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ABSTRACT

Mathematical models of many physical processes are desribed with elliptic boundary value
problems. An interesting and still not well understood is the class of nonsymmetric problems.
Important examples are steady-state convection dominated flows and Navier—Stakes flows
with small viscosity. Our goal in this dissertation is to construct and study stable numerical
approximations of some nonsymmetric boundary value problems that preserve the important
characteristics of the continuous problem such as local mass conservation and monotonicity.

The standard finite element and finite difference methods for convection-dominated prob-
lems are stable only for sufficiently small mesh sizes. On Voronoi and curcumscribed cell-
centered finite volume meshes we develop three upwind finite difference schemes: upwind,
modified upwind and Il'in’s. All of the considered schemes are locally mass conservative,
unconditionally stable, and satisfy the discrete maximum principle. We show that the up-
wind scheme has first order of accuracy. All the other schemes are second order accurate in
the discrete H!'-norm. We also provide L?—error estimates utilizing a discrete variant of the
Aubin—Nitsche trick.

We derive and study two upwind cell-centered finite difference schemes on locally patch
refined meshes. Special attention is paid on the accurate interpolation of the interface between
the coarse and fine regions It is shown that the reduction of their accuracy due to interface
interpolation is only half an order.

The finite volume element method is another conservative discretization technique for
elliptic partial differential equations. We develop a theory for both diffusion dominated and
convection dominated problems on 3-D tetrahedral meshes.

Upwind approximations are applied for the discretization of the saturation equation in
the total velocity model of two-phase flow in porous media. The linearization strategy is
proposed and tested for some model problems.
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CHAPTER I
INTRODUCTION

A very general, and as the history of science shows, successful way to study natural phe-
nomena is through describing them as models with certain structures that reflect only some
of the properties of the originals. With a slight abuse of the language we call these models
“physical”. Many physical models are written as partial differential equations with some
added conditions—initial and/or boundary value problems. The next step is to investigate the
qualitative behavior of the mathematical models—existence and uniqueness of the solution,
smoothness and so on. Frequently, for further understanding of the properties of a given
model, detailed quantitative information for the solution is necessary. In order to obtain this
information the continuous problem is approximated with a simpler one, usually a discrete
model; the properties of the discrete model are studied and the discrete problem is solved.
Usually computations are performed on a particular computer, and therefore computer algo-
rithms that utilize the potential of this computer’s architecture must be developed. In order
to draw conclusions scientists process the solution, for example, visualize some of its features.
The results are compared with the natural phenomenon, and if they are not satisfactory the
process is properly modified and repeated.

In this chain of mutually connected objects we distinguish the physical model, the contin-
uous mathematical model, the discrete mathematical model, the computational model and
the interpretation block.

In this dissertation we understand scientific computing (sometimes called computer sim-
ulation) as the part of the chain that begins with the physical model and finishes with the
interpretation of the discrete solution. Scientific computing necessarily includes branches of
the sciences that investigate the natural phenomenon, such as physics, geology, etc., parts of
mathematics that study continuous and discrete models, and certain disciplines of computer
science that are concerned with the development of computer algorithms and the interpre-
tation of the solution. Frequently the physical model and the corresponding mathematical
models are very complicated and the most realistic way to investigate them is through per-
forming physical and numerical experiments. It is a tendency in natural science to reduce the
number physical experiments by using numerical computations which are cheaper and much
more easily performed on different sets of data. It is commonly accepted that the numerical
experiments have to be considered as new tools that help extract the most from physical
experiments, but not replace them.

We understand numerical analysis as the part of mathematics that constructs and studies
discrete models of given continuous problems, investigates their properties, in particular how
“close” the discrete models are to the continuous, and develops methods for solving the
discrete models.

This dissertation is devoted to the study of some problems in numerical analysis and the
numerical investigation of one class of very complicated practical problems. Thus the subject
of this thesis is scientific computing.

We construct finite volume methods for a class of nonsymmetric problems and study both
theoretically and computationally their properties. These problems describe physical pro-
cesses that show both diffusion and transportation effects and therefore exhibit features of
elliptic and hyperbolic problems. It is essential for the understanding of the mathematical
problem to recognize that the transition from an elliptic to a hyperbolic problem is singular,
causing the solution of the problem to change rapidly in a very small subdomain. This local-
ized behavior of the solution makes the construction of good numerical methods a challenging
problem.



2 Introduction

Some examples of such processes are heat or contaminant transport problems with small
diffusion effects. Other examples are Navier-Stokes equations with high Reynolds numbers.
In these problems the analysis of the convection-diffusion equation is essential. Heat and
contaminant transport are described by the equation itself. Navier—Stokes equations are
frequently reduced to a coupled system of convection—diffusion and elliptic problems. The
nonlinear convection term is treated via iteratively solving a linear nonsymmetric problem
[125, 51].

Groundwater is one of the most important sources of drinking, irrigation and industrial
process water. However, groundwater supplies are threatened by organic, inorganic and
radioactive contaminants introduced by improper disposal or accidental release. Therefore,
protection of the quality of groundwater supplies and their remediation is a problem with
both economical and social significance.

Remediation methods are usually very expensive. Such strategies as pump-and-treat and
in-situ vitrification require accurate knowledge of the location and extent of the contaminant
plum. It is prohibitively expensive to monitor the contamination through physical obser-
vation. Another alternative is computer simulation of groundwater contaminant transport.
As we have already discussed, physical and mathematical models of the underground pro-
cesses have to be formulated and studied and efficient numerical methods for their solution
developed.

Groundwater contamination problems typically involve a broad and complex range of
physical, chemical, geochemical, nuclear, and biological processes. Still there is no available
rigorous theory (physical model) that explains the behavior of such interconnected phenom-
ena. Thus, scientific computing is an indispensable tool for studying such problems, and even
defining good physical models.

Many physical models in the engineering practice have a natural mathematical formulation
as variational principles, and therefore discrete models based on different formulations of the
finite element method will perform very well. In groundwater fluid flow theory mathematical
models are derived from the conservation of mass and the application of Darcy’s law to each
phase. It is desirable that the discrete model inherits the conservation of mass in both a local
and global sense, i.e., the discrete model has local conservation of mass. Cell-centered finite
difference schemes have local conservation properties and therefore are some of the most used
methods in reservoir simulations [9]. Mixed finite element methods on regular meshes also
perform very well for such problems.

The convection-diffusion problems we study in this thesis are coercive and satisfy the
maximum principle. The maximum principle guarantees that the mathematical model pro-
duces physically meaningful solutions. The solvability of the continuous problem follows from
the coercivity. Many numerical methods that do not satisfy the discrete maximum principle
exhibit non-physical oscillations. Thus, we would like to derive methods that satisfy the
discrete maximum principle and produce positive definite matrices.

For groundwater applications it is very common that the coefficients of the equations
are discontinuous. Cell-centered finite difference schemes and related mixed finite element
methods treat discontinuities in a very successful way, using harmonicly averaged coefficients
when the mesh lines are aligned with the discontinuities. Therefore, another requirement for
any successful method is that it works for distorted or even arbitrary meshes.

We summarize the desirable properties of numerical methods for nonsymmetric problems
in the following list:

(1) stability,
(7i) “good” approximation,

(7i7) local conservation,



(iv) satisfy the discrete maximum principle,
(v) produce positive definite matrices,
(vi) work for general domains and arbitrary grids.

In this dissertation we are interested in constructing cell-centered finite volume difference
methods and vertex—centered finite volume element methods for model
convection—diffusion problems that have the properties (i) — (vi).

First we consider cell-centered finite volume methods. There are many results for cell-
centered finite difference approximations of symmetric problems ([115, 43, 132, 135, 123]).
For nonsymmetric problems Samarskii [114] has shown convergence in maximum norm for
nonsymmetric problems with solutions from C*(Q). Spalding [121] and Runchal [111] have
proposed upwind cell-centered methods on uniform meshes, but have not proved stability and
error estimates. Herbin [59] has considered cell-centered finite difference schemes on special
triangular meshes and has shown first order convergence in the discrete L?-norm. There
are many publications in the engineering and mathematical literature concerning various
upwind methods, but we are not aware of works that contain rigorous theory for the schemes
that satisfy the properties we have listed above. In fact, Kershaw [70] has shown that it is
impossible to derive finite difference schemes that are second-order accurate and satisfy (iv)
and (v) on arbitrary quadrilateral meshes. In order to overcome this difficulty we impose
some restriction on the meshes. We consider two general classes of meshes — Voronoi and
circumscribed grids that can be introduced in general domains. If the grid lines have to be
aligned with a given coarse grid triangulation we use constrained Voronoi meshes.

Thus, the first objective of this thesis is to provide a theoretical framework for con-
struction and study of conservative, H!-coercive, monotone, and accurate approximations of
convection—diffusion problems on Voronoi and circumscribed grids. Special emphasis is put
on developing stability analysis and error estimates for problems with generalized solution
from the Sobolev spaces H?, % <s<3.

For Voronoi and circumscribed meshes we construct and study three cell-centered fi-
nite difference schemes, upwind finite difference scheme (UDS), modified upwind difference
scheme (MUDS), and II'in’s difference scheme (IDS), and show that they satisfy (i), (iii),
(iv) and (v). We also prove that MUDS and IDS have second-order of convergence in
discrete H' and L?>-norms and UDS is only first-order accurate. We point out that even
for the Laplace equation results for such general meshes are not available in the literature.
Our theory also covers the case of symmetric operators. To handle tensor coefficients we
propose a generalization of the cell-centered finite difference scheme. We also extend the re-
sults of Ewing, Lazarov and Vassilevski [43] for grids with local refinement to nonsymmetric
problems.

The second objective in this dissertation is to construct and study vertex-centered finite
volume element methods for convection-diffusion problems. We note that although cell-
centered and vertex-centered grids are dual, the stability and convergence of vertex-centered
finite volume methods do not follow from the theory for cell-centered finite volume meth-
ods. The theory of finite volume element methods for 2-D symmetric problems has been
developed by Bank and Rose [16], Hackbusch [55], Cai and McCormick [87, 28, 26], and
Jianguo and Shitong [66]. The only available result for 2-D nonsymmetric problems is due
to Hackbusch [55]. He has considered diffusion-dominated problems with convection terms
in non-divergence form. We generalize the results for 2-D symmetric problems of Cai and
McCormick [26, 28] and Jianguo and Shitong [66] to 2-D(3-D) nonsymmetric equations with
convection terms in divergence form. We prove the stability and error estimates for both
diffusion and convection dominated cases.



4 Introduction

The third objective of this thesis is to develop stable numerical methods for the saturation
equation in the global pressure/total velocity formulation of the mathematical model for two-
phase fluid flow in porous media. This is a part of the Partnership in Computational Science
Consortium (PICS) project in Groundwater Contaminant Transport (GCT) directed by Dr.
Richard E. Ewing. First, following of Espedal and Ewing results [40] we develop linearization
for the saturation equation which is based on a physically meaningful approximation. Then
for the linear equation, we propose two different finite element discretizations and implement
them in the PICS GCT 1.3 code. Numerical experiments are presented.

This dissertation is organized as follows. In Chapter II we consider elliptic boundary
value problems. The contemporary theory of partial differential equations investigates their
weak (or generalized) solutions in particular Hilbert spaces that are named after a prominent
Soviet mathematician, Sobolev. In Section 2.1 we introduce the necessary notation and state
the Sobolev imbedding theorem and the related trace theorem. These results are used as
tools in analyzing the proposed numerical methods. Section 2.1.3 contains several theorems
that estimate linear and bilinear functionals in Sobolev spaces. These results are usually
related to the first such theorem due to Bramble and Hilbert [22].

Section 2.2.1 collects necessary results for abstract variational problems. In Section 2.2.2
we apply these theorems in order to establish the existence and uniqueness results for the
nonsymmetric boundary value problems of interest.

In Section 2.3 we discuss the most important properties of the solution of elliptic boundary
value problems. We pay special attention to the maximum principle and the conservation
properties. In the next chapters we will construct numerical methods that satisfy the discrete
analogs of such properties.

Chapter III is devoted to the general definition and discussion of properties of several
finite volume methods. To define a particular finite volume method we have to specify two
things: the control volumes and the grids associated with them, and the approximation of the
fluxes. On the basis of these distinctive features we provide a classification of finite volume
methods and an extensive discussion of the literature on this subject (see references). In
Section 3.1 we introduce two grids, primary and secondary, and consider the control volumes
that can be defined on such grids. Voronoi meshes and their dual Delaunay triangulations are
interesting examples . We define various discrete inner products and norms and show that
they are equivalent under certain conditions. These discrete norms will be used to estimate
the error of approximation of numerical methods in Chapters IV, V and VI.

In Section 3.2 we define the discrete maximum principle and discuss the related notions
of monotone and M-matrices. The necessary assertions that connect these terms are stated.
Next we consider the discrete conservation property and the conditions under which every
finite volume method is discretely conservative.

Section 3.3 contains several cell-centered finite volume methods. The basic finite difference
scheme for problems with a scalar diffusion coefficient is derived in Section 3.3.1.1 and possible
extensions for tensor coefficients are outlined in Section 3.3.1.2. The relations of cell-centered
finite difference schemes with mixed finite element methods are discussed in Section 3.3.2. In
Section 3.5 we introduce vertex—centered finite volume element methods.

In Chapter IV all basic types of approximation methods for strongly nonsymmetric prob-
lems are discussed and compared with respect to the conditions (i) — (vi). In Section 4.1 we
state the necessary conditions that finite volume meshes have to fulfill (FV regular triangu-
lations). This condition is a natural extension of the regularity condition for finite element
meshes (3.3) to more general finite volume grids. We also state the geometrical conditions,
collected in the so called “symmetry assumption”, that are sufficient for the higher conver-
gence rate of properly designed finite volume methods.

In Section 4.1 we consider four finite difference schemes: central difference scheme (CDS),



upwind finite difference scheme (UDS), modified upwind difference scheme (MUDS), and
II’in’s difference scheme (IDS). It is known that CDS is not stable for a cell Peclet number
larger than 1. We show that UDS, MUDS and IDS satisfy the discrete maximum principle,
produce M-matrices, and are unconditionally stable. In Section 4.2 we derive estimates for
the error of approximation in discrete H' and L? norms. Section 4.3 contains the results of
extensive numerical experiments performed with the UDS, MUDS and IDS schemes. Our
theory also provides error estimates for CDS when this scheme is stable.

Chapter V is devoted to the analysis of cell-centered finite volume difference schemes with
local patch refinement. In Section 5.1 we consider constant and linear interpolation along
the interface between refined and non-refined domains and derive the corresponding finite
difference schemes, UDS and MUDS, on the composite grid. In Section 5.2 we prove that
these schemes are well defined and produce positive definite matrices. The error estimates
are provided in Section 5.3 and the numerical experiments are presented in Section 5.4.

Finite volume element methods for nonsymmetric problems in 3-D are considered in
Chapter VI. For diffusion-dominated methods we reformulate the FVE method as the Petrov—
Galerkin method and apply the general theory (check the inf-sup condition [11]). The diffu-
sion and convection parts of the FVE method are compared with those of the FE method and
the estimates of the difference between them are derived. The inf-sup condition follows from
these estimates. For the convection-dominated case we propose the upwind FVE method and
with the tools developed in Chapter IV we show that this scheme is stable. We also prove
error estimates in the discrete H'-norm.

In Chapter VII we briefly discuss the conservation laws and the constitutive relations
that govern the two phase fluid flow in porous media. We reformulate this model as a global
pressure/total velocity model and sketch the derivation of the coupled system of nonlinear
parabolic partial differential equations. We discuss two different approaches to handle the
compressibility of the air.

Our main goal in this chapter is to develop numerical methods for the saturation equation.
We introduce a new macro-dispersion term in the saturation equation that can be considered
a result of the up-scaling and heterogeneity of the porous media. Because of this term the
saturation equation does not degenerate. The saturation equation is nonlinear and convection
dominated, and therefore the most important problems are related to handling the nonlinear-
ity and producing stable approximation. We consider a linearization that takes into account
the two separate regimes exhibited by the modeled physical process and is also well suited for
sharp fronts. For the linear equation we propose two different finite element discretizations.
The first one is based on trilinear finite elements with added artificial diffusion in order to
obtain a stable method. The numerical results show that this method produces smearing.
The second attempt is an upwind finite element method on tetrahedral meshes, constructed
with the finite volume approach developed in the previous chapters.

Finally, in Chapter VIII conclusions and possibilities for future research are provided.






CHAPTER I1

ELLIPTIC BOUNDARY VALUE PROBLEMS

Mathematical models of many physical processes are described with elliptic boundary
value problems. Interesting and still not well understood is the class of nonsymmetric prob-
lems. Important examples include steady state convection dominated flows, certain classes
of heat convection problems and the Navier—Stokes flows with small viscosity.

In this chapter we introduce the class of nonsymmetric boundary value problems we will
solve numerically in this dissertation. The necessary definitions and theorems from functional
analysis are collected in Section 2.1. The abstract variational problems are investigated in
Section 2.2 and the results are applied for elliptic problems. We finish the chapter with a
short discussion of the properties of the elliptic problems of interest, in particular, maximum
principle and conservation properties.

2.1 Sobolev spaces

Many problems in the theory of partial differential equations are naturally formulated and
studied in certain functional spaces associated with the name of the Soviet mathematician
S. L. Sobolev because of his major contributions to their development in the late 1930s (cf.
[120]). Below we state some of their basic properties.

2.1.1 Notation and basic properties

We use the term domain, and usually denote it by €2, to refer to an open set in d—dimensional,
real Euclidean space R?. A point in R? is denoted by x = (x1,%2,...,24), its norm is

1/2
x| = (Zle mf) and the inner product of x and y is (x,y) = 2?21 Ty f G CRY,) we
denote by G the closure of G in R? and by ¢ the interior of G in RY. We reserve the symbol
dG for the boundary of G, i.e., 0G = G N (RI\G).

If a« = (ai,as,...,aq) is an d-tuple of nonnegative integers «;, we call a a multi-index
and denote by D the differential operator of order |«

Da:D?l"'ng,

where D} = 0% [0z} and |a| = E?Zl Q;.

Let Q be a domain in R?. For any nonnegative integer m let C™(Q) be the vector space
consisting of all functions u(x) which, together with all their partial derivatives D*u(x) of
order |a| < m, are continuous on . Clearly, C°(Q2) = C(2). Let C*®(Q2) = (oo, C™().
The subspace C§° () consists of all those functions in C*° () which have compact support
in Q. We denote with C2°(2) the restriction of C§°(R?) to Q.

We often use LP(12) spaces defined as classes of all Lebesgue measurable functions u on
Q, for which

/|u(x)|pdx<oo, 1<p<oo,
Q

esssup |u(x)| < oco. p=00.
zEQ
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It is well known fact that LP(2),1 < p < oo are Banach spaces equipped with the norms

1/p
||u||p.9={ / |u(x>|pdx} . l<p<oo,
Q

|t]lco,0 = esssup |u(x)], p=o00.
TEQ

Moreover, L?(f2) is a Hilbert space with an inner product

(u,v)o = /Qu(x)v(x) dx, u,v€L*N).

A function u, defined almost everywhere on €, is said to be locally integrable on ()
(u € L () provided u € L'(Q) for every Q; C Q and Q; compact. Let v € L (). We

loc loc

say that v, € L, () is a weak (or distributional) partial derivative of u provided v, satisfies

[ upedx= (-1 [ va@otdx  VoeCE@).
Q Q

We denote v, by D%u.
For any positive integer m and 1 < p < oo Sobolev space W™? is defined by

WmP(Q) = {u € LP(Q) : D € LP(Q), for 0 < |a| < m}.

The norm in W™P(Q) is denoted ||.||m,p,0 and defined by

1/p
lullmpo=| > D%l , 1<p<oo,
0<|a|<m
lullm,co0 = max [[D%lle0, p=00.
0<|er|<m

In the above definition D%u is the weak partial derivative of u. We also make frequent use
of the seminorms |.|;p0, 0 <k <m,1<p< o0

1/p

lulkpo=| D ID%ull? g
|| =k

For the spaces W™ ?2({2) we use the special notation H™(Q). An equivalent way to construct
Sobolev spaces W™P(Q) is by completion of C*° () with respect to the norms ||. ||, p.0. We
define W;""(Q) as the closure of C§°(Q) in W™P((Q).

For any integer m > 0 and any number 0 < o < 1 we denote with C™%(Q) the space of
all functions in C™({)) whose m-th derivatives satisfy a Holder condition with exponent «,
ie.,

ID%(x) - Dv(y)] < Callx — v,

where |3| = m. Equipped with the norm

DB —_ DB
ol = Mollmoesn + max sup 12700 = D200l
‘:mx,yefl “X_YH
xZ£y

)

the space C"™%(Q) is a Banach space.
The following two results are well known.
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Theorem 2.1 W™?(Q) (Wy""(Q)) is a Banach space for p, 1 < p < co.
Theorem 2.2 H™(Q) (H{*((Q)) is a Hilbert space with an inner product
(U, V), = Z (D%u, D%)y .

0<|al<m

We denote by W~ (Q) the dual space of WJ""(Q), where 1/p + 1/p' = 1. The norm in
W=7 (Q) is defined by

< >
il mpn = sup LSl
vEWSP(Q) v]lm.p,0
v;éO

Here we accepted the notation < u,v > to designate the value of the continuous linear
functional u € W% () on the element v € Wg?(Q). In future references we will call it
duality pairing for the corresponding spaces.

A standard way to introduce Sobolev spaces with real index s > 0 is by the so—called real
method of interpolation of Lions and Peetre [80], [81]. We accept an alternative approach
(cf. [5], [119], [1], [52]) to define W*P(Q) as a space of of all function v € WP(Q) s =
[s] + o, [s] is the integral part of s and 0 < o < 1, such that

D — D2 p
[ DD g,
QxQ |z — y|T+or

for |a| = [s]. The norm is defined in W*?(Q)

1/p

dz dy

lulls p0 = “u“fs],p,9+ Z /

|D%u(x) — D*u(y)|”
lee|=[s] QxQ |

T — |d+0’p
For the spaces W*?(Q2) we have the following density result.

Theorem 2.3 ([52]) Let Q be a domain in R? with a continuous boundary. Then C'° ()
is dense in W*P(Q) for all s > 0.

2.1.2 Sobolev imbedding theorems

The most useful properties of spaces W%P(Q), especially in studying differential operators
are their imbedding characteristics. The imbeddings of Sobolev spaces depend upon the
regularity properties of 2. In many cases it is enough to characterize the boundary 0€2. The
next definition is sufficient for most of our subsequent purposes whenever some smoothness
of the boundary is required (cf. [94]).

Definition 2.1 (Lipschitz—continuous boundary [31]) We say that a domain § has a
Lipschitz—continuous boundary 0% if the following conditions are fulfilled: there exist positive
constants « and 3, and a finite number of local coordinate systems and local maps a,, 1 <
r < R, which are Lipschitz-continuous on their respective domains of definitions {2" € R?~! :
|Z"| < a}, such that

R
N = U{(x;,jr)’ Ty = ar(i.r)v |ir| < Cl},
r=1
{(z],2"); ap(@") < 2] < ar(2")+B; |2"|<a}C, 1<r<R,

{(27,27); ap(@") — B < 2] < ap(2"); |27 <a} C (R\Q),

where 2" = (z5,... ,2}), and |2"| < a stands for |z]| < a,2<i<d—1.
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If the functions a, are of class C™ in their domain of definition we say that 9 is of class
cm.

Definition 2.2 (Continuous imbedding) We say that the normed space X is continu-
ously imbedded in the norm space Y, and write X — Y to designate this imbedding, pro-
vided that X is contained in Y with continuous injection; i.e., there is a positive constant C'
such that

lzlly < Cllz|x -

We frequently use the following fundamental result.

Theorem 2.4 (Sobolev Imbedding theorem) Let Q2 be a bounded domain with
Lipschitz—continuous boundary in R*. Let s >0 and 1 < p <d.

If d > sp then W*P(Q2) < L"(Q) for p <r < dp/(d — sp). (2.1a)
If d = sp then W*P(Q) — L"(Q) for p <r < 0. (2.1b)
If j < s—d/p < j+1 for some nonnegative integer j

then W*P(Q) — CP*(Q), where a =5 —j —d (2.1c)

We recall that the elements in Sobolev spaces are equivalence classes, and therefore, the
relation (2.1c) means that each equivalence class u in WP (Q), s > d/p contains a continuous
member in the corresponding space. Therefore, u has well defined values on each subset of ().
We consider also values (traces) of functions in Sobolev spaces in the following weak sense.

Let Q* be a k—dimensional domain, 1 < k < d, Q¥ C Q and let v : WP — W5 (QF)
be a linear operator with the property that if lim, oo ||t — Un|lm po =0, u, € C2(Q2) then
lim,, o0 |72 — Un|j 4,0 = 0 and

[vulljqer < Kllullspo

with a constant K independent of u. Then yu € W74(QF) is called trace of u € W*P(Q). In
fact, v is an unique continuous extension of the mapping u(Q) — u(Q¥) defined for smooth
functions. In the following theorem we state the conditions when such mapping exists.

Theorem 2.5 (Trace theorem [1]) Let Q be a sufficiently reqular domain in R and let
QOF be the k-dimensional domain obtained by intersecting Q with a k—dimensional plane in
R, 1<k<d Lets>0,1<p<qg<oco,and x=5—(d/p)+ (k/q). If

(1) x>0andp<gq, or
(11) x> 0 and x is not an integer, or

(i) x>0and1l <p<2,
then (direct imbedding theorem,)
WoP(Q) — WX1(QF). (2.2a)

Imbedding (2.2a) does not necessarily hold for p = q > 2 and x nonnegative integer.
Conversely, if p = q and if either

(iv) x=s—(d—k)/p>0 and is not an integer, or
(v) x>0andp>2,
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then we have the reverse imbedding
WX1(QF) < WHP(Q) (2.2b)
in the sense that each u € WX:4(QF) is the trace on QF of a function w € W*P(Q) satisfying

lwlls,p.o < Kllullypar

with K independent of u.

Remark 2.1 Suppose that 2 is a sufficiently regular domain and the domain ; C € has
piecewise linear boundary, i.e., each segment is of the type of Q* described above. As a simple
corollary of the “trace theorem” we obtain that if W = (Wy,... ,Wy) € (H*(Q)?, s > 1/2
then (W,n) € H* /2(9Q,) C L?*(99,), where n is the outward normal unit vector to 9.
If W = Vu, then u has to be in the space H*T1(1).

Another approach to work with vector functions is outlined below. The space Hy;, (Q2) is
defined via
Hyin(Q) = {v = (v1,... ,va) : v; € L*(Q), div(v) € L*(Q)}

and is a Hilbert space with the norm

. 1/2

VIl zza0, (@) = (IVIIE0 + v (V)G )

The following theorem due to Thomas [126] answers the questions about the traces of func-
tions from H g, ().

Theorem 2.6 The mapping v — (v,n) defined a priori from (H' (Q))d into L*(09Q) can be
extended to a continuous linear mapping from Hyi,(Q) onto H=Y/2(8Q). Further we have the
following characterization of the norm on H/2(99):

- = inf . .
lll-1/2.00 = _jnf ClVliHa, @)

Ha;in ()

(vin)=p

Therefore, instead of the integral [, (v,n) ds we can consider the duality pairing < (v,n),1>
between the spaces H~'/2(9Q) and H'/?(9Q). In general, we prefer to work with functions
in L?(09) and define the Hilbert space

Haiv(Q) = {v € Hgin() : (v,n) € L*(09)}

with the norm

/
Wltacae) = (I, ) + 100 m) 13 00)

2.1.3 Bramble—Hilbert theorems

In our analysis of certain numerical methods we represent the error as a functional in some
Sobolev spaces and estimate that functional using the well known results from functional
analysis.

We denote with Py () the space of all polynomials of degree < k in each variable. We say
that a linear form (functional) f(.) : V — R is continuous if the following inequality holds for
every v € V

[F @) < 7l llolly -
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where ||.|[y» is the norm in the dual space V' of V. Similarly, we say that a bilinear form
A(.,.) : U xV — R is continuous if there exists a constant C such that for every u € & and
v € V the following inequality holds

|A(u, v)] < Clluflulvlly -
The smallest constant C' is the norm ||A|| of the bilinear form A in the space Lo(U X V; R).

Theorem 2.7 (Bramble-Hilbert lemma [22]) Let Q be a domain in R? with
Lipschitz—continuous boundary.

(i) For some integer k > 0 and some number p € [0,00], let f(.) be a continuous linear
form on the space Wk+T1:P(Q).

(i7) Let the linear form f(.) satisfy

Vpe P.(),  f(p)=0.
Then there is a constant C(Q) such that

@) < CEOflkt1polvlisipg

where ||.|[511 ,.q i the norm in the dual space of Wktlr(Q).

If the linear form f(.) vanishes only for polynomials of degree < k — 1 then the following
modification of Theorem 2.2 holds [57].

Theorem 2.8 (Modified Bramble—Hilbert lemma) Let () be a domain in R? with Lipschitz—
continuous boundary.

(i) Let the assumption (i) of Theorem 2.8 be fulfilled, with k > 1.

(i7) Let the linear form f(.) satisfy

Vpe P 1 (),  f(p)=0.
Then there is a constant C(Q) such that

[F @) < CENfllk+1,p.0 (Ve + [0lkt1p.0) -

A similar result for bilinear forms is stated in the following theorem.

Theorem 2.9 (The bilinear lemma [31]) Let Q be a domain in R? with Lipschitz con-
tinuous boundary. Let A(.,.) be a continuous bilinear form over the space W*+L.P(Q) x W,
where the space W satisfies the inclusions

P(Q) c W c WHha(Q),
and is equipped with the norm ||.|li+1,4.0. We assume that

Vp € Pr(Q), VweW,  Alp,w) =0,
Yv e WkLP(Q), Vge P(Q), A(v,q)=0.

Then there exists a constant C(2) such that
[A(u, w)| < COQAllolk+1polwhirge, YveWHP(Q), Ywe W,

where || Al| is the norm of the bilinear form A(,.) in the space Lo(WETLP(Q) x W; R).
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2.2 Abstract variational problems

We consider several abstract variational problems that are closely connected with the non-
symmetric boundary value problems we investigate in this thesis. We formulate the general
theorems for existence and uniqueness in Hilbert space framework and state the conditions
that spaces and bilinear form should satisfy. These results are applied to investigate solvabil-
ity of particular partial differential equations.

Let U and V be two real Hilbert spaces with norms ||.|l;s and ||.]|y respectively, and let
A:U xV — R be a bilinear form. We define the following variational problem:

Find an element u € U such that

A(u,v) = f(v), YveV. (2.3)

We also consider generalized saddle point problems. Assume that U;, V;, i = 1,2 are real
Hilbert spaces and the following bilinear forms

AZU1XUQ—>]R, 81:V1XUQ—)]R, BQZVQXUl—)]R (24)

and the linear form f : U — R are defined. Consider the problem:
Find a pair (u,v) € U1 x Vi such that

A(U,UQ) + B (U,U,Q) = f(UQ) Yus € Us (253)
BQ(’U2,U) =0 VUQ € V2 (25b)

In the following section we state a few theorems that answer the question whether the prob-
lems (2.3) and (2.5) can be solved.

2.2.1 Existence and uniqueness theorems

First we consider the case when &/ = V. We say that a bilinear form A(.,.) : V xV = R is
V-elliptic (coercive) if there exists a positive number « such that

allull}, < A(u,w) YueV.

Theorem 2.10 (Lax—Milgram lemma [31]) LetV be a Hilbert space, let A(.,.) : VXV —
R is a continuous V—elliptic bilinear form, and let f(.):V — R be a continuous linear form.
Then the abstract variational problem (2.3) has one and only one solution and the following
stability estimate holds:

1
lully < =7y
(0%

We also need the generalization of Lax-Milgram lemma due to Necas [94] and modified by
Babuska and Aziz [11].

Theorem 2.11 Let U and V be two real Hilbert spaces with norms ||.| and ||.||y, respec-
tively. Assume that there exist a positive constants o such that the continuous bilinear form
A:U XV — R satisfies

|A(u, v)|

sup ———= > a||lully Yuel, (2.6a)
vey  vlly

v#0

sup |A(u,v)| >0 YveV,v#0, (2.6b)

ueU
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and assume that f(.) : V — R is a continuous linear form. Then the abstract variational
problem (2.3) has one and only one solution and the following stability estimate holds:

1
< — ,.
lelle < ~11flly

Remark 2.2 The most difficult of the conditions (2.6) is (2.6a). This condition is frequently
represented in the following equivalent form:

inf sup G, v >a>0
wellyey [lullullvlly
u#0 v#0

and is called Ladyzhenskaya—Babuska—Brezzi or inf-sup condition. The general scheme to
check (2.6a) is to construct a mapping T} : Y — V and such that

|Au, Tyu)| = efjullul[Tyully (2.7a)
with a > 0. Similarly, we construct a mapping T3 : V — U and such that
|A(Tou,u)| > 0. (2.7b)
Clearly, conditions (2.7a) and (2.7b) imply the conditions (2.6a) and (2.6b).

Now we consider some applications of Theorem 2.10 to the generalized saddle point prob-
lem (2.5) due to Nicolaides [95] (see also [21]). Consider the problem (2.3) with and additional
restriction

A(u,v) =0 YveV,u€ Z, (2.8)
where U = Z® W and W = Z+. We call Z a null space of the bilinear form A.

Corollary 2.1 Let A: U xV — R be continuous bilinear form that satisfy the conditions
(2.6) for the spaces W and V and assume that f(.) : V — R is a continuous linear form.
Then the abstract variational problem (2.3), (2.8) has one and only one solution in YV and
the following stability estimate holds:

1
u < — /N
lullee < ~ 11 £ll

Theorem 2.12 ([95]) Assume that U;, Vi, i = 1, 2 are real Hilbert spaces and the continu-
ous bilinear forms A, By and By are defined in the corresponding spaces (2.4). Let Z; be the
null spaces of B;, i = 1, 2. Moreover, suppose that By and Bs satisfy the conditions (2.6)
for the spaces Vi, Us and Vs, Uy with constants B and B2, respectively, and A fulfills the
conditions (2.6) for the spaces Z1 and Zo with a constant a and assume that f(.) : Us — R
is a continuous linear form. Then the abstract variational problem (2.5) has one and only
one solution and the following stability estimate holds:

1 a+ ||A]
< — ’ < _— I .
fulha < 2l otk < (=020 171 (29

2.2.2 Applications to elliptic boundary value problems

Let Q € R? be a bounded domain. We consider the operator of the form

Lu = div(—A(x)Vu(x) + b(x)u(x)) (2.10)
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and the corresponding boundary value problem:
Find a function u(z) which satisfies the following differential equation and boundary condi-
tion:

Lu(x) = f(x) in Q (2.11a)
u(x) =0  on 9N (2.11b)

where a symmetric d x d matrix A(x) = {a;;j(x)}¢;_;, ai;(x) € L®(Q), a vector b(x) =
(b1(x),...,ba(x)), bi(x) € L>=(Q), and right hand side f(x) € H 1(Q) are given functions
in Q. We say that £ is elliptic in Q if A(x) is positive definite for almost every x € Q, and
uniformly elliptic in € if there exist positive constants C' and M such that

CHEP? < (A(2)€,€) < CIEP, (2.12a)
laij(x)] < M, |bi(x)| <M, d,j=1,....d (2.12b)

for any ¢ € R? and for almost every x € ().

We note that less restrictive assumptions on the coefficients a;;, b; could be made (cf.
[73]). In general, the problem (2.11) has no classical solution u € C?(2) [ C(Q) even for
bounded coefficients. We introduce the bilinear form associated with the problem (2.11)

A(u,v) :/Q(A(x)Vu(x),Vv(x)) dx—/(b(x).Vv(x))u(x) dx (2.13a)

Q

and the linear form
f(v) =<f(x),v(x)> . (2.13D)

The problem (2.11) can also be formulated in the following weak form:
Find u € H}(Q) such that

A(u,v) = f(v) forallv e H}(Q). (2.14)

The solution u of (2.14) is called weak (or generalized) solution of (2.11) in H{ ().
In order to assure the global solvability of the problem (2.14) we impose the following
assumptions.

Assumption 2.1 The operator L is uniformly elliptic.

Assumption 2.2 b(z) € (Wl"’o(ﬂ))d and div(b(z)) > 0 for almost every z € (2.
We consider also a weaker version of Assumption 2.2.

Assumption 2.3
/(b,Vv)d:vS 0 VoelC>®(),v>0.
Q

Here we apply results from the previous section to the problem (2.14). Suppose that
Assumptions 2.1 and 2.2 are satisfied. From

/Q (b.Vu)uds = /Q div(bu)u dx

__ /Q div(b)u? dx — /Q (b.Vu)u dx
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we obtain

/(b.Vu)udx: —l/div(b)u2 dx
Q 2 Ja

and hence
1
Au,u) = /(AVu,Vv) dx + 3 / div(b)u? dx (2.15)
Q Q

The Assumptions 2.1 and 2.2 guarantee that A(,.) is H}(Q)—elliptic, i.e.,
Cllulli o < A(u,u) .
We also show that A(,.) is continuous,
[A(u, 0)| < | Allo,00.cllulliellvllie + [1bllo.co.ollvllellulloe < Cllullallvll g

Clearly,
[F) < Ifll-iellvlle-

Therefore, from Lax-Milgram lemma follows that the problem (2.14) has an unique solution
in H}(Q). The Lax-Milgram lemma also guarantees that the solution is stable with respect
to the right hand side, i.e.,

lullie < C7HIfI-10.

We also prove that A(.,.) is Hi (Q)—coercive if Assumption 2.2 is replaced by Assumption
2.3. This follows from the equality

- / (b(x).Vu(x))u(x)dx = —= / (b(x).Vu?) dx
Q Q
and the density of C§°(Q) in H}(Q).

Remark 2.3 We can relax the Assumption 2.2 in the following sense [105]. Let Cq be the
constant in the Poincaré inequality

[vllo.e < Calvhae  Yve Hy(Q).

Then for the H{ (Q)—coercivity of A(.,.) it suffices that

div(b) > 7,

—CCQ<77<00,

where C' is the constant in the condition (2.12a) of the Assumption 2.1.

We consistently use the notion of flux q defined below. Then the equation (2.11a) can be
written in the “flux” form

q=—-AVu+bu, (2.16a)
div(q) = f. (2.16b)

We briefly discuss the dual weak form of the problem (2.11). First we rewrite (2.16) in
the following form:

Kq+Vu—-p0pu=0,
div(q) = f,
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where K = A~! and 3 = Kb. The dual weak form is obtain by testing the equation with
functions from the appropriate spaces and applying the Green’s formulas
Find the pair (q,u) € Hg;»(Q) x L2(Q) such that

(Kq,v)o — (div(v),u)o — (Bu,v)o =0 Vv e H(div;Q), (2.17a)
(div(q),w)o = (f,w)o VYw € L*(Q). (2.17b)

Clearly, the spaces here are Uy = Uy = H(div; Q) , Vi = Vo = L*(Q2) and the bilinear forms
are A(q,v) = (Kq,v)o, Bi(u,q)=—(u,div(q))o — (Bu, v)o and
B, (q7 w) = (div(q)v w)O'

The finite volume weak formulation is define as follows:

Find v € H*(Q) N H}(Q), s > 3/2 such that for any volume V C  with Lipschitz—
continuous boundary

/av(q,n)ds:/vfx. (2.18)

2.3 Properties of the solutions of elliptic problems

In this section we consider two properties of the solutions of elliptic problems. These charac-
teristics of the solution are very important for the applications. In next chapter we construct
numerical methods that satisfy discrete versions of these properties.

2.3.1 Maximum principle

One of the most important properties of the elliptic problems is that they satisfy the maximum
principle under certain conditions. In order to state the maximum principle for the weak
solution of (2.11) due to Stampacchia [122] we introduce some definitions.

Definition 2.3 We call a function u(x) € H'(Q) superelliptic (subelliptic) if
A(u,v) <0(>0) Yoe C5(Q), v>0
and elliptic if it is both superelliptic and subelliptic.

Definition 2.4 We say that u € H*(2) satisfies the inequality u > 0 on 0%, if its negative
part v~ = min(u,0) € H(Q).

Theorem 2.13 (Maximum principle [49]) Let u(z) € H'(Q) be a subelliptic function,
let Assumptions 2.1 and 2.8 be satisfied. Then if u(z) >k on 01,
essinfu(z) > min(0, k) .
zeQ

Suppose the problem (2.11) is a mathematical model of some physical process, for example
u(x) can be a concentration of some substance. Then since the concentration on 0f is greater
or equal to zero, so is the concentration inside 2. This shows that our model produces
physically meaningful solutions.

The maximum principle is a powerful tool for the investigating the solvability of par-
tial differential equations. We cite some results that can be obtain with application of the
maximum principle for the more general problem defined below. Consider the differential
operator

Lu = div(—Ax)Vu(x) + b(x)u(x)) + c(x)Vu(x) + d(x)u(x) (2.19)
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where the coefficients A = {aij}g{j:l, b(x) = {b:i}%, c¢(x) = {c;}%, and d(x) are functions
in L*°(Q). The corresponding boundary value problem is defined by (2.11) and the bilinear
form is

Alu,v) = /Q (A(X)Vau(x), Vo(x)) dx — / (b(x). Vo(x))u(x) dx

Q

+ /Q (c().Vu()o(x) dx + /Q d()u(x)v(x) dx

We add to the conditions (2.12) assumptions that the coefficients ¢ and d are also uniformly
bounded, i.e.,

()| <M, Jdx)| <M, i=1,...,d (2.20)

where M is the same constant as in (2.12b). Therefore, we say that £ is uniformly elliptic if
conditions (2.12a), (2.12b) and (2.20) are satisfied. We also modify the Assumption 2.3. in
the following way.

Assumption 2.4
/ [do — (b, Vo)] dz >0 Yove C®(Q), v>0.
Q

The uniqueness of the generalized solution of the problem (2.11) where differential oper-
ator L is defined in (2.19) is immediate consequence of the maximum principle.

Corollary 2.2 If u € H}(Q) is an elliptic function in Q, then u = 0 almost everywhere in
Q.

The existence result is stated in the following theorem [49].

Theorem 2.14 If Assumptions 2.1 and 2.4 are satisfied, then the problem (2.11) has a
generalized solution.

Remark 2.4 Note that the bilinear form A(.,.) is not H}(Q)-coercive under the Assump-
tions 2.1 and 2.4 . We have only the Garding’s inequality satisfied:

A(u,u) > Cilult g = Collullg o,

where C; = C~1/2 and Cy = (2Cd — 1) M.
This can be seen by the following simple computations:

A(u,u) = C’fl|u|f79—/Q((b—c),Vu)udX—l-/Qduzdx

c-! 4
- [(—e.Vuuds > o -C (Z i + |ci|> Jull3 o

i=1

\Y

c'oy 2
_T|U’|1,Q —2CMd||ullp o

In general we cannot show that the constant Cy is positive, but if the function d(x) is big
enough or the domain  is small enough (recall that in the Poancaré inequality the constant
Cq is proportional to diam((2)), then we can prove that A(.,.) is H}(Q)-elliptic.
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2.3.2 General solvability and regularity results

Here we present a few comments on the solvability and regularity of the solution of the
problem (2.11) where £ is defined by (2.19). Consider the problem

(L—=AE)u = f(x) in Q2 (2.21a)
u(x) =0  on 99, (2.21b)

where A is a complex number. From the remark above it is clear that if X is real and |A| < Ag
for some positive number Ao, then the problem (2.21) has a unique generalized solution. The
general result is stated below in a theorem due to Ladyzhenskaya and Uralt’tseva [73]. We
collect all the conditions of the theorem in the following assumption.

Assumption 2.5 Suppose that the condition (2.12a) is satisfied. Moreover,

d
2 2
i) § :ci

i=1

v ld(@)]lo,g2,0 < C forq>d.
0,9/2,2

1
_ > .
—r" /Qd(:v)a:_Cd >0

f=fo+divf), f£={f}L,, where f € L™(Q),fc L*(Q) and

2% S_[d, >
42’ Tl 246, d=2,e>0

m =

Theorem 2.15 Suppose that Assumption 2.5 is satisfied. Then the problem (2.21) has a
unique generalized solution in HZ(Q) for every X € C except at a countable set of values
A=A, k=1,2,... such that |\g]| = o0 as k — oo. To every A there corresponds a finite
number of linearly independent generalized solutions u,(j) of (2.21) in H}(Q) if and only if

(4)

u;,’ are solutions of the problem

(E —\E )u 0 in Q
u(z) =0 on 092,

where L* is the conjugate operator of L and X is the complex conjugate of \.

To prove convergence of the numerical methods considered in this dissertation we will
need higher regularity of the weak solution of the problem (2.11) than just membership in
H'(Q). The regularity result is usually formulated in the following form:

lullita < Clfll-14a  a€(0,1]. (2.22)

The case @ =1 is called full elliptic regularity.

There are three factors that influence the regularity: the regularity of the domain (2,
the smoothness of the coefficients of (2.10) and the regularity of the right hand side. For
thorough discussion of the first factor we refer books by Grisvard [52, 53] and Dauge [34].
Results concerning the other two factors are presented in the monographs by Ladyzhenskaya
and Ural’tseva [73] and Lions and Magenes [80] for example.

2.3.3 Conservation properties

We start with a short discussion of the Gauss divergence formulas. Below we derive it from
the Green’s formulas [31].
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Given functions u, v; € HY(Q), i =1,... ,d, the following fundamental formulas
/ ud;v; dx = —/ O;u v; dx+/ wwv;n; ds (2.23)
Q Q o0
holds for any i = 1,... ,d. Here n = (n1,... ,ng) is the unit outward normal vector defined

on the boundary 9. By letting © = 1 and summing from 1 to d, we get the Gauss divergence
formulae

/ div(v)dx = / (v,n)ds, (2.24)
Q o)
where v € (HI(Q))d.

For v € Haiv (), u € H(Q) the following version of Green’s formulas holds (cf. [108]):

/ udiv(v)dx = —/(Vu,v)dx+/ u(v,n)ds.
Q Q o)
Again by letting u = 1 we obtain (2.24).
The following simple fact in Lebesgue integration theory (cf. [110]) is frequently called a
localization theorem.

Proposition 2.1 Let f(z) € L'(Q) and be such that for any measurable subset G C

/Gf(a:)d:vzo.

Then f(x) =0 for almost every x € Q.

With an obvious argument this fact can be proven for more reasonable domains, say, domains
with Lipschitz—continuous boundary and for functions in L%(Q).

Most of the PDEs used for modeling of some processes of interest are derived from physical
laws of conservation. Without formalization, these laws state that the net change of a physical
quantity by way of fluxes through the boundary of a given region equals the net contribution
to this quantity from the source or sink inside the region. Typical examples are conservation
of mass, conservation of momentum and conservation of energy laws. These laws usually are
augmented by constitutive laws like Fourier’s law of heat conduction, Darcy’s law for porous
media flow, or Ohm’s law of electric conduction.

Let q be the flux defined by (2.16a) and f(x) be the density of the source/sink. Then,
one particular conservation law can be written as

[ (amas= [ feax. (2.25)

for every sufficiently regular domain V' C Q. If the flux is smooth enough, i.e., q € (H1 (Q))d
(q € Hain(Q)), then we can apply the Gauss divergence formulas and obtain

/V div(q) dx = /V f(x) dx. (2.26)

Using the localization theorem we get exactly the equation (2.16b) in the definition of the
boundary value problem (2.16).

On the other hand if the equation (2.16b) is integrated over a given volume V' and the
Gauss divergence formulas is applied, the result is (2.25).

Previous remarks showed that the problem (2.11) is equivalent to the problem (2.26)
with condition (2.16b). The equation (2.25) with condition (2.16b) can be considered as a
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“weak” formulation of the problem (2.11) in the corresponding spaces. If the flux q and u are
approximated separately, this leads naturally to an analogy of the mixed method formulation
(cf. [24], [108]) in the couple of spaces (Haiv(€), Hg(€2)). Our approach is to represent the
flux q via u, and consequently, because of the Theorem 2.4 we need higher regularity for the
flux q € (H*(Q))?, s > 1/2, which results for smooth coefficients A and b in the requirement
u € HTH(Q), s > 1/2.






CHAPTER III

FINITE VOLUME DISCRETIZATIONS OF ELLIPTIC
PROBLEMS

Finite volume methods are one of the most popular approximation techniques for partial
differential equations in the engineering calculation and computational physics. Their distinct
conservation property that stems from the approximation of integral conservation laws is
very important for the accurate simulation of complicated physical processes on relatively
coarse grids. For some problems using conservative methods is almost a necessity (recall the
famous Lax—Wendroff theorem for conservation laws [75] and many known non—conservative
methods that have local approximation properties, but do not converge globally). In other
cases, as in the simulation of fluid flow in porous media, finite volume methods produce more
accurate solutions compared to non—conservative ones because of the proper treatment of the
discontinuous coefficients through so called “harmonic average transmissibilities”.

In this chapter we introduce a class of cell-centered and vertex—centered methods for
second order elliptic problems and necessary notations and technical tools to analyze them.

The basic idea of all finite volume methods is to use a finite set of control volumes to
describe the equations and restrict the unknowns to be in a finite—dimensional space. We
use the flux form (2.16) of the elliptic boundary problem (2.11) and integrate over specially
chosen volumes, called boxes, cells, or control volumes, i.e.,

/Vdiv(q)dx:/vfdx.

After applying the Gauss divergence formulas for the integral on the left, we get

[ tamas= [ fix. (3.1)

where n is the outward unit normal vector to V. We accept the term control volume for
the volume where the integration is performed.

The solution u(x) of (2.11) is approximated at a set of points called a grid. The values
of u(x) in the the grid points are called degrees of freedom. We introduce finite element
triangulations and two grids related to them: primary and secondary, denoted by wp and
wg, respectively. The cardinality of the corresponding grids are denoted by nr, I = P, S.
The primary grid consists of all vertexes of finite elements, therefore, is determined by the
FE triangulations. The secondary grid is designed by choosing one point in the interior of
every finite element - “the cell center”. We consider two cases: circumcenters (centers of
circumscribed circle of the corresponding finite element) and barycenters (centers of gravity).

We choose nj control volumes V;, ¢ = 1,... ,ny in a such way that in each control volume
there is only one point of the associated grid. The control volumes of cell-centered finite
volume methods coincide with finite elements and the degrees of freedom are at the vertexes
of the secondary grid. The construction of the control volumes of vertex—centered finite
volume methods is more complicated and is outlined in Section 3.1. The degrees of freedom
are in the vertexes of the primary grid.

On each control volume we approximate the integral of the normal component of the flux
and the integral of the source (sink) function

ki
(qan)dsz qij » / de%(]Si,
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or the equation (3.1) on the control volumes V;, i = 1,... ,ny is replaced by
ki
ZQij:¢i’ i:l,...,n[,I:PorS. (32)
=1

We call ¢;; approximate fluxes. For the approximate fluxes we impose the natural assumption
that the approximate fluxes on a common face sum up to zero (cf. Assumption 3.3 for
a detailed description.) This condition will ensure that finite volume discretizations have
certain discrete conservation properties introduced in Definition 3.3.

The finite volume discretizations are based on (3.2) and the relation between the flux and
the scalar variable expressed in the equation (2.16a). If (2.16a) is considered as a separate
equation, then the resulting approximations are mixed methods. In the standard finite volume
methods (2.16a) is directly incorporated into the equation (3.2).

Remark 3.1 Note that in order to apply the finite volume approach we need some regularity
of the flux (cf. Remark 2.1 and the discussion after).

A particular finite volume method is uniquely determined by specifying
(7) the control volumes and the associated grid,
(7i) the approximation of the flux surface integrals.

With respect to the control volumes, we distinguish cell-centered and vertex—centered
finite volume methods. Approximation of flux surface integrals can be done in the framework
of finite difference methods, or with the tools of finite element methods. Therefore, the
consistent names for such methods are: finite volume difference methods and finite volume
element methods. In this dissertation we consider:

(7) cell-centered finite volume difference methods,
(7i) vertex—centered finite volume element methods.

Finite volume element methods on their own right can be divided in two groups: conform-
ing and nonconforming with respect to the finite element spaces used for the approximation.
We sketch a simple classification in Fig. 3.1 and briefly discuss some of the methods.

Finite volume difference methods were the first conservative approximations. They have
been used as a systematic approach for effective discretization of conservation law equations
(cf., e.g. Patankar and Spalding [101] and Hirsch [60] for fluid flow). Pioneering work in
this area for one-dimensional elliptic and parabolic equations with piece-wise smooth coeffi-
cients has been done by Samarskii in the early 60-s (for a comprehensive presentation see e.g.
Samarskii [114]). Among the characterizations, Tikhonov and Samarskii [129] have proved
that the conservation property is a necessary condition for the convergence of finite differ-
ence solutions for problems with discontinuous coefficients. For 1-D problems on uniform
grids and also multidimensional problems on tensor product uniform grids cell-centered and
vertex—centered methods coincides ignoring the boundary conditions. The theory for such
methods have been extended for problems with generalized solution by Samarskii, Lazarov
and Makarov [115]. For nonuniform meshes second order convergence in the maximum norm
has been proven in the papers by Manteuffel and White [85] and Kreiss et. al. [72].

The theory of vertex—centered FV difference methods on triangular meshes has been
developed by Heinrich [57] using similar technical tools as in the book by Samarskii, Lazarov
and Makarov [115]. Interesting results have been reported for quadrilateral vertex—centered
FV difference methods by Morton and Siili [93], Mackenzie and Morton [84] and Siili [124],
but the consistent theory for such meshes is still not available.
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In late seventies and early eighties the mixed finite element theory was a subject of
intensive study (cf. [24, 108]). Russell and Wheeler [112] have shown that certain cell-
centered FV difference methods on regular meshes can be obtained from the mixed method
system via specially chosen quadrature rules. Weiser and Wheeler [135] have used this relation
to prove superconvergence results for cell-centered FV difference methods on rectangular
meshes. Recently Arbogast, Wheeler and Yotov [4] have generalized the results in [135] for
diffusion problems with tensor coefficients and have derived and analyzed new cell-centered
FV difference schemes. Different mixed finite element methods have been proposed and
investigated by Thomas and Trujillo [127, 128].

A few terms are used for the finite volume element methods. In the engineering literature
they are popular as Control Volume FEM. Bank, Rose and Hackbusch call them box methods.
We believe that McCormick promoted the name Finite Volume Element Methods. We accept
this name throughout this dissertation because it relatively well indicates the main ideas of
the methods.

First attempts to apply finite element ideas in the finite element context were made
in the late sixties by engineers and physicists (cf. Winslow [136]). At that time it was
noticed that FEM and FVEM were identical for certain grids and coefficients. In the early
eighties Patankar and his coworkers applied FVEM for convection—diffusion problems [13,
104, 103, 61]. Exponentially fitted finite element spaces have been utilized in order to align
the approximating function to streamlines of the convection term. The resulting approximate
solution is continuous only in the nodal points. We consider this as a nonconforming FVEM.
Bank and Rose [16] have derived the estimates for the difference between FE and conforming
FVE solutions of the Poisson equation. Hackbusch [55] has considered the case when the
stiffness matrices of FEM and FVEM coincide and estimated the difference of the right hand
sides. Cai with collaboration of McCormick and Mandel has derived the estimates for the
more general diffusion equation [27, 26, 28] including also local refinement. Under certain
geometrical conditions some superconvergence results have been obtained. Later Jianguo and
Shitong [66] have extended the results of Cai to more general meshes. They also have shown
with a counterexample that an L? lifting is not possible in general for FVE methods. Siili [123]
has considered FVEM on arbitrary rectangular meshes. He has derived superconvergence
estimates for bilinear and linear finite element spaces. Schmidt [116] has proven a first order
rate of convergence for FVEM on quasi-uniform quadrilateral meshes with bilinear spaces
and superconvergence on rectangular grids.

Exponentially fitted nonconforming FVEM on a a Voronoi mesh and its dual Delaunay
triangulation have been analyzed by Miller and Wang [88].

FVEM are well suited for nonregular domains and meshes and handle successfully different
boundary conditions [87]. Because of their conservation properties they are frequently used
for approximation of practical problems like fluid flow and heat transfer [14, 82], the Navier—
Stokes equations [71] and the equations of the fluid flow in porous media [45].

The remainder of this chapter is organized as follows. In Section 3.1 we consider various
types of control volumes introduced using finite element triangulations, Voronoi or circum-
scribed meshes. The necessary notations, discrete inner products and norms are defined and
some simple results that are used in the next chapters proven. In Section 3.2 we state the
conditions for the discrete maximum principle and discrete conservation. Section 3.3 is de-
voted to cell-centered finite volume methods. We derive the basic difference scheme for scalar
coefficients and propose a new method for problems with tensor coefficients. The schemes for
problems with scalar coefficients are extended and studied in Chapters IV and V. We discuss
the relation of mixed finite element methods with cell-centered finite difference schemes in
Section 3.3.2. The definition and some simple observations for finite volume element methods
are collected in Section 3.4
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Figure 3.2: Voronoi diagram

3.1 Control volumes

In the beginning of this chapter we outlined the general idea of constructing primary and sec-
ondary triangulations. Frequently the names Voronoi, Delaunay and Dirichlet are associated
with this process. We introduce some definitions and historical references in order to explain
the ideas behind these names. We use substantially the survey papers by Aurenhammer [7]
and Fortune [47].

Let P denote a set of np points (or sites) in the plane. For two different points p, ¢ € P,
the set of dominance of p over ¢ is the set

dom(p,q) = {x € R* :d(z,p) < d(z,q)}.

Clearly dom(p, q) is a closed half plane bounded by the perpendicular bisector of p and gq.
The Voronoi region of p is defined by

regip) = () dom(p.q).
4€P\{p}

By the definition follows that reg(p) is a closed convex polygon as intersection of np — 1 half
planes. It is also easy to see that the interior of reg(p) is the set of points that are closer to
p than to any other point of P\{p}. This process generates a partition of R? called Voronoi
diagram. Restricting this partition to a finite subdomain Q2 we obtain Voronoi mesh. One
simple Voronoi diagram is shown on Fig. 3.2. The vertexes of the Voronoi diagram are called
Voronoi vertezes.

It seems that the earliest motivation for the study of Voronoi diagrams stemmed from
their application in the theory of quadratic forms observed by Gauss and further exploited
by Dirichlet. Voronoi [133] generalized the results of Gauss and Dirichlet to higher dimen-
sions and called these triangulations Dirichlet tessellations. Closely connected with Voronoi
diagrams are Delaunay triangulations. Delaunay triangulations contains an edge connecting
two points of P if and only if their Voronoi regions share a common edge. This construction
was introduced by Voronoi . Delaunay [35] extended it to irregular domains by considering
all triangles formed by points of P and such that the circumcircle of each triangle is empty
of other points of P.

The planar Voronoi diagram and the Delaunay triangulation are dual in a graph-theoretical
sense. Voronoi vertexes correspond to Delaunay triangles. It is clear that Delaunay edges
are orthogonal to Voronoi edges. These constructions extend also to n—dimensional case.
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From the discussion above is clear that given a domain 2 and a primary grid inside Q, we
can construct the Voronoi mesh and the corresponding Delaunay triangulation. We choose
Voronoi regions as vertex—centered control volumes and the Delaunay triangulation as a finite
element triangulation. We note that the Delaunay triangulation is one of the most popular
in computational mesh generation [48] especially for finite element computations because of
its optimal properties [19]. For example the Delaunay triangulation maximize the minimum
angle of the triangles.

On the other hand we can choose first the secondary mesh as Voronoi sites and construct
the Voronoi mesh. Then the primary mesh consist of Voronoi vertexes and cell-centered
control volumes coincides with Voronoi regions.

3.1.1 Finite element triangulations

For the FVE methods we will need some of the basic constructions of the finite element meth-
ods. Let Q be a polyhedral domain in R?, d = 2, 3. We consider a family of triangulations F
of Q into finite elements K. By a triangulation, F}, we mean a set of polygonal (polyhedral)
elements such that the intersection of any two distinct elements in F}, either consists of a
common face, common side or common vertex, or is empty, and = | xer, K-
For any K € Fp, let
hx = diam(K), h = max hg ,
KEF,
and
pr = sup{diam(B) : B is a ball contained in K}.

We assume that F, is regular in sense of Ciarlet [31, p. 132], i.e., the following two conditions
are satisfied:
(i) There exists a positive constant o such that , for all K € Fp,, h € R

hK S OpPK - (33)

(ii) The parameter h approaches zero.
Later we will specify the admissible finite elements.

3.1.2 Affine mappings

We need some facts about affine mappings and estimates of the seminorms. We say that
two domains Q and Q in R? are affine-equivalent if there exists an invertible affine mapping
F:Q—Q, z=F(X) = Box+ b such that Q2 = F(2). We use the correspondence

ViR, 6:Q>R, v=00F, ukx) =0%).

Theorem 3.1 ([31]) Let Q and Q be two affine—equivalent domains in RE. If a function v
belongs to the space W™P(Q) for some integer m > 0 and some number p, 1 < p < oo, the

function © = v o F belongs to the space W™P(Q), and in addition, there exists a constant
C = C(m,d) such that

161,00 < CliBall™| det(Ba)| /7 [v]m,pa - (3.4a)
Analogously, one has

[Vlmp. < ClIBG ™| det(Bo)['/?[o (3.4b)

|m,p,fl )
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The norms || Bq|| and ||Bg'|| are evaluated in terms of the following geometric quantities:

h = diam(Q), h = diam/(Q),
= sup{diam(S): S is the ball contained in 2},
p = sup{diam(S): S is the ball contained in Q}.

S

Theorem 3.2 ([31]) Let Q and Q be two affine-equivalent domains in R? , where F : Q) — Q,
x = F(Z) = Boi+ b is an invertible affine mapping. Then the upper bounds

|Ball < % , (3.50)
1Bl < %- (3.5b)

hold. Moreover,
|det(Ba)| = ETSES; (3.50

We introduce the notion of reference element K and affine families of finite elements. Let
K be a given finite element. We say that the triangulation Fy, is affine family if any finite
element K € Fy, is affine—equivalent to the reference finite element.

We use a simple corollary of Theorem 3.2 stated below.

Proposition 3.1 Assume that Fp, is an affine family of finite elements that satisfies the
reqularity assumption (3.3). Then, there exist positive constants Cy and Co such that for any
u € R* the following inequalities hold:

c _ C
Huall < 1BR < S ull, VK € Fi. (36)

Proof: Note that by (3.5b) we have | Bx'ul| < (h/px)||lull. The chain of inequality
1= B Bg' | < Bl B

combined with (3.5a) gives (p/hx)||ul| < ||By'ul|. Application of the regularity condition
(3.3) completes the proof. O

We consider some polynomial preserving operators. i.e., which satisfy a relation of the
form (3.7) for some integer k& > 0.

Theorem 3.3 ([31]) For some integers k > 0 and m > 0 and some numbers
p, q € [1,00], let WFHLP(Q) and W™4(QQ) be Sobolev spaces satisfying the inclusion

WHFLP(Q) s W™ 1(Q)
and let IL : Wk+LP(Q) — W™4(Q) be a continuous linear mapping such that
VpePy(Q), Ip=p. (3.7)
Then there exists a constant C (I, Q) such that
v = TI|p.g.0 < C(IL, Q) (meas(2)) 4P pFH1-m 1yl g . (3.8)

Later we will use this general theorem for linear and constant interpolants in H*+1(Q),
k=0,1and and m =0, 1.
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3.1.3 Primary and secondary grids

Here we describe another general way to construct grids starting from a FE triangulation.
We assume that we are given a primary grid and some finite element triangulation with
vertexes at the points of the primary grid. Suppose that the vertexes of the finite element
triangulation are numbered in a unique way, i.e., {z; : ¢ = 1,...,np}. The finite element
triangulation uniquely determines a primary grid Wp,

wp = {z; € Q:2; is a vertex in a finite element K } .
We also need the set of interior grid points wp and the boundary grid points yp;
wp=wpNQ, P :wp\wp.

Consider a particular finite element K with vertexes x;,,... ,z; and let Ix be the index
set {i1,...,ix}. Denote by {Zk,i;}ijer, the edges and by {Zk j,..j }ji,... juerx the faces of
a given finite element (the polygons with vertexes z;,,... ,z; € K), K € Fp, e,

0K = U ZK,ij U U ZK jr .y

4,j€lx J1yeeJi€lx
z;,r; edge in K Tjy,.. T4, face in K

We define the secondary grid in the following way. Choose one interior point Sk € I% in every
finite element K € Fj,. Then
ws = {SK, K € fh}.

The cell-centered control volumes coincide with the finite elements and there is one—to—
one correspondence of finite elements and nodes of the secondary grid. We assume that the
vertexes of the secondary grid are also numbered in unique way, i.e. {z;: i=1,... ,ng}. If
x; € wg we denote with K; the corresponding finite element. Whether we use nodes from a
primary or secondary grid will be clear from the context.

Given a primary grid vertex z; we define by II(7) the index set of all neighbors of z; in
wp, i.e.,

(i) = {j : there is an edge between x; and x; in Fp}. (3.9)
We denote with () the index set of all neighbors of z; € wg
(i) = {j : finite elements K; and K; have common face} . (3.10)

To describe vertex—centered control volumes we select one interior point on each face of
every finite element K, Mk, j,..j, € Zk, j..j; such that if Zx, j, 5 = ZKk, j,..5, @ # p then
Mk, j..ji = Mk, i ...j,, i-e., on each face only one point is chosen. The points on the edges
are selected in the same manner. Connect a given point from the secondary grid z;, K; € Fp,
with Mg j j», J1,J2 € Ik, and Mg i . 4, t1,.-.,10 € Ik;. These lines and the planes that
they span form a polygonal (polyhedral) domain around each vertex of the primary grid and
are called vertex—centered control volumes. There is one-to—one correspondence of nodes in
primary grid with vertex—centered control volumes. If z; € wp we denote the corresponding
vertex—centered control volume with V; and with

vij =VinVy, jel(i).

To specify a particular primary and secondary grids we have to choose the finite elements,
secondary grid points and points Mg, j, j, on the edges, Mk, j,..;, on the faces.
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Figure 3.3: Vertex—centered control volume

First we define grids for the finite volume element methods we will investigate in Chapter
VI. We choose finite elements to be triangles in 2-D and tetrahedra in 3-D. The “cell-centers”
are the barycenters of the finite elements and points M are barycenters of the edges and faces,
correspondingly. A specific 2-D example is shown on Fig. 3.3, where the primary node is
displayed with a filled circle and the secondary nodes are shown with empty circles. The
control volume corresponding to the primary node is depicted by a dotted line. Note that in
general y;; is not a straight line. We also consider Delaunay triangulations and corresponding
Voronoi vertex—centered control volumes.

For cell-centered difference methods we require that finite elements be chosen in a such
way that there exists a circumscribed circle around each finite element or cell-centered control
volumes are Voronoi regions. The cell-centers are chosen in the centers of the circumscribed
circles for the first case. We call the former one a circumscribed cell-centered grid and the
latter one a Voronoi cell-centered grid. Note that in both choices the line connecting two
neighboring cell-centers is perpendicular to face between them. Therefore, v;; is a straight
line now. An example of cell-centered circumscribed grid is shown in Fig 3.4.

We do not impose any restriction that the finite elements have the same shape.

3.1.4 Finite element spaces. Discrete inner products and norms

We introduce a piecewise linear finite element space for the simplex triangulation
V' ={v e C%Q) : vk is linear for all K € Fy}
where v is the restriction of v to K. The finite element space VI is defined by
Vi =fvevh: vr =0} .

Functions defined for € wy, I = P, S are called vertex—centered (cell-centered) grid func-
tions. To emphasize their dependence of the triangulation we use the subscript h, for example
up(x), * € wp is a vertex—centered grid function. Denote with x; the characteristic functions
that corresponds to the vertex—centered control volume V; and with W" the space spanned
on {Xi}zicwp- Let {¢its;cup be the basis of V. We define a few operators. The linear
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Figure 3.4: Cell-centered control volume

interpolant I} : wp — V{ is defined by

Ihup(z) = Z up () pi(T)

TiEwp

and the “inverse” mapping R!, := (I})~1, R. : V! — wp is simply the restriction of elements
of V# on wp. The “box” interpolant (constant interpolant) If : wp — W" is given by

Ifup(x) = Z up (i) xi ()

TiEWp

and R§ : W — wg, the restriction of elements of W" on wg. We define also the mapping I{
between spaces Vi and W" via Ij := R}, I} and the mapping I}, : W — V by I} := R I} Let
H*(f2) be a Sobolev space with s > 3/2 . Define I} : H*(2) — VI and I¢ : H*(Q) - W" by

Lu@) = ) ule)pi)

TiEWwp

u@ = Y ule)x()

TiEwp

When there is no danger of ambiguity we will skip the bars and tildes.
We use Theorem 3.3 to estimate the error of interpolation.

Corollary 3.1 For every function v € H3/?>T*(Q), 0 < a < % the following estimates hold:

lv — Ifvjoa < Chlv]i g (3.11)
v — IN,llv|1,Q < Ch1/2+a|v|3/2+a’9 (3.12)

Given the cell-centered grid functions up(z), vy (z), ¢ € Ws we define the following discrete
inner products and norms:

(un,von)s = ) meas(Kiup(zi)on(ws),  |unllg g = (un,un)s;
TiEws
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1 up(x;) —u 2
unl? g = 3 > > meas(K;) (W)
r;€Ws yeX(z;) vy

where d(z,y) is the Euclidean distance between = and y. The discrete H'-norm is defined
by
lunllf o = llunlld ws + lunlf o -

We define vertex—centered inner products and norms in the following way:
(un,vn)p = (Thun, Ihow) gz ||U’h||(2),wp = (un,un)p,

lunltwe = [Thunlie lunlli wp = lunlll wp + lunli, -

We also use the “box” norms and seminorms

lunlig,p = meas(Va)un(w)on(x),

rTEwp
1 un(z) — un(y) )
2 _
lunlip = 5 > meas(K) Y <W :
KeFy, z,yeK
Note that
lullo,p = [[Trunllz2 -

The following result is well known (see for example [98] for the 2-D case and regular
geometry, [16] for the 2-D case and general geometry, and [57] for the finite difference case
discussion), but we include it for the sake of completeness. There are some small differences
in 3-D.

Lemma 3.1 The norms ||.|lowp, Illo, and ||.||l1,wp, |I-ll1,B are equivalent, i.e., there exist
positive constants C1, Cs, C3 and Cy independent of h such that

Cillunllowr < llunllo,B < Callunllo,ws (3.13)
Callunlliwp < llunlli,z < Callunliwp - (3.14)

Proof: We prove the equivalence on the element level. Let K be the reference tetrahedron
and K be the current tetrahedron. Consider |up1,,, restricted on K, i.e., |I;Luh|1,K. Denote
w = I,"Luh.

N . det(B _ R
o= [ VP ds = [ BTV der(Bio)|ai = U T o).
K K

A

Using the equality (3.5¢) and the fact that meas(K) = 1/6 we see that

det(BK)

6 = meas(K).

Let the values of u in the vertexes of K be ug, u1, uz, uz. Then Vi = (ug — ug, us — ug, uz —
ug)?. Taking into account the inequalities

Cld(’U,i,U]’) S hK S CQd(Ui,'U:j),

d+1 d d+1 d+1

C3 ) (uj—wr)* < DD (uj—ui)* <Oy (uj —w)®

j=2 i=1 j>i j=2
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and (3.6) we get that
Cilwl x < (lunl1,B)1xk < Colw|i k- (3.15)

The contribution in |lupllo,s from a particular element K is

d+1
meas(K) 5
a1 (Z “i) : (3.16)
i=1
On the other hand
latllosom i = [ | de = | det(Bic)| [ \Tyun]? o (3.17)
K K

and there exist positive constants C; and Cy such that

d+1 d+1
C1y ui < / |\ Lun”di < Cy Y uf . (3.18)
i=1 K =1

Combining (3.17) and (3.18) we obtain the estimates in (3.13). The inequalities in (3.14)
follow from (3.13) and (3.15). O

Remark 3.2 In the proof of Lemma 3.1 we used that the secondary grid is formed by
barycenters in the expression (3.16). If the secondary grid is arbitrary the norms ||.||o,., and
I|.llo,5 are not equivalent. This is seen by the following simple example. Consider one control
volume V;, such that meas(V;) — 0, i.e., the secondary points around z; go to z;. Pick a
function u, = (0,...,1,...,0), where the only nonzero element is on the i** position. Then
llurllo,s — 0, but ||upllo,wps is bounded from below.

If the finite element triangulation is regular, then

1 up(x;) — up(T;
|unli p ~ > Z meas(V;) Z <W>
TiEwp jeH(i) 19 ]

as can be seen easily by comparing

(um) — up(y) up(z) — un(y)
d(z,y) d(z,y)

where (z;,2;) = K1 N K. We will use this definition in Chapter VI.
The seminorms |.|1,p and |.|1,w, are equivalent without any restriction on the secondary
grid.

)2 [meas(V,) + meas(V,,)] and < )2 [meas(K,) + meas(K>)] ,

We pay special attention to rectangular cell-centered meshes. In this case we denote the
points in S by & = (z1,x2) = (14, %2,;) = (ih, jh), where i =0,1,... ,N,, 7 =0,1,... ,N,
are integer indices. Therefore

ws = {(z1,,225) €X:i=0,1,... ,Np, j =0,1,...,Ny};

and wg = ws N Q. We also use subgrids of wg

w;i =ws U~ , where v = {z € v: cos(z;,n) = £1} , i =1, 2.

We consistently use the dual notation for the value of the function y at the grid point x =
(z1,5,72,5) ; y(x) = y(@1,6,2,5) = yi; and in the points (15, w2 ;£ h/2) = (21,4, T2 j11/2) and
(1 £h/2,m25) = (T1,i21/2,T2,5)s Yijr1/2 = Y(T16, T2 jr1/2)s Yitr)2,5 = Y(T1,ik1/2, T2,5)-
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Let the (i,7) cell have length h ; and height hs ; For rectangular meshes we can rewrite
cell-centered inner products and norms in the following way:

W)s = Do hihogy(@i)o@ig), lllow = @)%
TijEWS
1
Wols= Y hihoy(ei)o(@iy), lylli= ,y)?, i=1,2.
T j Ew;r‘i
We introduce the following finite differences for grid functions y(z):
(i) forward difference A1y;; = yit1,; — ¥i,; and divided forward difference y,,;; =
Aryij/dist(Tivy,j, i) ;
(i4) backward difference A1y; ; = y;; — yi—1,; and divided backward difference yz, ; ; =
Alyi’j/dist(l‘i’j, 1‘1;1’]') y
(731) divided central difference of second order
(for uniform meshes with hy ; = he ; = h)

~ Awiy — Ay

Similarly, the differences are defined in x5 and in combination of x; and z» coordinate direc-
tions.
We also introduce the discrete analogs of H? -norms:
|y|%,ws = |y51I1 |2 + 2|y5152|2 + |y52$2|2 ’
2 2 2
1ll2,0s = 1¥l20s + 1917 0s-
We will also need the negative norm:

v
||y||_17w1 — sup |(y,v)1] I=PS5.
v£0 [[V][1,0,

3.2 Properties of finite volume methods

In Chapter IT we have discussed the properties of the continuous problem. Here we define
the corresponding discrete analogs and briefly discuss them.

Suppose the approximate fluxes ¢;; have been expressed through the values of uj,. Denote
by S(4) the index set of all points 2; that enter the approximation of the integral faKl- (q,n)ds.
This set is called the stencil of the i'" vertex. Then the system of equations (3.2) is equivalent
to the following system

QiiUp,; + Z QAjjUh,; = @, i=1,...,n;, I =PorS§S. (319)
JES(3)
Usually the stencil S(7) coincides with the index sets II(i) or £(7) (cf. (3.9), (3.10)), corre-
spondingly.

Any grid function yp,(z) can be considered as an element of a vector space of dimension
equal to ny, the number of the grid points in wy, I = P, S. In this case, we denote yp,(x) by
y € R™ and consider it as an n;-dimensional column vector. Then y” will be the row vector
transpose of y.

We can rewrite (3.19) in the following form:

Lrup = ¢, (3.20)

where L, : R™ — R™ is a linear operator.
We say that £ satisfies the discrete maximum principle if the following conditions hold
[57]:
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(i) a;ii >0, a; <0, j#i
(i) For each z; € wr,I = P, S, the inequality

ai+ Y ai; >0 (3.21)
JEA(D)

holds.

(131) At least at one point x; € wyr,I = P, S the inequality (3.21) is strict, i.e., instead of >
we have >.

(iv) If (3.21) is equality at a point z; € @;,I = P,S, then there is a finite sequence
of grid points (@, (M . (™) from @; with xgo) =z, 2 € A(j — 1) for j =

1,2,...,,m(m>)and (£4(1)) (™) >0, (Ln(1))(z) =0 for j =0, 1,...,m— 1.

Theorem 3.4 (Discrete maximum principle) Lety be a grid function defined on a con-
nected grid @ and the conditions (i)—(iv) be satisfied. If Lp(y)(z;) > 0 and yjz\w) > 0, then
y(z;) >0, z; €w.

Remark 3.3 If the condition (ii) is replaced by:
(13)" For each x; € @y, I = P, S, the following inequality holds

i+ Y ai; >0. (3.22)
JeA(d)
Then the the discrete maximum principle follows from (i) and (i7)’. The inequality (3.22)

means that the matrix is strictly diagonally dominant.

Closely related with discrete maximum principle are monotone matrices [131].

Definition 3.1 ([137]) A matrix A is a monotone matrix , if A is nonsingular and A=! > 0.

We use the notation B > 0 for a matrix B = {bij}?;jzl to denote that for every entry b;; > 0
holds.

Theorem 3.5 A real matriz A is monotone if and only if Ax > 0 implies x > 0.

The notion of an M—-matrix is stronger condition than monotonicity.

Definition 3.2 ([137]) A real matrix A is an M-matrix if A is nonsingular and the following
conditions hold:

(i) A7'>0.

Theorem 3.6 ([137]) If A is an M—-matriz, then A is a monotone matriz. On the other
hand , if A is a monotone matriz, such that (3.23) holds, then A is an M —matriz.

Theorems 3.4 and 3.6 show that the conditions (i)—(iv) guarantee that the matrix {a;;} is
an M-matrix.

We distinguish global and local conservation properties. It will become clear from the Def-
inition 3.3 that the local conservation property and an appropriate treatment of the boundary
conditions imply a global conservation property. Examples show that a global conservation
property does not imply a local conservation property (standard finite element methods are
classical examples).
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Definition 3.3 (Discrete conservation) We say that a particular discretization

method is discrete conservative, if for any connected volume V' that is a union of control
volumes the sum of discrete fluxes on 9V is equal to the sum of discrete sources/sinks inside
V.

We impose two natural conditions on the control volumes (cf. [60]).

Assumption 3.1 The union of all control volumes in Q is equal to the domain 2.

We call two volumes V; and V; “neighbors”, if they share a common face v;;.

Assumption 3.2 Control volumes may overlap, but every control volume has to have a
“neighbor” on each of its faces.

Examples of overlapping control volumes have been investigated by Schmidt [116]. All the
control volumes considered in this chapter satisfy the Assumptions 3.1 and 3.2.
We impose also the following condition on the approximate fluxes:

Assumption 3.3 Suppose that the control volumes V; and V; are “neighbors” and v;; =
ViNVj. Denote by q;; the approzimation of fw(q’ ny,)ds and by q;; the approzimation of
ij
fv__(q, ny;) ds. Then we require that the following equality be satisfied
ij

¢ij +¢;i =0. (3.23)
Here ny, is the outward normal to OV; and ny, is the outward normal to OV} restricted to
Yij-
The following result is self-evident.

Proposition 3.2 Every finite volume method defined by (3.2) and satisfying Assumptions
3.1, 3.2 and 3.3 is discrete conservative.

3.3 Cell-centered finite volume methods

In this section we define the classical 5—pont cell-centered FV difference schemes and investi-
gate one possible generalization. The second subsection is devoted to a short introduction of
mixed finite element methods and their relations with cell-centered FV difference schemes.

3.3.1 Difference methods

All discussed difference schemes are considered either on circumscribed cell-centered grids or
on Voronoi cell-centered grids. In both cases the straight line connecting two neighboring
vertexes is perpendicular to the face that separates them.

3.3.1.1 Scalar diffusion coefficient

We consider first the case of a scalar diffusion coefficient, i.e., A(x) = a(x)I, where I is the
identity d x d matrix. Uniform ellipticity guarantees that a(x) > C~! > 0. We split the flux
Q into a diffusive part W and a convective part V, Q = W + V. We want to approximate
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the integrals fw__(W,n) ds and fv__(V, n)ds. Pick a point z;; € v;; and apply the simplest
ij ij
one point quadrature formula

/ (W, n) ds ~ meas(i;) (W, ) (z1;) | (3.24a)

/ (V. n) ds ~ meas(i;) (W, ) (z1;) . (3.24D)
Yij

We choose z;; to be the intersection point of v;; and the straight line through z; and z;. We
can rewrite (W,n) = (—a(x)Vu,n) as

Ou (W, n)

on  a(x)

and integrate along the interval with end points z; and z;. Since the integration is performed
along the normal vector n we have

i —uj = — /m] (‘;‘E;;‘) ds = —(W,n)(z;;) /m] % . (3.25)

Combining (3.24a) and (3.25) we can write the following approximate relation for the diffusive

flux
[ Wanyas = -meastr) (s [ T REUEINE

dist(zi,x;) J,, a(s) dist(x;, ;)

This approximate relation allows us to define the approximate diffusive flux w;; on 7;; with
the the following formulas

ij

[Un,j — un,i]

w;j(x) = — meas(yi; ) kij dist(z;,z;)

(3.26)

where

o= (Gt /: %)1 (3:27)

and uy, is the approximate solution. Usually the coeflicients &;; are called harmonic average
transmissibilities.
The integral fv- (V,n)ds can be approximated as follows
ij

/ (V.m)ds =~ meas(yi;)(b,m) (i, )u(zs;)

ij

dist(xj, z;;) dist(x;, x;j)
~ meas(y;;)(b,n)(z;;) {dist(aj a:]) u; + dist(z: a:]) uj| -
1y 1y

And thus we can define the approximation:

dist(xj,x;j) dist(xi, ;) hJ} (3.28)

0350 = meast) b ) ) | i Gt

dist(z;,z;)

In the next chapter we will consider other approximations of the convective flux that are
especially suited for convection dominated problems.
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Yik1

Figure 3.5: Quadrilateral parts V; j; in the volume V;

3.3.1.2 Tensor diffusion coefficient

Approximating diffusive fluxes with a full tensor A(x) on distorted meshes is still a “hot”
problem. There are many “ad hoc” algorithms in the engineering literature, especially in
Computational Fluid Dynamics. We sketch one scheme that can be considered as a gener-
alization of the classical 5—point cell-centered schemes. This method is an extension of the
work of Ware, Parrott and Rogers [134] where only rectangular meshes have been used.

We assume that the grid is Voronoi and that the intervals (z;,x;) intersect the faces
vij. The intervals (z;,z;), j € X(¢) divide the control volume V; into quadrilateral parts
Vijk, J, k € (i), j # k. A simple example is shown on Fig. 3.5. We approximate the flux
W in V; j, with a constant vector w; ji. Therefore, the conservation law takes the form

> [(Wi gk, »mij) meas(yi; 0 Vijk, ) + (Wi jr,, 0ij) meas(yi; N Vi je,)] = o
=0) (3.29)

Here 7;x, and 7, are two neighbors of +;; and n;; is the outward normal vector to v;;. We
have to express w; j; through the values of the approximate solution wp ;, up,; and wp i (k
is k1 and ko correspondingly).

We split the integral of the flux into two parts

/

and approximate each of them

/ (W, l'lij) ds ~ / (WL]']{,, l'lij) ds.
Yii Vi ik Yii Vi ik

Suppose that A(x) is a piecewise constant matrix in each control volume, i.e., A(x) = A; for

(W, n;;)ds Z/

Yii Vi ik

(W,l’lij)dS-F / (W,nij)ds.

ij Vii Vi, ks
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‘/}7“61

(W5 ik, 05 i1,)

Vi,jk Vies i

(W3 jy s W7 jk,) (Why 5> Wiy i77)

Figure 3.6: Three quadrilaterals

x € V; and Ai_1 = L;. By the definition of the flux W and L;
W = —-A4;Vu, LW = —Vu.
and taking the inner product with n;; we have
(LiW,n;;) = (W, Linj;) = (W, 1) = —(Vu, nj;)

We denote the vector Lin; by 1; ;5.

For 2-D Voronoi meshes the degree of every Voronoi vertex is either 3 or 4, i.e., either
three or four control volumes intersect in this point. First we consider one particular Voronoi
vertex with degree three. Let V; ;,, Vi, and Vi, ;; be three neighboring quadrilaterals
sketched on the Fig. 3.6. Integrating from z; to x; and approximating W with w; jz, in
Vvi’jkl and with Wik, in V}',ikn we get

w-w == [ Cung)ds = [W.Lmg)ds+ [ (W, Ly s

i Z; Tij

Q

Tij Tj
/ (Wi jk, Liij) ds + / (Wjiky, Ljij) ds
xr xr

i ij
= dist(zi, i 7) (wi i, iy + Wi, 1345)
Hdist(wi,g, %) (W) i, U i + 05 ik, i) -

The continuity of the flux across v;; gives the relation

1 1 2 2 1 1 2 2

Wi jky Tij T Wik, Wi = Wiy Wi + Wi, M -

In the same way we derive four more equations integrating along (x;, zx,) and (z;, g, ) and
using the assumption for the continuity of normal flux on the control volume faces. Note
that as long as we consider only one triangle we can use the notation w; for w; jz,, w; for
Wik, and wy, for wy, ;. We also denote in the system below dist(.,.) with d(.,.). These



3.3 Cell-centered finite volume methods 41

Figure 3.7: Degree four — four quadrilaterals

six equations form a linear system for the unknown fluxes w;, w; and wy, .

d(zi,wi ) (Wi +wi? ) +d(z g, 2;) (wilh,; + w3 ;) = u —uy,

i Yi,ig i 1,3] VAVEI] 73,43
1.1 2,2 1.1 2,2 __

171 272 11 2 12 _
d(wi, ik, ) (wi li,ikl +wj li,ikl) +d(i gy Thy ) (wkllkl,ikl + wkllkhikl) = U; — Uk,
1.1 2,2 1,1 2.2 _
wi nikl + wi nikl - wklnikl - wklnikl - 07
11 2 12 11 272 _ _
d(Tky, Tj k) (wkllkl,jkl + wkllkl,jkl) + d(@j k1, 75) (wjlj,jk1 + wjlj,jkl) = Up, — Uj,

1 1 2 2 1.1
Wi, Mjgyy + Wiy Mgy — WM,

- w?-n?kl =0.
We can solve this 6 x 6 linear system for the fluxes and substitute the result into the discrete
conservation law (3.29).

If the considered vertex has degree four then the system is 8 x 8. This case is shown on
Fig. 3.7.

This scheme shows striking similarity with mixed finite element methods and probably
in some cases can be considered as a MFEM method with a properly chosen quadrature
formulae. We will not attempt to investigate the properties of the derived cell-centered finite
volume method for tensor coefficients in this dissertation.

3.3.2 Mixed finite element methods

The theory of mixed finite element methods for nonsymmetric problems has been developed
by Douglas and Roberts in a series of papers [37, 38]. Here we define the discrete problem
and briefly discuss its relation with cell-centered FV difference methods.

Let Vi, C Hyi () and Wy, C L%(2). We consider the mixed finite element method define
as:
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Find the pair (qp,un) € Vi X W}, such that

(Kqp,v)o — (div(v),up)o — (Bup,v)o =0 Vv eV, (3.30a)
(div(q),w)o = (f,w)oVw € Wy, . (3.30b)

Suppose we can express qp through wuy from (3.30a) and substitute this relation in (3.30b).
This will lead to a particular cell-centered finite volume difference method. Usually this is
achieved by using a quadrature formulae to approximate the inner products in (3.30) (cf.

[112, 4]).
3.4 Finite volume element methods

The discrete FVE problem is defined as follows:
Find u;, € V¥ such that, for all vertex—centered control volumes V;, i = 1,... ,np

/ (=AVup, + bup,n)ds = / fdz. (3.31)
oV; Vi

In order to investigate the problem (3.31) we introduce the following bilinear forms:

By (up,vp) Z (AVup,n)ds vp(z; +Z/ (b, n)uy, ds vy (x;) -

Vi (3.32)

Note that fav_(—AVuh + bup,n)vy, ds is not well defined for functions v, € W. To
overcome this little discrepancy we define

/ (=AVup + bup,n)v, ds = lim (=AVup, + bup,n)vp, ds, (3.33)
ov;

where Vi(n) CC V; and dist(0V;, 8Vi(n)) < 1/n. Since V; is a domain with Lipschitz—continuous
boundary such a sequence of domains Vi(") exists. Using the Lebesgue dominated convergence
theorem we see that the limit on the right hand side exists and is equal to faw(_Av“h +
bupn) ds vy, (z;).

Therefore, we can use the notation

B(up,vp) = Z/ (=AVup, + bup,n)vy, ds .
av;

and the problem (3.31) is equivalent to
Find uj, € V¥ such that
Bp(up,vn) = f(vn) Yo, € W,
where

fon =3 [ fasota.

In fact, we have formulated the problem (3.31) as a Petrov—Galerkin method.
In Chapter VI we will investigate the properties of the bilinear form By (., .).



CHAPTER IV

FINITE VOLUME METHODS FOR NONSYMMETRIC
PROBLEMS

In this chapter we construct cell-centered FV difference schemes for the continuous prob-
lem discussed in Chapter II (cf. (2.10), (2.11)). We pay special attention to the convection
dominated case, i.e., when the ratio |A|/||b]| << 1. A typical example of such an equation
is the model singularly perturbed problem:

—eAu + div(bu) f in Q, (4.1)
u = 0 on 00

with 0 < € << 1 and ||b|| = O(1). The problem (4.1) exhibits both hyperbolic and elliptic
features and, moreover, its solution possesses boundary (and in some cases interior) layers in
general, i.e., the derivatives of u are of order O(¢7?) for some positive number p in certain
subdomains of Q) with measure of the order of ¢.

Our goal is to develop approximation methods that have the following properties:

i) stability,

i1) “good” approximation,

ii1) local conservation,

iv) satisfy the discrete maximum principle,

v) produce positive definite matrices,

(
(
(
(
(
(

vi) work for general domains and suitable grids introduced into them.

We briefly discuss the existent methods for the solution of the problem (4.1) and point out
what are our objectives.

The approximation methods for the solution of convection dominated problems can be
separated into three large groups: characteristics methods, methods that require special types
of refinement into the boundary layer regions, and methods on uniform or reqular grids.

The characteristics numerical methods use special meshes that are aligned with the char-
acteristics of the hyperbolic part of (4.1) (for parabolic problems see [40], [44]). Because
of their problem dependence, we will not consider such methods in this dissertation. The
methods in the second group are based on a simple idea due to the Russian mathematician
Bakhvalov [12] to construct an 1-D mesh in a such way that on each interval the error of
the approximation is almost the same. Clearly, these constructions can be extended to ten-
sor product grids, but not to general meshes (cf. Shishkin [118, 56] for multidimensional
generalizations). We will discuss only methods from the third group.

For problems like (4.1) the standard finite element and finite difference methods (cen-
tral finite difference approximation of the convection term) are conditionally stable, i.e.,
only for sufficiently small h. For the model problem (4.1), h = €, and this requirement
makes using standard methods prohibitively expensive for 1-D problems and impossible for
multidimensional ones. The upwind finite difference schemes [111, 121] and corresponding
finite element methods with modified basis functions, also called Petrov—Galerkin methods

OPortions of [78] reprinted with permission from the SIAM Journal on Numerical Analysis. Copyright
1996 by the Society for Industrial and Applied Mathematics, Philadelphia, Pennsylvania. All rights reserved.
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[58, 17], overcome the stability restrictions, but reduce the accuracy to first order and intro-
duce considerable smearing. Upwind finite element methods have been extensively studied
by Japanese mathematicians Baba, Tabata [10], Ikeda et.al (see the monograph by Tkeda [63]
and references there). Their methods handle the convection term in a way very similar to
finite volume methods. Some modified upwind schemes have been proposed by Samarskii
[113] and later by Axelsson and Gustafsson [8] . It has been shown that they have second
order of accuracy (cf. also [90, 78]). The work of I’in [64] established the exponentially fitted
methods as another alternative to obtain stable approximations. More resent developments
in the finite element theory are the streamline-diffusion methods ([62, 25, 68]) and strongly
consistent stabilization methods (see [105] and works cited there). Instead of adding artificial
viscosity in all direction as upwind methods, streamline-diffusion methods try to stabilize the
problem via increasing the diffusion only in the directions of the streamlines. Unfortunately,
this can be done only for a constant vector b. For varying convection coefficients b these
schemes get closer to upwind methods and keep only the advantage that there are strongly
consistent in sense that the exact solution satisfies the difference scheme. An uniform frame-
work to describe different upwind methods including also streamline-diffusion case have been
proposed by Bank et. al. [15]. Discontinuous Galerkin methods [106, 107, 46], sometimes
called explicit methods, are also stable for e < h and seems to be very efficient for the constant
coefficient case.

The problem of obtaining a discretization scheme with good approximation properties
is considerably more difficult than that of satisfying the stability requirements. For elliptic
problems the classical error estimates (for finite element theory see Ciarlet [31]) and for finite
difference schemes see Samarskii, Lazarov and Makarov [115]) are of the following type:

lu = unlle.o < Ch™ *fulm.o-

Since the m*" derivative of the solution u is not bounded as ¢ — 0 these estimates are not
appropriate for convection—dominated problems. Another definition of “good approximation
properties” can be

lu = unlleo < Ch®, a >0, (4.2)

where C' does not depend on ¢ and h and ||.||«,q is a suitable norm. Discretization methods
that produce approximations satisfying (4.2) are called uniformly convergent (with respect
to €). Note that the estimate (4.2) requires global convergence. Allen and Southwell [2]
proposed the first scheme that later was proven to converge uniformly for 1-D problems,
but their work was not widely noticed. In the late sixties a Russian mathematician A. II’in
independently rediscovered exponentially fitted schemes. His work initiated the development
of many methods (at least ten according to Roos [109]) and as a result comprehensive the-
ory for 1-D problems crystallized (cf. [36]). The attempts to generalize exponentially fitted
schemes for multidimensional problems do not produce the same results. The best known
global estimates of O(h'/?) convergence rate are proven by O’Riordan and Stynes [99] for
a special exponentially fitted discretization. The same accuracy can be achieved by solving
only the hyperbolic part of (4.1). Our numerical experiments show that upwind schemes
also asymptoticly converge with half an order. There are no available better global results
for streamline-diffusion methods either. If we consider only the maximum error away from
the boundary layers streamline-diffusion methods for problems with constant convection co-
efficients are definitely superior to the upwind methods. Johnson, Shatz and Walbin [67]
have proven an estimate later improved by Nijima [96] to h''/#|log h| and recently Zhou and
Rannacher [138] have shown optimal error in maximum norm for special grids.

Although the construction of uniformly convergent approximations of singularly perturbed
problems is a notoriously difficult problem that is still not solved, the explanation for this is
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relatively simple. The 1-D problems like (4.1) have solutions that are essentially exponential
functions and therefore, every method which can approximate exponentials well has good
properties. The behavior of the solution dramatically changes for multidimensional problems.
New types of layers like ordinary differential, parabolic, elliptic and corner layers have been
studied for 2-D problems (cf. the survey papers by Eckhaus [39] and Shih and Kellogg [117])
and probably the solutions are more complicated for higher dimension (still not classified).
The different types of layers just mentioned cannot be approximated easily by exponential
like functions. For example, parabolic and elliptic boundary layers are solution of properly
constructed parabolic or elliptic partial differential equations, correspondingly. In fact, the
approximation rates of piecewise exponential function is not better than that of the piecewise
linear functions.

Only a few of the methods of finite volume type as those proposed by Spalding [121] and
Runchal [111] possess local conservation properties. In resent years the first attempts have
been made to construct mixed finite element methods for convection dominated problems by
Junping Wang et. al. [83] and van Nooyen [130]. For related problems that consider models
of semiconductor devices, mixed approximations have been proposed by Miller and Wang
[89] and and Brezzi, Marini and Pietra [23].

In summary: there are still no reliable and robust discretization methods that outper-
form the upwind and exponentially fitted schemes in terms of global accuracy and have the
properties (i), (i4i) — (vi). Therefore, methods of upwind type that satisfy (i) — (v) will be
superior to the known ones.

This chapter is devoted to the construction of monotone cell-centered FV difference
schemes for convection-diffusion equations on Voronoi and curcumscribed grids that are un-
conditionally stable and have second-order accuracy in a discrete H'-norm for grids that
satisfy some additional assumptions. From the discussion above is clear that we can hope for
O(h?) convergence rate only in the diffusion dominated case. For such problems Samarskii
[114] has proven such an estimate in the discrete maximum norm under rather demanding
assumptions on the solution (to have four continuous derivatives). A general approach for
cell-centered finite difference schemes on triangles including local refinement was considered
in Vassilevski, Petrova and Lazarov [132]. The error estimates derived in [132] are in a dis-
crete H'-norm including some superconvergence type estimates on uniform triangulations,
namely, O(h?) error estimate on uniform triangulations. Our results generalize the results in
[132] in two directions: they are proven for convection—diffusion problems and are valid also
for more general grids in 2-D and 3-D.

Cell-centered discretizations on tensor-product nonuniform meshes were considered by
Weiser and Wheeler [135] and superconvergence type error estimates derived. Similar results
for the Poisson equation were proved in Siili [123], i.e., H!-estimates of order O(h'*®), % <
a < 1. Cai [26], Cai, Mandel and McCormick [27] also have shown some superconvergence
results for finite volume element methods. In Hackbusch [55] second order error estimates in
H'-norm on uniform mesh has been proved.

We also provide error estimates in L2-norm elaborating the discrete “Aubin-Nitsche trick”
of duality argument proposed in Samarskii, Lazarov, and Makarov [115] and used in the case
of finite difference schemes for general self-adjoint elliptic equations in Lazarov, Makarov and
Weinelt [76]. For the original duality technique in the finite element method, cf., Aubin [6],
Nitsche [97], which can also be found in Ciarlet [31]. For another approach for L? error
estimates see Herbin [59].

The remainder of the chapter is organized as follows. The discretization schemes are
presented in Section 4.1. It is shown that they satisfy the discrete maximum principle and the
discrete operators are positive definite. The stability (a priori estimates) and error estimates
in H'-norm are derived in Section 4.2.1. The error estimates in L?-norm are proved in Section



46 Finite Volume Methods for Nonsymmetric Problems

4.2.2. Finally, in Section 4,3 some computational results that illustrate the developed theory
are presented.

4.1 Discretization schemes

We assume that the triangulation is given by circumscribed or Voronoi cell-centered grid
w (we skip in this chapter the subindex S). For such triangulations we add an extra regu-
larity condition to condition (3.3) in order to accommodate more general elements (control
volumes).

Assumption 4.1 (FV regular triangulations) We say that a cell-centered triangulation
{Vi}i2, is finite volume regular if every control volume satisfies (3.3) and, moreover, there
exist two positive constants Cy and Cy such that the following inequalities hold

C1 meas(v;j)dist(x;, x;) < meas(V;) < Cy meas(v;;)dist(z;,z;) i=1,...,ng,j € X(3).

The rate of convergence of cell-centered finite volume methods depends on the geometric
properties of the triangulation. For some special triangulations we will prove that higher rates
of convergence can be achieved for properly designed finite volume methods (cf. Theorem
4.1). Such triangulations usually exhibit some special symmetries of the position of the point
zi; = (x;,2;) Uy, with respect to the points z; and z; and to the face v;;. The exact
conditions are formulated in the following assumption.

Assumption 4.2 (The symmetry assumption) We say that the finite volume triangu-
lation {V;}75, satisfies the symmetry assumption if the following conditions hold:

(i) @5 is the middle point of the interval (z;,x;);

(i7) for triangular faces ~ij, xi;j is the barycenter of v;j. Otherwise, we require that v;;
has two perpendicular azes of symmetry and x;; is their intersection point.

We point out that the symmetry assumption is only a sufficient condition.
We recall the derivation of finite volume approximation of the equation (2.11a). We
integrate (2.11a) over each cell-centered control volume V;, i =1,...ng

/div(—a(:r)Vu(:r)+b(a:)u(:r))da::/ f(z)de
\% Vi

and then using the Green’s formula and dividing by meas(V;) we get

1 1

where n is the unit outward vector normal to the boundary of V;. Denote
W = —a(x)Vu(x) and V =b(x)u(x).

Splitting 0V; = Ujex(;)Vij (see Fig. 4.1) the left-hand side of this identity is written in
the form:

m MW(W,n)dH/m(V,n)ds] =

m{z / (W,n)ds + Y / (V,n)ds-l (4.4)

JED(i) TV jES(d) " J
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i O

Yij

Figure 4.1: General control volume V;
In order to construct the finite difference scheme we approximate the balance equation
(4.4). We split the approximation of the balance equation (4.4) in two parts
A(2)Uh + A(l)uh (45)

where A is the part arising from the approximation of the second derivatives, and A™)
comes from the approximation of the first derivatives; u, is an approximation to the exact
solution solution u. We have the expressions

A®y, = Z wij, T;€w, (4.6)
JeX (i)

A(l)uh = Z Vij, T;€Ew.
JeX(i)

In these formulae w;; and v;; are some approximations of the corresponding integrals
fv“(W, n)ds and fv'-(v’ n)ds. Now, in order to complete the finite difference scheme we
ij ij

have to express the approximate fluxes w;; and v;; by the approximate values up(z) of the
solution u(z) at the grid points. We consider the following approximations:

1. central difference scheme (CDS);

2. upwind difference scheme (UDS);

3. modified upwind difference scheme (MUDS);

4. Iin’s difference scheme (IDS).

We denote by 3;; an approximation of the integral f%_]_ (b,n) ds with the properties:

(’L) ﬂiﬂ' + ﬂjﬂ' =0. (4.73,)
(1) |Bi;l < Cmeas(vij)lIblla/2+a,00,0 5 (4.7b)

(i) A (b,n) ds — 3 ;

ij

S Chd+a|b|1+a,oo,§l ) (470)
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where C'is a positive constant and a > 0. We consider some examples of quadrature formulas
that satisfy conditions (4.7). Let 7;; be an interval with end points a1 and as and a middle
point aj2. The following well known quadrature formulas clearly satisfy the conditions (4.7)

Bij = (b,n)(a12)meas(vi;),

8y = "0 (0 m)a,) + (b, ) )]

For triangular and rectangular faces 7;; the quadrature formulae
Bij = (b,n) (abary)meas(%'j)

fulfills (4.7) with apery the barycenter of ;.

4.1.1 Central difference scheme (CDS)

We call this scheme “central” because of the analogy of A(") and a central difference approx-
imation of the first derivatives. We recall the formulas derived in Chapter IIT

_meas(yy) ,  [un; — un,i]

i = 35— ) 4.
wij (x) meas(V;) ki dist(xi, ;) (4.8)
Bi.; dist(zj,x;j) dist(x;, xi5)
() = D L+ & : 4.
vij (x) meas(V;) | dist(z;, ;) o dist(wi, ;) e (49)

with k; ; defined by

= (s [ )
Y \dist(w,x5) J,, als) '
An application of the discrete maximum principle shows that CDS is stable if the following
inequalities are satisfied
|Bil  dist(zi, zij)

P; = max . <1, z;=1,...,ng. 4.10
iex(i) meas(yiz) ki ’ o

In some application P; is called a local (cell) Peclet number (cf. [58], [114]). Note that the
quantity |3; ;|/meas(7vi;) does not depend upon h and therefore the inequalities (4.10) are
satisfied only for sufficiently small h. We will not further consider the CDS because of its
conditional stability.

4.1.2 Upwind difference scheme (UDS)

One of the ways to find stable finite difference approximation for convection-diffusion bound-
ary value problem is to use upwind approximation for the first derivatives. In this case, A
is defined as in CDS and the terms v; ; in A(") are approximated in the following way:

Vij = ﬁ;,rjuh,i + B jun,j (4.11a)

where ﬂf’ ; and 3;; are defined via the formulas

1 (Bij +1Bisl) g = — 1+ B~ 1B
meas(V;)' 2 ’ bd '

B = )
v meas(V;) 2 (4.11b)

In order to investigate the properties of the UDS we need the following auxiliary result.
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Proposition 4.1 Let b(z) € (W4/22+0(Q))? o > 0 and there exists a positive constant
Bo such that

/ (b(z),n)ds > Bomeas(V) (4.12)
ov

for any volume V' C Q with Lipschitz—continuous boundary 0V = Ujcs(;)vij- Suppose that
Bi,; satisfies the condition (4.7c). Then there exists ho such that for h € (0, ho) the following
inequality holds:

Z Bi,j = comeas(V), (4.13)
JeX(@)

where cog = o — O(h?®).

Proof: It follows from the FV regularity of the control volume V' and the condition (4.7c).
a

We replace the condition (4.12) with the stronger one.

Assumption 4.3 b(z) € (Wd/”“"x’(ﬂ))d, a >0 and div(b(z)) > Bo > 0
for almost every z € Q.

In fact, this is a stronger version of the Assumption 2.2.

Remark 4.1 We can consider the left hand side of (4.13) as a definition of the discrete
divergence operator. Then the above proposition means that, if the divergence of the vector

b is greater than By > 0, the discrete analogy of div(b) is also positive for sufficiently small
h.

First we will prove that the considered scheme is monotone.

Proposition 4.2 Let the Assumption 4.3 be satisfied, the discrete fluzes w;; and v;; be
defined by the formulas (4.8) and (4.11), respectively, and the approzimations B3; ; fulfill the
condition (4.7c). Then UDS satisfies the discrete mazimum principle and the corresponding
matriz A is an M-matriz.

Proof: Let a;; be the coefficients in front of uy ; in the i'" equation. Then it is enough to
check the conditions [57]:

1. Qjq > 0 Q;,j <0 gJ 7é i;
2. a;; + EjeE(i) a;j >0, i.e., A is strictly diagonally dominant.

We have
1.
1 meas(v;;
a; = ——— Z [ﬂk” + Bij + |ﬂi,j|:| >0,

meas(V;) &0 dist(z;, ;)

1 [ meas(7)

B ki,j i,d — 10,5 0,
mea’s(‘/i) d'LSt(JZz’II}j) »J +ﬂ »J |6 ,J|:| <

a;,j =
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it 3 o= iy 3 Az 00

JED(i JeE(l)

The last inequality follows from the Proposition 4.1. O

Note that to prove Proposition 4.2 we used only that k;; > 0, the Assumption 4.3 and
(4.7¢).

Now we discuss on the positive definiteness of the operator A; and the matrix A. In
Chapter II we have shown that the bilinear form, corresponding to the continuous problem
(2.11) is H}—elliptic. In the following proposition we establish that the discrete analog of the
bilinear form inherits this property.

Proposition 4.3 Let the Assumptions 4.1 and 4.3 be satisfied, the discrete fluzes w;; and
v;,; be defined by the formulas (4.8) and (4.11), respectively, and the approzimations [3; ;
fulfill the conditions (4.7). Then the matriz A of UDS is a positive real matriz and there
exists a constant C' such that the following inequality is true:

(Any,y) = Cllyll3,, . for ally € D° = {y, y,, = 0}.

The constant C depends only on the ratio a(z)/|b(x)|.

Proof: Let 2(z) and y(z) be grid functions from D°. Then

(Ary,2)s = Z Z meas(V;)w; jzj + Z Z meas(Vi)v; jz; (4.14)

z;Ew jEX(i) z;Ew jEX(i)
=I+J.

We transform the sums in formulae (4.14)

> E meas(vij) - [y; —yil
L= kij— ;
meas(VD) | T b g s |+
TiEw jEX(i
_ meas(vi) . oo
- Z Z dist x,,x])k i (i — iz — [vi — vilzi)
T Ew jeX(7)
= lyj — vil meas(7;j)
= 3 EE gz(’) meas(V;)k; ; dist(z;,z;) |\ meas(V;) [zj — 2] -
ZTq u)] i

Using (4.11) we rewrite J in the following way

1
T o= 520 D (B +18iDyi + (Bij — 181 Dus)

zi Ew jEX(i)

%Z Z ﬂz,jyzzz+ Z |ﬂz,y| + Z ﬂi,jyjzi (4-15)

Ti€w | jEX(4) JEX(i JEX(1)
= Ji+Jo+ J3.

We now transform the second term in (4.15)

Z Z |83, (ys Z Z 181,31 (yi — y;) (2 — z5)

Ti€w jEX (4 Ti€w jEX (4
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o1

and the third term in (4.15)

2 Z Z 6z,gy32z—

zi€w jeX (1)

Finally we get

(Ahya

l\:)|>—A

!
2

T;Ew

ﬁz,gyg zi + 6] iYiZj
(4)

»-lkll—‘

,] y] Zi — yizj) .

MM MM

P
Ze

'-lkI»—ﬂ

2 %%i) meas(Vi)ki; di[gZ(;i,y;]j) [(Z:Ss((vvj)» “ _Zi]]

Z ﬂz,y YiZi + Z Z |ﬂz,y| )( ZJ')

JEX(i

x; GM)JEZ )

+- Z Z Bii(Wjzi — yizj) -

T;Ew JEZ

Letting z = y in the above formula the desired result follows using Proposition 4.1. and the
FV regularity of the control volumes. O

4.1.3 Modified upwind difference scheme (MUDS)

As we will later show the UDS is only O(h) accurate. We would like to exploit the symmetry
of some special triangulations in order to obtain higher order convergence and still have a
diagonally dominant matrix. Such triangulations for example are Voronoi meshes. We sketch
the derivation of MUDS only for 2-D mesh for simplicity. We assume that dist(z;,z;;) =
dist(z;,z;;) and that the ratio meas(vy;;)/dist(z;, ;) is bounded by constants independent
of h. Without loss of generality we suppose that this ratio is equal to one. Then we modify
the upwind scheme in the following way [8], (see also [114])

/.

]

ij

ij

(—aVu + bu,n) ds

2

/ (b,n)uds= Pij u; +
: 2

1+ Byl / 2k,

/ (b,n)uds= Big + 1Bigl,,  Bis ;'ﬁ”"uj +0(h) =1 + O(h),
Y

Py 1 0(02) —L+0(h?),

—kijlun,; — up,i] + I + O(h?)

- <kzg - @) [up,; — un,i] + I + O(h?)

k. .
. [n,j — un,i]

|8:.51 ki
B S a2 A v Cwp
( 2 Fy w1z o

+I; + O(h?)
ki j
T |2k
27] /4 2
+m[uh7] Uh,i] + I + O(h )
k;
oJ [’U,h’j — uh’i] + I + O(hz)

1+ By jl/2k1
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In the last step we have taken into account that §; ; = O(h). This heuristic formulae show
that if we want to get a second-order finite difference scheme we should choose w; ; and v; ;
in such a way that they satisfy the following condition:

1 = [un — un,
. = "k‘",’] s
Wig T 0L meas(V;) meas(7i;)ki,j dist(z;, ;)
.. + .. PR ..
n Bi; 2|ﬂl7]|'u/h7i++/6171 2|ﬂw|uh7j

We remark here that we split the scheme into two parts only for convenience of the error
analysis. Then we define MUDS as follows: A(") is the same as in CDS and the expressions
w; j in A®) are defined by

1 ~ ) 1Bi i1 [wn,; — un,i]
N sy i) ki g + dist(z;, z;) =2 - = 4.16
Wi, meas(‘/i) meas(’)/]) »J + dis (1’. 1']) 2 d’LSt(mZ,J]]) ( )
where
- ki - - dist(zi. T
[ S with By ; = Dusdist(@i, ;) (4.17)

L+ |Bi;l/2k1;° meas(7ij)

Using similar argument as in Proposition 4.2 and Proposition 4.3 we can prove the fol-

lowing.

Proposition 4.4 Let the Assumption 4.3 be satisfied, the discrete fluzes w;; and v;; be
defined by the formulas (4.16) and (4.9), respectively, and the approximations B; ; fulfill the
condition (4.7c). Then MUDS satisfies the discrete mazimum principle and the correspond-
ing matriz A is an M-matriz.

Proposition 4.5 Let the Assumptions 4.1 and 4.3 be satisfied, the discrete fluzes w; ; and
v;,; be defined by the formulas (4.16) and (4.9), respectively, and the approzimations [; ;
fulfill the conditions (4.7). Then the matriz A of the MUDS is a positive real matriz and
there exists a constant C' such that the following inequality is true:

(Any,y) > Cllyli., , for ally € D° = {y, y;, = 0}.

The constant C' depends only on the ratio a(z)/|b(z)].

4.1.4 1Il’in’s difference scheme (IDS)

Another approximation we derive in a similar way as in [64]

@Uh,i N ﬂ;j

/ (—aVu + bu,n)ds = —meas(’yij)l% [uny —uni] +
i

& dist(x;, ;) 2 Uhi

ij

or

meas(Vij) . [un,j — U]
meas(V;) " dist(x;, x;)

(4.18)

Wij = —

and v; j are defined as in CDS. We choose the coefficient l;:l 7 such that the above approximate
relation is exact for u = e(®™%/% when a(z) and b are constants and ¢ is a variable on the
line z;, ;. Simple computations show that k; ; have to be defined through the equality

- B;,; i,jdist(xi,
k?i j= Bz j coth =4 s where Bz j= ﬁ’JZS—(mmJ) .
; ; k ' 2meas(7i;)

1,3

(4.19)
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It is easy to see that lAc” are positive regardless of the sign of (b, n). From | coth(z)| > 1 we
have k; ; > |B; ;|- In order to investigate the properties of the IDS we rewrite w; ; + v; ;
with w; ; defined by (4.18) in the following way:
meas(vij) [; [un,; — wn,i]
—— < |kij = Bij| S
meas(V;) L <1 dist(xi, x;)

(Bij +18i51) (Bij = 1Bi;)

s et

Using the same technique as in previous propositions we have:

Wi+ 05 = —

Proposition 4.6 Let the Assumption 4.3 be satisfied, the discrete fluzes w;; and v;; be
defined by the formulas (4.18) and (4.9), respectively, and the approzimations B3; ; fulfill the
condition (4.7c). Then IDS satisfies the discrete maximum principle and the corresponding
matriz A is an M—-matriz.

Proposition 4.7 Let the Assumptions 4.1 and 4.3 be satisfied, the discrete fluzes w;; and
v;,; be defined by the formulas (4.18) and (4.9), respectively, and the approzimations [; ;
fulfill the conditions (4.7). Then the matrixz A of the IDS is a positive real matriz and there
exists a constant C' such that the following inequality is true:
(Any,y) = Cllyl},, , for all y € D° = {y, y;, = 0} .

The constant C depends only on the ratio a(x)/|b(z)|.

Remark 4.2 If §y = 0 the UDS, MUDS and IDS does not satisfy the discrete maximum
principle, but for sufficiently small h the considered finite difference operators are coercive.

This means that the error estimates which we prove in the next sections hold in this case
with one more restriction.

Summarizing these approximations we formulate the following discrete problem for (2.11):
Find a grid function up(z), which satisfies the finite difference equations:

E: wi,j + E vij=¢; in w,i=1,...ng,

JEX(1) JjEX(1)

up(x)= 0 on T,

where w; j, v;; are defined by (4.8), (4.16), (4.18), (4.9) and (4.11), respectively, and ¢; =
m f% f(x) dx. These schemes can be written as systems of linear algebraic equations

Auy = 6. (4.20)

4.2 Stability and error analysis

The stability of problem (4.20) is a simple consequence of the positive definiteness of the
matrix A. Namely, we prove the following lemma.

Lemma 4.1 Let the Assumptions 4.1 and 4.3 be satisfied. Then for all considered difference
schemes the following a priori estimate is valid:

lunllie < Clioll-10,

where uy, is the discrete solution and ¢ is the right-hand side of (4.20). The constant C' in
this estimate does not depend on h or ¢.
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Proof: The proof follows from the inequalities based on the the coercivity of the operator A

and on the definition of the norm ||.||-1 .
(@, un)s < Cllgll-1wllunlliw -

||U’h||%,w < C(Apup,up) =C

Remark 4.3 Since ||¢||-1,0 < [|0]l0,0 a0d ||un]low < ||unll1,0 We also can obtain the following

estimate:
lunllo,w < Clldllow -

4.2.1 Error estimates in discrete H'-norm
The error analysis presented here is done in the general framework of the methods developed
in [115] and [43]. We consider only the case when a(z) = 1. Let

z(z) = up(z) —u(z), z €w

be the error of the finite difference method. Substituting up = z 4+ v in (4.20) we obtain
(4.21)

Az=¢p—Au=1.

Then using (4.4)—(4.20) we transform ¢ in the following form

>

JEX()

1
[W [/ij (W) Il) ds — wm-]
[meas Vi) A (V,n)ds — ”i,j] =h1; + Yo =Y

>

JEX(i

ij

We define the local truncation error in the following way

1 meas(V;)
=W _ AT i s 4.22
Mi,j meas (1) [h( ,n)ds meas(%]-)wl’]’ ( a)

1 meas(V;)
= — _— 0 i . 4.22
/'Lh] meas (’YZJ) [Hj (Vv Il) dS meas(%]-) Uh] ( b)

By the definition of the discrete inner product and ¢, ;

First we consider the term (¢, 2)

we have

Z meas(V;)pa,izi

T;Ew

=2 2

z;€Ew jEX(7)

¢27

Uj — Uj
W n) ds + meas(7vj)kij dz[sg(l“ ﬁi‘]) o
1y
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We can regroup the terms (we call this nonuniform summation by parts) to get

(¢2,2)s = = Z Z {[ 5 (W,n —l—meaS(%g)kij%] Zi

mzew]ez(z)
[ui — uj]
) + meas(vji)kji———| 2j
/yz P dist(wy, @) | Y

1 ’LL]' — U;
- T2 > D / +mea5(%’)kijch[sTi,m]j)] [2j — i

T €w jex(i) LY 7

—% Z Z dist(x;, x;)meas(vij)

Ti€w jEX(i)
1 / (W.n) — meas(V;) wis .[zj — 2]
meas(Vij) Jy, meas(vi;) | dist(z;, ;)
1 3 [Zj — Zz]
= 3 Z dzst(mi,:rj)meas(%j)nmm.
Ti€w jeX(i)

By the FV regularity of the grid and Cauchy—Schwartz inequality follows

1/2 5 1/2
[zj — zi]
Giis < (55 meastindy | 5 5 meas V) | g
Ti€w jEX(Q Ti€Ew jEX(i
< IInII*,wIIZIh,w-

Here for convenience we denote with [|7]|.,, the first sum above.
Likewise

(p1,2)s = Y meas(Vi)g,;zi

_ W.n) ds — ﬁi,j+|ﬂi,jui+ﬂi,j—|ﬁi,ju, 2
> ¥ |/ wa d S

zTiEw jEX(i)

— _% Z Z dist(x;, z;)meas(i;)

T Ew jEX(D)
1 3
meas(vij) / (V7 n) - meaS(Vl) Ui,j
meas(vij) s meas(¥ij)

[z — 2]

(2 — 2]
dist(x;, ;)

= —= Z Z dist(x;,x; meas(%])umd

v ist(x;,2;)
1/2 o\ /2
zj — 2
< Z Z meas( u” Z Z meas(V;) [%}
T €w jEX(i) Ti€w jex(i) v
< *,w“ZHI,w-

Summarizing these results and using Propositions 4.3, 4.5, 4.7 we obtain the following
main result.

Lemma 4.2 Let the Assumptions 4.1 and 4.3 be satisfied. The error z(x) = up(x)—u(x) ,x €
w of all considered finite difference schemes satisfies the a priori estimate

12110 < C(lInllv0 + llull«w) (4.23)



56 Finite Volume Methods for Nonsymmetric Problems

where the components 1;; and p;; of the local truncation error are defined by (4.22) with
approzimate fluzes w; j and v; ; determined by (4.8), (4.11), (4.16) and (4.18) for the UDS,
MUDS and IDS, correspondingly. The constant C' in this estimate does not depend on h
or z.

In order to use the estimate (4.23) of Lemma 4.2 we have to bound the corresponding norms
of the local truncation error components 7; ; and y; ; defined by (4.22). These estimates are
provided in the lemmas given below.

Consider one fixed face v;; and the prism e;; with two faces through z; and other faces
are parallel to the straight line (z;, ;) and go through the boundary of +;;. Note that ;; is
a convex polygon by construction.

Lemma 4.3 Let the solution of the problem (2.11) be H?-regular, % < s, and the compo-
nent of the local truncation error n; ; be defined by (4.22a) with the approzimate flux w; ;
determined by (4.8), (4.16) and (4.18). Then the following estimate holds:

d/2 3
[ni,;] < Ch® d/2 Yulses; 3 < s <2+ sym, (4.24)
where sym = 0 for a general triangulation, and equals 1 if the symmetry assumption is
satisfied.

Proof: We transform e;; into a &;; with a linear transformation (z1,z2,z3) = (&,&2,&3)
such that x; is mapped into (0,0,0), z; into (—1,0,0) and meas(y;;) = 1. Let

u(z1,z2,x3) = u(&, &2, &). Consider first the component 7; j(u) for the UDS. Denote hy =
dist(x;, ;). Then

f 1
7,5 (u) = Mwm + 7/ (W,n)ds
¥

“imeas(g) " ¥ meastrg) ).,
[uj — uy] 1 ou
= — - —ds
dist(z;,z;)  meas(vij) J.,, On
N O du ,
15,5 (w) = 15,5(@) = n luy —u; — . a—n(iﬂzga&,&) d§2d§3] :

Using the imbedding of Sobolev spaces H*(Q2) < C%%*(Q), a = s —d/2 > 0 (cf. (2.1c))
and H*(Q) — HX(y;;), x =s —1/2 > 1 (cf. (2.2a)) we have

_ 1 B B c .,
|77i,j(U)| < [2|U|C°"’(éij) + |U’|17’Yij] < ||’U’||S7éij .
hy hy

It is easy to check that n; ;(@) vanishes if @ is a polynomial of first degree. Therefore, by the
Bramble-Hilbert lemma (Theorem 2.7) we get that

and with inverse transformation and the inequality (3.4a) we get

- 3
uls iy < CR* =P lulae, , 5 <s<2.

Therefore,

()] < OBy, 5 <22, (4.25)
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Suppose that the symmetry assumption is satisfied. Then n; ;(@) vanishes if @ is a poly-
nomial of second degree. In this case the estimate (4.25) holds for 2 < s < 3.
Now we consider 7; ; for the MUDS. By construction

s = [ +|B”|] wy—w) 1 ou

1+ |B;;|/2 2 | dist(zy,x5)  meas(vij) J,,, On

:{ Teenk i/ _d8}+{Cl<w><dist<wi,wj>>27[“j‘“"]

dist(z;,x;) meas(vij) dist(x;,x;)

since

(1 T |;Z]|/2 + |B;]|> =1+ Cy () (dist(zi,x;))?, Ci(z) ~ |b(x)].

Here B; ; is defined via the formulae (4.17).
We consider [u; — u;]/hi1 as a linear functional of u. With the same argument as for the
UDS we show

uj—ui<2 <C“ “ d<
Tl < —1|’U,|00,a(éij) S —1 u 8,Eij » 5 S.

This functional vanishes for constants. Therefore, if follows from the modified Bramble—
Hilbert lemma (Theorem 2.8) that

3
dist(w;, x;)* SCR P ey, 5 <5

h1

uj—ui‘

Hence the estimate (4.25) is valid in this case as well and if the symmetry assumption is
satisfied s can reach 3.
Finally for the IDS the result follows from the fact

B jcoth(B; ;) = 1+ Cy (x)dist(zi,z;)?, Ci(z) ~ [b(x),
and the same reasons as in the case for the MUDS. Here B; ; is defined by (4.19). O

Lemma 4.4 Let the solution of the problem (2.11) be H®-regular, % < s, and the component
of the local truncation error u; ; be defined by (4.22b) with the approzimate fluz v; ; determined
by (4.9) and (4.11). Then the following estimate holds:

3 Ch*~ 42 |Ibll 421 a,00.0lltlls,e:; for MUDS and IDS,
|Nm| <

Chl_d/2 [|b|0,oo,Q|u|1,eij + hs_l||b||d/2+a,oo,Q||U’||s,eij] fOT‘ UDSa (426)

where % <s<2.

Proof: We consider two cases. For UDS suppose 3; ; > 0. Then

1 i
s () = / (V.n)ds — meas(V;) Vi,
’ meas(Yij) Jy., meaS(%’j) ’
1
= b, n)u dS — i, Wis
meas(vi;) /%.j( ) meas(%]) meas(rn)

We again use the linear transformation of coordinates from the proof of Lemma 4.3. After
the linear transformation is performed, the truncation error y; ; simplifies to

Wi, j (ﬂ') = / (Ba Il)ﬂ, ds — Bi,jai-
Yi

ij
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Denote Iy (b, @) = —p; (). We represent [; in the following way:

li(b, @) = B ;i —/ (b,n)a ds

ij

= Bi.j luz _/ﬂ‘v-- ads
* / (31,5 = (b,m)][u — s ds

U — / uds
Yij Yij

+a; / (B — (b,n)] ds
+

A_ | (8,5 — (b,n)]u dS]

]

= Bi,j

= B3;,;p1(@) + c(b,w) + w;q(b),

where the linear functionals p; (@), ¢(b) and the bilinear functional c¢(b, %) are defined by
p1(a) = u; —/ uds,
Yij

o(b, @) = / By — (b, n)][a — a ds,

Yij

q(b) = / [Bi,; — (b,n)]ds.

Yij

Therefore, using (4.7b) we have

11 (b, @)] < [blo,co.z,

P (a)| + |C(f),ﬂ,)| + |a|07007€ij

q(b)|.

First we consider p;(@). The Sobolev imbedding theorem (Theorem 2.4) and the trace theo-
rem (Theorem 2.5) imply that p; (@) is bounded for @ € H*(&;;) :

_ _ i d
|p1 (u)| < |U’|07007éij + |U’|07’_Yij < C“UHSEH s 5 <s.

Moreover, p;(.) vanishes for constants. By the modified Bramble-Hilbert lemma (Theorem
2.9) follows

d
|p1(ﬂ)| < C(|a|1yéij + |’L_I‘|Syéij)7 5 <s< 2.
The inverse transformation (cf. (3.4a)) produces the estimate

d
|p1(u)| < Chlid/2(|u|1,€ij + hs*1|a|s,éi]‘)v 5 <s<2

Obviously c(b, @) is a bilinear functional bounded for (b, @) € (Wl’oo(éij))d x H'(e;;) and
vanishes for r, s polynomials of zero degree, i.e., ¢(r,@) = 0 for @ € H'(&;;) and ¢(b,s) =0
for b € (WH*°(g;;))¢. Then by the bilinear variant of the Bramble-Hilbert lemma (Theorem

2.9) and the inverse transformation we have

le(b,u)] < CR?™2[bl1 oq e,

U/|1,eij .
And finally the linear functional is estimated by the assumption (4.7c)
la(b)] < CR*[bllaj21a,00,0-

Combining the estimates for p(.), ¢(.,.) and ¢(.) we get the desired assertion.
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Now we consider p; ; for MUDS and IDS

1 meas(V;)
() = — V.n)ds — LS4
wi () = s ) /( st
1 1
meas('y”) /Y”( ’n)u’ S meas(,)/”) /617] [a]u’l + alu’]] )
where
_ dist(xj, ) - dist(wi, 345)

)

4= dist(z;,x;) = dist(z;, )

With the usual linear transformation of coordinates we get

Wi, j (17,) = / (B, l'l)’a ds — Bi,j [Oéjﬂi + Oéi’ljj].
’_Y

ij

Define l»(b, @) = —p; j (). With the similar argument as in the case for UDS we rewrite [
is the following form:

ZQ(B,H) = Bi,ij(u) + C(f),ﬂ,) + ’U,Zq(b) ,

where the linear functional po(.) is given by the formulae

pg(ﬂ) = [Clj’L_Li + Cljﬂj] — / uds
Yij
and ¢(.) and ¢(.,.) are the same as above.
p2() is bounded for @ € H*(g;;), 2 < s and vanishes for all polynomials of first degree.
Hence

d
Ip2(u)| < Ch* =2 |uls.,, g <s<2

O

We point out that the symmetry condition is used only to estimate the truncation error
1;,; of the diffusion term.

Now we are ready to prove the main result of this subsection.

Theorem 4.1 If the solution u(x) of the problem (2.11) is H?®-regular, with % <s<3
and the Assumptions 4.1 and 4.8 are satisfied then: (i) if the Assumption 4.2 is satisfied,
the MUDS and the IDS defined by (4.16), (4.9), (4.18) and (4.9) have O(h*~!) rate of
convergence in the H'— discrete norm, and

lur, = ullw < CR*T" (14 B|Ibllajz4a.00.0) lulls,

(ii) the UDS defined by (4.8) and (4.11) has at most first order of convergence in the H'—
discrete norm, and

lun = ullw < Chibloc.alulia +Ch* ! (L4 h|[bllaj21a,000) lulls.o-

Here

5= 1 3 <s<2,
3—s5 2<s<3.
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Proof: In Lemmas 4.3 and 4.4 we have proved the estimates for the components 7; ; and
fi,; of the local truncation error. Hence

1/2

Il = | D meas(Vs) Y
)

zi€w JEX(i
1/2
<C Z hd Z h28_d_2|u|3,eij
zi€w  jEXN(i)
s—1 d
< Cih* " Hulsa, §<s§2+sym.

In the same way we show that

[1lls.0 < Ch2[blla/24a,00,0llulls.0

when MUDS or IDS are used, and
12l < C (R*[[blla2ta,c0.0lltlls,e + hlblo,co.luli,e)

otherwise. This completes the proof. O

4.2.2 Error estimates in discrete L?>-norm

Here we elaborate the discrete Aubin-Nitsche “trick” for finite difference operators introduced
in Section 4.1. (see also [115]). We consider only 2-D square meshes An example of such
a grid is shown on Fig. 4.2. Since the issue of constructing and studying of monotone
approximation to convection-diffusion operators is our main goal we disregard the differences
that may occur from the approximation of the right hand side. Thus we consider the following
homogeneous problem

{ div(—a(z)Vu(z) + b(z)u(z)) = 0 in €2, (4.27)

u(z) = g(x) onT,

where g(z) € L?(T'). In order to simplify our presentation we consider only the case a(z) = 1.
We use the fact that the mesh is aligned with the coordinate axes and define the approximate
fluxes in each direction. A typical volume V' is shown on Fig. 4.3. The boundary 9V is split
oV = sf U s; U s1 U sa. If this subsection we denote the approximate solution u, with y in
order to reduce the subindices. The operators A and A®?) are defined by

2

Al )y = wi’:m —wi,i; + wim — W2, TEW, (4.28)
1 o +

Ay = Vigj —VlLij t Vs, — V25, TEW

and the approximate fluxes are given via

ko
L.,
w (z) = wf, ;= - fzjyxl’i’j’ 1=1,2, (4.29)
Epis
wl(l‘) = Wiij = — };’J Yzu,i,5 l= 1,2,
and b
1,i41/2,j
’Uiiﬂ' = Biiﬁ'(yﬂ»l,j + yz’]) y Bihj = #’
_ bz

Vi, = B1,ij(Wij +¥i-15), Buij = T
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[e] [e] [e] [e] q
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Figure 4.2: Cell-centered mesh

S1

53
o s1
(331,i, 2U2,j)
52

Figure 4.3: Control volume V (z)
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By s s
+ _ pt . . +  _ Y244+1/2
vy, =B ,i7j(yz,g+1 +Yij) By, = T

V2,ij = B2,i,j(ij +Yij-1), DBaij= o

-1
1 [ ds i
kiijg =17 S v ki = ki
h 11 G,(S,.T27j)

—1
1 [*2d ds
kaij = 1|+ —— o kg = ko
h w21 a(z1;, )

For the UDS we define the approximate fluxes v ; ; with the formulas

where

+  _ (p+
viig = (Bia

vii; = (Biig —IB1ii1)yij + (Biij + |Bij)yi-1,;-

- |Bfr,i,j|)yi+1,j + (Bfr,i,j + |Bl+,i,j|)yi7j’

The approximate fluxes for MUDS are introduced by

1.
Wiy = 7 (kﬁl +1By] -h2|) Yori, 1=1,2,

J Lyi,g
1 2
wiij = =7 (kij + |Brigh’|) yzi5, 1=1,2,
h
where
ki = bris k= ki
IX2% ’ i, T ) 2J
T 14| Bui P ki " !
koij = Fasis k.= ko i+1
30, T ’ 1,7 X2 I
DL+ Beigh®l ke T P !
and for IDS
+
+ g i _
W5 = — h Yar,i,5, Wihij = — h Yz, 1=1,2,
B+» .h2
+ _ pt+ 12 3,5
Vi = Brah” coth | —27—1,
Li,j )
By ih
2 Lyi,g
Viij = Blﬂ"jh coth <l7 .
1]

First, we introduce the following averaging operators [115]:

1 Tith/2
Siu:—/ w(xr, .. &y o) dE;

h Ti—h/2
1 z;+h
Sju:ﬁ U(l'l,---,fi,---,l'n)dfi,
1 %
S;U’ZE/ u(xla"'agia"'amn)dgia
.ti—h

T,=S; =SS, T="T,.

(4.30)

(4.31)

(4.32)

(4.33)

(4.34)

(4.35)

(4.36)



4.2 Stability and error analysis 63

Then applying T' to the differential equation (4.27) at any grid point z € w and using the

properties:
0%*u ou
1 (55) @ = SF () @ =

(3

we get

— (TQU)— — (Tlu)— + T2Sl_ (blu)zl + T152_ (bgu);m =0. (437)

x1,T1 x2,T2
We express the operator Ay, in the form

hwy 2, + hws 2, + AWy = 0, zecw, (4.38)
y(@) = Tsg(x), weqi, 1=1,2. (4.39)

Let z(z) = y(x) — u(x), © € Ws be the error of the finite difference method. We define

— u(z), T Ew
B T3_lg($), xef}/lial: 172

Then z = (y —u) + (W —u) = Z+u — u. Note that Z= 0 on . Substituting y =Z+ @ in
(4.38) we obtain

Apz = Apy — Apu. (440)

The right-hand side of (4.40) is the local truncation error. In order to obtain a priori estimate
we represent the local truncation error in a divergence or almost divergence form (depending
upon the choice of the difference scheme). Next, we rewrite (4.40) as

2

[hwl + (T3—lu)fz]ml + Z I:h'l)l N T3_l5f (bZU)] 1
1 =1

M

Az =
l

2
(Tgfl’ul — U)Twz + Z [h’l)l - T3,ISZ_ (blu)]ml
=1

Il
M

N
I
-

2

+ Z [_(kl - l)ufz]xl .

=1

Finally, we find the expression for the local truncation error

ApZ = M,zzy T N2,0200 + M1,z + 2,2, + glyzl + 627302 (441)

where
m=Ts_ju—u, z€ wli , (4.42)
= hoy — T5_S; (bu), & =—(ki— 1)z, , © € w;", (4.43)

where T is gotten by replacing « with @ in the formulas (4.30) and (4.32).

Let us introduce the solution of the following auxiliary discrete problem

ATw = 7z inws,

4.44
w = 0 onv. ( )
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Note that similarly to the Aubin-Nitsche “trick” w is a solution of a discrete second order
problem with a right-hand side the error Z(x) of the method. Obviously,

(Apz,w) = (Afw,2)s = (7,2)s = 7l - (4.45)

On the other hand from (4.41) we get

2
(Ahz) U))s = Z [(nl,flml ’ ’LU)S + (Nl,zl ) ’U))S + (fl,mz ) U))S]
lzl ,
= S mwse)s — 30 (G wa ]+ Ewli) (1.46)
=1 =1

< > Ulmllow + Nedle + 1€ Qe oo + llewz, 1) -

=1
To complete the proof of the a priori estimate we need the following lemma.
Lemma 4.5 Let b(z) € (Wl’o"(Q))2. Then for the error zZ(z) = y(z) —u(z), © € w of all
considered schemes and the solution w of the problem (4.44) the inequalities are valid:

[w]l2 < LA w0 < CallZllow (4.47)

for sufficiently small h.

Proof: Using the definition of Agf) and the triangle inequality we get

1A wllow = N[kiwz, e, + kowz,]esllow
= [(1+ Ci(2)h*)wz, Joy + [(1 + Co(2))wz,]usllow
“wflml + Wzozs “0,14)

2
—h “CLMU}Il + Clwflml + C2,$2wI2 + C2wf2$2||07w

\Y

> wzye, + Wrasllow — D2h2||w||2,w .
Here k; =1,C;, =0, 1 =1, 2 for the UDS and
kl:1+Cl(m)h2, CI(Z’)NI)IZ(Z’), l=1,2

otherwise. We use also that C', C> and C' ;,, C5 4, are bounded.
Finally using the equivalence of ||wz,z, +Wz,z, |0 and ||w]|2,, in the space D° we obtain

1A o0 > (D1 = Dsh?) wllo,e

where D1 and D, are positive constants. Hence for sufficiently small h the lower bound in
(4.47) is proved.

An upper estimate for ||A22)||0,w is derived by using the standard a priori estimate in
Wy (), lwlle < CllZllow- Then

1AP wllow = (A — A wllo,
AT wllow + AN wllo.
1Zllo.0 + Cllwlls o

Cllzllo.. -

1A wllo,.

IN AN A
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Remark 4.4 Lemma 4.5 is actually a discrete regularity result in W?22(w) (cf., Hackbusch
[54])
lwll2 < CliZllow -

Then (4.45) and (4.46) yield

2
215, = (AnZ,w) < C D (llmillow + Nl + €710 Z 0.0
=1

Thus, we have proved the following a priori estimate

Lemma 4.6 The error Z(z) = y(z) —u(z), © € w of all considered finite difference schemes
satisfies the a priori estimate:

2
IZllow < CY Umllow + il + 1110 ,
=1

where the components n;,  and &, | = 1,2 of the local truncation error are defined by
(4.42) and (4.43). The constant C does not depend on h or Z.

Now we are ready to prove the following basic lemma.

Lemma 4.7 If the solution u of the problem (4.27) with constant coefficient a(z) is H*(2)-
reqular, 1 < s < 2 then the components of the local truncation error m; and py, | = 1, 2,
defined by (4.42) and (4.43), respectively, satisfy the following estimates:

(4)

millow < Ch*|lulls,a,

(i)

Cho|bi|1,00,0lulls,0 for MUDS and IDS

<
T S { G ol ol o) for UDS,

(i4)

Ch?||ul|s,a  for MUDS and IDS
1601 <
0 for UDS.

Proof: Consider €i,j = {(.771,372) 211 S I S T1,i4+1, T2,5—-1 S b)) S 5627]'4_1}. We begin
with UDS. To obtain (i) we rewrite (4.42) in the form

1
M = (w52 5) — / (1= |sa)yular i, 25 + 52h) dso.
~1

It suffices to prove the estimate for z € w because by construction 7; = 0 on wli. We have
that n; is a linear functional of u(z), bounded for v € H*(Q), 1 < s < 2. This functional
vanishes for all polynomial of first degree. Therefore, by a Bramble-Hilbert lemma argument,
we get

I (z)] < Ch* Hulse, 1 <5< 2. (4.48)

Nf=

lImllow = (Z nf(ﬂf)h2> < Ch%fuls,e.

rew
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We note that in this case £ (x) = 0. Now, let us take the component n; () for the MUDS and
the IDS. In both schemes the coefficients k1 (x) and ~; (z) are perturbations of the coefficient
ki(z) = 1 of the UDS with a term of order O(h?). More precisely,

S 1 |b1 (@) [P _ 5
kl(m)— 1+|b1(1‘)h/2| + D) —1+Clh (MUDS)
and b h b h
1n(r) = 1(;6) coth < 1(23:) ) =1+ C1h? (IDS).
Since _ _
6 (a) = (ks (a) — 17, = ~Cyp? T —Til]
we have

@) < Ch(fulye + 1 Hulye), 1 <5 <2
for the interior points and hence
1601 < CR?|Julls0,1 < s <2.

For the boundary points we have & (z) = —Ch[u;, j —ui—1 ;] + Chlu; j —U; ;] and the second
term is estimated with the approach used in the proof of Theorem 4.1.

(ii) For the second component p;(z) we proceed in the same way as in Lemma 3.3. First,
we need the equality (see [115]):

TS (bru) (w14, m25) =

1 0
/ (1 - |82|) |:/ b1($17i + Slh,l’QJ’ + SQh)U(CELi + Slh,.TQJ' + SQh) dsi| dss.
1

-1
Now, let us consider the component for the MUDS and IDS

by 170 s
(@) = =5 g 4 i) = ToSy () (@i, ma,)

We can represent p; in the following way

p1 () = by i—1/2,;p(u) — c(br,u) + u;i jq(by)

where
Ui g+ Wi—1,5
p(u) — [ J 5 1 ]]
1 0
_/ (]_ — |82|) |:/ ’U,(:L’Li —+ Slh,l’g’j —+ S2h) d81:| d82 s
—1 —1
1 0
c(bi,u) = / (1 —s2]) {/ u(z1 i+ sih,x2j + s2h) _Ui,j]
-1 -1
X [bl(ml,i + Slh,x2’j + S2h) — bl,i—l/?,j] d81 d82
and

l](bl) = b1,z>1/2,j

1 0
_/ (]_ — |S2|) |:/ bl(ml,i + Slh,x2’j + S2h) — bl,i—l/?,j d81:| dss .
1

—-1 —
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We have the estimates:

|p(u)| < Chs_1|u|s,e: 1<s<2,
|C(b1,’u,)| < Ch|b1|1,oo,e|u|1,ea
lg(u)] < Chlbi]1,00,e-

Hence
|1 (2)] < CR*7H[by [ (Juls.e + R~ (Julye + [ulo,0o.e))-
For UDS we have to add the error of the term —|by ; j|uz, which is
h (|b1|0,oo,e(|“|1,e + hs_1|u|s,e))] .
Combining the above results we obtain the assertions of the lemma. O
Now we can prove the main result in this subsection.

Theorem 4.2 If the solution of problem (2.11) is H*-regular, 1 < s < 2 then:
(i) the MUDS and IDS defined by (4.33), (4.30), (4.35) and (4.30) have O(h™) rate of
convergence in the L2~ discrete norm, i.e.,

Iy = wllow < CA[(A + |Ib1]l1,00,02 + [[b2]l1,00,0) llulls,0 + ll9lls—1 ]

(i7) the UDS defined by (4.29) and (4.32) has at most first order of convergence in the
L% —discrete norm, i.e.,

ly —ullow < Ch(|bilo,co,0 + [b2]0,00,2) [ul1,0
+COR*[(1+ [1b1ll1,00,0 + [1b2ll1,00,2) lulls,2 + llglls—1 r]-

Proof: We have ||y — ullo,w < ||y —@llow + || — |0, From Lemma 4.6 and Lemma 4.7 we
get immediately the estimate for |y — |0, To find the upper bound of the second term

lu =allg. =D D B (Tsag(e) — g(2))”

=1 'Yli

we observe that we can consider T5_;g — g as a linear functional of g which is bounded in
H™ 3 (T") and vanishes for all polynomials of first degree. Then

|T3,lg_— gl < Chm’1||g||m_%767 where e, = (z; — h, z; + h) which shows that

lv =Tl < Ch™ gl -y ,r- B

2

Remark 4.5 The technique used in Subsections 4.2.1 and 4.2.2 directly gives the same
estimates for the CDS as for MUDS and IDS, when this scheme is stable, i.e., when (4.10)
holds.

4.3 Numerical results

In this section we study the error behavior of our three schemes ( UDS, MUDS, and IDS)
in both H' and L? discrete norms on model test examples.
We consider

div(—eVu(z,y) + bz, y)u(z,y)) = f(z,y), inQ,
(4.49)
u(z,y) = 0, onT,
and for velocity vector b we choose
by = —(1—=zcosa)cosa, by = —(1 —ysina)sina,

where the angle is o = 15°.
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Table 4.1: UDS ,a=15°,d=0

e\ N 16 32 64 128 256
1 L% | 0.389.10~3 | 0.198.10—3 | 0.100.10—3 | 0.503.10—% | 0.252.10— %
Jé] 0.947 0.974 0.986 0.991 0.997
H' | 0.154.10~2 | 0.859.10=3 | 0.454.10—3 | 0.233.10—3 | 0.118.10—3
Jé] 0.699 0.842 0.920 0.962 0.982
10=2 | L? | 0.149.10~' | 0.811.10=2 | 0.425.10=2 | 0.218.10=2 | 0.110.10—2
Jé] 0.780 0.878 0.932 0.963 0.987
H' | 0.633.10~' | 0.462.10~' | 0.288.10~' | 0.163.10~! | 0.868.10~2
Jij 0.298 0.454 0.682 0.821 0.909
10-°5 | 2 | 0.233.10~ ! | 0.135.10-! | 0.737.10—2 | 0.388.10~2 | 0.200.10—2
Jé] 0.667 0.787 0.873 0.926 0.956
H' | 0.110.109 | 0.779.10~! | 0.505.10~1 | 0.305.10~! | 0.180.101
Jé] 0.338 0.498 0.625 0.727 0.761

Problem 4.1 f(z,y) is chosen such that the solution is
w(z,y) = z(1 — z)y(1 — y)e? @Y ford=0 ord=1.

In Tables 4.1-4.6 we display the error for smooth solutions without boundary layer behavior.
In the first and the second rows we show the L?(w) and H'(w)-norms of the error 2 =y — u
and “numerical” rate of convergence 3, i.e., h. Our computational experiments clearly show
that MUDS and IDS exhibit second order of convergence both in L? and H!'-norms for
problems with moderate convection (i.e., not too small € > 0) ; the factor 8 is in the range
of 1.822-1.995, correspondingly. For these problems UDS is only first order accurate: [ is
between 0.947-1.260. For highly dominating convection all schemes show about first order of
accuracy. The results for e = 1072, 1075 show that all considered schemes are stable.

Problem 4.2
f(z,y) =V - (bug), up(z,y) = z*y(1 —y).

Here wug is the solution of the equation (4.49) when ¢ = 0. In Tables 4.7-4.9 we show
ly — uolo.z, where @ is a grid in Q = [0,7/8] x [0, 1], i.e., away from the boundary layer. This
gives us a reasonable information since for small € the function ug is close to the exact solution
of problem 2, except within the boundary layer. In fact we have an estimate ||u—uol|, g < Ck,
and when ¢ is significantly less than h we may use ug instead of the unknown exact solution u
in Q. In case that h and € are of the same order this is inappropriate as is shown by Tables 4.7
-4.9 h = 1/256 and € = 1072, Our experiments show very weak dependence of the numerical
solution with respect to € — 0 in Q. This means that if we use a more sophisticated method
near the boundary layer, e.g., local refinement, or defect—correction, in combination with the
proposed schemes outside the layer, we can get better results.
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Table 4.2: MUDS , a =15%,d=0

e\ N 16 32 64 128 256
1 L? | 0.213.10~% | 0.567.10~% | 0.146.10~5 | 0.372.10=% | 0.940.10~7
Jij 1.822 1.909 1.957 1.973 1.985
H' | 0.818.10~% | 0.239.10~* | 0.649.10~5 | 0.169.10~2 | 0.431.10~6
Jé; 1.559 1.775 1.881 1.941 1.971
10-2 | L2 | 0.102.10~% | 0.416.10~2 | 0.148.10~2 | 0.468.10—3 | 0.134.10~3
Jij 1.100 1.294 1.491 1.661 1.804
H' | 0.436.10-1 | 0.240.10~! | 0.101.10~1 | 0.347.10~2 | 0.104.10—2
Jé; 0.609 0.861 1.249 1.541 1.738
10-° | L2 | 0.233.10~1 | 0.135.10~ % | 0.736.10-2 | 0.387.10~2 | 0.198.102
Jé; 0.667 0.787 0.875 0.927 0.967
H! 0.110.10° 0.784.10~% | 0.511.10=' | 0.309.10—! | 0.174.10~!
Jé; 0.338 0.489 0.618 0.728 0.820
Table 4.3: IDS , a =15%,d =0
e\ N 16 32 64 128 256
1 L? | 0.169.10—% | 0.451.10=% | 0.116.10~5 | 0.295.10=% | 0.740.10—7
Jé; 1.840 1.906 1.959 1.975 1.995
H' | 0.650.10-% | 0.189.10~* | 0.511.10~5 | 0.133.10~% | 0.338.10~6
Jé; 1.578 1.782 1.887 1.942 1.976
10-2 | L2 | 0.860.10~2 | 0.288.10~2 | 0.816.10~3 | 0.213.10—3 | 0.540.10— %
Jé; 1.253 1.578 1.819 1.937 1.980
H' | 0.366.10~' | 0.166.10~ | 0.557.10=2 | 0.158.10=2 | 0.420.10—3
Jé; 0.786 1.141 1.575 1.818 1.911
10=% | L2 | 0.233.10~' | 0.133.10~! | 0.736.10=2 | 0.387.10=2 | 0.198.10—2
Jé; 0.667 0.787 0.875 0.927 0.967
H' | 0.110.10° | 0.770.10—! | 0.511.10—' | 0.309.10—! | 0.175.10~!
Jé; 0.338 0.515 0.592 0.728 0.820
Table 4.4: UDS ,a=15°,d=1
e\ N 16 32 64 128 256
1 L? | 0.232.10=2 | 0.102.10—2 | 0.470.10—3 | 0.223.10—2 | 0.113.10—2
Jij 1.260 1.186 1.118 1.040 0.981
H' | 0.930.10~2 | 0.451.10~2 | 0.218.10~2 | 0.106.10=2 | 0.545.10~3
Jé; 0.984 1.044 1.049 1.040 0.960
10-2 | L2 | 0.486.10~ 1 | 0.267.10~% | 0.141.10~! | 0.725.10~2 | 0.368.10 2
Jé; 0.769 0.864 0.921 0.960 0.978
H! 0.228.109 0.170.10° 0.110.10° 0.637.10~! | 0.345.10~1!
Jij 0.291 0.423 0.628 0.788 0.885
10=% | L2 | 0.719.10~' | 0.408.10~! | 0.219.10—! | 0.114.10-! | 0.585.10~2
Jé; 0.690 0.817 0.898 0.942 0.963
Ht 0.329.10° 0.215.10° 0.138.10° | 0.847.10~1 | 0.496.10~1
Jé; 0.536 0.614 0.640 0.704 0.772
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Table 4.5: MUDS , a = 15°, d = 1

e\ N 16 32 64 128 256
1 L? | 0.768.10~3 | 0.204.103 | 0.526.10—% | 0.134.10—% | 0.337.10~°
Jé] 1.830 1.911 1.956 1.973 1.991
H' | 0.302.10~2 | 0.900.103 | 0.246.10~3 | 0.646.10=% | 0.165.10—4
Jé] 1.531 1.747 1.871 1.929 1.969
10-2 | L2 | 0.291.10~% | 0.117.10 ! | 0.415.10-2 | 0.130.10~2 | 0.374.10—3
Jij 1.101 1.315 1.495 1.675 1.797
H' | 0.132.109 | 0.721.10~! | 0.306.10~1 | 0.106.10~! | 0.319.10—2
Jé] 0.677 0.872 1.236 1.529 1.732
10-° | L2 | 0.719.10~ ! | 0.407.10~! | 0.218.10~1 [ 0.114.10~! | 0.576.10—2
Jé] 0.690 0.821 0.901 0.935 0.985
H! 0.329.10° 0.216.10° 0.138.10° 0.840.10~' | 0.432.10~1!
Jé] 0.536 0.607 0.646 0.716 0.822
Table 4.6: IDS , a =15, d=1
e\ N 16 32 64 128 256
1 L? | 0.752.10—3 | 0.200.10—3 | 0.515.10—% | 0.131.10—% | 0.330.10—2
Jij 1.828 1.911 1.957 1.975 1.989
H' | 0.296.10~2 | 0.883.103 | 0.242.103 | 0.634.10~% | 0.162.10~*
Jé] 1.532 1.745 1.867 1.932 1.968
10-2 | L2 | 0.227.10~% | 0.755.10~2 | 0.212.10~2 | 0.553.10~3 | 0.138.10—3
Jé] 1.277 1.588 1.832 1.939 2.002
H! 0.100.10° 0.454.10-' | 0.153.10~' | 0.443.10=2 | 0.116.10~2
Jé] 0.880 1.139 1.569 1.788 1.933
10=% | L? | 0.718.10~' | 0.407.10—' | 0.218.10—' | 0.114.10-! | 0.576.10~2
Jé] 0.690 0.819 0.901 0.935 0.985
H' | 0.329.10° 0.216.10° 0.138.10° | 0.840.10~' | 0.475.10~ 1!
Jé] 0.536 0.607 0.646 0.716 0.822
Table 4.7: UDS , a = 15° , boundary layer
e\ N 16 32 64 128 256
103 | L? | 0.427.10~2 | 0.252.10—2 | 0.147.10=2 | 0.894.10~2 | 0.594.10—2
Jé] 0.622 0.761 0.778 0.717 0.590
H! | 0.414.10~t | 0.276.10~! | 0.172.10~! | 0.109.10—! | 0.744.10—2
Jé] 0.332 0.585 0.682 0.658 0.551
10-% | L2 | 0.393.10~2 | 0.225.10~2 | 0.122.10~2 | 0.645.10~3 | 0.342.10~3
Jé] 0.641 0.805 0.883 0.920 0.920
H' | 0.365.10~! | 0.233.10~! | 0.134.10—! | 0.733.10=2 | 0.396.10~2
Jé] 0.380 0.648 0.798 0.870 0.888
10=% | L2 | 0.391.10—2 | 0.223.10—2 | 0.119.10—2 | 0.621.10—3 | 0.318.10~2
Jé] 0.642 0.810 0.906 0.938 0.965
H' | 0.361.10~1 | 0.229.10-! | 0.130.10—1 | 0.700.10-2 | 0.364.10—2
Jé] 0.387 0.657 0.817 0.893 0.943
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Table 4.8: MUDS , a = 15° , boundary layer

e\ N 16 32 64 128 256
10-3 | L2 | 0.392.10~2 | 0.224.10~2 | 0.122.10~2 | 0.682.10—3 | 0.340.10—3
Jé; 0.640 0.807 0.877 0.839 0.652
H' | 0.364.10~' | 0.233.10~! | 0.135.10~! | 0.790.10=2 | 0.525.10~2
Jé; 0.381 0.644 0.787 0.773 0.415
10=% | L2 | 0.390.10—2 | 0.223.10~2 | 0.119.10~2 | 0.618.10—3 | 0.315.10~3
Jé; 0.643 0.806 0.906 0.945 0.972
H' | 0.361.10~1 | 0.228.10—! | 0.130.10~1 | 0.696.10~2 | 0.361.10—2
Jé; 0.384 0.663 0.811 0.901 0.947
10-% | L2 | 0.390.10~2 | 0.223.10~2 | 0.119.10-2 | 0.618.10—3 | 0.315.10~2
Jé; 0.643 0.806 0.906 0.945 0.972
H' | 0.360.10~' | 0.229.10—! | 0.130.10~! | 0.696.10=2 | 0.361.10~2
Jé; 0.388 0.653 0.806 0.901 0.947
Table 4.9: IDS , o = 15° , boundary layer
e\ N 16 32 64 128 256
10=3 | L2 | 0.390.10~2 | 0.222.10~2 | 0.116.10~2 | 0.594.10—3 | 0.376.10—3
Jé; 0.643 0.813 0.936 0.966 0.660
H' | 0.361.10~1 | 0.227.10~! | 0.124.10~1 | 0.665.10~2 | 0.454.10—2
Jé; 0.384 0.669 0.872 0.899 0.551
10-% [ L2 | 0.390.102 | 0.223.10~2 | 0.119.10~2 | 0.619.10—3 | 0.314.10°3
Jé; 0.643 0.806 0.906 0.943 0.979
H' | 0.360.10~' | 0.229.10—' | 0.130.10~' | 0.697.10~2 | 0.360.10—2
Jé; 0.384 0.653 0.817 0.899 0.953
10=® | L2 | 0.390.10=2 | 0.223.10=2 | 0.119.10=2 | 0.619.10—3 | 0.315.10~2
Jé; 0.643 0.806 0.906 0.943 0.975
H' | 0.360.10"1 | 0.229.10—! | 0.130.10~1 | 0.697.10~2 | 0.361.10—2
Jé; 0.384 0.653 0.817 0.899 0.949







CHAPTER V

LOCAL REFINEMENT FOR FV PROBLEMS

The goal of every numerical simulation is to capture accurately the behavior of the mod-
eled quantities. In this chapter we will concentrate on the error due to the approximation of
a differential model with a discrete one. The classical error estimates state that the approxi-
mation error is proportional to some norm of the solution u and to some degree of the mesh
step h , i.e., the error is proportional to hP||u||s,o for some real numbers p and s, p < s. We
say that the solution u has singularities if it is not smooth enough (s is small), or the norm
lu|ls,q is very large (usually called large gradients).

If the solution has singularities, in order to achieve good accuracy, the mesh size h has
to be very small. Even with the most powerful computers available this cannot be done in
a uniform manner for many multidimensional problems. However, if the singularities of the
solution are localized, a substantial reduction of the computational cost can be achieved via
local refinement. This means that where the gradient is large we refine the mesh so that the
overall error is not big.

The most common way to refine the grid is via smooth variation of the mesh size. Practical
applications of such algorithms are usually very complicated. Grid refinement procedures that
consist of underlying coarse grid and patches of locally refined grids (possibly in more than
one level), have been used and discussed by many authors. This approach has been also
widely used in reservoir modeling (see, e.g., Pedrosa [102] and references there).

The local patch refinement procedure requires accurate treatment of the interface between
the coarse and fine regions. This issue has been investigated for symmetric problems by Ew-
ing, Lazarov and Vassilevski [43]. They have developed various interpolation procedures
for cell-centered finite volume difference schemes on uniform rectangular meshes and have
derived the corresponding error estimates. An extension to triangular meshes has been con-
sidered by Vassilevski, Petrova and Lazarov [132]. The convergence theory for finite volume
element methods has been provided by Cai, Mandel and McCormick [28, 27] and the analysis
of mixed finite element methods on locally refined grids has been considered by Ewing and
J. Wang [41].

In recent years a more general approach to combine different meshes and approximation
techniques, the so called “mortar” element methods has been popularized by Maday, Le
Tallec and their coworkers [79, 20]. The idea of mortar element methods is to construct some
matching condition between different domains and elements.

In this chapter we construct conservative cell-centered approximations on locally-refined
grids for convection-diffusion second-order elliptic equations that have optimal order of con-
vergence and satisfy the discrete maximum principle.

This chapter is organized as follows. In Section 5.1 the finite difference schemes are
described and studied. In Section 5.1.1 and Section 5.1.2 the constant and linear interpolation
on the interface are derived. Section 5.2 deals with the main properties of the discrete
problems. The error analysis is presented in Section 5.3. In Section 5.4 extensive computer
experiments are provided for a variety of convection- diffusion problems, including convection
dominated ones. These tests support our theoretical results and assess the applicability of

the derived schemes and error bounds. Some technical details are given in Appendices A and
B.

OPortions of [77] reprinted with permission from Computing. Copyright 1994 by Springer—Verlag, Wien.
All rights reserved.
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Figure 5.1: Composite cell-centered mesh

5.1 Finite difference schemes

We investigate cell-centered finite difference schemes with local refinement on 2-D uniform
meshes. The schemes for such meshes are given in Section 4.2.2. We will derive error estimates
for UDS and MUDS.

Now we consider the case with local refinement, where some of the cells are refined into
a number of fine grid cells and introduced as grid points the centers of the new finer cells
(see Fig. 5.1). The subregion covered by the refined grid is denoted by Q> and the remaining
part of Q is denoted by Qy, i.e., @ = Q; [JQ2. We assume that the cells are squares. There
are cells of two different sizes: coarse grid cells of size h. and fine grid cells of size hy = %hc,
where m is a given positive integer.

The centers of the coarse grid cells contained in 2 define the coarse grid, which is denoted
by @. The set of coarse grid points in Q5 is designated by @o, i.e., @s = @[] Q2. The coarse
grid points in ; and the fine grid points in Qs define the composite grid denoted by w.
The grid points of the composite grid next to the boundary between 2; and Q> we will call
irregular. All remaining grid points will be called regular.

From now on we will consider only the terms of the difference schemes in the x;—direction.
In the other direction the corresponding expressions are derived similarly.

Conservation of mass implies that output flux through the side of a coarse cell (siFl’ 1)
is equal to the sum of input fluxes through the sides of neighboring fine cells, (s1,;,;, $1,1,j+1
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and s1,;,j4+2 for the particular mesh shown on Fig. 5.1, m = 3), i.e,,

/s (W + V1) dy :/ (W1+V1)d7+/ (Wi + V1) dy

+ L .
1,i—1,j+1 S1,i,5 51,4,j4+1

+/ (W1 4+ Vi) dy.
S1,i,j4+2

We require that the finite difference schemes fulfill a conservation law at the irregular points
as well. We define wawH and U;_,ifl,]#l via the relation

+ + — - - . . .
Wi ;141 TV 11 = Wiy T V145 + Wil Vi1 + Wiigee + V1642

There exist various ways to approximate the fluxes wy ; j4; and vy ; 41, { =0, 1, 2. Next we
consider two simple ways based on constant and linear interpolation.

5.1.1 Constant approximation

We suppose that the grid function y(z) , * € w is extended in  as a constant over each
cell e(z), x € w. We have to consider the modification of our finite volume schemes that
have to be made along the interface between ; and s, i.e., at the irregular points. We use
the following formulae for non uniform mesh (see Fig. 5.2) where for definiteness we assume
he = 3hy

2h —
Wi j41 = _ﬁfhfkl,i,j+lAzyi,j+l , 1=0,1,2,
C
here .
2 T ds
bygig = | —— _B T
Lt (hc + hf /xl,i—l a(5;$2,j)> P bt
and

A1yi,j+l =Yij+l — Yi—1,j+1 = Yij+l — Yi—1,j+1 -

Note that (z1,i—1,%2,j4+1), { =0, 2 are “slave” nodes and y;—1,j4+1 = ¥i—1,j41, | =0, 2 because
we use constant interpolation. Since h. = 3h; we get

1 _
w641 = —§k1,i,j+lﬁlyi,j+z, (5.1)

V1t = (Big+t = |Bi )i+t + (Biij+t + 1B )yi-1,j+1 - (5.2)

Because of the poor approximation properties we do not consider constant approximation for
MUDS.

5.1.2 Linear approximation

We use this approximations for MUDS in irregular points. In this case is supposed that
y(z), © € w is interpolated linearly between any two neighboring coarse grid nodes. For
simplicity of presentation we confine again only with the case h, = 3h;. We will need values
of y at the points (21,;-1,22,;) and (21,i—1, %2 j4+2) which are not grid ones (see Fig. 5.2). To
get them we use the following linear interpolation

2 1
Yi-1,j = gyifl,jJrl + gyifl,jfl ) (5.3)
2 1

Yi—1,j+2 = gyifl,j+l+§yi71,j+4-
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(T1,i-1,T2,j+4) O o
.

(T1,i-1,T2,j42) . o | (@10, 72,542)
(T1,i-1,%2,541) o o | (@1, 22,541)
(561,i—1,562,j) o o (351,i,£62,j)

.
(561,i—1,332,j—2) @) °

Figure 5.2: Irregular cell e(z1,i—1,%2,j+1)

We sketch the derivation of MUDS at the irregular points (see Sections 4.1.3 for a detailed
derivation of MUDS at the regular points and 4.2.2 for the formulas on a uniform mesh).
First we write the standard central finite difference scheme, i.e., fs V' is approximated by the
analog of central differences

2h;
h. + hf

/ (W +V)ds ki Wi — yi-1,4]
81,i,5

2
Ty +0(h?)

+01,i-1/2,5hf

= —okuii i~ yicrgl+ % [yi-1.5 + 3yii] + O(h%).

Next we substitute y;—1 ; from (5.3) and represent the terms approximating fs V in an upwind
manner

1 2 1
/sl,l-,]- (W+V)ds —§k‘1,i,j (ym’ ~gYi-t gyi—l,j—1>

Bii; (2 1
n 1,d,j “VYi—1,j+1 + 5Yi—1,j—1 + 3y | + O(hZ)
2 \3 3
1 1
— _§k1,i,j (yl7] — yi—l,j+1) + g (Z/i—l,j-i—l - yi—Lj—l)

+ (B1,i,j — |B,iil) vij

2 1
+ (B1,i,j + |B1,i5l) (gyi—mﬂ + gyi—l,j—1>
By
+ (% + |Bl,m'|> (Yij — Yi-1,j+1)

1 /By,
+§ <% + |Bl,i,j|> (Yi-1,j+1 — Yi-1,j-1) + O(h?).
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Finally, we get

1 _
/s W+V)ds = —5lkij = (2Buisl + Brig)l Hiyig
1,7,5
1 _
~5 (k1,65 — (2|B1,ij| + B1ij)] Doyi-1,j+1

+ (B1,i,j — |B1,ij) vij

2 1
+ (Bu,i,j + |B,il) <§yi1,j+1 + gyimw) +0(h?).

In order to obtain an upwind scheme we approximate the first term in the above formulae
k1
L+ (2|Bu,i il + Bu,ij) [k
_ (2IBurijl + Buij)’
k1,ij + 2|Buijl + Bui;
k1

= +O(h?).
1+ (2|Bu,i,j| + Bi,ij) [k, (")

k1,ij — (2|Bu,ij| + Buij)

In the last step we have taken into account that B; = O(h). In this way we define the
approximate fluxes w and v as follows:

1 k1 ~

W14, —-=. ALY 5.4
b 2'1+4 (2|Buijl + Buiij) [kvig 54
_= oy Aotli 1 s
6 (1 + @IBrig| + Biay) [k, ) 2V
1 k1,41 —
W - _- 1k A yi i
b 21+ (2B j1| + Briji1) [krigen 0
1 k1 j+2 —~
Wi = —=- iy B, yisio
nit 21+ (2|By,ijs2| + Buiji2) [krijie 2 s
1 kii 42
- - DNoYi_1,41 s
6 1+ (2[Buijrol + Brijia) [kuijra 0T
and
viij = (Biij—IB1ijl)yij+ (Biij+|Biijl) yi-1,j+1 (5.5)
1 _
-3 (B1,i,j +1B1,i51) Doyi1,jt1 5
viijr1 = (Burij+1 = |Buij+1l) Yij+1 + (Brij+1 + [Brij+il) Yi-1,+1
viijre = (Brijt+e — |Biijtel) Yij+2 + (Biij+2 + |Buij+2|) Yi-1,j+1

1
+§ (B1,i,j+2 + |B1,i,j+2]) Dayi—1,j+1 -

5.2 Formulation of the discrete problems

Two difference schemes derived in Sections 5.1.1 and 5.1.2 can be written in the general form
{ ZzEw 21221 (wf(w) - wl(x)) + (Uf(ﬂ?) - ’U,l(CE)) = fe f(.T) ds in Qv
y(x) = g(x) on I,

For MUDS the approximate fluxes w;" (z), wi(z), v;" (z) and v;(z) are defined by (4.33),
(4.30) at the regular and by (5.4) and (5.5) at the irregular points. In matrix terms we write

Ay =f. (5.6)
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where in the right-hand side f we have taken into account the boundary conditions. We will
denote Ay the matrix of constant approximation (5.1), (5.2) in irregular points and (4.29),
(4.32) in regular points; for this scheme we denote

Consider = (21,;-1,22,j+1) (see Fig. 5.2). We let
BYi 11 = Buij+ Briji + Biijio.

We will use the following auxiliary result.

Lemma 5.1 Let b(z) € (Wt (Q))%, a > 0 and (div(b(z)) > 0. Then there exists a
positive constant Coy such that the inequality holds

[(Bffi; — Brij) + (Bf;; — Baij)] > —Cob®™*, 0<a<1.

Proof: We first show the result for regular points. Consider the linear functional:

bl,i+1 2,j — bl,i*l 2,j abl,i,'
l(bl) = /2] h /2] _ 6m1] .

This functional is bounded for b; € Wt®%°(Q), 0 < a < 2 and vanishes for all polynomials
of second degree. Therefore, by the Bramble-Hilbert lemma argument we get

|l(b1)| < C’ha|bl|1-i-oz,oo,e-

Similar inequality holds for b,. Using the triangle inequality and the assumption div(b(x)) >
0, the desired inequality is obtained.

For the irregular point = (z1,;—1,22,+1) and the adjacent points (21 ;, 2,;),
(®1,4, T2 j+1) and (@1, 22 j+2) in the refined region we consider the linear functional [

biic1/2,5 +b1ic1/2,541 0112542 — 3b1i—3/2,541
3h.

I(by) =

_ Oby(z1,i-1, T2,541)
81’1 ’
The functional ! is bounded for by € WL (e(z1,;,%2,;)) and vanishing for all polynomials of
first degree. Hence
|l(b1)| S Cha|b1|1+ayoo’e, 0 <« S 1.

A similar inequality holds for bs. Using the triangle inequality and the assumption div(b) > 0
the result follows. O

Our goal now is to show that both schemes have unique solutions. First we investigate
some properties of UDS in the following lemma.

Lemma 5.2 Let p(x) and q(z) be grid functions. If Ao is the matriz defined by (4.29),
(4.82), (5.1) and (5.2) then the following formulae holds

p Adoq = =D > wi(x)Ap(x) (5.8)

TEW [=1

+3 Z | By ()| A p(2) D yq(x)
TEwW [=1

+3 3 (B (2) - Bi(2)) p(x)q(z)
TEW [=1

+y Z Bi(z) (p(x)Dyq(z) — q(2)Dyp(z))

TCw =1
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for allp,q € D° = {p: pr = 0}, where the approzimate fluzes w; are defined by the values
of q(x).

(The proof is provided in Appendix A.)

Corollary 5.1 Ifb € (WH‘D"O"(Q))2 , a > 0 then there exists an ho such that for h < hg
the matriz Ay is positive real, i.e. iits symmetric part is a positive definite matriz, and hence
the UDS defined by (4.29), (4.32), (5.1) and (5.2) has unique solution. Moreover, we have
the discrete Hg -coercivity estimate

q" 4oa>Clql7,, aeD’.

Proof: Consider a one-dimensional grid function ¢(x;;,%2,0), i = 0,..., N, where 3 is
fixed and ¢(z1,n,%2,0) = 0. The following inequality holds [114]

N ) N
> Do 2 C Y Wl
i=1 1=0

Combining similar inequalities in the z; and z» directions, we obtain |g|1,, > C||g|lo,. for

q € D°. To conclude the proof we set p = q in (5.8) and apply Lemma 5.1. O
We establish the uniqueness of the solution for MUDS in the following theorem.

Theorem 5.1 Ifb(z) € (V[/'H""’O(Q))2 , &> 0 then there exists an ho such that for h < hg
MUDS defined by (4.33), (4.-30), (5.4) and (5.5) has a unique solution. Moreover, the
following inequalities hold

v1a” Apq < q" Aq < 12q” 4pq, q € D°,

Ip” Adq| < 72 (p" 4op)**(a" 40q)/?, p, q € D°,

where Ag is the matriz of constant approximation, and A is the matriz of linear approrima-
tion.

Proof: We can write matrix Ag in the following form
A= AP + 4,

where A[()2) corresponds to the diffusion part and A(()l) corresponds to the remaining convection
part. For A(()2) we have

pAYq = =3 wi(@)Ap(x) +ws(z)B,p(x) (5.9)

rew

= Z (alzlqzlp + 052Z2q32p) )

TEW

where
= s = ]{?171'7]'/2 fOI'jZO,’L.ZO,
PTULAWT ks for the remaining indices,

o = v i - = k27i’j/2 fOYiZO,j:O,
2T T kg for the remaining indices
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(See Fig. 5.3). In the same way we split the matrix A arising from linear approximation into

two parts
A=A® 4 AW

For A®) we get,

p"APq = 3 (BB4Bp + BDB0qD,p)

TEW
1 . . _
s Z [B10,5-1854-1,;81P0,j-1 = Bro,j+1 820101 Po,j+1]
G=1,4,7,...
1 . . _
s Z [Bo.i-1.081i,-185pi1,0 = B2i+1.0810i,-185Dit10]
i=1,4,7,...
where ~
ki;/2 forj>0,i=0,
Br =Py = i f ining indi
1,4, or the remaining indices,
a2 fori>0,j=0,
B2 =By = i f ine indi
2.0 or the remaining indices,
and
- ki i g . kii,j

[ y k= ——
YOI T T QLB+ BY) ki T T 1Bl ki

Applying the Cauchy inequality to the p” A®®)q and taking into account that & ; ; and ];'[71'7]'
are less than k;; ; we get

7 1/2 1/2
Ip"APq| < (6 +C2h> (pTASZ)p) (qTAéz)q) :

where the constant Cy depends on the values of the coefficient a(x) only locally, i.e., cell by
cell. To derive a lower bound we need the inequality

b (x)|h
Phuij = kij = |Brigl >0, P:=1+ sup %
[=1,2

Consider auxiliary matrix Ag) obtained by replacing in (5.9) the coefficients a; ,as with
B1, 2. For p = q combining

(g ~ Clh> q"APq<q"4®q and P'q"Aq<q"4Pq

we get
P! (g - cm) a"Aa < q"4%q < (g * C2h> a"4a. (5.10)

The remark above is also valid for the constant Cy. The derivation of Lemma 5.2, (5.8) and
(5.5) gives us

1 _ _
p Alq = PTAgl)qug > [(Bioj+IBuosl) BogoriBypo s
J=1,4,7,...
— (Bro,j+2 + |Brojral) Dag o1, ;08 po jis)
1 _ _
- B ; Bs; JANY/ TR WANY /)
+3i:142:7 [(Bz,i0 + |Bzio0l) &1qi,-1D5pi0

— (Ba,i2,0 + |Ba,it2,0]) D1di,—185pig20] -
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Similarly as (5.10) was derived we find
1 5
<§ - 03h> q"Aq < q"AVq < <§ + C4h> q"AMq.
The above inequalities show the desired result. O

Remark 5.1 P is in fact local Peclet number plus 1 and ; depends on P. This shows that
condition number of the matrix A, ! A can become very large when P is a large number.

Corollary 5.2 If b(z) € (I/Vl"““’oo(ﬂ))2 , & > 0 then there exists hy such that for h < hg
the matriz A is positive real. Moreover, the discrete H} -coercivity holds

q"Aq>Cllglli,,, aeD’.

Remark 5.2 The corollaries 3.1 and 3.2 asserts that for sufficiently small step-size h A and
A® are M-matrices.

Remark 5.3 If the equation (2.11) is singularly perturbed we still have stability, but the
constant C' in the corollaries 5.1 and 5.2 depends on e. In this case error estimates derived
in §5.3 deteriorate. However, for fixed € the asymptotic behavior of the error is correctly
predicted by our estimates for h = €.

5.3 Error estimates

The error analysis presented here is done in the general framework of the methods developed
in [115] and [43]. We consider only the case when a(z) = 1. Let

2(2) = y(2) — u(x), v € w
be the error of the finite difference method. Substituting y = z + u in (5.6) (5.7) we obtain
Az =f— Au = . (5.11)

Then using (4.4)—(5.11) we transform ¢ in the following form
ou + ou
{ [ g ] -| sﬁa—mld”‘“”]}
2
+;{l/s+blud7—vz+] - [/SlszdW—vl]}E¢1+¢2=¢-

>

2
=1

L
1 1
where the local truncation error ¢ has been split up into two terms

2 2

o= (@) —m@) =D (uf (@) = m(x)) ,

=1 =1

ou
77!:/ ——dy —wy, W :/ biudy — vy . (5.12)
51 8.7:[ st

Here v, is the error of approximation of first derivatives, and 1) is the error of approximation
of the second derivatives.
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Note that the approximate fluxes w;r, wy, Uf, v, are defined by the values of u(z) at the
grid points, and the components of the local truncation error 7; and u; are determined on the
shifted grids wl*, l =1, 2. Using summation by parts and the Schwartz inequality, we get

(W2,2) = DY [0 (@) —m(@)] 2(2)

=1 z€w
2 —_

= =Y > m@)D;z(@)

=1 gewit

9 1/2 1/2
< Z Z i (x) Z Z AzZ

=1 :teu)l'" =1 :teu)l
(TR PATSTE

Likewise,

(¥2,2) < (lpaTh + llp21l2) 2] e -

Summarizing these results and using the corollaries 1 and 2 we obtain the following main
result.

Lemma 5.3 The error z(z) = y(r) —u(x), v € w of all considered finite difference schemes
satisfies the a priori estimate

2
12]|1w < Z e + Needle) (5.13)

where the components n;, p, 1 = 1,2 of the local truncation error are defined by (5.12) with
approzimate fluzes wl"', wy, vl"', v, I = 1,2 determined by (4.29), (4.32), (5.1) and (5.2)
for UDS and (4.33), (4.30), (5.4) and (5.5) for MUDS. (The constant C' does not depend
on h orz.)

In order to use the estimate (5.13) of Lemma 5.3 we have to bound the norms of n;, u;, | =
1,2 defined by (5.12). We state the estimates for the local truncation error components in
regular points, proved in Ewing, Lazarov and Vassilevski [43]

3
()] < Ch™ Hu|mz, 3 <m <3, (5.14)

and in Lazarov, Mishev and Vassilevski [78]

Ch™|[bi] o002t m = for MUDS,
()] < { 1ols.co.02llm, i (5.15)

C [hlbi]o,co,0lt)1,2 + B™||bill1,00,2|t|mz] for UDS,

where 1 <m <2;e=¢; 1 Je;;forl=1ande=e;; 1Je;; for I =2.
Now we consider the components of the local truncation error for the MUDS at the
irregular points (z1,4, 22 j+1), { =0, 1, 2. We remark here that we split the schemes into two
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parts only for convenience of the analysis. We replace (5.4) by

1 1
wiij = -2 +2|B1ij| + Bui,
1,4,5 9 <1+2|B1,z7]|+B171,7] | 1, ,J| 1, ,J)

2 1
X | U5 — gui—l,jﬂ - guifl,jfl )

1 1
eI 2 <1 +2[B1,ij+1| + Buij+1 Bl 1““)
X [wi i1 = wi—1,541] 5
L L +2|B |+ B
Wi - _Z . .
1,4,5+2 2 1+ 2|Bl,i,j+2| + Bl,i,j+2 1,4,j+2 1,4,5+2
2 1
X Uiy — guifl,jJrl - guifl,j+4 )
and (5.5) by
Biii |2 1
Viij = # |:§Ui1,j+1 T gti-1j +3yi,j:| )
B1 i1
Vi1 = ZTH [wi—1,j+1 + 3usjt] 5
Bi i1 |2
Ui,i,j4+2 = ZTH |:§Ui—1,j+1 + gui—l,j+4 + 3u; 42

Note that wy ; j+1 + v1,i,j41, | =0, 1, 2 is not changed. Consider n;. By construction

1
+2|By iyl + By =1+ Ci(z)h?,
<1+2|B1,i,j+l| +B1,i,j+l | 1717]+l| 1717]+l> 1( )

where Ci(z) ~ b}(z). Then in the point (z;;,>,;) we have

ou
m(x1,i,T2,j) = —/ —dy + wi (z)
s(irj) 071
ou 1 2 1
= - TGy (1 + Cih?) iy — Swi1 g1 — Sui1
/s(m') o1 7+ +G )[u’] gUimLtl = gli-1j-1

Taking into account

2 1

Uig — Ui-lg4l T gUi-1j-1| < Cllule+bh™ Mulme), 1 <m <2

and the estimate (see [43])

S Chmil |Uf|m,E 9

/ Ou L 2, L
s(i,7) 0xy 2 Uirj 3ul_1’7+1 3ul—171—1
we get

_ 3
|’I71(.7717i,$27j)| < ch™ 1|u|m7§, 5 <m<2. (516)

With the similar argument we obtain the estimate (5.16) for n(z1,;,®2,j+1) ,{ = 1, 2. The
inequalities (5.14) and (5.16) imply

Z ni(z) < Ch*™? ( Z |U|iz,§(z) + Z h2a|u|3n+a,e(z)>
TEW TEQ TEW
< O™ (July, g, + B ulhya0),
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here Qy, is a strip with a width 4h around the interface between §2; and 5 (coarse and fine
grid regions) and £ <m <2,0<a <1
The first term in the right is estimated by the well-known II'in’s inequality [115], [43]

1
lullogs < Co%|luflae, 0<a<g,
where s is a strip in  with a width §. Therefore, we have

1/2
. 3 5
il = (an)) <Ch Mo, 5<m<3. (517)

TEw

In a similar way we can estimate 72 ().
For the component p;(z) at the irregular points we prove in the Appendix B the upper
bound

lalle < Ch™[|ba[l1,c0.0llullme, 1 <m <2, (5.18)

Summarizing these results we get

Theorem 5.2 If the solution of the problem (2.11) is H™ -regular, % <m< g then for the
MUDS is valid

ly = ulliw < CR™ 14+ 5 ([[ball1,00,0 + [1b2]l1,00,2)] Nullm,e -
Here
s {1 2 <m<2,
T 1 3—-m 2<m< g

With the same approach one can prove the following result for UDS.

Theorem 5.3 If the solution u(z) of the problem (2.11) is H™ —regular, % < m < 3 then for
the UDS s valid

ly = ulliw < CRY2 |14+ B2 (lbyfl1,002 + IIbzlll,oo,sz)] [[2]lm,

5.4 Numerical results

In this section on the basis of model examples we study the error behavior of all considered
schemes. We consider three test problems. In first two examples we solved (2.11) with the
velocity field

b1 = (1 + xcos(a))cos(a), be = (1+ ysin(a))sin(a), (5.19)

where the angle was o = 15°.

Problem 5.1 Consider a smooth solution with a diffusion coefficient a(z) =1

C2
u(x) — 10 exp(—m), r< C,
0, r>c,

where ¢ = 0.125, r> = (v — x0)? + (y — yo)?, 2o = 0.8, yo = 0.7.
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Table 5.1: Problem 5.1, MUDS

ne | he/hy | error(1) order | error(2) order
10 1 0.284.10F1 0.284.10F1
3 0.870.10° 0.285.10FT
5 0.365.100 0.291.10FT
7 0.250.109 0.296.10FT
20 1 0.132.10F1 | 1.105 | 0.132.10F' | 1.105
3 0.398.109 1.128 | 0.135.107T | 1.078
5 0.172.10° 1.085 | 0.136.10T1 | 1.094
7 0.825.10~ T | 1.599 | 0.138.10F1 [ 1.100
40 1 0.745.100 0.825 | 0.745.100 0.825
3 0.119.10° 1.742 | 0.681.10° 0.987
5 0.459.10~ T | 1.906 | 0.694.10° 0.971
7 0.236.10—T | 1.806 | 0.700.10° 0.979
80 1 0.232.109 1.683 | 0.232.10° 1.683
3 0.328.10~T | 1.859 | 0.243.10° 1.487
5 0.119.10~T | 1.948 | 0.249.10° 1.479
7 0.610.10-% | 1.952 | 0.252.10° 1.474
160 1 0.691.10—1 | 1.747 | 0.691.10=' | 1.747

We choose two different domains ) = Qg), I = 1, 2 for local refinement to investigate the
influence of the interpolation along the boundary of 5. When the support of u(z) is in
Qél) ={05<z <1, 05<y <1}, the error caused by the interpolation is eliminated
and we get approximately second order of convergence. This shows that when |uli o, is
comparatively small we can expect good results using schemes with local refinement. The
worst, possible case is when the solution u(z) has a large gradient along the boundary of Q5.
We tested this case for a subdomain ng) ={07<z <1, 0.7 <y <1}. The results in
Table 5.1 show O(h*/?) convergence rate in the discrete H'-norm, i.e., we lose half of order
of accuracy which is in agreement with Theorem 5.2.

Problem 5.2 Consider a solution u € H™(Q), m < g which support is in Oy = {0.5 < x <
1, 0.5 <y <1} and a smooth coefficient a(x),

a(z) = [L+102 + )] ", ule) = ¢@)v(y),

() = { sin? (”fiﬁi) . € (di, 1),

0, otherwise,

Wly) = { sin? (w’i’:gi) , Y€ (do, 1),

0, otherwise,

where di = dy = 0.875.

We compare the H' error for both schemes, UDS and MUDS. In the last column of Table
5.2 the number of unknowns N is shown. It is clear from the results in Table 5.2 that MUDS
is superior to UDS and it is also seen that a prescribed accuracy can be achieved for less
unknowns when local refinement is used.

Problem 5.3 Consider a smooth solution u with a boundary layer along line z =1,

_expla/e) - 1) |

u(z) = 4xy(l —y) <1 exp(l/e) -1
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Table 5.2: Problem 5.2

ne | he/hy | UDS MUDS N
10 1 0.128.10° 0.101.10° 100
3 0.855.10~ T | 0.494.10~ T 331
5 0.606.10~T | 0.193.10~ T 804
7 0.470.10~T | 0.120.101T 1519
20 1 0.138.109 0.174.109 400
3 0.545.10~T | 0.149.10~1T 1261
5 0.355.10~T | 0.569.10=2 3004
7 0.265.10~ 1 | 0.447.102 5629
40 1 0.743.10~ % | 0.836.10~ 1 1600
3 0.311.10~ T | 0.599.102 4921
5 0.194.10~T | 0.248.10=% | 11604
7 0.141.10~T | 0.786.10~3 | 21649
80 1 0.443.10~ ! | 0.466.10~ 1 6400
3 0.165.10~T | 0.197.10—% | 19441
5 0.101.10~T | 0.850.10=3 | 45604
7 0.293.10~2 | 0.207.10—3 | 84889

Table 5.3: Problem 5.3, b(z) defined by (5.19)

ne | he/hy | norm | e =1 e =102 =103
L>® 0.214.10—% | 0.207.10° 0.623.10—2
1 L? 0.840.10=° | 0.241.10~ T | 0.148.10~2
40 H! 0.489.10—% | 0.842.10° 0.106.10~T
L>® 0.263.10=% | 0.580.10—T | 0.252.10 T
3 L2 0.111.10-% | 0.807.10~% | 0.722.10~2

HY 0.633.10-2 | 0.478.10° 0.506.107
L> 0.565.10~° | 0.215.107 0.624.10—2
80 1 L? 0.222.10% | 0.195.10—T | 0.941.10—3
HT 0.138.10-% | 0.893.10° 0.360.10~ T

a coefficient a(x) = € and two different velocity fields. First is (5.19) and second is

by =2y(1 —2?) + 0.1z, by = —2z(1—y*) +0.1y. (5.20)

We refine in the strip along the boundary layer Q3 = {0.7 <z <1, 0 <y <1} . The
objective is to compare the behavior of the finite difference scheme (MUDS) with and without
refinement. We report the discrete L>°, L? and H' norm in the first, second and third row in
Tables 5.3 and 5.4 correspondingly. For mildly dominated convection (¢ = 10~2) the scheme
with local refinement shows better accuracy for both velocity fields.

5.5 Appendix A

We prove Lemma 5.2 for the case shown on Fig. 5.3.
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Table 5.4: Problem 5.3, b(x) defined by (5.20)

ne | he/hy | norm | e =1 e=10"2 e =103
L® 0.244.10—2 | 0.166.109 0.125.109
1 L? 0.121.10=2 | 0.311.10—T | 0.211.10T
40 H! 0.536.10—% | 0.377.10° 0.363.10°
L>® 0.216.10~2 | 0.417.10—1 | 0.316.10°
3 L? 0.111.10=2 | 0.115.10~ % | 0.281.10~ T
H! 0.600.10=2 | 0.110.10° 0.179.10FT
L® 0.123.10=2 | 0.698.10~T | 0.247.10~ 1T
80 1 L? 0.615.10=3 | 0.143.10~T | 0.232.10T
Ht 0.280.10~2 | 0.175.10° 0.132.10F1
T2 .7
_ o1 2 3
[ ] [ ] [ ] [ ] 3
[ ] [ ] [ ] [ ] 2
[ ] [ ] ] [ ) ° 1
[ ] [ ] [ ] [ ] L»
il
[ ] [ ]
(_1, _]-)

Figure 5.3: Example of a composite cell-centered mesh
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Consider the following inner product

P Aog = Y p(@) Y [(w (@) —wi(2)) + (v (z) — v(2))]
TEW =1
= > p@) [(wf (@) —wi(@) + (v (@) = w(2))]

=1 z€w

2
- S
=1
We represent the term I; for the case of Figure 5.3 in the form

hi=). 2 422 2.2

j<0 Vi 7>0 i<0 7>01i>0
or
L =A1+As+B1 + By +C; + (s

2 2
(_)1 = Zw? —wy, ()2 = X:UI+ -,
=1 =1
Expressions for A;, B; and C; were derived in [43]:

A = Z Z (wfi,j —wi5) Pij = — Z Zwu,jZﬂ?i,j ,

j<0 Vi 7j<0 Vi
_ + _ N +
By = > N (wi —wiig)pig =Y D> wiiiAipig —wi ) pol
7>0 i<0 7>0 Li<O
_ + _ ~N
Cr o= Y > (Wi —wiig)pig = | D wiijlAypij — w100,
>0 i>0 >0 | i>0

For A, we have

Ay = Z Z [(sz] - |B1+z]|) qit+1,5 + (B1+,i,j + |B1+z]|) qi,j] pi,j
j<0 Vi
= > UBrij = Brijl) aij + (Biij + |Biijl) gio1i]pij
j<0 Vi

and after using partial summation we get [78]

A = Y N BB D

j<0 Vi
+ Z ZBl,i,j (pij D Gij — 4i, ;D piy) + Z Z (Bffi,j — Biij) €i,jPi.; -
j<0 Vi j<0 Vi

In the same way

By = Y 3 [ofi—viailpig = [vf 1~ poy

7>0 ¢<0 7>0

+ Y BB D pig — Y IBY 5l (41— go2) poa
i>0i<—1 3>0

+3 0D Biaj (0080005 — 6, 80pi5) + DB 5 01,005
i>0i<—1 3>0

+ Z Z (Bffi,j — Bi,ij) 4i,jPi,j -

i>0i<—1
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Using the fact that By ; = B1+,—2,j we finally get

By = Z Z |B1,i, i1 A qi D pij + Z Z Bi,i; (pij D0 — 4i,; D pi;)

7>0 i<0 7>0 <0
+ +
+ § , § , (Byij — Bi,ij) @i,jpij + E vy Py — E Bi,_1,jq-1,P-1,j -
i>0i<—1 7>0 >0

Expression for Cs is derived similarly

Cy = Z Z |B1,ij D i A piy + Z Z Biij (PijDii; — 4i.;00pi )

§>0i>0 §>0i>0
+ +
+ E , E :(Bl,i,j — Bu,i,j) 4i,jpij + E (Bfy,;40,5P05 — v1,0,570.5)
j>0i>0 >0

Summarizing these results and taking into account the equalities

+ _ . . .
V1,41 = V1,05 T V10,541 + V10,542

+ _
By _1,j+1 =B1,0;+ Bioj+1 + Biojt2

we get the assertion of the lemma.

5.6 Appendix B

Here we investigate the local truncation errors pup, us in the irregular points and prove the
inequality (5.18). For the component p;(z) we have

$2,j+(l+0.5)h
lLtl(l') = / bl(xl,i—1/27S)u(xl,i—l/st) ds (521)
zz,]‘+(170.5)h
biici/2,j+ihy  |b1i—1)2,j4+1lhy
N ) N 2 Uit
by svsoinths  1brii/eivilh
_( 1,i 1/22,y+ f +| 1, 1/;7]+| f) Wil i1

Using the equality

bric12+  biic1/2,5+1] bri-1/2j+1 , |bri1/2,54

_ U 1 + Wi 41 biici/2,+1  |b1i—1/2,544] =
=b1i—1/2,j41 - + 1Wi G4l

4 4 2

1 Buijir t i1 L Wim1,j+1 = Wim1,j4l
= 01,—1/2,j+1 1 + 01 5-1/2,j+1 1

_(brim1y24 n |b1i—1/2,j+1] B i g
4 2
we represent formulae (5.21) in the form
:tz,j+(l+0.5)h
Ml(l’) = / U0 bl(xl,i—l/QyS)U(xl,i—l/st) ds (522)
2,5 —U.
Ui 1+ Uit g
= bri—1/2,j41hy ( = 1 o

b B Wizttt — Uiz
~Oim1/2,54108 1

N (bl,i—1/2,j+lhf N |b1,i—1/2,j+l|hf> —

4 2 Alui7j+l *
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Thus yields

3h —
@] < b w4+ = byl [Bwi] (5.23)
h
+Zf|b1,i71/2,j+l| [wiz1,j+1 — Wit 41|

where the bilinear functional {(b;, ) is defined by

:tz,]‘+(l+0.5)h
I(by,u) = / bi(21,i—1/2,8)u(21,i-1/2,5) ds (5.24)
zz‘j+(l70.5)h

3tijt + Uizt
_bl(ml,i1/2a$2,j+l)hf< L 1 = .

We consider u; j4; — ui—1,j+1 as a linear functional of u for a fixed # € w™. This functional
is bounded in H™(€), 1 < m < 3 and vanishes for all polynomials of zero degree. Therefore,
by the corollary of the Bramble-Hilbert lemma we get

wijyr — wim1j1] < C(lulie + A" Hulme), 1 <m < 3. (5.25)

Hence for the second term in the inequality (5.23) we get

3h — _
Tf|b1,i—1/2,j+z||A1Ui,j+l| < Chlbifo,so.0 (|l + ™ Hulme), 1 <m < 3.
Similarly we estimate the third term in (5.23) by

h
Zf|b1,i71/2,j+l| [wim1,j+1 — Wiz1,j41]

< Chlbi oo (ulie + h™ Hulme) , 1 <m < 3.

The functional I(b;,u) is estimated in the following lemma, proved in Lazarov, Mishev and
Vassilevski [78].

Lemma 5.4 If the solution of problem (2.11) is H™-regular, 1 < m, then for the bilinear
functional I(by,u) defined by (5.24) the following estimate is valid:

[1(b1,u)| < Ch™||b1|l1,00,0lltllmz 1 <m < 2.

Above remarks give us the upper bound for | (z)| which coincides with the estimates (5.15)
for the regular points.



CHAPTER VI

FINITE VOLUME ELEMENT METHODS FOR
NONSYMMETRIC PROBLEMS

In this chapter we generalize the results by Cai and McCormick [26, 28] and Jianguo
and Shitong [66] for 2-D symmetric problems to 2-D(3-D) nonsymmetric ones. We prove
the stability and error estimates for both diffusion and convection dominated cases. For the
diffusion dominated case we show that the inf-sup condition is satisfied. The upwind finite
volume element method is analyzed in the framework of the theory developed in Chapter IV.
We note that the error estimates for the diffusion dominated case can be proven with the
same technique, but for us the inf-sup condition approach seems more elegant (or at least a
little different).

Our theory assumes barycentric control volumes. All the necessary notations are intro-
duced in Chapter III.

We recall the formulation of the discrete finite volume element method:

Find uy, € V¥ such that, for all vertex—centered control volumes V;, i = 1,... ,np

/ (—AVuy, + bup,n) ds:/ fdz, (6.1)
oV; Vi

or as a Petrov—Galerkin method:
Find up, € V¥ such that

Bp(up,vn) = f(vp) Vo, e Wh, (6.2)

where

fon = ¥ [ s,

T,EWp

and By(.,.), B,(f)(., .) and B;Ll)(., .) are bilinear form in YV} x W"

Bu(u,v) = B (u,v)+ B (u,v), (6.32)

By = - % / (AVu, ) ds v(z;), (6.3b)
T,Ewp oV

B}(Ll)(u,v) = Z/ (b,n)uds v(z;). (6.3c)
TiEWp oV

We also need the finite element bilinear forms in V§ x YV

A(u,v) = AP (u,v) + AV (u,v), (6.4a)

AP (u,v) = /(AVu,Vv)dw, (6.4b)
Q

AW (u,0) = —/(b,Vv)uda:. (6.4c)
Q

6.1 Diffusion dominated problem

First we elaborate the finite volume element theory for the compact perturbation of symmetric
problem. We use Theorem 2.11 to prove uniqueness and existence of the solution of (6.2). In
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order to use Remark 2.2 we have to show that the following inequalities hold:

(i) |Bu(un,vn)l < Cllunlliwellvells (6.5a)
(1) | Bn(un, Iyun)| 2 cllunlltwe [ unll B, (6.5b)
(i33)  |Bp (It up,up)| >0. (6.5¢)

We prove (6.5) via comparing with the bilinear forms for the finite element method (6.4b)
and (6.4c). First we prove some auxiliary results.

Proposition 6.1 Suppose that the matriz A has piecewise constant entries. Then the fol-
lowing equality holds:

AP (vy,vp) = B (o, o) Vo e VE.

Proof: We have to show

Z /aw —(AVov,n)dsv(z;) Z/Q(AVU,VU) dz,

TiEwp
or

ZwZvj[/a

TiEWwp  T;EWP

—(AV%:H)dS] =D vy, v [/Q(AV%-,V%)da; :

Vi TiEwp TjEWp (66)

where ¢; and ; are linear basis functions. Hence it suffices to prove only that

/ —(AVyp;,n) ds:/(AVgoj,Vgoi)da:.
av; Q

Consider one tetrahedral finite element K with vertexes x;, =;, zx and z; and the points
on edges M;;, M;,, My and points on the faces M;jr, My, M;j and the barycenter of the
tetrahedron Sk (see Fig. 6.1). The equality (6.6) will follow from

/ _(AVep;,n)ds = / (AV 5, Vipy) dx . (6.7)
KNoV; K

We apply the Green’s formulae for the left integral in (6.7) and get

/ —(AVyp;,n)ds = / —V.(AVy;) dx
KNaV; KNV,

i

‘)
Pijk

meas(Pijk ) (AVSOJW np; ) + meaS(Pikl ) (AV(P]', npikl)
+ mea‘s(,Pijl)(Av@j: npijl) :

(AVp;,n)ds + /

(AVp;,n)ds —l—/ (AVyp;,n)ds
Pirt

Pijt

Here Pijk = l'iMijMijkMik; Pikl = miMikMiklMil and Pijl = miMijMileil- We used that
A is a constant in the first line (flmvi —V.(AVyp;)dx = 0) and in the third line of the last
chain of equalities.
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Figure 6.1: Finite element K
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We now apply Green’s formulae to the right integral in (6.7)

/(AVgaj,Vgai)dx:/ —V(AV(,OJ)(,OZCIX
K K
+ / (AVej,n)p;ds
OK

= (AV(P]', np; ) /

TiljTk

Vi ds + (AVQP]', npikl) / Pi ds

TiTpl]

pids + (AVLPJ') nlpjkl) / pids

TjTRT]

+ (AVQOJW nPijl) /

TiT;T)
Note that [, . ¢;ds =0 and
1
@ids = = meas(z;zjzy) = meas(Pijr) ,
TiljTh 3
1
;i ds = = meas(z;zrr;) = meas(Pix) ,
TiTp] 3
1
pids = 3 meas(z;z;z;) = meas(Pjj;)
TiTjT)

since the points Mjj,, Mir and M;j are barycenters of the corresponding faces. O

The fact that the linear finite element method and finite volume element method coincide

for constant coefficient tensor A was extensively used by Hackbusch [55].

For completeness we prove the following lemma due to H. Jianguo and X. Shitong [66].

Lemma 6.1 For every v € VI the following estimate holds:

1B (v, Ifv) — A® (0,0)] < Ch|[A|cc0lvfig -

Proof: Define the L? projection A of A
A = — /A--()d 1<i,j<3,KeT
”lK_meas(K) « ij\T) aT S, )s9, h -
Then

1B (v, Ifv) — AP (v,0)] =

TiEwp

Z /{W'((A — A)Vo, n)ds v;

TiEwp

L+ 1

IN

+

For I> we immediately obtain

I < Chl|All 00l q -

Z /E)V'((A—A)VU;H) dSUi—/Q((A—A)Vv,VU) dz

/((A — A)Vu, Vo)dz
Q
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The first term is written as follows:

L = Z Z ((A— A)Vo,n)dsv;

z;€wp FET(i ’V”

> X l/ A—A)Vv,n)dswr/w ((A = A)Vo,n) dsv;

ziEwp FEII(i ji

Z Z/ (A - Aan)ds( —vj)

ri€wp jel(s) Vi

Z Z/ ‘A—A)Vv‘dsm—vﬂ.

ri€wp jEII(¢

N | =

N | =

IN
N | =

The integral on vy;; is estimated on each finite element K that has nonempty intersection

with 7 ;
/.

1y

‘(A—A)VU‘ ds = Z/ ‘(A—A)VU‘ ds
< JviinK

and
/ (4 A)yv|as < ||A—fl||070077i].m</ Vo] ds
’YijmK ’yi]‘ﬂK
< Crhi||AllL oo,k (meas(yij N EK))Y?|v]1y,;
< Cohl| Al o0h sV ols 2.k

Since v is a linear polynomial in K we have that |v|3/2 x = [v|1,x. Therefore,
/ (A= D)V ds < CH2| Al o ah 2 2ol
Yij

We have used the trace theorem (Theorem 2.5) and the fact that meas(y;;NK) = O(h(4=1/2).
Applying Cauchy—Schwartz inequality we get

1/2
2
Vi — Uj
1 < OWP Al scslhe | 3 e 3 (’h )
T;Ewp JEI(2) K
- N 1/2
< O Al walvlia | Y2 meas(vi) Y (Wm. i->>
(2]

zi€wp FElL(s)
< Chl|All1,00,0(v]1,0[0]1we -

Now the result follows from Lemma 3.1. O

We wrote the proof of the last estimate in details in order to point out the importance of
the regularity of the finite element triangulation. We compare B}(Ll)(v, Ifv) and AM (v,v) in
the following lemma.

Lemma 6.2 For every v € VI the following estimate holds:

1B (v, Igv) = AV (0,0)] < Chlbl,sc 0ol o -
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Proof: Consider the contribution of one particular element K in the computation of B,(Ll) (v, Ifv)
corresponding to the i" node

/ (b.n)vdsv;
OVinK

i

/ div(bv) dxvi—/ (b.n)vdsv;
VinK M;

i

= /div(bv)vig&idx—/ (b.n)vv;p; ds,
K oK

where M; = 0K NV; and ¢; is a basis function in WW" corresponding to the i** node. Then,
the contribution of the element K is equal to

Bgl)(v,lﬁv)‘K:/ div(bv)I,CLvdX—/ (bn)vlfvds
K oK

and

B (v, Ifv) = Y / div(bv)I{vdx.
KeTy

because the surface integrals vanish. Therefore,

1BV (v, Igv) — AW (0,0)] < / div(bv)(Izv — v) dx
KeTy,
< bllieoe Y, whkllv = Iivllox
KeTy
< Chlblli,e0lvf o

by Corollary 3.1. O
Using Lemmas 6.1 and 6.2 we easily prove the following theorem.

Theorem 6.1 There exists hy such that for any h < hgy the problem (6.2) has one and only
one solution and the following stability estimates holds:

|unliwp < Cllfll-1,5-

Proof: From the continuity and coercivity of the bilinear form A(.,.) (cf. Chapter II) and
Lemmas 6.1 and 6.2 follows that there exists hy and positive constants Cy and C; such that
for h < hg the inequalities hold

CoA(v,v) < B(v, I;v) < C1A(v,v).

The continuity of Bp(.,.) (6.5a) and inf-sup condition (6.5b) are consequence of the equiva-
lence of the norms |.|1 g and |.|1,, (Lemma 3.1) and the fact that |.|1 ., coincides with
|.|1,0 for piecewise linear functions. The inequality (6.5¢) follows from the observation
Bh(I}lLL’Uh,Uh) = Bh(I;LUh,Ig(IIIz’Uh)). a

Note that we have shown the inequality

Clof; o < Br(v,Ifv) Vv e V). (6.8)

Now, we are ready to prove our main result.
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Theorem 6.2 Let u denote the solution of (2.11) and uyp, be the solution of FVE (6.1). Then

we have the following estimate

llw = unllr0 < Ch([[Allo,00,0 + RlIbllo,co.0)lul2,0 -

Proof: First, we establish an a priori estimate

1/2

1
[Thu —upl o < c Z Z k (Li; ( Ihu—u))2 ,

z;C€wp jell(i)
where
dist(x;, zj)?

lm-(v):[Y (—AVv +bv).nds and k?’j: mcas(V))

ij

We estimate w = I} u — up. Note that

Bp(u,vn) = Bp(un,vn),

where u is the solution of (2.11) and wy, is the solution of (6.2) and therefore,

B (I u — w,vp) = Br(Thu — up, vp) .
Combining (6.8) and (6.11) we have

C|w|f79 < Bp(w, w) = Bh(I;Lu —u, [jw)

Z Z /av —AV(ILu —u) + b(ILu — u)).ndsw;

zi€wp jell(i)

1
Jeﬂ()
1
= 3 Z Z Lij (Ihu — w) (w; — wj)
zi€wp jell(i)

1/2

IN

zi€wp jell(i) TiEwp JEIL(%)

cl X > kll S meas(V) 3 (u

dist(x;, z;

)

(6.10)

(6.11)

1/2

Now the a priori estimate (6.9) follows from the equivalence of |.|; ,, and |.]1 o for linear

polynomials.
We have to estimate the functional |/;;|. Define the linear functionals

fa(u)

—/ AV (ILu — u).nds,

fo(u)

/ b(I}u —u)nds.
gt

ij

First, we estimate | f, ()]

[falw)] = |fa(@)] =

[ (det 7| (A7-TV(I}a — @).0~Th) ds

ij

< Ao 00,5 -T2 det T A1 Nl &
< CllAlo,collJIPITHI] det T2 Juls &
< ChY?|Allo,c0.0|ul2x -
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Similarly , for |fy(u)| we have

|[fo(u)| = |3 (@)l

A (det 7| (b(1hi ). "7) ds

177 Y- det T 11Dl e, -5 Nl
CILTIPNT =] det T |2 bllo,oo g ul2,x

ChY2*Ibllo,0c,0|ul2,x

ININ TN

Taking into account that k; ; = O(h*~?) we find that

1/2

\Thu — upliwp <C Z Z |li,j|2

Ti€wp jEII(¢
1/2
<O PR ST ST AR alul? i+ BAIBIE o olul?
ri€wp jEII(i)
< Ch(llAllo,c0.2 + RlBllo,o0,0) 2,0 -

Finally the result follows from the triangle inequality
u —unlie < |u—Thulie + [ Tu —uslie

and the estimate (3.12) for the linear interpolant. O

6.2 Upwind finite volume element method

In this section we modify the definition of Bp(.,.) (6.3c) in order to obtain a stable approx-
imation. This means that the equality (6.10) will not be satisfied anymore. The upwind
approximation of the convection term can be considered as a quadrature formulae applied to
(6.3c) and estimated in a similar way as in the paper by Cai [26]. We will use the technique
developed in Chapter IV in order to prove stability and convergence estimate.

We redefine the problem (6.2) into a matrix form

Brun = ¢, (6.12)
where the entries ¢; of the right hand side are defined by ¢; = W) fv x)dx. The
matrix By, is defined in the following way:

By, =B +B", (6.13a)
where
By, = / (A ds, i=1,... 6.13b
h Uh = meas ; V’U,h, ) ’ ? ) yLp ( )
n, _ =1 1
B, up = meas(V) z% u,+ﬁ i), i yere P (6.13c)
l
and the “upwind” approximation are given via
=+ — ﬁl] + |ﬁ7x]| I ﬁl] |ﬁl]| . (6-13d)

i 2 ) 7]
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Let ;; be an approximation of f (b,n) ds with the properties

(’L) ﬂiﬂ' + ﬂjﬂ’ =0. (6.143,)
(1) |Bi;] < C'meas(vij)[Iblla/2+a,00,0 5 (6.14b)

(i) A l (b,n) ds — 3 ;

ij

< Ch*™blitace0 (6.14c)

where C' is a positive constant and a > 0.

Remark 6.1 Note that these are the same conditions as (4.7), but on different control
volumes. The approximation of the diffusion term is not changed.

Proposition 6.2 Let the Assumption 4.3 be satisfied, the upwind FVE method be defined
by (6.13) and the approzimations B; ; fulfill the conditions (6.14). Then the matriz B of the
upwind FVE is a positive real matriz and there exists a constant C such that the following
inequality is true:

(Brun, Iyup)p > C||I,‘iuh||iB , for all u, € VI

The constant C' depends only on the matriz A and the vector b.

Proof: We point out that by the construction of the inner product (.,.)p and the matrix

B
(822)11,151))3 = B;Lz) (v, Ifv) Vo e Vi,
Therefore,

(B(Z)U,IEU)B > C’|v|iwP > Ci|I;v|i.B Vv e Vg.
For the convection term we have

1
(BWup,v) = 5 ST D0 B+ 1BiDui + (Bi — 1By | vi

zicwp | jell(i)

1 1
= 3 Yo D B | wivi+ B S 1Bl — ) | v
TiEwp

JEII(4) zi€wp \jeIl(i)

—

5 Z Z /Blju] Vg

zi€wp \JjEII(i
= L +L+1;.

[\

We transform the second term

L, = %Z Z |ﬂu ) (%

zicwp \jEI()

i >3 1B (ui — ujvi + 1B5il (wy — ui)v;]

z;€wp jEII(i)

i Z Z |35 (wi — uj)(vi = vj) -

zi€wp jETI(i)
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And the third term equals

I3 = % Z Z ﬁij [UjUi — ’LLi’l)j] .

zi€wp jETI(i)
Letting v = Ijup and using the Proposition 4.1. we obtain the desired estimate. O
In the same way as in Chapter IV we prove the stability estimate.
Corollary 6.1 For the upwind FVEM the following a priori estimate is valid:
Junllro < 1FIl-1e -
Let z(x) = up(x) —u(x), = € wp. Substituting up =z + w in (6.12) we obtain
Brz=¢—Bru=1. (6.15)

Then using (6.12)—(6.13) we transform ¢ in the following form

> |l

JEPi(i) ”

+Zleas )/7

JEPI(3) I

(—AVu,n) ds—/ (—AVI u,n)ds

Yij

(b,n)uds — [B; un,i + ﬂ_uh7j]] =1+ P2 =i

We define the local truncation error in the following way:

_ 1 1
= gy, AT e, (6:162)
o 1 B meas(V;)
Hiog = meas(7i;) ‘/Yij (b, mu ds meas(7;;) [ﬁ”uh i+ 06" “’w] . (6.16b)

First we consider the term (¢2,2)p. By the definition of the discrete inner product and ¢ ;
we have

(¢2v Z)B = Z meas ¢2 i%i

T Ew

= Z Z/ V(u — I' u),n) ds z;

ri€w jeII(s Vij

= —c Z Z dist a:l,a:])meas(%])nmd[zj;m

i ist(x;,2;)
1/2 o\ /2
[z — zi]
< O X D meas(Vini, > Z meas(V; [m
T Ew jEI(i) zi€w jell(i vl
< Clinllswllzll,s -
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Likewise

(b1,2)8 = Y meas(Vi)gs,izi

TiEw
= > > / (b,n)uds — Bug & wi’jui + B = wi’jua‘ Zi
2 2
zi€w jEII(4) vii
= -3 Z Z dist(x;, z;) meas(vy;;)
zi€w jeIl(i)
é/ (Vom) meas(V;) v .[Zj — zi]
meas(7i;) Yij meas(7;j) " | dist(@i, ;)
25 — 21
= __Z Z Z dist(x;, z;) meas(vyij )i, j dzsg(xl,;:])
zi€w jell(i)
1/2 2\ /2
[z — zi
< Z Z meas(V;)p; ; Z Z meas(V:) [m
zi€w jETI(i) T; €Ew FETI(4)
< lellswllzllw -

Summarizing these results and using Proposition 6.2 we obtain the following main result.

Lemma 6.3 Let the Assumptions 4.1 and 4.3 be satisfied. The error z(x) = up(x)—u(x) ,x €
w of the upwind finite volume element method satisfies the a priori estimate

Izl < C(Inll«w + el w) (6.17)

where the components n; ; and p; ; of the local truncation error are defined by (6.16). The
constant C' does not depend on h or z.

In order to use the estimate (6.17) of Lemma 6.3 we have to bound the corresponding norms
of the local truncation error components 7; ; and p; ; defined by (4.22). Note that the first
term has been taken care of in the diffusion dominated case. The estimate for ; ; is provided
in the lemma given below. The proof of the lemma is manor modification of the result in
Chapter IV and we skip it.

Lemma 6.4 Let the solution of the problem (2.11) be H®-regular, % < s, and the component
of the local truncation error u; ; be defined by (6.16b). Then the following estimate holds:

il < CR' =2 [blo,soalult,es; + BT Ibllaj24a,00,allulls,e] (6.18)

where % <s<2.

Theorem 6.3 If the solution u(x) of the problem (2.11) is H®-regular, with 3 < s <3 and
the Assumptions 4.1 and 4.3 are satisfied then the upwind finite volume element method has
at most first order of convergence in the H'—discrete norm, and

lun = ullw < Chblocc.alulia + Ch*t (14 h([bllaz+a,00,0) l1ulls.0-






CHAPTER VII

APPLICATIONS TO GROUNDWATER FLOW MODELS

Groundwater aquifers are one of the basic sources of drinking and industrial water supply.
The quality of the water is of utmost importance for many users. It is very expensive to
monitor the water contamination through physical observations. In many cases computer
simulations are preferable because they can be run many times with different data for a small
portion of the cost of digging and maintaining wells.

Many mathematical models are proposed in the literature for modeling of groundwater
flow (see [18], 9], [30], [3], [32]). We consider the two phase total velocity/global pressure
model introduced by Chavent and Jaffre [30]. The model is described by a nonlinear system
of PDEs.

We concentrate on the equation that governs the saturation of the wetting phase. The
saturation equation is strongly nonlinear and convection dominated. Although many papers
are devoted to construction and study of numerical methods for such problems (see [40], [33]),
a comprehensive theory is still not available.

Our goal is to investigate numerically some linearization techniques for the saturation
equation that utilize ideas of operator splitting introduced by Espedal and Ewing [40]. We
consider two stabilization techniques. The first one is stabilizing the discrete method by
adding artificial diffusion, i.e., we make the main diagonal of the matrix dominant. This
method is applied for trilinear finite elements on a distorted cubical mesh. The second
discretization is upwind finite element methods on tetrahedral meshes.

This chapter is organized as follows. In Section 7.1 we state the conservation laws and
in Section 7.2 we outline the constitutive equations. The mathematical model is described
in Section 7.3. We consider the first linearization of the saturation equation and apply the
stabilized with artificial diffusion trilinear finite element discretization in Section 7.4. In
Section 7.5 we present an improved linearization and an upwind finite element method on
tetrahedral meshes.

7.1 Conservation laws

Let Q be a bounded domain in R*. We consider the displacement of two immiscible com-
pressible fluids in . In particular fluid 1 is water and fluid 2 is air. We will call them more
often phases and will use a notation: a—phase, a = water, air.

We consider the following unknowns:

So — saturation of phase a,
Pa — pressure of phase a,

vy — volumetric flux (or Darcy flux) of phase a,
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and the physical parameters

x — coordinates of a given point in Q, x = (21, z2, z3),
g — gravity acceleration , g =¢Vz,
¢ — porosity of the porous media, ¢ = ¢(x, pq, Pw),
K — absolute permeability, K = K(x),
pa — density of phase «, py = pa(Pa),
o — fluid viscosity of phase &, po = tia(Pa),
kro — relative permeability of phase «, krq = kra(Sw,X,Pa),
F, — source or sink of phase «, F, = Fy(x,t),

The governing equations for fluid flow motion through porous media are the mass conservation
laws (mass balance equations) for each phase a [9, 30],

O(PpaSa
06PaSa) | G (pove) = Fa (7.1)
ot
and Darcy’s law for two phase flow
Kkro
Vo = == (Vs — pog). (72)

We suppose that fluids fill the volume, i.e., volume balance equation

Sw+ S, =1.

7.2 Constitutive equations

In order to get a closed system of equations we need one more equation: the capillary pressure
law

Pa — Pw = pc(Sw,X) .
We assume that we can compute the capillary pressure p. as a function only of the saturation
of water S, and spatial coordinates, which is a very rough approximation, but sufficient for

our model.
For air density we propose the functional relation

Da
Po = Pa,re 1+ ) .
! ( pa,ref

7.3 Global pressure / total velocity formulations

Here we briefly sketch the derivation of global pressure/total velocity—saturation equations.
For the detailed discussion of the notion of total pressure and global velocity we refer the
book by Chavent and Jaffre [30].

7.3.1 Assumptions for relative permeability and capillary pressure functions

The residual saturation S, for the fluid « is the value of saturation S, below that the fluid
«a cannot be replaced. In general S,, is a function of x and possibly p,. We suppose that
we know the values of residual saturations at a point zg € 2, i.e., Syr(z0) and Sy (zo). We
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assume that the relative permeability functions are uniquely determined by the saturation of
the wetting phase S, i. e.,

krw(2, Suw,Pw) = k20 (Sw) s kra(@, Sw,puw) = ka(Sw) -
For the functions k,, we assume that
krw =0 for Sy, € [0,Swr], increasing and smooth,
kro =0 for Sy, € [Sar,1], decreasing and smooth .

Define the volume factors B, and mobility factors d,

(67 w BO( .
B, (pw) = M , do(pw) = —, «a=air, water, (7.3)
Pa,ref Mo

global mobility d and fractional flow function f,

d(sw:pw) = dw(pw)kgw(sw) + da(pw)kga(sw) >
dw (Puw) K7y (Sw)

A (Pw)k2y, (Sw) + da(Pw) kR, (Sw) .

Clearly, given mobility factors, global mobility and fractional flow we can find relative per-
meability functions via

fw(swapw) =

d(Sw, pw) d(Sw, pw)
dw (Puw) ’ do(Pw)

We suppose that the capillary pressure, as a function of the saturation S, is independent
of x up to a scaling factor po (%), i.e,

krw = fw(Swapw) kro = (1 - fw(sw:pw)) (7-4)

pC(SwaX) = pCM(X)pC(Sw)a -1< pc(Sw) <1.

where p. is a decreasing function defined in [Sy., Sar] With p.(S.) = 0.

7.3.2 Assumptions for pressure dependent coefficients

We assume that functions ¢(x, pw), pa(Pw)s Ba(Pw), tia(Pw), kra (T, pw) vary very slowly with
pw. We replace p,, with a some intermediate value p, i.e., p € [pw,ps]- Then

¢(x,pw) = 0(x,p),  PalPw) = pa(P); Balpw) = Balp),

Na(pw) = ﬁa(p) , da (pw) = dNDé(p) :

From now on we will work only with functions depending on p and will skip the tilde.

7.3.3 Derivation of the equations

We define global pressure by

S
Y (= LT

The definition (7.5) is meaningful since (7.5) defines a contraction mapping from [py,, p,] into
itself [30].
The total velocity is defined by

v =BV + Byv, .- (7.6)
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The pressure equation is derived by summing (7.1) for a = a, w

0 Fy, F,
¢ (BwSw + Ba(1 — 8y))) + Vv = + . 7.7
2 (5 (1 Su)) R (7.7)
Denote
s
_ dpc(s) _ afw
'y—/ <fw 2) s ds, v = . (93 pe(s)ds.
We differentiate (7.5) and obtain
w + a
Vp = (p 5 P ) YVoem — pomVy
w + P oy Oy
= - P,
V( 5 ) YVpem — pCMGSVS PC MaPV
oy B Pw+ P oy
<1 +pom 6p> Vp =V ( 3 > YVpem — pem 6SVS (7.8)
_ Pw+D _ _ 1\ dp.
=V ( > YVpen — pom (fw 2) T %)
+ Pa 1
= (p P ) — 3y Vpeu - (fw - —) [V (pa — pw) — peVpen]
= fuVpuw — fw)VPa + 1 Vpou -

We multiply the fluxes given by the phase Darcy laws with the corresponding volume
factors and using the definition of the volume and mobility factors (7.3) and the formulas
(7.4) we get

Kk

Bwvw = _Bw (pr - ng)
= _dkarw(va - ng)
= _fw [Kd(va - ng)] (79)
and
Kk,q
B,v, =—DB, (VDo — pag)

a

= _daKkra(vpa - pag)
—(1 = fuw) [Kd(VPpa — pag)] - (7.10)

Now, for the velocity equation we get from (7.6), (7.8), (7.9) and (7.10)

v=-Kd ((1 +p0Mg—Z> VD = [fwpw + (1 = fu)palg — 71Vp0M> .

We can recover the phase pressure from the global pressure by the formulas :

1
Duw P+ {7(5111,;0) - —pc(Sw)] peM

2

p+ {W(Sw,P) + 1pc(Sw)] pon -

Pa 5
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The relations between total velocity v and and phase velocities v, and v,, are

Vo = g—wv + Dy, (1 - fw)pCMVpc - Dw(l - fw)6pg (7'11)

1
—Dy, (% +v- —pc> Vpewm ,

2
l_fw
B,

1
-D, <71 +v9+ §pc> Vpew ,

Vo =

v — Do fupcmVpe + Do fudpg

where Dy = Kkyo/lio = kfwd/B,. Change of the variables in the definition of the global
pressure (7.7) gives

dpc ) Pe .
P =po —Pom(® fw ds = pa — pcm(x) fwlps ,p)dE,
0
and therefore
Opa _ Op Op.
ot — ot T wpompy

After substitution of 0p, /0t = dpe/dpaOp, /Ot in the pressure equation we get

Op ¢ dSw F, F,
A Sw: 9 a. . B Swa a, C Swa ) = )
(Surp )30 + Vvt (B 5E + CSup) 5 ) ey T
where
1-5,) dp, o dp..
a=plt=Su)don g g P 1 s, C=¢>(1— P )+AproM
Pa,ref dpq Pa,ref Pa,ref dSy

7.4 Saturation equation. Artificial diffusion approach

We replace v,, with the right hand side of (7.11) in the equation (7.1) for @ = w (water)
and taking into account that p,, does not depend on ¢ (incompressibility of water) we get the
equation for the saturation of water Sy,:

0Sy 0
Pub S 4 pu(fuv + £18) — Vopu (D + D)VSL) + puarS,y = Qx, ),
ot ot
(7.12)
with initial and boundary conditions
Su(x,0) = S%(x), x€Q, (7.13)
Sw(x,t) = Sp(x,t), xe€ls1,t>0,
puw(fuv+ fog —(D+D1)VSy)n = gyu(x,t), x€l5,t>0,

where
dpe
D = —Kdf, (1 - fu)pon o= and fy = ~Kdfu (1= fu)pen (pu = pa)

Note that we add a new macro-dispersion term D; which is a result of up-scaling of the
saturation equation. The statistical theory for the concentration equation is developed by
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Dagan [32]. Macro-dispersion and heterogeneous models are also discussed in [50] and [74].
This term is defined by

ded  dyy)  dy)

D= | d) 4y dY |, (7.14)
& dy dY

where the entries are computed by the formulas

dgclz) = dlv% + dtrhvg + dtrvvg)/|v| +dm,
dg(rly) = (d — dtrh)U1U2/|V|a

(
(
d) = (d = dny)vrvs/|v],
(
(
(

dg(jly) — dtrh”f —+ dl’Ug + dtrvvg)/|v| + dm ’
dg(/lz) = dirn — dtrv)v2v3/|v| )
dglz) = dt'r‘hU% + dtrhvg + dlvg)/|v| + dm :

Here d; is the coefficient of longitudinal dispersion, dy,, is the coefficient of transversal hor-
izontal dispersion, d;, is the coefficient of transversal vertical dispersion, d,, is molecular
diffusion and v = (v1, vs, v3).

The problem (7.12), (7.13) is nonlinear and convection dominated. Therefore, the most
important decisions are how to resolve the nonlinearity of the convection term and how to
choose stable discretization scheme. The modeled physical process exhibits two separate
regimes:

() build up of the saturation front,
(¢i) movement of the front.

We assume that if the saturation S,, is less than some critical value Sy the front is not
established yet. We find the maximal value S} .., of the approximate solution on the n'”
time step and compare with So. If Sy, ., < So we approximate fractional flow function in
each element by a piecewise linear function

f (Sn+1) IS { 0’ if SZ+1 < Swr,
w\~w ~ n n+l _ n o__ H
fw(S2) . (SE Swr) /(S8 — Swr), otherwise. (7.15)
We time lag diffusion and gravity terms, i.e.,
D(S, v = D(Sy, v, f(SuTh e = fy(Sh)e. (7.16)

Because of the property of air-water system we believe that when the saturation front is
established the following simple splitting will produce reasonable results:

F(Snthy,  if vty sn <0,

n+1\
fulSe )N{ fu(Sp), i vTLYSE >0 (7.17)

where F(S™*1) is defined by (7.15) with S™ replaced by the point Sy where F is tangent
to fu. Note that first approximation is meaningful if Sy is close to 1, i.e., we use f,,(S})
instead of f,(S%T!) on a small interval. We again time lag for the terms corresponding to
the diffusion and gravity, i.e., we use the approximation (7.16).
The resulting linear equation is:
99

¢% + V.pu(bVSa) = V.pu(DVS,) + 5280 = F(x,), (7.18)
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with initial and boundary conditions

Su(x,0) = Sp(x), x€Q,
Swx,t) = Sp(x,t), x€Tls1,t>0, (7.19)
pw(vS, —DVS,)n = g(x,t), x€ Is2,t>0,

The coefficients of (7.18), (7.19) are connected with the coefficients of (7.12), (7.13) by the
relations:

bx) = eSpH,
f(Sy)/Sn if the front is not built up,
c = f(So)/So if there is a front and v**1.VS" <0
0 if there is a front and v**1.V.S? > 0
F = Fu,—Vopufy(Sh)g—A,
0 if the front is not built up,
A = 0 if there is a front and v**1.V.S? <0
V.pwfuw(S2)v™ T if there is a front and v*1.VS? > 0
D = D(S",v)+Di(v).

The above algorithm is summarized in the following “program” like style:

Given functions $k_{rw}(S_w)$ and $k_{ra}(S_w)$ find S_0O
do time loop
if (front is already built) then
apply splitting (8) and time lag (6), (7)
else
if (the front is built on the last time step) then
apply splitting (8) and time lag (6), (7)
else
in each element approximate
fractional flow function by (5)
endif
endif
solve linear elliptic problem
end do

7.4.1 Finite element approximation for the linearized equation

We use trilinear finite element method for the linearized equation. In order to make the
discretization scheme stable we use simple upstream weighting, i.e., if dy, , dy, and d,, are
the diagonal entries of the matrix D + D; we add artificial diffusion by making them bigger:

der = max(dye,dz/2), dy, = max(dy,,dy/2), d..=max(d..,dz/2).

A similar approach is described in [29].

7.4.2 Parallelization

The parallelization of the saturation code for the message passing distributed memory com-
puters Intel iPSC/860 and PARAGON is based on the parallel flow code developed by J.E.
Pasciak and A.T. Vassilev [42]. We parallelize the most time consuming tasks: matrix as-
sembly, operator evaluation and inner products in the conjugate gradient square algorithm.
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Figure 7.1: Exact solution t = 0

For the implementation we used the software developed at Brookhaven National Laboratory
[86], which provides the user with tools for remote procedure calls in addition to the standard
message passing libraries provided by Intel. This package helps avoid the inconveniences of
explicit message passing and it also greatly simplifies the development and the debugging of
rather complex user codes.

7.4.3 Numerical experiments

We report the computed results for a simple model problem. The exact solution S, (z,y, z,t)
is given by
Sw(m,y,z,t):f(a:,t)f(y,to)f(z,tg), t0:0-57

and the function f is defined via the formulas

3
0, 0<2<0.25,
Fo ) = (z+1)3(622 —-32+1), 025+g(t) <z <0.5+g(t),
T (1=2)3(622+3241), 054g(t) <z <0.754+g(t),
0, 0.75<z<1.

Notice that the “bell” moves only in xz—direction. The projection z = 0.5 of the exact solution
is plotted on Fig. 7.1 and Fig. 7.2.
Relative permeability functions of water k., and air k,, are (see Fig. 7.3)

k()= 4 O 0<s<04,
relS = (5/3s—2/3)%, 04<s<1,

Ekp(s) = 3(—6s* + 135> — 85* + 1)(1 — 5)3(65° + 35+ 1).
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Figure 7.2: Exact solution ¢ =1
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Figure 7.3: Relative permeability functions of air and water



112 Applications to groundwater flow models
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Figure 7.4: Fractional flow function and its approximation

Fractional flow function f,, is plotted on Fig. 7.4.
Capillary pressure is defined by (see Fig. 7.5)

(s) = 1-vV1+2, 04<s<0.7, z—Es—z
PelS) =1 VT=z2-1, 07<s<1, 3773

We neglect gravity. For viscosity we choose p, = 10 and p,, = 10000. We assume that
poy =1 and g—; = 0. The constitutive law for air density p, is

p
Pa = Pa,ref (1 + > )
Dref

where prer =1, pg,reyf = 0.001. The global pressure is given by

(2 —t)

=1-
p 2

Then for the component of the total velocity we have

KA2 -t
v1:%v v2 =0, v3=KAfuw+ (- fu)pd.
where k E
A=y e
/J/w :ull

Numerical results reported in Tables 7.1-7.4 show that the linearization technique is reli-
able for the whole range of the diffusion coefficient. We also observe that upstream weighting
introduce significant smearing for small €. The finite element method is not conservative and
occasionally we compute negative saturations.
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Figure 7.5: Capillary pressure

Table 7.1: Problem 1, =1

1/h | 1/At | L? error | max. error
4 10 0.16961 0.76230
8 20 0.04446 0.30927
16 40 0.00603 0.11507
32 80 0.00289 0.04095
Table 7.2: Problem 1, ¢ = 0.1
1/h | 1/At | L? error | max. error
4 10 0.14293 0.78093
8 20 0.04474 0.32130
16 40 0.01273 0.12677
32 80 0.01071 0.07822

Table 7.3: Problem 1, ¢ = 0.01

1/h | 1/At | L? error | max. error
4 10 0.10576 0.84208
8 20 0.07378 0.68442
16 40 0.04528 0.52926
32 80 0.02692 0.26734
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Table 7.4: Problem 1, ¢ = 0.001

1/h | 1/At | L? error | max. error
4 10 0.10749 0.85371
8 20 0.08223 0.76043
16 40 0.07026 0.84775
32 80 0.05675 0.72625

7.5 Saturation equation. Upwind discretization

In this section we consider an alternative global pressure/total velocity mathematical model
based on two phase incompressible fluid flow in porous media. The compressibility of the
air is introduced via the compressibility coefficient C, (see (7.22)). For this model we apply
an improved linearization and an upwind finite element method based on tetrahedral linear
elements. For the full description we refer to User’s Guide to GCT [100].

7.5.1 Alternative global pressure / total velocity formulation

We introduce the phase mobilities A\, and the total mobility A
kTOZ

Ao = , « = air, water A=+ A
Ha
The global pressure is defined by
1 1 %A — Aw dpe
= 5 WPa w o d ’
p=35 +p)+2/sc 3 dgf

and the total velocity satisfies the equations

V=Vy,+Vy, (720)
v = —K)\(Vp - G(Swap)) ’

where,

AaPa + Awpuw
- 8
Note that the definitions of the total velocities in the two models (7.6) and (7.20) correspond-
ingly are different. The “incompressible” approach leads to many new terms in the right hand
side (7.23).

In a similar way as in Section 7.3 we derive the equations of the model:

G(Sw,p) = (7.21)

0
C(p, Suw) 22 +V.u = f(p,Su),

ot
u= —K)\(Vp - G(Sunp)) )
G/))

ot +V-Pw(fwu+fgg) = V.((D(Sw) +D1(v))VSy) = Fy .

Here

Aw
fw = Ta fg = _K/\fw(pa - pw)a
dpc

_ _ Ldpa __ Ape
Cp,Sw) = ¢SwCa, Cu= o dpy D(Sy) = K/\afwdsw. (7.22)
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C, is called compressibility. The term D is defined by (7.14).
The right hand side is given by

f(p) Sw) = <Fa - Ua-VPa - ¢(1 - Sw)aapta> /pa

+ (Fw .V — ¢sw68L;“> /pw  (7.23)

To close the model we need two more constitutive laws:

Da
Pa = Poa <1 + _> and p. = pc(sw) ,
Poa

Poe 18 the air density at reference pressure pog.

7.5.2 Linearization

The linearization in this section is an extension and refinement of the procedure described
in Section 7.4. In each time step we apply inner iteration in order to resolve the nonlinear
convection term. We denote the current solution by S? and set

SO — S;L” S;L)+1 — Slast .

We assume that the nonlinearities at gravity and diffusion terms are non-crucial and we time
lag them, i.e.,

D(S',v™) = D(ST,v)f(ST) & £ (ST,

First, we compute the shock saturation Sy for the Riemann problem as an asymptotic
guide. Sy is the solution of the equation

, fuw(So)
Sp) =
fw( 0) So
We assume that if the maximal value S} .. of the approximate solution on the nt" time step

is less than Sy, then the saturation front is not established yet. We split f,, in the following
way

fw(S)v = fu(S)v +b(S,v)S,
with function f,,(S) defined by

0, if S < Sur,
Fu(S) = fulSmax) - o225 if S <5 < S
fw(S), otherwise

Note that fw (S) is still a nonlinear function because we do not know Sy,.x. We approximate
fw(S) with a piecewise linear function f,,(S)

07 , if Si71 S Swr,
Fu(SY) =4 fu(S7Y) . i=rSes i Sur < ST < SIL,
fuw(Siay) otherwise .

When the front is established we use the same splitting, but now we try to predict the
movement of the front by using the shock velocity vy defined by

- fw(SO) v
! SO_Swr
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The first term in the splitting is given by

0, if .S < S,
fw(S)V: vi(S—Sur), if Sy, <8< S,
fw(S)V, lfS()SSS].

This is still a nonlinear function and we approximate it with

o 0, if 51 < Sy,
fw(sl)vn+1 = Vf(Si — Swr) s if Syr < ST < Sy,
Ful(STVIFT i Sp < Sl < 1

The described algorithm is implemented as follows:

(i) Predict S°. (S° = S or use an explicit scheme).
If (nofront) predict S

max-*

(i1) for(i=1;i < imaz; i+ +)
Solve implicitly for S*

0

bl S+ 9. (Fu(8 )~ V(DS v U + B

ot
=Q(z,t) = V. (b(S,v" ST + £,(STY(KV2)) . (7.24)

If ||S? — Si71||0'< €
SZ(LJJrl — Sz;
Exit the loop;
else
gi-1 = gi.
goto (i);

7.5.3 Upwind finite element method

We suppose that in the domain Q C R? is introduced structured grid with elements distorted
cubes. We devide each cube into five tetrahedra. In order to get a conforming finite element
triagulation we have to devide the cubes in some order (see Fig. 7.6 and refer for details to
[100]).

Figure 7.6: Partition of odd and even cells into five tetrahedra

We discretize the linear equation (7.24) using backward Euler scheme for the time deriva-
tive and trilinear finite elements on tetrahedral mesh.
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Figure 7.7: Baricentric region V;

We develop an upwind approximation of the convection term fQ V.(bup)v dx using the
finite volume approach. Here uy is the approximate solution of the equation (7.24). For
similar approach see works by Baba and Tabata [10] and Tkeda [63]. Let ¢; be the linear basis
function corresponding to the i*” node and ¢; be a characteristic function of the barycentric
region V; of z; (see Fig. 7.7).

We approximate @; with ¢;, i.e.,

/V.(buh)goidxz/V.(buh)cﬁidx,
Q Q

and using Gauss divergence formulas we get

/V.(buh)gﬁidx:/ (b,n)uy ds.
Q ov;

Let 7;; be one of the faces of 9V;. We use the approximation

/ (b,n)uds =~ B u; + B u;,
o

ij
where

_ Bij+1Bi, 5 = Bij —1Bi,

n
p 2 ’ 2
and 3; ; is defined by formulas (6.14) or (4.7). Note that we used the same approach to derive
upwind discretizations in Chapters IV, V and VI.
The method we described in this section still have to be tested numerically.






CHAPTER VIII

CONCLUSIONS

In this dissertation we derived several new finite volume and finite volume element meth-
ods for nonsymmetric elliptic boundary value problems. We studied theoretically their prop-
ertiies and tested computationally their efficiency on real-life problems. Our new results and
future directions of research are briefly outlined in this chapter.

In Chapter III we provided a general framework for finite volume methods and discussed
several ways to construct discretization schemes. This general approach allowed us to for-
mulate a novel cell-centered finite difference scheme on Voronoi or circumscribed meshes for
problems with tensor coefficients. It is an interesting problem to explore the properties of
this method and apply it to mathematical models of physical phenomena of interest. Now it
is well understood how to derive finite volume schemes from mixed finite element methods on
uniform meshes for problems with scalar coefficients. However, there are many open prob-
lems when employing these methods on irregular meshes or solving equations with tensor
coefficients. Construction of stable and accurate mixed finite element approximations for
convection—diffusion problems is another important and interesting problem.

Stable accurate and locally mass conservative methods for strongly nonsymmetric prob-
lems that satisfy the discrete maximum principle on general meshes were discussed in Chapter
IV. We proposed three different cell-centered finite difference schemes, UDS, MUDS and
IDS, and proved that they satisfy the discrete maximum principle on Voronoi or circum-
scribed meshes under some conditions that are natural analogs of the conditions for the
differential problem. Consequently, the corresponding discrete problems are well defined
even for extremely irregular meshes. Such results are not valid for the classical finite element
methods.

We introduced the so called Finite Volume regular meshes, and for this class of meshes we
showed that the discrete problems were coercive, stable and convergent and derived in discrete
H'-norm. We elaborated the discrete Aubin—Nitsche “trick” and proved that under some
conditions the convergence in discrete L?-norm is with one order higher than in discrete H'—
norm. We specified some geometric assumptions (the symmetry assumptions) under which we
showed that MUDS and IDS were superconvergent in discrete H'-norm. We note that the
symmetry assumptions are only sufficient and conjecture that for all “reasonably” regular
Voronoi meshes such superconvergence estimates in discrete H'-norm are valid. Another
possible direction of research is to investigate the superconvergence of finite difference schemes
on Voronoi meshes locally in discrete maximum norm.

It would be an interesting problem to extend our theory for elliptic problems to parabolic
equations. Consistent theory for finite volume discretization of parabolic problems is still not
available.

We presented extensive numerical experiments of the proposed methods that illustrated
our theoretical estimates. The properties of finite volume methods on nonregular meshes
have to be investigated numerically.

In Chapter V we studied cell-centered finite difference schemes with local patch refine-
ment. We investigate two different interpolations along the interface between the coarse and
fine regions, constant and linear, and constructed two conservative cell-centered finite dif-
ference methods, UDS and MUDS, that employed these interpolations. We proved that
these schemes satisfy the discrete maximum principle and showed that the discrete problems
were coercive. We provided the stability and error estimates in discrete H'-norm with loss
of accuracy half of order due to the interface interpolation. It would be an interesting oppor-
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tunity to apply a more general approach, the so called mortar element methods, to the finite
volume methods and reduce the error along the interface.

A general way for discretization of elliptic boundary value problems in divergence form is
the finite volume element methods. This methods combines the advantages of both finite vol-
ume and finite element methods. FVE methods give locally mass conservative discretization,
work for tensor coefficients without any special modifications, and can handle discontinuous
coefficients similarly to the way the finite volume methods do. On the other hand in FVE
methods the approximation of the fluxes on the faces of the control volumes is produced
by using specified finite element spaces, and consequently they have the flexibility of finite
element methods. We generalized the known results for 2-D symmetric problems to 2-D
(3-D) nonsymmetric ones for barycentric control volumes. We proved the stability and error
estimates for diffusion dominated cases using classical technique from finite element the-
ory for Petrov—Galerkin methods (inf-sup condition). A new upwind finite volume element
method was derived for convection dominated problems.The stability and error estimates
were provided with the technique developed in Chapter IV.

We plan to investigate all considered methods on different types of meshes, for example
Voronoi grids, and derive streamline diffusion finite volume element methods. These dis-
cretizations have to be tested numerically. It would be interesting to extend our theory to
discretization of parabolic equations.

In Chapter VII we considered application of finite volume methods to groundwater flow
simulations. We stated the conservation laws that govern the fluid flows in porous media and
augmented them with constitutive relations in order to get a closed system of partial differ-
ential equations. For this mathematical model we discussed two different implementations of
global pressure/total velocity formulations developed by Chavent and Jaffre [30]. The first
one was based on the two phase compressible fluid flows. We developed a linearization pro-
cedure for the saturation equation and discretized the resulting linear problem with trilinear
finite elements stabilized by adding artificial viscosity. This discretization was numerically
tested and our results showed that the proposed linearization technique is reliable for the
wide range of the diffusion coefficients. We also observed that artificial viscosity stabilization
introduced significant smearing for small diffusion coefficients. We parallelized our computer
code using the tools developed by Joseph Pasciak and Apostol Vassilev [42].

This parallelization was not compatible with the parallelization of the pressure code in
PICS project (for details refer to User’s Guide to GCT [100]), so we implemented tetrahedral
meshes. We considered an alternative global pressure/total velocity formulation based on two
phase incompressible fluid flow in porous media. The compressibility of the air is introduced
via the compressibility coefficient. We extended and refined the linearization procedure for
the saturation equation. We made it consistent in sense that when the time step goes to zero
or two consecutive approximations get closer, the linear equation converges to the nonlinear
one. Moreover, we developed an inner iteration of Picard type, each step of which includes
solving of the linear problem. We constructed a new upwind finite element method using the
finite volume approach to discretize the convection term. This discretization was tested for
linear problems and implemented for the saturation equation. Now we are in a process of
testing our algorithm for various practical problems.

In order to improve the overall performance of the numerical method we plan to concen-
trate on the following tasks:

1. Add residual control and eventually time step control in the nonlinear iteration.
2. Consider streamline diffusion FEM and their nonlinear performance.

3. Investigate local mass conservative (streamline) upwind finite volume element methods.
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4. Implement fractional step method with explicit solve for the hyperbolic part of the
saturation equation discretized using Godunov’s methods and implicit solve on the
diffusion part discretized by mixed finite element methods. This algorithm will be
locally mass conservative.

5. Testing of our upwind discretization for problems with reaction terms.

Extension of the proposed algorithms has to be developed for three phase fluid flow models,
which will allow modeling of more complex physical processes.
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