()’w), Hj70(507w)]s N M(r). Here ,
M(r) :=={u € H, ((Sow) : dist(dU, supp u) > r}.

Therefore, we have proved Theorem VII.1 in this case too.
The Case 3 can be treated in a similar way. We assume that we have the following

result.

Theorem V1.4 Let o < 0 be such that w—a < 2w. Then, there are linear operators

E and R such that

E:H; (Sow) — H; . (Saw) is a bounded operator, i =1,2, (6.16)

*,00,W

R:H],,(Saw) — H.,,(Sow) is a bounded operator, i =1,2, (6.17)
REu=wu  forallue H.,, (Sow)- (6.18)

We can reduce the proof of Case 3 to an estimate which follows from the previous

case. The arguments are similar to those of Case 2.

B. Proving the existence of the operators E and R

The proofs of Theorem VI.3 and Theorem VI.4 are based on the following extension

result.

Lemma VI.2 Let Q be a triangular domain in R?* with boundary 0 = (0Q)p U

(09Q)n, where (0Q)x =T is one of the edges of dQ (T is an open interval in R) and
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(00Q)p consists of the union of the other two edges. Then, there exist a linear operator

P such that
P HYXT) — HL(Q) and P : H¥*(T) — H(Q) are bounded operators. (6.19)

Here, Hy)*(T) = [HY(T), LX)y )2, HA(Q) = {u € H2(Q) :u= 2 =0 on (9Q)p },

and H3?(T') is the space of all functions u defined on T such that & € H3?(R), where

u s the continuation of u by zero outside I.

Proof.  For v € Héf (I') let © denote the extension by zero of v to the rest of

0f). Then, for some positive constant ¢ we have
. 1/2
1811720y < cllvll oy for all v € Hog*(T). (6.20)

For v € C§°(I") we define Pv to be the solution of the problem:

Find b € H?(Q) such that

A% =0 in Q,
b=17v on 012, (6.21)
% =0 on 0N.

It is known that (see, e.g., Proposition 1.3 in [21]) Problem (6.21) has exactly one
solution b € H%()) and

16l 2 < ellvll gy < ellvll oy forall ve CGE(T), (6.22)

where c is a positive constant. In addition, since v € C§°(T"), we have b € H3(£2) (see,

e.g., Section 3.4.2 in [24]).
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Next, in order to estimate ||b|| ;1(q) we consider the following fourth order prob-

lem. Find w such that

A%w = —Ab in Q,
(6.23)
w € HZ(Q).

The (weak) solution w of the above problem satisfies w € H3(Q2) N HZ() (see, e.g.,

Corollary 3.4.2 in [24]). Then, using Green’s first and second identities, we get

J(Aw)

(V0. V) = (=Ab,b) = (A%w,b) = (=5~

,b) + (Aw, Ab),

where (-, -) and (-, -) are the inner products on L?(Q) and L?(92), respectively. Since
w € HZ(Q) and Ab is harmonic it follows from Green’s identity that (Aw, Ab) = 0.

Consequently,

J(Aw)

bl < e[| =5

10/l /29y for all v € Cgo(T), (6.24)

H-1/2(09)

where ¢ is a positive constant. Next, we have

O(Aw)
H O(Aw) — o) (6.25)
on H-1/20Q)  ¢cHY2(8Q) H80HH1/2(BQ)

Denoting the harmonic extension of ¢ € H'/2(9Q) to Q by the same symbol ¢, and

applying again Green’s identity, we obtain

<3(§Anw)

o) = { £, Au) — (8bg). (6.26)

In order to estimate the right hand side of (6.26), on the one hand we have

(A6, ) = [(VO, V)| < [|bllm @ llella@) < cllblla@llellmeen), (6.27)
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and on the other hand we can prove that
Iy
[{Aw, 2 < cllbllm @Il 2o (6.28)
Indeed, using trace inequalities we have
O
|[(Aw, %H < cl|Aw| g200) 100/ 00| 17200y < cl|Aw|| 1) 100/0n] 5172050

where

do 9
= sup <8"’>

H-1/2(8Q)  0eH/2(0Q) 10| g1/ asz)'

Let us denote the harmonic extension of € HY2(952) to Q by the same symbol 6.

By applying Green’s identity and the fact that ¢ is a harmonic function, we obtain

(22 g

a0 = (Ve VO) < llelm@llfllm@ < [ella2@00 101 m/200)-

Next, since  is convex, the operator A? defines an isomorphism from H?(Q) N HZ(Q)

onto H~1(Q) (Corollary 3.4.2 in [24]). Thus, we get
1AW o) < cllwllmag) < e A%wlla-1(). < cl|Ab]l 10
Since 2 a = 0, the Green’s identity and the definition of the negative norm gives
1Ab]| 1) < (1] 12

Finally, from the above estimates we conclude that (6.28) is proved.

Combining (6.24)-(6.28) we deduce that

HbHHl(Q) S CHbHHl/Q(BQ) for all v c CSO(F), (629)
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where ¢ is a constant independent of the function v € C§°(I'). From (6.20), (6.21)

and (6.29) we have

16]| 110 < v for all v € C5°(I), (6.30)

g

Using (6.22), (6.30) and the density of C5°(I') in both H*2(I") and HY*(T), we can

extend the definition of P so that (6.19) is satisfied.

Proof of Theorem VI.3. Let O denote the origin of a polar coordinate system
used to describe the sector domain S,,. Let e > 0 be fixed, and let A, B, C, D
denote the points with polar coordinates (1,0), (1,w), (1,«) and (e, ), respectively
(see Figure 3). Let [ := (0,A) = (0,1), I, := (D,A) = (—¢,1) and denote by T,

Ty the triangular domains O, A, C and D, A, C, respectively. For u €: H}(Sy.),

FIGURE 3. Sector domain.

define yu to be the trace of u to the interval I and yu an extension of yu to the whole
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interval [; such that yu = 0 on the interval (on the real line) (—e, —¢/2) and

||%HH352(]1) < CHuHHl(So,w) for all u € Hi(SO,w)v (631)

1vull gsre gy < ellullazs,,)  forallu e HZ(So.), (6.32)

where ¢ is a positive constant. By Lemma VI.2, we can extend yu to a function
b = P(yu) defined on the whole triangular domain 77 and such that (6.19) is satisfied
for Q =T, and I' = I;. Next, we consider the restriction of b to the triangular domain
T and the extension by zero of the new function to the sector domain S, . Let b be
the function obtained by this process. Then, define an extension operator denoted

E}, mapping functions defined on Sy, into functions defined on S, by

u,if x € Sy,

(Eyu)(z) =

b, if xe SOt,O‘

Combining (6.31) and (6.32) with the fact that the operators involved in defining b

are continuous, we get that
Ey: H(So) — H.(Sa.) is a bounded operator, i = 1,2. (6.33)

Now we introduce another extension operator denoted E,, which coincides with the
classical odd extension operator when w = —c«, mapping functions defined on Sy,

into functions defined on S, ., by

u(r,0), if (r,0) € Sou
(Eou)(r,0) =
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Finally, we define the required operators £ and R, by
Q@ «
(EU)(T’, 0) = ;(Eou)(n 0) + (]‘ - ;)Eb(rv ‘9)7 (Tu ‘9) € Sa,w;

and

(Rv)(r,0) := L(U(T, 0) — v(r, g6’)), (r,0) € Sp.-

a—w w
Simple computations show that £ and R have the desired properties.
The proof of Theorem VI.4 is similar. The only difference is that we can avoid

using the triangular domain 77 in constructing the extension operator P and apply

Lemma VI.2 directly for Q =T and I' = [.
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CHAPTER VII

SHIFT THEOREM FOR THE LAPLACE OPERATOR ON POLYGONAL
DOMAINS

Let Q be a polygonal domain in R? with boundary 99 = (992) pU(92) x, where (0Q)p
is not of measure zero, and (0Q)p and (092)y are essentially disjoint and consist of
a finite number of closed line segments. Let 02 be the polygonal arc P, P, --- P, P;.
Here we consider that the set { P, Ps, ..., Py} consists of all vertices of 9 and all
the points of (9Q2)p N (9Q2)n. We will also call the points of (02)p N (02)n vertices
of 0€). At each point P;, we denote the measure of the angle at P; (measured from
inside ) by w;. Set P41 = P, and Py = P,,. For j = 1,2,... ,m, let us define
v; = max{w;/m, 1} if both edges [P;_1, P;] and [P}, Pj;+1] belong to the same set
(0Q)p or (0)n, and v; = max{2w;/m, 1} if one edge belongs to (0€2)p and the
other edge belongs to (09)y. Let v := max{v; : j = 1,2,... ,m}. We consider the
boundary value problem for the Poisson equation on €.

Given f € L*(Q), find u such that

—Au=f in
u=0 on (0Q)p, (7.1)

Gu—0 on ().

The variational formulation of (7.1) is :

Find u € H}() such that
a(u,v) = / fvodx forallve Hp(RQ), (7.2)
Q

where H},(2) denotes the space of all functions in H'(2) which vanish on (9Q)p. Tt

is known that for f € L?(Q) the variational problem has a unique solution
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u € HLH(Q) and
lullz @) < el fllazre)  forall f € L2(9), (7.3)

where H,;'(Q) is the dual of H}(€).
Let u be the solution of (7.2). By taking v in D(f2), the space of all infinitely

differentiable functions with compact support in €2, one has
—Au=f

in the sense of distributions in €2, so the equality is satisfied pointwise, almost every-
where in Q. Also, the solution u of (7.2) satisfies the boundary conditions of (7.1)
(see [24], Chapter 2 therein). In addition, if ¥ = 1 then u belongs to H?(2) N HL ()

(see, e.g., [23]), and

||u||H2(Q)§ C||f“L2(Q) for all f - LQ(Q) (74)

If we define T : H;'(Q) — HA(Q2) by Tf := u, where u is the solution of (7.2),
then T' is a bounded operator. Moreover, if v = 1, T is a bounded operator from

L?(2) to H?(2). Thus, by interpolation, we have for any s € [0, 1],
JullsononS el flgoisng for all f € Hy(9). (75)

Here, H'*5(Q) := [H?3(Q), HY(Q)];_, and H;'*(Q) := [L*(Q), H;' (Q)]1_s.
We will prove in this section that for v > 1, the shift estimate (7.5) still holds for any

s <1/7.



73

A. Reduction to sector domains

For j = 1,2,...,m, let U; be an open disk centered at P; such that U; con-

tains no vertices other than P;. Next we add more disks with centers in 0f2, say

Uj, centered at P;, j=m+1,..., M, such that U; contains no vertices other than
Pj, and
M
o c|]u.
j=1

By increasing the number M of disks, we can assume that for some positive numbers

ro and € we have
Uij:{(rj70j>:0<rj<T07 O<¢9j<wj}
C{(Tj,gj)10<7“j<(1+€)7’0, O<0j<Wj}I:QjCQ , j:1,2,...,M,

where (r;, ;) are the polar coordinates with origin at P;, w; = w for j = m+1,... ,M
and Py is not in ;, for £ # j. Let Uy and €y be two domains with smooth boundaries

such that Uy C Qg and ©Qy C Q and such that

M
aclJu.
=0

M

Then, there is {¢;}}Z, a partition of unity subordinate to the covering 'Uo U,. Let us
]:

denote the restriction of ¢, to Q; by n; (j =0,1,...,M). Further, we define (0€2;)p

and (09;)n to be
(an)N = (8Q)N N an, (8QJ)D = an\(an)N,

and denote the space of functions in H'(£2;) which vanish on (992;)p by HL(;), for

j: 1,2,... ,M. Also (aQo)D = 890
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We reduce the proof of (7.5) to the case when (2 is a sector domain. Let’s assume

for the moment that, for j = 1,2,..., M, the following holds.
Theorem VII.1 The variational solution u; of (7.2) relative to €, satisfies

lull s < el fllgstrs,)  forall f € L2(€;), 0<s <7 (7.6)
where we take v; =1 for j=m+1,... , M.

Given this result, we can prove that (7.5) holds for v > 1 and s < 1/7.
Indeed, let f € L*(Q2) and let u be the solution of (7.2). For j = 0,1,..., M, let

u;j :=1n; u. Then, in the sense of distributions in €2;, we obtain
—Au; = fn; — uln; —2Vu - Vn;.

Since the boundary conditions of (7.1) are satisfied on (0€;)p and (0€2;)y for u = uy,
we have (see [24], Theorem 2.1.1 therein) that u; is the unique variational solution of
the problem:

Find u; € HL(€;) such that

Aj(u;,v) = / fivdz  for all v e Hp (), (7.7)
Q;
where f; = fn; — uAn; —2Vu - Vn; and

Aj(uj,v) = /Q Vu; - Vu du.

J

Now, f; is a function in L*(€2;) and by Theorem VIL.1, we get

H’LLjHHlJrs(Q].)S CHfjHH51+5(Q')7 j — 1, 2, e ,M. (78)

J

For j = 0 the estimate (7.8) holds for any s € [0, 1], because the boundary of € is

smooth and we can apply the regularity result for domains with smooth boundaries.
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From the way we have defined the domains €2; one can find r > 0 such that
dist(Q\Q;, supp u;) >r  j=0,1,... M.
Thus, by applying Lemma 6.7, we have
[l @) < ellugll s @y)-

M

Here c is independent of f and j. Since u = > u;, using the triangle inequality, the
7=0

estimate (7.8) and the above observation, we obtain

M
lullaes) < ¢ D I fillmzie,): (7.9)
j=0

The estimate of || f;]| Ho () is as follows. First, L*(Q;) is continuously embedded
in H,'"(€2;), and multiplication by a smooth function is continuous on Hp,'"*(Q;).

Thus,

HfjHH;,HS(Qj) < Hf’?jHH;,HS(Qj) + ¢ [uln; +2Vu - Vi 20,

< C(HfHHBlJrS(Qj) + ||“||H1(Qj))‘

Second, the extension by zero operator E : Hj,(;) — H} () is continuous. It follows

that
1l S el fllisioy  forall f e HyH Q).
Also,
1£ll2)) < 1 fll2@  for all fe L*(Q).
By interpolation, we get

1 lorega) < ellfllgoriegy  for all f € Hp(9).
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Third, we have
lellmay < Il Nl @S clfly g forall £ € HZ (@)
Finally, from these inequalities we deduce
il < el forall f € Hy*(@). (7.10)
Thus, from (7.9) and (7.10), since L?(Q) is dense in H;'™*(92), we obtain that
[ull s @) < el fll pgoresq)  forall fe Hy™5(Q).

Therefore we see that (7.5) holds for v > 1 and all s < 1/7.

B. Solving the problem on sector domains
Let Q =S, be the sector domain defined by
So ={(r0):0<r<ry 0<6<w}, (7.11)

and let (0€2)n be in one of the possibilities listed below (Case 1, Case 2 or Case 3).

We assume, without loss of generality, that ry = 1. Let V?(Q2) be defined by
VEQ):={ue€ H*(Q): u=0 on (02)p and du/dn =0 on (9Q)y}.

Then, (see, e.g., Theorem 2.2.3 in [24]) the Laplace operator A : VZ(Q) — L?(Q) is

an injective Fredholm operator. Consequently,
ull g2 < cl|Aul| 2o for all u € V3(Q), (7.12)

and the range of the operator has finite codimension. Grisvard characterized the

orthogonal complement N of the range of the Laplace operator for the case of a
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polygonal domain in [23] and [24]. In particular, for our sector domain © = S, the

subspace N is described as follows:
e Case 1. “Dirichlet corner”; (9Q)x = 0.

(i) 0 <w<m N ={0}.

(i) 7 < w < 2m; N = span{y}, where

W(r,6) = (7“_5 — 7“5) sin zQ.
W

e Case 2. "Neuman corner”; (0Q)ny = {(r,0) € 9Q : 0 =0 or § = w}.

(i) 0 <w<m N ={0}.

(i) 7 < w < 2m; N = span{y}, where

U(r,0) = (r~% —rd) cos T,

w

e Case 3. “Mixed corner”; (0Q)y = {(r,0) € 00 : = w}.

(i) 0 <w<7/2; N =(0).
(i) 7/2 <w < 37/2; N = span{ir }.

(ili) 37/2 < w < 2m; N = span{i, s}, where

Ur(r,0) = (r=" —r") sin(h), vy = (k — 1/2)z.
w
For the (i)-cases, the estimate (7.6) holds for any s € [0,1]. For the remaining
cases we will use the interpolation results in Chapter II.
According to ours previous notation, L?(Q2) denotes the orthogonal complement

of the the subspace A in L?(Q2). The Laplace operator is bounded with a bounded

inverse from V2(Q) to L*(Q)x. Thus, the operator T : H;'(Q) — H(Q) defined
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at the beginning of Chapter VII is a bounded operator from L?(Q)x to H*(Q2) . By

interpolation, we obtain

lulliz),m @ < elflli2@p,nsi @y, forall fe [L2(Q)r, Hp ()]s
(7.13)

Since [H2(Q), H'(Q)]1_s = H'™(Q) and [L*(Q), Hy (Q)]1_s = Hp'™(Q) the only
thing which remains to be proved in order to obtain the estimate (7.5) for s < 1/v

(Theorem VII.1 as well) is that
(L), H' ()]1-s = [L*(Q), Hy' ()]s for s < 1/, (7.14)

where v = w/m in Case 1 and Case 2, and v = 2w/7 in Case 3.
Let ¥ = (r7" — 1")g(0) be one of the functions which defines the subspace N.

(Note that v € (0,1)). The next result is of crucial importance in proving (7.14).

Theorem VIL.2 If 0 <s < v, then
[L*(Q)y, Hp' (Q)1-s = [L*(Q), Hp (D)1 (7.15)

Our proof of the above theorem involves reduction of the problem, via the inter-
polation result of Section II C, to a similar interpolation problem where the domain
Q) is replaced by a polygonal-sector domain, containing €2. We will give the proof of
this main result later.

When dim(N) = 1, i.e., we are in one of the (ii)-cases listed above, (7.14) is
Theorem VII.2. Let us consider now the case in which dim(N) = 2, i.e., Case 3 (iii).
In order to prove (7.14) we apply Theorem II.2. The condition (A.1) of Theorem II.2
follows easily from the Theorem VIL.2. To verify (A.2) for X = L*(Q), Y = H;'(Q)
and K = N = span{i, -}, we start by deriving an eigenfunction representation of

the norm on H%(£2). To do this, we consider the following eigenvalue problem.
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Find real numbers \ and functions v € H*(2), u # 0 such that

—Au=Au in
u=0 on (0Q)p, (7.16)
g—z =0 on (8Q)N

Let J, be the Bessel’s function of the first kind, of index v. Forn =1,2,..., let

Up = (n — 1/2)% and ©,(0) := \/2/wsin(1,0), 0 € (0,w).

For each fixed n and k = 1,2, ..., let (B, be the k-th positive zero of J,, (r) = 0, and

let frn(r) == crndy, (Brnr), where ¢ 2 is the positive constant given by

1
c,;i ::/ TJ,/n(ﬁkvnT)Q dr.
0

Using separation of variables and polar coordinates for the Laplace operator, we find

the following set of (eigenvalue, eigenvector) pairs:

(Aesns Prin) = (5;377“ fen(r) <pn(9)) , kn=12 ...

Since {¢y }n>1 is an orthonormal basis for L?([0,w]) and for each fixed n, {fi.n}r>1 is
an orthonormal basis for L?([0, 1]) with respect to the inner product with the weight
function w(r) = r (see, e.g., [35]), we obtain that {¢g ,}rn>1 i an orthonormal basis
for L?(Q). Furthermore, each pair (Agn, ¢k.n) is a solution of (7.16), and by Green’s

formula we have that

/V@k,n Vv = )\k,n/@c,n v forall v € HH(Q).
0 Q

Thus, if H}(Q) is provided with the inner product

(u,v); = /Vu Vo = A(u,v),
Q
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then {)\,;711/2 Ok rn>1 18 an orthonormal basis for H,(Q) (see, e.g., [26]). Therefore,
the norm on H}(Q) is given by
|UH1— Z)‘kn ()Ok:n
k,n=1
Next, the norm on Hp(Q2) for a € [—1,1] is given by

ul|2 = Z AL (u, rn)?  for all w e Hpy(Q) N L*(Q). (7.17)

kn=1

With the notation adopted in Section II B, taking X = L?(Q2) and Y = H;'(Q) we

have

o0

Akn
(w,v)xe = > = ’“+ (0 pea) (v, prs)  foralluv e X. (7.18)
kn=1"""

Theorem VIL.3 If dim(N) =2 and s < 1/, then (7.14) holds.

Proof.  Let s < 1/ = 1y be fixed. First, we verify the conditions (A.1) and
(A.2) of the Theorem I1.2 for n = 2, X = L?(Q2), Y = H;'(Q) and K = N. Since
Yp & Hpy ™, by Remark I1.3, we have that L?(Q),, is dense in [L*(Q), Hp' ()]s,
for k =1,2. Thus, (A.1) is

(L2 (Q)yy, Hp (Wi = [L2(Q), Hp (Q)i—s, for k=1,2 (7.19)

which follows from Theorem VII.2.

Checking the condition (A.2) is easy in this case. From (7.18) we have

oo

Akn
(Y1, Y2)x = Z )\ k+ 2 (%1, k) (Y2, Pn)-

Since (Y1, ¢rn) =0 for n # 1 and (Y2, rn) = 0 for n # 2, we obtain that
(1,92)xe =0 for all ¢ > 0. Thus, (A.2) is trivially satisfied. By Theorem II.2 we
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obtain that
(L2 (Q)n, Hp ()15 = [LA(Q), Hp (D)5 v

Using Remark I1.3 again, one sees that L2(Q), is dense in [L3(Q), Hp'(Q))1_s. It

follows that
L2(9), Hy ) = (L), HH Q).

Therefore (7.14) holds, and the proof is complete.

It remains to prove Theorem VII.2.

C. Proving the subspace interpolation theorem, Theorem VII.2

Let S, be a sector domain defined by (7.11) and consider an extension of S, to a

polygonal-sector domain {2 with the same angle w and such that
S, C{(r,0):0<r<2rg, 0<O<w}cC.

For €2 we use the notation given in Figure 1 and for simplicity we take rq = 1.

Assume that the free part (02)y of 02 is defined as follows:
(0Q)y =0 if S, is in Case 1,
0y =T1Ul, o if S, isin Case 2 and
() =T4o if S, is in Case 3.

Let ¢ € D(R2) be a cutoff function which depends only on the distance r to the origin

and satisfies

C(r,0)=1 for 0< r<1/2 and 0<6 < w,
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C(r,0)=0 for r>1 and (r,0) €.

Let 1) be one of the functions which defines the subspace N, and let qﬁ be the extension
by zero of ¢ to Q. Then ¢ = ¢+ u” where ¢(r,0) = ¢ 7 Vg(f) and u® € HL(Q). The

next result is a version of Theorem VII.2 for polygonal-sector domains.

Theorem VII.4 If v € (0,1) and 0 < s < 1/v, then
[L*()5, Hp' ()]s = [L*(Q), Hp ()1,

for any function ) = ¢+ u® with ¢(r,0) = ¢ r="g(0) and u® being arbitrary function
in HH(Q).

Proof. Let {My} be the sequence of approximating subspaces of H7,(€) intro-
duced in Section III C. From the results of Section IV B, we have that an equivalent
norm on H() is given by the multilevel norm (4.4). By Theorem IV.1, it is enough
to verify that the function ¢ satisfies the conditions (C.0)-(C.2) defined in Section
IV B with =1 —v.

To begin with, we will prove that the function ¢ satisfies (C.0)-(C.2). Let M,
be the space of piecewise linear functions with respect to 7, defined on €2, and let
Q,, be the L%(Q) orthogonal projection onto M. First step in verifying (C.0) and

(C.1) is to prove that there exists a positive constant ¢ such that
I -QolP = X, k=1,2..... (7.20)

We define 7F to be the triangle in 7 which is the the image of 7 € 7; via the map

& — hy?. Here, without lost of generality, we assume that h? = A\;' = 47%*1. Then

1 = Qéla@) = 1T = @bl = 1912y — [@ebleces

The projection Q¢ can be estimated on 7F in terms of the three nodal functions
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©oF, ok, ok associated with the three vertices of 7F. If M* is the 3 x 3 Gram matrix
associated with the set {¢f, o5, @5}, and S* := (S}), 7,7 = 1,2,3 is the inverse of
MP* . then
101122 01, — @bl = / #dr—3 st [ odkdo [ ogt do
1,j=1 71 1

Further, by doing the change of variable x = hiZ in the above integrals, a simple

38! [ oetdi [ o) d:i:)

i,7=1

computation shows that

60acs, — 1@ Ear, = h (/ 5 di

=27 (16122 = 1@10132))

Since ¢ is not linear on 7, the constant ||gz§||L2 ||C)1g25||L2 () I8 strictly positive.

(m1)

Combining the above estimates, we have proven that (7.20) holds. The second step

is to use (7.20) and the fact that M, is a subspace of My, in order to obtain
(I —=Quol* > e, k=1,2,... . (7.21)

From (7.21) we see that |||¢]||g,, defined in Remark IV.1, is not finite. Hence ¢ ¢
H%(Q). Using again (7.21) and the identity

1(Qr — Qu-v)ull® = [T = Qu-v)ull* = (T = Qu)ull* , w e L*(9),

we have

Adlloll? Ap+1 — Ag 2
(6 9)xe = 5y Tt Z O+ B0 1) 1~ Qe

o 4k: 1—0p o0 4k: t2 1—0p
c— (4F +1?) — (45 /1 + 1)

Finally, the last sum can be bounded below by a positive constant independent of ¢
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as follows. Let us fix t > 4 and let ko be the integer such that 4% < 2 < 4%0+1 Then

0 (4]@/1/2)1*90 (4/60/.[;2)1790 ) xl*@g

> > >0
4k /12 + 1)2 (4ko /12 4+ 1)2 —

f .
161[34,1} (I + 1)2

i
Thus, (C.0) and (C.1) hold for the function ¢.

To verify (C.2) we first observe that

1(Qk = Qr-1)01I* = |Qu(I — Qk-1)o|I* < (I = Qu—1)glI*.
Hence, it is enough to prove that there exists a positive constant ¢ such that
(I = Qo <eN™ k=1,2,.... (7.22)
Let n, be a cutoff function which depends only on r and satisfies

Ne(r) =0 for v < hy, m(r) =1 forr > 2hy,

I (r)| < ¢/hg, |np(r)] < c/hz for all hy, <r <2hy, k=1,2,...,

for some positive constant ¢. For example, we can take

™

hk) on [hk,Qhk]

ne(r) = 1/2+1/2sin ((T — 3hi/2)

Then, ¢ = (1—n)p+nr¢ and npp € H*(Q). Let I : H*(2) — M, be the interpolant
associated with 7. By applying standard approximation properties and (7.12) we

obtain

I = @r)oll < I = Qi) = m) @l + [|(1 = Qu)modll < [I(1 = i)l + [ (1 = T )|

< 1L = me)ll + gl m2) < 11 = m)@ll + chil Alme) 20

Using a simple computation in polar coordinates, and the estimates for the derivative
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of ny, we get
(1 —m)d|? < chi®  forallk=1,2,..
and
Rl A(kd) ey < chi®  forall k=1,2,....

Combining the above inequalities, we conclude that (7.22) is valid. Thus,(C.3) holds
for the function ¢.
Verifying (C.0)-(C.3) for the function ¢ is mainly based on finding some positive

constants ¢, ¢ such that
AN <= Qu)ol? <N k=1,2,.... (7.23)
Since the function ug belongs to H}, (), we have
(I — Qr)ugll®* <eA,', k=1,2,....

Therefore, the function 1 satisfies an estimate of type (7.23) and (C.0)-(C.3) hold

for the function {ﬂv too. The result is now a direct consequence of Theorem IV.1.

Proof of Theorem VIL.2.  Let E : L*(S,) — L*(2), be the extension by zero
operator, and let R : L*(Q) — L*(S,) be defined as follows: First, we introduce a
cutoff function n € D(Q2) which depends only on the distance r to the origin and

satisfies

n(r,0) =1 for 0< r<1 and 0<60<w,

n(r,d) =0 for r>2 and (r,6) €.
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Then, for a function v € L?(2) we define Rv € L*(S,,) by
(Rv)(r,0) = vy(r,0), (r,0) € L*(S.),
where,

vi(r,0) :=v(r,0)n(r,0), (r,0) e,

va(r,0) == vy (r,0) —v1(2—1,0), (r,0) € L3,(S,).
Let ¢ denote the function E(1). According to Theorem VII.4
[L2(Q)g, Hp (D)5 = [L*(Q), Hp (D)1

It follows that the function v and the operators E, R satisfy the hypotheses of

Lemma I1.6 with = 1 — s, V}(Q) = H}(S,) and V}(Q) = HL(Q). Thus, (7.15)

holds for the sector domain S, and the proof is complete.

Remark VII.1 Theorem VII.2 can be proved directly without using the transfer to
the polygonal sector domain. In order to do this, we just need to adapt all of the
considerations made through the proof of Theorem VII.j to the case of sector domain.
The sequence of approximating subspaces on H}(S,) which we can use is the one
defined in Section III D. In this different approach, we apply Lemma I1.J instead of
Lemma I1.6. Consequently, we do not need to consider the extension and restric-
tion operators connecting the sector domain and the corresponding polygonal sector

domain.
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CHAPTER VIII

APPLICATION TO THE BIHARMONIC DIRICHLET PROBLEM
Let © be a polygonal domain in R? with boundary 0. Let 9 be the polygonal arc
PPy P, P. At each point P;, we denote the measure of the angle P; (measured
from inside Q) by w;. Let w := max{w; : j = 1,2,... ,m}.

We consider the biharmonic problem Given f € L?(f2), find u such that

A’y =f in Q,
u=0 on 09, (8.1)
2—520 on 0f2.

Let V = HZ(Q) and

Z /c%czax] 0x; 895] dz, v,v,€ V.

1<4,5<2
The bilinear form a defines a scalar product on V' and the induced norm is equivalent
to the standard norm on HZ(€2). The variational form of (8.1) is : Find u € V such

that
a(u,v) = / fodz forallvelV. (8.2)
0

Clearly, if u is a variational solution of (8.2), then one has A%y = f in the sense
of distributions and because u € HZ(f2), the homogeneous boundary conditions are
automatically fulfilled. As done in Chapter VII, the problem of deriving the shift
estimate on €2 can be localized by a partition of unity so that only sectors domains
or domains with smooth boundaries need to be considered. If €2 is a smooth domain,

then it is known that the solution u of (8.2) satisfies

lullma) <l fll,  forall fe L*(),
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and
lull ) < el flla—2@,  forall fe H ().
Interpolating these two inequalities yields
ullosas < ¢l fll—242s,  forall fe H>*(Q), 0<s<1.

So we have the shift theorem for all s € [0,1]. Let us consider the case of a sector
domain. The threshold, sy, below which the shift estimate for a polygonal domain
holds is given, as in the Poisson problem, by the largest internal angle w of the

polygon. Thus, it is enough to consider the domain Sw defined by
So={(r0), 0<r<l1,—w/2<0<w/2}.
We associate to (8.1) and Q = S, the characteristic equation
sin?(2w) = 2% sin® w. (8.3)

In order to simplify the exposition of the proof, we assume that

[ w? / sin w?
i —1 1— 8.4
"V sinw? 7 w? (8.4)

and
Rez # 2 for any solution z of (8.3).

The restriction (8.4) assures that the equation (8.3) has only simple roots. Let

21,22, ... , z, be all the roots of (8.3) such that 0 < Re(z;) < 2. It is known (see [19],
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[23], [27], [31]) that the solution u of (8.2) can be written as

U = UR—f-ijSj, (85)

=1
where up € H*(Q2) and for j = 1,2,... ,n, we have S;(r,0) = r'T%u;(9),
u; are smooth functions on [0, w], such that

uj(—w/2) = uj(w/2) = uj(-w/2) = uj(w/2) = 0,

kj=c; Jo fo5 dz, o;(r,0) = (r'=% —r'¥2)u,(0),

¢; is nonzero and depends only on w, and
lurllmso) < cllfll,  forall e L*(Q). (8.6)

The functions {S;},{¢;} are called singular functions and dual singular functions,
respectively for the biharmonic problem.
Next, we define K = span{y1, p2,...,pn}. As a consequence of the expansion

(8.5) and the estimate (8.6) we have
lullgao) <cllfll,  forall f e L*Q)k. (8.7)
Combining (8.7) with the standard estimate
lullzz0) < ell flla-2@),  forall f e H*(Q),
we obtain, via interpolation
lull@).m@n-. < clflliz@ea—2@n-., s €01, (8.8)

Let so = min{Re(z;) | j =1,2,...,n}. Then, we have

Theorem VIIL.1 If 0 < 2s < sg and Q2 =S, then

[L2(Q)x, H( Q)]s = [L(Q), H ()1 (8.9)
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Proof.  First we prove that there are operators E and R such that

E:L*Q) — L*(R), E: H}(Q) — H*(R?),

R:L*(R*) — L*(Q), R: H*(R?) — HZ(Q)

are bounded operators, and RFEu =u, for all u € L*(Q).
Indeed, E can be taken to be the extension by zero operator.

To define R, let n = n(r) be a smooth function on (0, 00) such that n(r) =1 for

0<r<landn(r)=0forr>2 Define a=¢%, a=_-*- and

T—x

o — T T —

g1(0) = ” 0+, 92(0)27(04—0)2—1—04, 0 €0, ql.

Note that ¢;(0) = 7 and ¢;(«) = o, ¢ = 1,2. For a smooth function u defined on

R? we define Ru := us, where

Step 1. u; = nu.
Step 2. ug(r,0) = uy(r,0) + 3us(1/r,0) — dus (1/2 + 1/(2r),0), r <1, 6 € [0,2m).
Step 3. ForO0<r <1

ug(r, ) + aus(r, g1(0)) — (1 + a)ua(r, g2()), 0 <0 <w/2,

ug(r, 0) + aus(r, —g1(—0)) — (1 + a)us(r, —g2(—0)), —w/2 <6 < 0.

ug(r,0) =

One can check that, for u € HZ(R?), uz € HZ(2) and REu = u. The operator R can
be extended by density to L*(R?). The extended operator R satisfies all the desired
properties.

Next, let ¢; be the Fourier transform of Fy;, j = 1,... ,n. Using asymptotic

expansion of integrals theory ([3], [20], [33]), we have that the functions
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{Epj, j=1,... ,n} satisty for some positive constants ¢ and e,

|6;(€) — §;(8)| < ep™ 23 for |¢] > 1

—2<-24s5<0,i=1,...,n,

(8.10)

where s; = Re(z;) and

0;(&) = bi(w)p T2 ¢ = (p,w) in polar coordinates,

and b;(-) is a bounded measurable function on the unit circle, which is non zero on
a set of positive measure. A method to find the asymptotic form of the function ¢,
given in (8.10) can be found in [25].

Thus, we have that the functions {Ey;, j = 1,...,n} satisfy the hypothesis
(5.15) of Theorem V.3 with N =2, =0, =—-2and v, =—-2+s;,j=1,... ,n.
Denoting £ := span{Ey;, j =1,...,n}, by Theorem V.3 applied with 1 — s instead

of s, we have that
[LX(R?) e, H(R*))1-s = [L(R?), H*(R?)]i-s = H7(R?), (8.11)

for 2s < so := min{Re(z;), j =1,2,... ,n}.
Finally, using (8.11), the operators ', R and Lemma I1.6 (adapted to the case
when we work with subspaces of codimension n > 1), we conclude that (8.9) holds

for 2s < sg.

From the estimate (8.8) and the interpolation result (8.9) we obtain
HuH2+25 < CHfH,QJFQS, for all f € H72+S(Q), 0 < 25 < S0-

The above estimate still holds for the case when {2 is a polygonal domain and sy

corresponds to the largest inner angle w of the polygon. Figure 4 below gives the
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graph of the function w — 2+ s¢(w) which represents the regularity for the biharmonic
problem. On the same graph we represent the the number of singular (dual singular)
functions as function of w € (0, 7). Note that if w is bigger than 1.437, which is an
approximation for the solution in (0, 27) of the equation tanw = w, the space K has

the dimension six.

omega IPI 1.23Pi 1.43Pi 2Pi

FIGURE 4. Regularity for the biharmonic problem.
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CHAPTER IX

AN APPLICATION TO A NONCONFORMING FINITE ELEMENT PROBLEM
Let Q be a polygonal domain in R? with boundary 9€2. The L?(2)-inner product and

the L?*(Q2)-norm are denoted by (-, -) and ||-||, respectively. We consider the Dirichlet

problem
—Au=f in ,
d (9.1)
u=0 on ON.
The variational formulation of (9.1) is :
Find u € V := H}(Q) such that
a(u,v) = F(v) for all v € HJ (), (9.2)

where F' € V' := H~'(Q) and
a(u,v) = / Vu- Vv dr forall u,v € Hy(S).
Q

Let 7, be a quasi-uniform triangulation of 2 and let h = max diam(T).
TE T

Next, we consider the Crouzeix-Raviart finite element nonconforming space

Vi :={v| vislinearon all 7 € 7,
v is “continuous” at the midpoints of the edges

v =0 at the midpoints situated on 0Q},

and define on V + V}, the bilinear form

ap(u,v) = Z D, (u,v), where D, (u,v) = /Vu - Vv dx

T€T)
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and the associated norm

llu|ln == an(u, u).

The form ay(-,-) is positive definite on V}, because v € Vj, and a,(v,v) = 0 implies
v = 0. Assuming that F' € V' has a linear extension to V + V}, which will still
be denoted by F, we consider a first type discretized problem associated with the
variational problem (9.2):

Find w, € V}, such that
ap(up,v) = F(v) for all v € V. (9.3)
The next statement is a version of Strang’s Lemma [4], [17].

Proposition IX.1 Letu € V and w € V), be completely arbitrary. Then

ul ) 0.0

: a
|lu — w||p < inf ||ju — v, + sup
vEVR veVy /UHh

Proof. Let u € V), satisfy

ap(@,v) = ap(u,v)  for all v € V.
Then, ap(t — u,v) =0  for all v € V}, and consequently,
Ju— = inf e~ ol
Thus,
ah(a —w, U)

Ju —w|n < |lu—al[p+||@ —w|n = ||u— il + sup
vev  [vlln

Moreover,

ap(t —w,v) =ap(t —u+u—w,v) = ap(u—w,v).
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Combining the above estimate and equalities we obtain (9.4).

In particular, when w is the solution of (9.2) and w = uy, is the solution of (9.3)

we obtain the estimate

lu — up||p < inf ||u — v, + sup (9.5)
veV)

ap(u —up,v)
veEV), ||

vlln
If u e H*(Q) N H(Q), the first term of the right-hand side of (9.5) can be estimated,
using standard approximation properties, by ch|u|gz (with ¢ independent of u and

h). For the second term we can use the following known result (see, e.g., [4], [18]).

Lemma IX.1 Let u € H*(Q2) N Hy () be the solution of (9.2), where
f = —Au and F(v) = (f,v) forall v €V +V,. Letuy be the solution of the
discrete problem (9.3). Then, for some positive constant c

ap(u — up,v)

ol < chlu|lg2, forall veV,, ue H*(Q)N Hy(Q). (9.6)
V||n

Consequently,
lw — up|lp < chlu|lgz  for allu € H*(Q) N Hy(Q). (9.7)

For completeness we include a proof.

Proof. By Green’s Formula we have

ap(u — up,v) = ah(u,v)—(f,v)zz Dh(u,v)—(f,v):Z/%vds.

€Ty T€Th %

Let e be one of the three edges of an arbitrary 7 € 7;,. Denote by [“u the nodal
interpolant of the trace of u on e (where the nodes are just the ends of e).

For v € V| let ¥, denote the average of the trace of v on e. Because v is linear

on each 7 € 7, and “continuous” at midpoints, v, does not depend on the triangle 7

such that e € 97. Next, we need the following
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Proposition IX.2 Let 7 € 7T;, be a triangle and e be one of its edges. Then
[|v = Tel|r2(e) < ch%|v|H1(7), for allv e H' (1), (9.8)

with ¢ independent of T € Ty,.

The proof is based on trace estimate and the Bramble-Hilbert lemma [6], [22].

Next, using the above proposition, we have

Z/Z—Zvds = Zg—Z(v—@e)ds ~ ZZ/(?—Z—a(;;U))(v—@e)ds

T€T), 97 ecT TETRLeEOT e
1 1
<3 S ([ W rwp a)([ 1o-af a0’

TET, e€oT e e
<> WPl B vl < ¢ hlulmy vl

TET, T€T,

This ends the proof of Lemma IX.1.

The method given by the discretized problem (9.3) has the disadvantage of not being
stable on H'(©). A modified method was shown to the author by Joseph Pasciak.
This modified method is as follows:

First, we define 7; 1 to be the triangulation obtained from 7, by joining the
midpoints of the edges of the triangles in 7;,. Let S % be the standard conforming
finite element space of all functions in Hj () which are linear on each triangle 7 € ’T%.
Note that S% cV.

Next, we define the operator T' : V}, — S% by Tv = w, where
1. v(z) = w(x) when z is a midpoint of an edge in 75,
2. v(xz) =0 when z is a vertex of 0€,

Ny
3. v(z) = =3 w(y;) when z is an interior vertex of 7y, where yi, 4, ... , Y, are

the midpoints of those edges in 7, that are adjacent to x.
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Clearly, n, is bounded above by a fixed natural number. Let M, be the set of all
midpoints of the edges in 7,. Let Ej be the set of all line segments connecting in
each triangles in 7, the mid points of the edges. Finally, let Ej, /5 be the set of all
edges in T% . Then,

[v]| = h? Z v*(yi), v € Vi,

yi€EMp

[olln = Z (v(y:) — v(yy))?, v € Vi,

(vi,y5)EER
and
2 ~ 2
|UJ|H1(Q) ~ (U)(ZL‘Z) — w(x])) , W E Sh/g.
(aci,:vj EEh/Q
From the way we defined T" and by using the above equivalences, it is easy to verify

that

T3 q) < ¢ an(v,v),  forall v eV, (9.9)

|Tv —v|]* < ch? ap(v,v),  for all v € Vj, (9.10)

for some positive constant c. Consider the following modified version of problem 9.3:

Given F' € V' find @ € V}, such that
ap(tp,v) = F(Tv), forall v €V}, (9.11)

Using the interpolation results of Chapter VII, we deduce an error estimate for the

new method.

Theorem IX.1 Let u be the solution of (9.2) and let @y, be the solution of (9.11).
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Then, for s € [0, 1] we have the following error estimate:
lu—anlln < ch®|lul|m+sy,  for allu € H(Q) N Hy (). (9.12)
Proof. By taking v = 1, in (9.11) and by using (9.9) we get
[anll, = F(Tan) < | Fllve|Ttn| g1y < cllull gl
Hence
lanlln < cllullm@),  for all u € Hy(Q). (9.13)
Let Pyu =y, uw € H} (). Then (9.13) implies
(I = Pu)ulln < cllullmy,  forall u € Hy(Q). (9.14)

Next, for u € H* N Hy, from Proposition IX.1, we obtain

ap(u — ap,v)
|

— 1 < inf —
Hu uhHh = vlethHU u”h + sup th

veVy
Using standard approximation properties, we have

inf ||lu — < inf ||lu — < .
inf flu = vl < inf = ol < chlul o)

To estimate the second term in the right-hand side of the above inequality, we proceed

as follows:
ap(u — tp,v) = ap(u — up,v) + ap(up — Up,v), v € V.
From Lemma IX.1,

an(u — up,v) < chlu| g2 l|v]|s-
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On the other hand, with the help of (9.10),

ah(uh - ﬁha”) = ah(uhvv> - ah(amv) = (f7 U) - (fa TU)

< FIHlo = Toll < chlulpa@l|v]]n-

Combining the above estimates, we have
(I = Py)ulln < chllullgzy,  for all u € H*(Q) N Hy (). (9.15)

Finally, from (9.14) and (9.15) by using interpolation and the result of Chapter VI

we obtain

H([ — Ph)””h S ChSHuH[HQOH(},H(ﬂ = ChSH’LLHHH-s(Q) fOI" all u e H1+S(Q) N Hé(Q),

1-s

which proves the theorem.

The interpolation result of Chapter VI allows us to adapt the above result with

no difficulties to the Dirichlet problem with mixed boundary conditions.
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CHAPTER X

CONCLUSIONS

Our studies on subspace interpolation have contributed to new results concerning
shift theorems for boundary value problems on nonsmooth domains. The theorems
and the lemmas presented in Chapter II are proved on abstract Hilbert spaces and
one can use them for particular subspace interpolation problems where the subspaces
involved are of finite codimension. The choice of the inner product which provides
a norm equivalent to the original norm on a Hilbert space is important in solving
subspace interpolation. In studying the shift theorem of Chapter VII, for example,
the multilevel inner product we have chosen, leads to a simple way of dealing with
the subspace interpolation problem.

The multilevel representation of norms presented in Chapter III is self-contained
and may be used in numerical methods for solving certain partial differential equa-
tions. A multilevel norm equivalent to the standard norm on HZ (for polygonal or
sector domains) is needed in order to prove shift theorems for the Biharmonic Dirich-
let problem without involving extension and restriction operators and asymptotic
expansions of Fourier transforms. This is an area of further research.

Other alternative for a future research comes from the subspace interpolation
theory presented in Chapter V. The results concerning interpolation between Sobolev
spaces on RY, could be extended to the case when the functions to be factored out
from the space H? have a more complicated asymptotic expansion. If the orthogonal
complement of the range of the operator associated with a certain boundary value
problem can be characterized in terms of functions with asymptotic expansion (for
the Fourier transform) different from the form we have presented through Chapter

V, then the issue is worth addressing.
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The positive answer obtained in Chapter VI concerning interpolation between
H? N H}, and H}, and the error estimate for finite element problem of Chapter IX
gives hope for new methods and new ways to prove error estimates for conforming

and nonconforming finite element problems.
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