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Abstract. We consider the construction of multiplier spaces for use with the mortar finite
element method in three spatial dimensions. Abstract conditions are given for the multiplier spaces
which are sufficient to guarantee a stable and convergent mortar approximation. Three examples
of multipliers satisfying these conditions are given. The first one is a dual basis example while the
remaining two are based on finite volumes. Finally, the results of computational examples illustrating
the theory are reported.
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1. Introduction. Domain decomposition methods have been widely used to de-
sign parallel algorithms for solving partial differential equations. The main idea of
such methods as is well-known is the following. The boundary value problem posed
on a given domain is discretized by finite elements, finite differences, spectral or other
approximation methods and as a result an algebraic problem is obtained. Precon-
ditioners that can utilize parallel computer architectures are based on splitting the
original problem into a number of subproblems with subsequent subproblem solutions
and iteration over the unknowns on the subdomain interfaces. This approach has
been extensively studied in the last two decades (see, e.g., [18, 19, 24, 25]). Often this
approach is referred to as a conforming domain decomposition method.

The rapid growth in the demand for large scale simulations and the proliferation
of CAD/CAM systems in the last decade led to the necessity for different research
teams to interact and use various computing environments and tools for solving com-
plex phenomena. Such interactions have resulted in the design of a new class of
domain decomposition methods, often called nonconforming or mortar methods. In
contrast with the conforming domain decomposition method, the subdomains now
can be meshed independently, that is, in general, the grids do not match across the
subdomain interfaces. The mortar method provides an approach to glue together the
approximations on the subdomains by imposing, in a weak sense, the continuity of the
solution across these interfaces. Since the introduction of the mortar method as a cou-
pling technique for spectral and finite element approximations (see, e.g., [8, 9, 10, 22]),
it has become a very successful technique for non-matching grids yielding a stable and
optimally convergent global approximation. The research in this approach has been
motivated by the flexibility of the method and by its potential for efficient parallel
implementation.

The mortar finite element method has been studied in [5, 6, 8, 9], where opti-
mal order convergence in H'-norm was established. Three-dimensional mortar finite
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element analysis has been given in [6] and the h-p version has been studied in [32].
Mortar mixed finite element approximations for second order elliptic problems have
been discussed in [4] and mortar methods for finite volume method approximations
are presented in [23].

The mortar approximations involve constraints, namely the weak continuity, on
the space. These constraints could be treated as Lagrange multipliers (see, e.g.,
[5]), leading to a saddle point problem, which is symmetric and indefinite. On the
other hand, it is also possible to view the mortar problem as a non-conforming fi-
nite element approximation. This approach leads to a symmetric positive definite
problem (see, e.g., [7, 26]). In our analysis, we consider the latter approach. In
either case, efficient iterative methods are essential for the overall performance of
the method. Multigrid/multilevel preconditioners for the mortar finite element ap-
proximations have been studied in [12, 17, 26, 27] while preconditioners based on
substructuring have been studied in [1, 2, 29].

The continuity of the solution across the subdomain interfaces is imposed in a
weak sense by using the multiplier space. The resulting multiplier approximates the
trace of the co-normal derivative of the solution at the subdomain interface. As
the multiplier most naturally belongs to a negative Sobolev space, continuity of the
functions in the mortar approximation subspaces is not necessary. However, most
of the finite element approximations of the mortar space used in the mortar finite
element method have been related to the traces of the finite element spaces on the
interfaces, which results in continuous functions. Some instances of discontinuous
mortar spaces have been considered in [4, 29, 33]. One approach used to construct
these spaces is based on the dual bases and has several important computational
advantages compared with continuous mortar functions. Specifically, the resulting
mass matrix is diagonal and so its inversion is trivial.

In this paper we construct three different mortar spaces in three dimensions; one
based on the dual basis approach and two additional examples based on finite volume
approaches. They all involve discontinuous functions and lead to relatively simple
constructions. The dual basis example is the most interesting. As mentioned above,
the mass matrix is diagonal and so the non-conforming basis elements have local sup-
port. In addition, we will show that this method remains stable and convergent even
in the presence of mesh refinement provided that the meshes are locally quasi-uniform
and that the triangulations align on the boundaries of the subdomain interfaces. In
contrast, stability of the mortar method with continuous multipliers requires addi-
tional conditions on the mesh (see [32] for the case of one dimensional interfaces).
These additional conditions are related to the stability of the elliptic projection in L?
and have been studied in [13, 16, 21] although in a different context.

We provide the construction and stability analysis of the mortar spaces via a set
of abstract conditions which are later verified for our particular examples. These con-
ditions are general enough to handle the general mesh refinement dual basis example.
For completeness, we also provide an error analysis of the method based on these
conditions.

Other work on the dual basis Lagrange multipliers was done concurrently with
that of this paper [34]. There they analyze a similar method as the dual basis example
considered in this paper using mesh dependent weighted norms under the assumption
of a globally quasi-uniform triangulation. They also consider multigrid methods for
solving the resulting systems of algebraic equations.

The remainder of the paper is organized as follows. In Section 2, we introduce
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Q, Q,

Fic. 2.1. An example of a two-dimensional domain with 8 subdomains. The subdomains do
not align but the triangulation does.

the mortar finite element approximation of the Poisson equation with homogeneous
Dirichlet boundary condition. The abstract conditions on the multiplier spaces are
formulated in Section 3 and the error analysis of the method is presented. Three
examples of mortar spaces follow in Section 4. Finally, the results of numerical ex-
periments are presented in Section 5.

2. Problem formulation and notation. We consider the Dirichlet problem
on a bounded polyhedral domain € in R?. Given f € L?(£)), we want to approximate
the solution u € H}(Q2) of

—Au=f in Q,

2.1
u=0 on Of. (2.1)

Extensions to more general second order elliptic partial differential equations and
systems and to more general boundary conditions are possible and demonstrated in
Section 5.

The domain 2 is partitioned into K mnon-overlapping polyhedral subdomains
Q;,i=1,..., K, that is,

Q= ), withQ;nQ;=0fori#j.

s

i=1

It is assumed that each subdomain €; is associated with a locally quasi-uniform
triangulation 7; of tetrahedra. We denote by h; the mesh size of 7;. In other words, h;
is the maximum of the diameters of the tetrahedra in the mesh 7;. The triangulations
in the subdomains are independent of each other.

To describe the subdomain interfaces, we define a set Z by

1<i,j <K,
I =415 | 08N is a two-dimensional domain,
and ji ¢ T

For each pair ¢j € Z, we define I';; = 9€2;N0€; to be the interface between the mortar
subdomain §2; and the non-mortar subdomain ;. The triangulation on an interface
I';; is denoted by 7;;. This triangulation is inherited from that of the non-mortar
subdomain €2;, namely 7;.

We now discuss the conditions on the subdomain partition and the triangulation.
To begin with, we do not require the subdomains to align. In other words, we allow
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Fic. 2.2. Ezamples of triangulations for an interface between three-dimensional subdomains.
The triangulations all match on the boundary of the interface.

a single face of a polyhedral subdomain to have non-empty intersections with faces
from more than one of the remaining subdomains. We do, however, require that the
triangulations align with the subdomain partition. That is, if a face of a tetrahedron
in a triangulation 7; or 7; intersects an interface I';;, then it must be completely
contained in I';;. A two-dimensional domain with non-aligning subdomain partition
and aligning triangulation is shown in Figure 2.1. In the analysis, we will also need
the following condition.

(M.1) The subdomain triangulations match on interface boundaries.

This condition is readily met in the two-dimensional case, where an interface boundary
degenerates into isolated points. In three-dimensions, as the examples in Figure 2.2
suggest, this is not too strict a restriction on the triangulation, although not a con-
dition as easily satisfied as in the two-dimensional case. These conditions could be
relaxed in the special case when the non-mortar mesh satisfies an inverse inequality
(see Remark 3.2 and [34]). This case of non-aligning triangulation is also of interest
since then there would be fewer restrictions in the meshing process in each subdomain.

Next, we consider the mortar finite element space. For the sake of simplicity,
piecewise linear finite element spaces will be used. Our theory, however, generalizes
to higher order finite element spaces without difficulty. Define, for each i =1, ..., K,
the finite element space X} ; in the subdomain €2; by

v is linear on each tetrahedron in 7,
Xn,i = {v| v is continuous on €2;,
and v =0 on 00NN,

and the unconstrained global space X, by

Xp ={v|v

o €EXpforalli=1,..,K}.

The mortar finite element method is a non-conforming finite element method.
Since the L2-trace of the solution of (2.1) is continuous, some type of continuity
must be imposed on the space )?h. However, the meshes defining X3 ; and X} ; do
not necessarily align on I';;. Thus, to retain the approximation properties on the
interfaces, one can only impose continuity weakly. To this end, we introduce the
multiplier spaces M} (T';;) for each ij € 7 and define the mortar finite element space
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Here, [v];; = (v|a,)|r,; — (v]e,)|r,;- The multiplier space Mj(I';;) will be defined in
terms of the triangulation 7;; inherited from that of the non-mortar subdomain. It
is the purpose of this paper to formulate abstract conditions and examples for these
spaces which give rise to stable finite element approximations. The mortar finite
element problem is now formulated as follows.

Find uj, € X such that

Xn by

ij

XhZ{UEth

[v]ij ds = 0 for all ¢ € M, (T';;) and all ij € I} )

A(up,v) = (f,v) forall v € Xy, (2.2)
where
_ K
A(u,v) = Z/ Vu- Vo dz,
i=1"7%%
and

(f,v) :/va dx.

In the rest of this section, we set up additional notation which will be used in
this paper. We will denote by C' and ¢ generic positive constants. These constants
take on different values in different occurrences but are always independent of the
mesh parameters. The Sobolev space H*(f2), for a non-negative integer k, is the
set of functions in L?(2) whose weak derivatives of order up to k are also in L?(Q)
(see, e.g., [15, 28]). For real s with k < s < k + 1 for some non-negative integer
k, H*(Q) is defined by interpolation (e.g. using the real method) between H¥(Q)
and H¥*1(Q) (see, e.g., [31]). There is a special interpolation space which will play
an important role in the analysis of the mortar method. This space is obtained by
interpolation between L?(I';;) and H}(I';;), and is denoted by H(%Q(Pj). As usual,
[I-|ls and |-|s denote the H*(£2) norm and seminorm. If we denote by D a subdomain
Q; or an interface I';;, the H*(D) norm and seminorm will be written |-||s,p and |-|s,p
respectively. This convention applies also to the L?(D) inner product, which will be
denoted by (-,-)p. We define the norm |||-||| by

K
llull® = llull q,-
i=1

We shall also use the following spaces. Let
Sh(Lij) = Sp(Tiz) N Hy(Tij)
where
Sh(Tij) = {v | v =w
Finally, for each ij € Z, the mortar projection II;; : L?(T';;) — SY(T';;) is defined by
(Isju, o)r,; = (u,@)r,, for all ¢ € My(I'y;). (2.3)

This operator was used in [6, 7, 32] and plays a central role in the analysis of the
mortar finite element method.

r,, for some w € Xp; }.
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3. Abstract multiplier conditions and error analysis. We start this section
by giving some abstract conditions for the multiplier spaces which guarantee a stable
and convergent mortar finite element method. We introduce the following properties
for the multiplier spaces:

(A.1) For each ij € Z, My(T';;) contains constant functions.
(A.2) For each ij € Z, S)(T;;) and Mp(I';;) have the same dimension.
(A.3) There is a constant C' not depending on the triangulation or ij € Z such that

0, g
l€llo,r;; <C  sup %,
weM, (i) 1Pllor,

for all 6 € S)(I';;) and ij € Z.
(A.4) There is a constant C' not depending on the triangulation or ij € Z such that

inf o— < Chillo
wth(FU)H Y]lo,r,; < Chyllo]|

I,Fijv

for all 0 € H(I';;) and ij € Ty;.

We note that the following two inequalities are simple consequences of (A.4).

inf (U—%QFU < Cﬁj||0||1/27rij

+EMn(Ts;) |<||1/2,1—‘,¢j7

. (U _7777)1—‘7:7‘ - (31)
inf sup —_ < Chj||0||1/2,1“
YEMR(Tij) nem1/2(Ty;) H77H1/2,1“,;j

ij?

for all o,¢ € HY2(T;;).

When every interface mesh 7;; is globally quasi-uniform, these conditions are
sufficient for stable mortar finite element approximation (see Remark 3.1). We shall
need an additional condition to handle the case when the mesh 7;; is only locally
quasi-uniform. Let {¢; |l =1,...,n} denote the nodal basis for S})(I;;). Given a
function ¢ = Y di¢y € SY(T'i;), we define ¢ = S h; 'dj¢y. Here hy is the local mesh
size at the I’th node. To be precise, we can take h; to be the maximum of the diameters
of the triangles which meet at the I’th vertex. Given ¢ € M(T';;), we then define

¥ € My(Ty;) by
(¢71/;)F¢j = (ngw)Fij for all ¢ € Si?,(]'—"b]) (32)
It follows from (A.2) and (A.3) that there is a unique ¢ € Mp(Ty;) satisfying (3.2).
When 7;; is only locally quasi-uniform, we use the following condition:
(A.5) There is a constant C not depending on ij € Z or the triangulation such that

> B1GI5.. < Cllg I,

T€T;;

Here, h, denotes the diameter of .

In general, this condition does not hold without further restriction on the triangu-
lation. However, we will show that it holds for the dual basis example without any
additional assumptions.
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The next theorem provides an error analysis for the mortar method under the
above conditions. For completeness, we include a proof and illustrate how (A.5) is
applied in the analysis.

THEOREM 3.1. Let u and up be the solutions for problems (2.1) and (2.2),
respectively. Assume that u € H(Q) and ulg, € H*(Q;) for all i = 1,...,K. If
the conditions (M.1) and (A.1)-(A.5) are satisfied, then there is a constant C not
depending on {h;}X, such that

K
llw = wnl|* < C Y B2 [ull3 g, -

i=1

For the proof of the theorem, we shall use two lemmas.

LEMMA 3.2. Assume that the mesh T;; on I'i; is locally quasi-uniform and that
(A.2), (A.3) and (A.5) hold. Then there is a constant C' not depending on mesh size
orij € T satisfying

HHiju”Hééz(Fij) < C”u”Hééz(Fij)

for allu € H(%Q(I‘ij),

Proof. We need to verify that II;; is stable in L?(I';;) and H}(I';;). Then, the
result will follow from interpolation.

The proof of L?(T;;) stability is standard. We observe that by (A.3), if 6 € SY(I';;)
satisfies (0,1)r,;, = 0 for all ¢ in M},(I';;) then 6 = 0. This and (A.2) imply the unique
solvability of (2.3). By (A.3),

O,F‘,‘,jg C sup (Hijwaw)l"ij —C sup (w7w)r1‘,j

[[1L;w] BT
Y peM, (i) [Yllors peM, () 1¥llory;

< Clw

or; (3.3)

Now we check the stability in H}(I';;). Since the mesh is locally quasi-uniform,
there is an operator Qo : L?(I';;) — S2(T';;) satisfying (see, e.g., [20])

1Qoull} r,, + Y h72I(I = Qo)ull? < Cllull3r,,, (3.4)
T€T;;

for all u € H(Ty;). Fix u € H}(I';;). By (3.4) and triangle inequality, the lemma
will follow if we show that

[(ILi; — Qo)ull1,r,, < Cllullyr,- (3.5)

Let ¢ = (IL;; — Qo)u = >_ di¢y. Then, by local inverse inequalities,

Iy - Qo)ulir,< € 7 h22|(ILy - Qo)ull3,. (3.6)

T€T:;

We clearly have
[ ¢ do=nda@ v+ )

where {l;.} are the indices for the vertices of 7. Here we used the notation A ~ B to
mean that there are constants ¢ and C' not depending on the triangulation, functions
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in the subspaces defining A and B, or ¢j € I';; such that cA < B < C'A. The constants

c and C may depend on the minimal angle condition. By the local quasi-uniformity
of Tjj, it follows that

> Iy = Qoulls =Y di = 913 r, (3.7)
T€Tij =1
where ¢ is as in (3.2). Now, by (A.3), (3.4) and (A.5),

((’ZAS’ w)rij ((I - QO)U, ,ll;)rij

lélor, < C  sup —H =C
! peMy(Tij) HwHOvFiJ PEMp (Tij) ||1/1| 0,I';;
1/2 X 1/2
(Srem, 127100 = @0ulR ) ((Srer, B2101R., )
<C sup
PeEMp(Tij) HwHO,FU
< CHU'HLR‘,J"
(3.8)

Combining the above inequalities (3.6), (3.7) and (3.8) establishes (3.5) and hence
completes the proof of the lemma. O

REMARK 3.1. When T;; is globally quasi-uniform, that is hy > c}_zj for all T € Ty,
the above lemma can be proved without condition (A.5). Under this condition, the
argument following (3.6) can be simplified. By (A.3) and (3.4), for u € H}(Tyj),

((Li; — Qo)u, Y)r,,

|(IL;; — Qo)ullo,r,; < C sup

wth(Fij) ||’l/}| O;Fij
I- QO uﬂ/) Tij n
o sp WG
PYeMy (Tij) 1] 0, ‘

This and (3.6) gives (3.5).

The next lemma gives the approximation property for the space Xj,.

LEMMA 3.3. Let u € HY(Q) and u|q, € H*(Q;) for alli=1,..., K. Assume that
the conditions (M.1), (A.2), (A.3), and (A.5) hold. Then there is a constant C' not
depending on {h;}X | such that

K
inf |||lu— 2<C252u2 .
g = xlI* < OSSRz,

Proof. There is a discrete extension operator E;; : 32 (Ti;) — X ; which satisfies
(see, e.g., the construction in [32])

v on I'y;
E..v= Ly
t { 0 on 8Qj\Fij,

and

1Esgolia, < Clillgagage, (39)
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for all v € SP(T';;). Let u € X, be the nodal finite element interpolation of u. Take
X =1+ 7 Bijllij[u] € Xp. By the triangle inequality, we get

llw = xll® < 2 { fllw = alll® + 11> By )]
ijeT
The first term is bounded by standard finite element estimates. For the second, we

note that condition (M.1) guarantees that [u] € H&f(f‘ij). Then, by Lemma 3.2 and
(3.9),

1D Byt fall> < ¢ [|I[vE. (3.10)
ije€T ijeT
Now
Iw—alllvr, < l(w—a)le e, + (w—a)le, L, 1)
<C (53/2 + ﬁ;/2> luls/2,r,, - .
Similarly,
= allo.ry, < € (B + 5% luls r,- (3.12)

Interpolating between (3.11) and (3.12) gives
6l = = g, y
_ _ 1 _ _
<C (hy2 + h;/2> (hf’/2 + h?/z) lul3/2,r,,-
Cauchy-Schwarz inequality and a trace theorem yields

H[U - ﬂ]"i[éé?(rij) < C (B’L2 + E?) |u|§/2,rij

< C (R2ull3 0, + 2llul3g, )

Combining the above estimates and summing over ij € Z completes the proof of the
lemma. O

REMARK 3.2. The conclusion of the previous lemma is still valid without (M.1)
provided that the mortar triangulation T; is globally quasi-uniform. For example,
one could allow a face from the mortar triangulation 7T; which intersects an interface
I'y; but is not completely contained in I'yj. This is illustrated in Figure 3.1 for a
rectangular mesh and a similar situation occurs in our third numerical example in
Section 5. Similar results have already been obtained in [11] in the case of continuous
multipliers. We include this remark since it conforms to our numerical experiments.

In this case, [u] is no longer contained in HégQ(Fij) and (3.10) does not make
sense. The global quasi-uniformity condition implies that for all v € L2(I‘ij),

7—1/2
1ol oo,y < Chy 210l - (3.13)
By (3.9), we have

HIZ EyT;[al||* < © Z 118 [a”'?{;f(r,;j)'

ijeT ijeT
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Fic. 3.1. An ezample of a non-aligning face in rectangular mesh. The dotted lines depict the
face T's; with the mesh inherited from the non-mortar subdomain €25, while the solid lines show the
mesh from the mortar subdomain ;. None of the mortar boundary faces are contained in I';;.

Then, for each ij € I, by the inverse inequality and the LQ(Fij)—stability of 11;;, we

obtain
Il ir.,)

) S ChMEGr, < Chy? (H(u — D)5 r,, + (= @)lo,|

2
||H352(Fi]
< Ohy" (Rl o, + Bl )

Then,
~1112 ﬁi 72 2 72 2
HHij[U]HHéf(FU) <C{1+ n, (hi ullz,0, + th“HQ,Qj)
and the conclusion of the lemma follows summing over ij € T.

We now prove Theorem 3.1. _

Proof of Theorem 3.1. It follows from [7] that the bilinear form A(:,-) is coercive
on the space of functions v that are in H'(Q;) in each €;, zero on the boundary 99
and satisfy fFu [v]lds = 0 on each interface I';;. By (A.1), X} is contained in this

space. Thus, by Strang’s Lemma (see, e.g., [15]), we have
. Au — up,
flu—uall <€ [ inf u—xll+ sup AC L) gy
XEX), nexinfoy Il
Integration by parts gives
~ Ju
Alw—unm) = > 5 (3.15)
ijeT r

for alln € X} Here, n is the outward normal vector on I';; from the mortar subdomain
;. Now, for any v € My(T';),

ou ou - Ou
s _ 2= _ < 2=
( an’[’”)nj (Ge—01) <ChiGahar,

ij

]l 1/2,T;-
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Applying trace theorems, we obtain
ou
15, hy2,rs; < Cllullz.a;, (3.16)

and

Il j2.rs; < C (e, + lInlle, ) - (3.17)

Combining (3.15)—(3.17) and applying Cauchy-Schwarz inequality gives that

% 1/2
|[A(u —up,m)| < Cllnll (Zh?IUI 39) :
i=1

The theorem follows from (3.14) and Lemma 3.3. O
REMARK 3.3. Suppose that for any f € L?(Q), the solution u to the problem
(2.1) is in H?(Q) and satisfies

[ull2 < CI| flo-

If the mesh on Q is globally quasi-uniform with size h, then conditions (M.1) and
(A.1)-(A.4) imply

lu—unllo < Ch?||ull2.

The proof is based on Aubin-Nitsche duality argument and is omitted.

4. Examples of multiplier spaces. We consider three examples of multiplier
spaces satisfying the conditions of the previous section. Specifically, we consider
one dual basis example and two finite volume examples. The dual basis approach
is the most interesting since it gives rise to the most efficient implementation and
also extends to the case of locally quasi-uniform meshes. The finite volume multiplier
spaces do not produce a diagonal mass matrix. However, these two spaces fit very well
into the finite volume method for non-matching grids and lead to locally conservative
approximations (see, e.g., [23]).

4.1. Dual basis multipliers. In this section, we consider a multiplier space
defined in terms of a dual basis. We note that a dual basis approach for the mortar
method was considered in the two dimensional case in [33] where it was suggested
that although the method extends to three dimension, its extension was necessarily
more complicated. According to [33], the complications were reflected in the quoted
references [11] and [6] where restrictions on the triangles near the boundary were
imposed. We will demonstrate here that the dual basis method extends to three
dimensions without significant complication and any restrictions of the triangulation
near the boundary even in the mesh refinement case.

We will define a dual basis method in terms of a map I;; which takes S?(T;;) to
the space of discontinuous functions which are linear when restricted to the triangles
of 7;;. Let 7 be a triangle with vertices {y;| [ =1,2,3} and v; denote the value of a
function ¢ € S(T;;) at y;. We define I;;¢ by the following rules:

1. If all three vertices of 7 are in I';; then we set I;;¢ = w where w is the
linear function with values wy = 3v; — vo — v3, we = 3vs — v1 — v3, and
w3 = V3 — V1 — Va.
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2. If exactly one vertex (say y1) of 7 is on 9T';;, then we set wy = (ve + v3)/2,
wg = (5ve — 3vs)/2, and w3 = (5vz — 3vg)/2.

3. If exactly one vertex (say y1) of 7 is in I';;, then we set w1 = wy = w3 = v1.

4. If none of the vertices of 7 are in I';; then we set wi = ws = ws = v; where
vy is value of ¢ at the interior vertex which is closest to the triangle.

Let {a;|{=1,...,n} be the nodes in I';;. We get a dual basis by defining
Y = Lijgy, for I =1,... ,n. In fact, it easily follows from the above definitions that
{t|1=1,...,n} is linearly independent and satisfies (¢;, ¥,) = 0 whenever [ # m.
We define M}, (T';;) to be the span of {¢;|1=1,... ,n}.

From the above construction, it is clear that there is an integer L (independent of
the local mesh size) such that if 7 € 7;; and ¢ € SP(I';;) is 1 on every node which is
within a distance of Lh, of 7, then I;;¢ equals one on 7. This property implies that
the space M} (T';;) satisfies (A.1) and (A.4).

We next verify (A.3). Let ¢ = > di¢; be in SP(T';;) and set ¢ = I;j¢ = > djihy.
Then,

(6, ®)r,, =Y di (¢, 40,

Using the above definitions, it is easy to check that for any triangle 7 with z; as a
vertex,

(P, h)r = % (4.1)

Here |7| denotes the area of the triangle 7. The local quasi-uniformity of the mesh
and (4.1) imply that

> dini< C(¢,¥)r,,.
l

It is clear that the eigenvalues of the matrix

3 -1 -1
-1 3 -1
-1 -1 3

are positive and hence
JUsorde= [ do =2 + &+ &)

holds for triangles with interior vertices. Here {l;} are the indices for the vertices of
7. Similar arguments can be applied to the remaining cases to show that

[0 an=n2 Y at (4.2)
T l]

where the sum above is over the indices of the nodes which determine I;;¢ on 7. It
follows that

1]

ori, = Miolgr,,,  forall ¢ € Sp(Tyy). (4.3)
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Finally, by the local quasi-uniformity of the mesh,

613 ., ~ > dihi,  forall g € (). (4.4)
l

Combining the above estimates gives

||¢||0,1“1:jS c 1¥llo,r; .

This verifies (A.3).
We ﬁnally Verify (A5) Let ¢ = Zdl¢l € 52(1—‘”) and 1/) = Zeﬂ/)l S Mh(].—‘”)
Then

(éa w)l"i,j = Z hl_ldlel(¢lvwl) = ((bvl&)r‘ij

=1

where 1) = > hl_leﬂ/)l. Now, by (4.2),

n
S W23, < O3 hith e’ < Clle IR,
1

TET;; 1=

This is (A.5).

4.2. Finite volume multipliers. In the remainder of this section, we construct
two examples of multiplier spaces involving piecewise constant functions defined over a
partition of the interface I';;. For both examples, we verify (A.1)—(A.4) so the abstract
theory of the previous section can be applied when the mesh is globally quasi-uniform
on each I';;. Condition (A.5) is more difficult for these applications and may not hold
without further assumptions on the meshes (more than locally quasi-uniform).

We start by splitting each triangle 7 € 7;; into three quadrilaterals of equal
area by connecting its medicenter with the midpoints of the sides of the triangle
(see Figure 4.1). Thus, around each vertex x; € I';; we take the quadrilaterals of
all triangles having x; as a vertex. We denote this partition by V;;. Obviously, this
partition contains volumes around all points on JI';; and the number of these volumes
is greater than the dimension of the space S (I';;). We now reduce the number of
the finite volumes to be equal to the number of the internal vertices in 7;; by the
following construction.

1. If a triangle has all three vertices on OI';; then we attach this triangle to the
adjacent one(s) through the common internal side(s).

2. If a triangle has exactly two vertices on OI';;, we add this triangle and all
those attached to it to the volume corresponding to the third vertex, which
is in Fij-

3. If a triangle has exactly one vertex, say x1, on 0I';;, we split it into two parts
by the median through z; and add the parts to the volumes corresponding
to the internal vertices.

This forms a partition of I';; into disjoint volumes. This partition is denoted by V?j
(see Figure 4.1). Then the spaces of multipliers M}, (T';;) consists of all piecewise
constant functions with respect to the partition V?j.

From the above construction, it is clear that the conditions (A.1) and (A.2) are

satisfied.
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We now verify (A.3). The characteristic functions {x;}, corresponding to the
volumes {V; € Vi } form a basis for the space Mp(Ti;). Let ¢ = Y- ciy be in S}(Ts;)
and set ¢ = > ¢;x;. Then

(qs?w)rij = chcm/ ¢1Xm dr = Z ZClCM(¢laXm)T~
I,m Pij T€T; l,m

We consider the element “mass” matrices with entries (¢, Xm)- for ¢ € S9(Ty;),
Xm € Mp(I';;) and 7 € T;;. Straightforward computations show that for an element
7 with all vertices in I';;, the element “mass” matrix is given by

b (27T
s |72 T (4.5)
77T 22

Similarly, if the finite element 7 has exactly one vertex on OI';; then the corresponding
“mass” matrix is the 2 x 2 matrix

Il (3 1

12 \1 3/°

Finally, when 7 has two vertices on OI';; then the matrix reduces to |7|/3. Therefore,
we have

n

(@) = D> cem(dr, Xm)r > % S+ ) Tl =D ki

T€Ti; l,m T€Ti; =1

where Iy, lo, and 3 are the indices of the vertices of the finite element 7. These
inequalities are valid even for triangles with vertices on 0I';; provided that the corre-
sponding ¢;,_’s are set to be zero. Moreover,

n
Wler, = D> dVil~Y hic ~|4llir,,.
=1

0
Vievy,

Here |V;| denotes the area of V;. Condition (A.3) follows immediately, combining the
above inequalities.

Verification of (A.4) is also straightforward and follows immediately from Friedrich’s
inequality on the domains in V.

4.3. A second finite volume approach. We consider a second possibility for
defining the mortar space based on the finite volume partition V;; of the interface I';;.
This approach is similar to the approach of the dual basis discussed above. Namely,
we define a map I;; which takes 32 into the space of discontinuous functions which
are constant when restricted to the volumes of V;;. The construction of the map I;; is
based on a dual partition of the interface I';; used in the finite volume method. Below
we construct such an operator and then define the space M,(I';;) to be I;;SY(L;).

For any ¢ = Y, ci¢y € S§(Ts5), we set

U =TIiex) = Y dx(z) (4.6)

ViEVij
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F1G. 4.1. Finite element partition T;; of the interface I'y; and its finite volume (dual) partition
o,
J

Fic. 4.2. Examples of the support of the images I;;¢ of the nodal basis function ¢ € 52 (Tij)

where x;(x) is the characteristic function of the finite volume V; € V;;, corresponding
to the vertex x;. The coefficients d; are determined in terms of the values of ¢(z) in
the following manner:
1. If 5 € Fij then d; = ¢.
2. If #; € OI'y; and all its neighboring vertices are also on 0I';; then we assign
to d; the value of ¢ at the nearest internal vertex.
3. Finally, if z; € OI';; and has the internal vertices z;,,...,z;, (with [, > 1) as
its neighbors then we set

lP
B Zk:ll Qg CL

= ]
Doty Okl

where ag; = |71| + |72| with 7 and 7o being the triangles sharing the edge
connecting the vertices x; and x.

A basis for the resulting space My(T';;) = I;;Sp(T';;) is given by the images of the

nodal basis function ¢; € S} (I';;) (see Figure 4.2 for the support of these functions).

We now need to verify the conditions of the previous section. It is easy to see

that I;;¢ = 1 for the function ¢ which is one on each node of I';;. This verifies (A.1).

di , (4.7)
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We verify (A.2) as follows. The dimension of My, (T';;) is less than or equal to that
of SY(T';;) since My(T';;) is the image of SP(I';;) under the linear map I;;. For the
other direction, let ¢ and ¥ be as in (4.6) above. Then,

IZiol5r, = > &Vl =Y Vil = Clélsr,, (4.8)
VIEV:; =1
which shows that the dimension of 1;;S)(T;;) cannot be less than that of SJ(T;;).
This verifies (A.2).

Next, we verify (A.3). We again let ¢ and ¢ be as in (4.6). Let 7 be a triangle of
Iij, o], 1 =1,2,3, be the local linear nodal basis functions on 7 and x7, [ = 1,2, 3,
be the characteristic functions associated with the intersections of 7 and the volumes
in V;j. The element mass matrix with entries (¢], xJ,,)~ is given by (4.5). It follows
that

(ci, + i, + c,)I7]

|

(¢a w)f”.m >

where f‘ij = Ug,er;; Vi- The above inequality is still valid when 7 has nodes on ol'y;
as long as ¢, is defined to be zero for z;,, € OI';;. Summing the above inequality
gives

n

1
(¢7w)f‘” 2 g Z (Cl21 + Cl22 + cl23)|7—| =~ Zh?CIQ (49)

TET;; =1

Let z; be a boundary node. If all of its neighbors are on 0I';j, then ¢ vanishes
on V; and thus the value of ¢ on V; does not affect (¢,%¢)r,,. If zy,,...,2, are
the neighbors of z; which are in T';;, then d; is given by (4.7) and an elementary
computation gives

] ]
7d & 02 &
= — = — > 0.
(0, 9)v; 103 QkiCk = Tog Z ag >0
k=l k=l
Combining this with (4.9) gives
n

=1

It is easy to see that (4.3) holds for this space as well. Thus (A.3) follows from (4.10),
(4.3) and (4.4).

From the above construction, it is clear that there is an integer L (independent
of the mesh) such that if 7 € 7;; and ¢ € S?(I';;) is one on every node which is within
a distance of Lh, of 7, then I;;¢ equals one on 7. As in the dual basis example, this
property implies that the space M} (T';;) satisfies (A.4).

5. Numerical results. In this section, we present three numerical examples.
In the first example, both the subdomain partition and the triangulation align, while
in the others neither does. Subdomain partitions and mesh structure of the first two
examples are illustrated in Figures 5.1-5.3 and those of the third in Figure 5.4. The
non-matching grids at some of the interfaces for the first two examples are illustrated
in Figures 5.2 and 5.3, respectively.
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F1a. 5.2. Initial mesh for the first ezample at z = 1 for the upper (left) and the lower (right)
subdomains. Solid lines denote subdomain boundaries and dashed lines the mesh.

In each example, trilinear finite elements on meshes of rectangular parallelepipeds
and the corresponding dual basis multiplier are used. To construct this multiplier
space for our rectangular mesh, which in fact is the tensor product of the two dimen-
sional dual basis multiplier considered in [33], we use a straightforward extension of
the techniques developed in Section 4.1 for general triangular mesh. Even though the
theory given in the previous sections was for tetrahedral meshes, it extends to the
approximation described above without difficulty.

The first two examples deal with a Dirichlet problem (2.1) on = (0,2)3. The
error behavior in the norms || - | and |||-||| for the known solution

u(z,y, z) = e TV G ET D (0 - ) (2 - ) (2 - 2)

is reported in Tables 5.1 and 5.2. At each level after the first, a finer mesh is obtained
by partitioning each element into 8 identical ones. In both examples, we observe
second order convergence in the || - ||p-norm and first order convergence in the |||-|||-
norm.

In our third example, a linear elasticity problem is considered. We solve for
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F1G. 5.3. Initial mesh for the second example at z = 1 for the upper subdomain (left) and the
4 lower (right) subdomains. Solid lines denote subdomain boundaries and dashed lines the mesh.

level | number of elements | || - ||o-error | |||-]||-error
1 140 5.14e-2 4.74e-1
2 1120 1.28e-2 2.36e-1
3 8960 3.16e-3 1.17e-1
4 71680 7.87e-4 5.84e-2

TABLE 5.1
Error behavior for the first example.

u = (u1, ug, us) satisfying, for each j =1,2,3,

3
0
;fm

‘O'ij(u) =0 in Q,

u; =0 on I'p,

3
E oijn; = f; on I'n,
im1

where, for each i,j = 1,2, 3,
0jj (U) = 2/15@' (U) + )\(SUV - u,
1 8uz 8uj
Eij(u) o 5 <8J)J + 8331) ’

with g = 8.2 and A = 10 (kg/cm?), the Lamé coefficients for steel. Here, f =
(f1, fa, f3) is given by f1 = fo =0 and

. {;0.35

Our computational domain 2 in this example is an I-beam contained in (0, 50) x
(0,10) x (0,13), constructed by combining 3 plates, one at the top, another in the
middle, and the other at the bottom. Each plate makes a subdomain, as shown in
the left picture of Figure 5.4. This yields a non-aligning subdomain partition. Then
each subdomain is meshed independently of the others, resulting in a non-aligning
global mesh. We compute the displacement v when the beam is fixed at I'p, the two

if 22 < y < 28,

otherwise.
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level | number of elements | || - ||o-error | |||-|||-error
1 84 6.30e-2 5.58e-1
2 672 1.59e-2 2.73e-1
3 5376 3.98e-3 1.35e-1
4 43008 9.95e-4 6.74e-2
TABLE 5.2

Error behavior for the second example.

10

Fic. 5.4. Subdomain partition (left) and the computed solution with the mesh (right) for the

I-beam example.

I-shaped ends, and a constant vertical force f is applied to I'yy, a central region of the
top surface. The resulting deformation of the beam, along with the mesh, is presented
in the right image of Figure 5.4.
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