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Abstract

The purpose of this paper is to investigate Galerkin schemes for the Stokes—
equations based on a suitably adapted multiresolution analysis. In particular, it
will be shown that techniques developed in connection with shift—invariant refin-
able spaces give rise to trial spaces of any desired degree of accuracy satisfying
the LadySenskaja—Babuska—Brezzi condition for any spatial dimension. Moreover,
in the time dependent case efficient preconditioners for the Schur complements of
the discrete systems of equations can be based on corresponding stable multiscale
decompositions. The results are illustrated by some concrete examples of adapted
wavelets and corresponding numerical experiments.

In dieser Arbeit werden Galerkin-Verfahren fiir das Stokes-Problem untersucht,
die auf speziell angepafiten Multiresolution-Ansétzen beruhen. Insbesondere wird
gezeigt, dafl gewisse Konstruktionsprinzipien fir Wavelets auf gleichformigen Git-
tern fiir jede Raumdimension und beliebige gewiinschte Exaktheitsordnung auf Paare
von Ansatzraumen fithren, die die LadySenskaja—Babuska—Brezzi—-Bedingung erfiil-
len. Dariiber hinaus ergeben sich auch im instationaren Fall aus den entsprechen-
den stabilen Multiskalenzerlegungen effiziente Vorkonditionierer fiir die Schurkom-
plemente entsprechenden Systemmatrizen. Die Ergebnisse werden anhand einiger
konkreter Realisierungen und numerischer Tests illustriert.

Key words: Saddle point problems, LBB—condition, multiresolution analysis, wavelets,
time dependent problems, Schur complements, preconditioning.
AMS subject classification: 15A12, 35Q30, 65F35, 65N30, 41A17, 41A63.

1 Introduction

During the past few years very efficient preconditioners for linear systems arising from
Galerkin discretizations of scalar elliptic boundary value problems have become available
[5, 16, 26, 32]. These techniques combined with conjugate gradient schemes achieve opti-
mal multigrid complexity under minimal regularity assumptions. It is therefore natural to
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explore the potential of such techniques for other problem classes. As a typical example
we will focus here on the Stokes equations as a simplified model for the motion of an
incompressible, viscous fluid in an n—dimensional domain 2 C IR", where n =2 orn =3
are of primary interest. In the non—stationary case the velocity field @ : Q x [0, T] — IR™
and the pressure p : 2 — IR are well-known to be related by the system

ou . s .

E—I/AU—F gradp = f inQx(0,7),

0 inQx(0,7),

divi =

i(z,0) =

&

in Q, (1.1)
@ = 0 ond2x]0,T],

/p(x,t)dx = 0 foreachte (0,7).
Q

Here v is the kinematic viscosity coefficient of the fluid (the inverse of the Reynolds
number). Let

—

X = HIQ", M =I2(Q) = {q € 12(9) : /Qq(x) da = o} , (1.2)

where L?(Q) and HZ(€2) stand for the usual space of square integrable functions on © and
the closure of the set of C*°—functions with compact support in €2 relative to the norm

|ullg ) = (E\algl ||D°‘u||%2(m)1/2, respectively. We will focus first on the stationary
version of (1.1). A possible approach to solving (1.1) numerically can be based on the
Leray formulation provided that divergence free trial functions are available (see e.g. [27]).
However, here we choose the following alternative weak formulation. Find a pair (i, p) €
X x M such that

v a(il, %) + b(T,p) = (f,0) forall¥e X,
(1.3)
b(, ) =0 for all € M,

where (-, -) denotes the dual pairing for X and its dual X *, induced by the standard scalar
product

(u, V) 200 1= /Qu(x) v(x) dx,

and the bilinear forms a: X x X — R and b: X x M — IR are defined by

& 0 0
a(@, ) = > (—u,—v-) =: (grad @, grad ¥);syn

ij=1 axz ! axz ! L2(Q) L@ (14)
b(ﬁa Q) = (le 67 Q)LQ(Q) )

respectively.
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In general, when the bilinear forms a(-,-) and b(-, ) are continuous, it is well-known
(see e.g. [3], p. 122) that (1.3) has a unique solution if and only if a(-,-) is elliptic on the
subspace

V= {ﬁGX: b(v, ) =0, /LEM},
Le.
a(V,7) > o ||0]|% forall 7€V, (1.5)

and b satisfies the inf-sup condition

inf sup  b(¥, 1)
e o = 8> 0. (1.6)
neM TeX |d]| ¢ lpllm

In the particular case (1.4) the forms a and b are obviously continuous and a is even
X—elliptic where here V = {7 € X : div 7 = 0}, so that it remains to verify (1.6). When
(2 is a bounded simply connected domain with Lipschitz boundary, the inf-sup condition
is known to hold for the situation at hand, see e.g. [3].

To solve (1.3) approximately one may choose finite dimensional trial spaces )Z'h C
)?, M, € M. The classical Galerkin approach then requires finding (i, pn) € X, x M,
satisfying

v a(ﬁh, Uh) + b(ﬁh,ph) = <j?, Uh> for all v, € Xh,

. (1.7)
b(uh, ,U,h) =0 for all py, € M,

The unique solvability of (1.7) for each mesh size h, its stable computability as well as
estimates for the accuracy of the resulting solutions ), p, are known to hinge on the
validity of the Ladysenskaja—Babuska—Brezzi (LBB) condition

inf sup _ O(Th ) B3>0 (1.8)
€My, ThEX), ||77h||)2 ||Mh||M N ,

which is to hold uniformly in h.

Of course, given that (1.6) holds, (1.8) imposes conditions on the particular discretiza-
tions. The following result due to Fortin [19] (see also [3, 20]) offers a way to check the
validity of (1.8).

Proposition 1.1 Assume that the spaces X and M satisfy the inf-sup condition (1.6).
Then condition (1.8) holds with some 3 > 0 uniformly in h if and only if there exist linear
operators Qp, : X — X}, satisfying

1@nll g < M17llg, 7€ X, (1.9)

and
b(U_ tha /'Lh) = 07 S Xnu’h € Mh- (110)

Here A < B means that A can be bounded by some constant multiple of B where the
constant is independent of the various parameters the quantities A and B may depend
on.
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Several concrete examples of bivariate finite element spaces satisfying (1.8) are known.
For three space dimensions the list of finite elements satisfying (1.8) is significantly shorter.
In spite of the fact that in the finite element context the criterion in Proposition 1.1 is
usually not very practicable, it turns out to be quite suitable in a somewhat different set-
ting. In fact, utilizing Proposition 1.1, we propose in this paper a systematic construction
of nested trial spaces )Fh, M, satisfying (1.8). We emphasize that the Stokes problem is
to be viewed as one example and that the approach applies as well to related saddle point
problems arising for instance from mixed formulations for elliptic problems.

Roughly speaking, the main idea can be described as follows. Instead of starting with
a specific finite element space in X , we construct a sequence of projectors Qp, = @

satisfying (1.10) and take their ranges X} = th as trial spaces. The construction of
the ();, in turn, is based on the construction of a suitable multiscale basis. In Section
2 we collect some relevant facts about such bases for later use. A convenient way for
constructing these bases is provided by shift-invariant refinable spaces, often referred to
as multiresolution analyses. This together with the construction of the projectors (); and
corresponding multiscale bases adapted to the problem at hand is described in Section
3. It should be also emphasized that the approach works independently of the number of
spatial variables. Moreover, the order of accuracy of the resulting trial spaces can easily
be raised, at the expense of larger supports of the basis functions, of course.

There are a few more consequences which are worth mentioning. Firstly, stable mul-
tiscale bases offer a particularly convenient framework for local error control and adap-
tive techniques. This issue will be addressed in more detail elsewhere. The second is-
sue concerns the numerical solution of the linear systems arising from (1.7). Defining
A]’ IX]' %X}',Bj IX]' —>Mj by

va(ily, ;) = (Ajiy, 05),  b(idy, py) = (Bjidy, 145) 12(0), (1.11)

it is clear that A; is symmetric positive definite and that (1.7) amounts to solving the

saddle point problem
Bj 0 Pj 0 ‘ .

The treatment of (1.12) is in one way or another tied to the Schur complement
I —1lp*
K; :=B;A; B;]

(see e.g. [4]). In case (1.4) and v not too small K; is well-conditioned. However, when
employing implicit time stepping schemes for the non—stationary case (1.1), the condition
number deteriorates with decreasing time steps. Building up on recent investigations in
[4], we will point out in Section 4 that the multiscale bases not only give rise to stable
discretizations in the sense of (1.8) but lead also to a convenient efficient preconditioner
replacing the approach based on solving Neumann problems proposed in [4]. In Section 5
we construct a class of examples that fit the conditions required in Section 3. In Section 6
we comment on computational issues, in particular, pertaining to the computation of the
entries of the right hand sides and stiffness matrices. This is another instance of taking
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essential advantage of the shift-invariance of the trial spaces. Refinability of the basis
functions allows one to reduce these quadrature tasks to solving once a certain linear
system whose size depends only on the supports of the generators of the multiresolution
analysis but not on the level of discretization. We conclude with some concrete examples
of stable pairs of trial spaces and present some numerical experiments for the Driven
Cavity Problem for two and three space variables.

2 Multiscale Decompositions

In this section we collect a few general facts for later purposes. Suppose S = {Sj};’io is
a sequence of closed nested subspaces of some Hilbert space H. Usually each space S; is
defined as linear span of some basis ®; = {¢; : k € I;} which is to be stable, i.e.,

Z Crk Pjk

kel;

where A ~ B means that both relations A < B and B < A hold, and |lc[leg;,) =

llellezz; " (2.1)

(Zkgj |ck|2)1/2. ®; typically consists of functions with compact support whose diam-
eter remains uniformly proportional to the ‘meshsize’ h; which in the following will be
assumed for simplicity to behave like 277,

To update a given coarse approximation v;_; € S;_; of some v € H it is convenient
to decompose

S;i=5;.0W;

where W; is some direct summand.

Suppose now that also a (uniformly) stable basis U; = {¢,; : k € J;} of each comple-
ment space W, is known, i.e. ¥; satisfies (2.1) uniformly in j. Then any v,, € S,, can be
written in single—scale representation as

= Z Ck Pm,k>

k€lm

or, with ¥y := @, Jy := Iy, in multiscale form as

m
=D > dig Vi
J=0keJ;
The transformation
m:d—c (2.2)

which takes the multiscale coefficients d;; into the single scale coefficients ¢;, is of central
importance in typical wavelet applications and will turn out to play a crucial role in the
present context as well. It is therefore essential that the T; are efficiently executable and
well-conditioned. As for the first issue note that the nestedness of the spaces S; implies
the existence of refinement matrices Ro; = (r] k)ier; o ker; such that

Pik = D T{,k Pi+10, k€ 1. (2.3)

l€[j+1
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In all typical applications the Ry ; are uniformly banded, i.e., all rows and columns of
Ry ; contain only a uniformly bounded number of nonzero entries. It is clear that v,
must have the form

Yipp = Z T{,k Yir1, k€ Jjp, (2.4)

l€[j+1

where the composite matrix R; = (R ;, R1,;) with Ry ; = (rik)lgﬂhkgﬂl, is invertible.
One easily verifies (cf. [13]) that the transformation T, has then the structure of a pyramid
scheme similar to the fast wavelet transform

. 5 . R, O

Tj = Rl"'Rj, Rl = . (25)
0 I

As a consequence one has

Remark 2.1 If Ry ;,R1; (and thus R;) are uniformly banded, then the application of
T, requires only O(dim S;) operations.

As for the condition number of T}, it is known that
cond, (T;) = O(1) (2.6)

if and only if ¥ = {4, : k € J;, j =0,1,...} is a Riesz basis for H [13]. This means
that every v € H possesses a unique expansion

szjk %k

and
N 1/2
[ollm ~ (Z 2; ) : (2.7)

With the aid of the Riesz-representation theorem one easily derives from (2.7) the
existence of a dual Riesz basis ¥ = {1/)]k keld, j=0,1,...}, ie

(@Z)j,k,l/;j',k')g =0 Ok, k€ J; K €Jp, g, €N (2.8)

Thus the mappings

Q]U _ZZ @/)zk Hi/)um Q v _ZZ @/)zk Hi/)uc (2-9)

1=0 keJ, 1=0 keJ,

are uniformly bounded projectors with ranges S; and S*j, respectively. Obviously, @} is
the adjoint of ;. The following observations are useful (see e.g. [13]).

Remark 2.2 Let QQ; be uniformly bounded linear projectors from some Hilbert space H
onto nested closed subspaces S; of H. Then the following properties are equivalent:
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(i) The Q; commute, i.e.
QuQ; = Qi 1<, (2.10)

(i) Q; — Qj_1 are also projectors,
(iii) the ranges S'j of the adjoints Q; of Q; are also nested.

Note that the particular projectors @; (2.9) induced by the Riesz basis do satisfy
(2.10). Moreover, assuming that the ¥; are uniformly stable, then (2.7) is equivalent to

1/2
[olla ~ (ZII - Qj1) II%) : (2.11)

As for the validity of (2.11) and hence of (2.6) in such a general Hilbert space context
we record some facts from [14]. To describe under which circumstances (2.11) holds,
we call any subadditive uniformly bounded family of functionals w(-,t),¢ > 0, satisfying
lim; o+ w(v,t) = 0 for v € H, a modulus. S is said to satisfy a Jackson and Bernstein
estimate relative to a modulus w if there exists some v > 0 such that the relations

inf ||v—vllg <w(,277), veH, (2.12)
v; €5 ~
and .
w(vj,t) < (min{l,tZJ}) Nvjlla, wvj €8], (2.13)

hold uniformly in j, respectively.

Theorem 2.3 For §,H as above, let Q) be uniformly bounded linear projectors onto S;
satisfying (2.10). Assume that S and S both satisfy Jackson and Bernstein estimates
(2.12),(2.13) relative to some modulus w for some v,5 > 0, respectively. Then (2.11)
holds.

In view of the apparently pivotal role of condition (2.10), we record yet another equiv-
alent formulation of Remark 2.2 (iii) for later use. The projectors @); can be represented
as

Qiv="> (v,Pik)y Pik> (2.14)

kEIj

where the set @j = {P,r : k € I;} is biorthogonal to ®;, i.e
(QOJ"]C, Saj:l)H = (5k,l7 k,l € Ij. (215)
Remark 2.4 The Q; satisfy (2.10) if and only if (fj is also refinable. In fact, one has

~ . ~j ~
Gik = D T Pjp1 k€I,
lelj

~j o ~
where 7). = (Pjk, Pir1,)
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We will apply Theorem 2.3 later to H = L?(Q) or H = H® for s € IR, where H® may
stand for any of the spaces H*(2), H§(2). (In fact, one could also assume homogeneous
Dirichlet conditions on part of the boundary.) The role of the modulus is then played
by the standard L?-modulus of smoothness. Recall that the dth order L?-modulus of
smoothness is defined by

wa(v, t)120) : = sup ARV z200); (2.16)
<t

where Qp, s ={x € Q:2+1heQ,l=0,...,d} and

agoy = 3 (1) -+ m

j=0 \J

(see e.g. [16]). When the modulus w(-,#) in (2.13) is chosen as the dth order L?-modulus
defined in (2.16), it is well-known that, under mild assumptions on the regularity of the
domain, the validity of (2.12), (2.13) is equivalent to the direct estimates

1I€1f v —vjllr2 <27 |Jollws, v € H®, s<d, (2.17)
vy
and the inverse estimates

oillae < 2797 Nlojllgs, v €5), s <t <9, (2.18)

where one usually has v < d. This yields the following norm equivalences (see e.g. [14]).

Proposition 2.5 If the spaces S; and S*j satisfy (2.17) and (2.18) for some d, de N and
0<y<d,0<vy<d, then one has

~ 1/2
||U||Ht ~ (]z% 22t‘7 H(Q] - ijl)v 12(9)) ) te (_5/77)7 (219)
and
1/2
o[l ~ (Z |@; - Q-0 ) L te(=7,7). (2.20)

A useful interpretation of these facts may be formulated as follows. Let
Ao =727 (Q; — Qj-1)v. (2.21)
=0

Then, under the assumptions in Proposition 2.5,
[Asv||ge ~ ||v]|ge+s for t+s € (7,7). (2.22)

This latter fact will play an important role for the issue of preconditioning.

We conclude this section with a comment on the condition (2.17) which is taylored to
uniform mesh refinements. Equivalences of the form (2.19) actually persist to hold under
weaker assumptions permitting spaces, S; resulting from adaptive refinements. In fact,
one way to show that (2.19) still holds, is to establish an estimate of the form

||(Q] Q] l)vm“L2 S wd(vma2 j)L2(Q)a Um € Sp, J <M,
see [16].
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3 Multiscale Bases for the Stokes Problem

Combining the facts stated in the previous section with Proposition 1.1 suggests con-
structing multiscale basis functions v, in such a way that the corresponding projectors
(), defined by (2.9), satisfy on one hand (1.10) and on the other hand (2.10) as well as
relations of the type (2.17), (2.18) to ensure norm equivalences of the form (2.19). First
we will show that this task can conveniently be solved when €2 = IR™. In a second step
we will indicate possible ways of adapting the construction to bounded domains.

3.1 The Shift—invariant Case and Wavelets

The main ingredient of our construction is the concept of biorthogonal wavelets. Recall
from Remark 2.4 that in the above general context biorthogonality was expressed through
condition (2.10). Suppose that &, € are compactly supported functions in L2(IR) which
are refinable, i.e., the relations

Ex) =D ar £(2z — k), £(z) = > £2z — k), (3.1.1)

keZ keZ

hold for some masks a = {ay}rez, @ = {a }rez. We will call £, € a dual pair if one has
in addition B
(6.€6=8) e, =00k kEZ (3.1.2)

It is easy to see that (3.1.2) forces both masks to be finitely supported when & and ghave
compact support. Moreover, defining for g € L?(IR)

gj,k = 2]/29(2J . —k), j,k & Z,

the functions derived from & and € by dilation and integer shifts are stable in the sense of

> ek &k

keZz

ellezz) ~ (3.1.3)

L2(R)

Examples of such dual pairs can be found in [11].
Denoting in the following for any collection F' of functions in L? by S(F’) the L?-closure
of the span of F' and setting

(&) =& ke Z},

(3.1.1) implies that the spaces S; := S((§);),S; := S((£);) are nested, i.e.,
Sj C 5j+17 S’j C gj+1; jE Z. (314)

This obviously fits into the framework described in the previous section. Moreover, it is
easy to identify suitable complement bases. In fact, it is known that (]9, 11])

(@) = 3 (=) ary €22 — k), qix) = Y (=1)F ary €22 — k), (3.1.5)

keZ keZz
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satisfy

(0,70 = k) oy = S (€70 = k) gy = (& = B)) oy =0, k€ Z. (3.1.6)
One readily concludes from (3.1.1) and (3.1.6) that

(Mjes Tt b ) 220y = O(ik), (5 by 0505 Ko K € ZZ, (3.1.7)

(see (2.8)). Thus the 7;, give rise to a stable multiscale basis in the sense of Section 2.
Moreover, the complement spaces W, := S((n);), W; := S((7),) satisfy

W, LS; 1, W;LS; \, W;LWy, j#j. (3.1.8)

3.2 Modifying Dual Pairs

One reason for considering the above shift-invariant setting is that, given a dual pair of
generators &, 5 , there is a relatively simple mechanism of generating new dual pairs £*, 5*
which will turn out to be useful for constructing multiscale bases adapted to the Stokes
problem. To describe this it is convenient to introduce for a given mask a of refinement
coefficients appearing in (3.1.1) its symbol

z) =Y ag 2", z ed. (3.2.1)

keZ

In fact, the biorthogonality relation (3.1.2) implies
a(z)a(z) +a(—z)a(—z) = 4. (3.2.2)

Moreover, when a(z) is divisible by (1+2z) (which is known to be the case when £ € H'(IR))
it is clear that the new pair of symbols

b(z) :=

still satisfies (3.2.2). Thus if the new masks b,b still admit solutions to (3.1.1) one
ends up with a new dual pair which turns out to be related to the initial one through
differentiation and integration. This is made precise by the following observation which
is essentially due to Lemarié-Rieusset [24, 25]. It is a special case of a result established
in [27].

2 ~ 1+%

——al2), b(z) = — a2,

Lemma 3.1 Let &, 56 L?(IR) be compactly supported dual functions, which are refinable
with masks a° and &°, respectively. If ¢ € H'(IR) and [ &(z) dv = [R&(x) dz = 1, then
there exists a dual pair £, & of compactly supported functions in L*(IR) such that

d * * d o _ ¢ c
@) =8@) -z —1) and —&(2) =E(z+1) — () (3.2.3)
holds. Moreover, their symbols satisfy the relations
2 1+z
(0,%) — 0 5(0,%) — 50
a”(z) .2 (z), a""(z) 54 (2), (3.2.4)
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and the relations

Do) =40’ (@), and () = 4 i) (325)

are valid for the biorthogonal wavelets defined by (3.1.5).

Note that since, by (3.2.3), £* belongs to H'(IR), £* must be continuous. The essence of
the above statements is that, starting with a refinable dual pair &, €, a certain modification
produces a new refinable dual pair 5*,5*, thus preserving the crucial property (2.10).
The new pair will serve as the main building block for the construction of pairs of trial
spaces satisfying the LBB condition. The advantage of the shift—invariant setting lies
in the fact that the whole construction reduces to manipulating Laurent polynomials.
The modification consists essentially of differentiation and integration illustrated by the
following figure:

£,n &
biorthogonal
Differentiation Integration
& £,

The most convenient way of constructing multivariate dual pairs of refinable functions
is to employ tensor products, i.e., for z € IR" and any univariate dual pair of univariate
refinable functions &, &

o(x) = E(w1) - -E(wn), blx) = E(x1) -+ E (), (3.2.6)
are easily seen to form a multivariate dual pair. More generally, writing
G=¢ &=E &i=n & =i,

e € {0,1}, the corresponding multivariate scaling functions

&

and analogously for &, &,
and wavelets are given by

e(x) == f[lﬁei(xi), Vo) = f[lge(xz), ee€{0,1}" = E, (3.2.7)

where, of course, ¢y = ¢,y = ¢. Moreover, defining the modified functions 1,[)53”),1/;((3”),
e € E, by
wf(zy) (l’) = 631 (xl) e geu—l(ajl/*l) g:u (ZU,,) €€u+1 (xVJrl) e gen (ZL‘n), (328)

as well as

FO@) = (@) &y (@0m) €,(0) o (Bosn) - Eonl@n),  (329)



A Wavelet—Galerkin Method for the Stokes—Equations 12

Lemma 3.1 yields

o vV, W (z), ife, =0,
5 te(r) = ‘ (3.2.10)
Ty 4 pW(z), ife, =1,
and ~
_ Aye(z), ife, =0,
iwgw(ag) = { B (3.2.11)
9z (—4) Gel), ife, =1,
where

Vif=Ff()—f(—¢), Af:=f(+e)—f(),
and the e” are the coordinate vectors, i.e., (¢), = 0,,,v, v =1,...,n. Again we have
used the convention ¢ = ¢® and ¥ = ¢®).
To indicate the relevance of the above manipulations with regard to the LBB condition,
let for £ ={0,1}", E* := E \ {0}

Vi =292, (2 - —a), g = 2%,(20 - —a), k= (e,a) € ExZ", (3.2.12)
and

(I)j = {¢],k ke {0} X Zn}, &)J = {q;j,k k€ {0} X Zn}, (3213)
\I/j = {'@/)j,k ke E*x Zn}, \if] = {’Q/N)jyk ke E*x Zn}

One easily derives from the biorthogonality of the univariate factors (3.1.7) that

(T/JJk,T/)J kl)L2 (") = 5]'7]'/ (5k,k’; j,jl € W, k, ke E* x Z". (3.2.14)
In other words, this means
S(T;)LS(®; 1), S(U;)LS(®; 1), S(¥;)LS(L;) forj # 5. (3.2.15)

Analogous relations hold for ®;, <I> replaced by (I>§ V) <i>§ ), v=1,...,n. Now set

M; = 8(®;), X;:=S5(B") x -+ x 5(), (3.2.16)

and define in analogy to (2.14) the projectors @j by

@M= 3 (0.00) e B =1

ke{0}xzZn

A glance at the corresponding multiscale representation (2.9) reveals that for any @ € X

C@at= Y Y @D B = X ()
j=m+1keE*xXZ" j=m+1

Obviously, w; € S(\ilgl)) X s X S(\ilg-n)). We readily obtain from (3.2.11) that

diV u7j = Z Jk sz,k

keE*xZ™
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for some coefficients dj, and, hence, div@; belongs to the complement S(¥;) of S(®; ;)
in S(®;). But by (3.2.15), we have

S(¥;)LS(®;-1)
which means here that

(le wj,Um) - b(u_f],vm) = 07 Um € S((Dm) = Mma .] > m.

L2(IR")
Hence the projectors @; satisfy the conditions (1.9) and (1.10) in Proposition 1.1 which
shows that the pairs Mj,)zj satisfy the LBB condition. Thus the LBB condition on all
of IR™ amounts to the construction of suitably interrelated biorthogonal multiscale bases.
Our central objective is now to extend this mechanism to bounded domains. Defining for
any collection V' of functions 0,V := {3%”1} : v € V}, it will be useful to keep in mind
that the essence of the above argument is the relation

S@,9Y) € S(¥,), v=1,...,n (3.2.17)

3.3 Bounded Domains

It remains to establish multiscale bases for a given bounded domain. One possible strategy
is to work with restrictions of the spaces introduced in the last section to a given domain
and enforce essential boundary conditions by means of Lagrange multipliers. For scalar
elliptic problems this approach is studied in [22]. The advantage would be to preserve
possibly many properties of the shift-invariant multiresolution spaces while still being
able to treat relatively general domain geometries. On the other hand, the saddle point
problems become more complicated. These issues will be addressed in a forthcoming
paper. An alternative is to adapt the multiscale bases to the given domain by suitable
modifications of basis functions near the boundary.

The central task will then be to preserve the relation (3.2.17) under these modifica-
tions. A general construction of multiresolution spaces and their stable decompositions
for essentially Lipschitz domains is proposed and analyzed in [8]. To focus on the essential
ideas and to avoid the technicalities entailed by the general case we will confine the subse-
quent discussions to the simple model case 2 = [0, 1]™. In fact, the type of basis functions
will be the same in the general case where, however, the boundary near modifications
depend on the local behavior of the boundary. Since our main concern here is the LBB
condition we have decided not to address the general boundary adaptation here.

Throughout the rest of this paper let Q = [0, 1]". Employing as above tensor products
of univariate functions (3.2.6) then reduces the problem to constructing suitable multiscale
bases on [0, 1]. Several such constructions have been described in the literature [1, 7, 10,
12, 21]. In particular, [1] treats the case of biorthogonal wavelets which is needed here.
Unfortunately, one cannot apply these results directly since, on one hand, the stability in
the sense of (2.11) is not addressed there and, on the other hand, the stability properties
needed here require estimates of the form (2.17), (2.18) for the spaces spanned by both
the generator and its dual, which is not given in any of these papers. When indicating the
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corresponding necessary modifications we also collect the requirements on the generators
which will be relevant for subsequent applications and which will direct us later when
giving concrete examples.

In view of (3.2.6), we will again be concerned with a dual pair & & of univariate
refinable functions. It will be seen that all relevant properties of the resulting spaces can
be conveniently expressed in terms of the regularity and exactness of £ ,f in the following
sense. We will assume that 5,5 are supported in [—[,(] for some fixed [ € IN. Firstly, we
require that

£, € HY(IR) for some t > 1. (3.3.1)

In fact, for the stationary problem it would be sufficient if only one of the generators has
Sobolev regularity exceeding one. Secondly, &, ¢ are to be exact of degree d — 1, d—1, for
some d, de IN, respectively, where, in particular, we will always assume that

d>d>2. (3.3.2)

Here £ to be exact of degree d — 1 means that for r =0,...,d — 1

"= 30 (O EC = B)) gy S = ). (3:3.3)

keZ

It is well-known that the refinability by itself already implies that (3.3.3) holds for r = 0
[6]. Many examples of dual pairs with higher degree of exactness can be found in the
literature. If one allows [ to become large the parameters t, d, d can be made arbitrarily
large [11]. It is also well-known that when (3.3.3) holds, linear combinations of the dilates
£(2-—k), k € Z, provide approximation orders O(277%), j — oo, for functions in H%(IR).

Remark 3.2 Note that, since the exactness of a refinable function is known to be deter-
mined by the power of the factor (1 + z) in the symbol of its mask, the modified function
& given in Lemma 3.1 is under the above assumptions exact of degree d.

We recall first the basic principle of constructing multiresolution spaces on [0, 1] gen-
erated by any given dual pair &, €. The key idea is to retain as much structure as possible
from the spaces defined on all of IR while preserving the degree of exactness. It is clear
that when working just with the restrictions of the shifts £(27 - —k) to [0, 1] one would
loose biorthogonality and stability. Thus one keeps possibly many shifts £(27 - —k) whose
support is strictly inside [0, 1] as basis functions while modifying those interfering with
the end points of the interval in such a way that overall one obtains stable biorthogonal
basis functions which are still refinable and span all polynomials up to a desired degree.
To be precise, fix integers N, M > [,d, set

Kj = j,LUKj,IUKj,R; (334)
where

Kip:={N—d,....N—1}, K;;:={N,...,2-M}, K;p:={2—M+1,...,27—M+d}
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for all j > jy with jy big enough so that K and Kz do not overlap. In principle, one
could take N = M. The reason for introducing a further parameter will become clear
later. Now let

Eig =262 —k), & =262 —k), keK;. (3.3.5)

Furthermore, in view of (3.3.3), define for r =10,...,d — 1

N-1
iy =277 ;l 21 ((23.)7«,5(23 . _m))m(m) £(27 - —m) J (3.3.6)
and
. 27 41 . _ o _
59{{2]'—M+d_,« = 97/2 ZZM 12] ((QJ(l —))", (27 _m))m(m) £(2) - —m) |[0,1] . (3.3.7)
m=2) —M+

On account of (3.3.3), it is clear that the functions &;;, k € Kj;, together with the
functions &8y, k € K1, £, k € Kj g, span all polynomials of degree at most d — 1 on

[0, 1]. The functions gij, ka are defined analogously with the roles of € and ¢ interchanged.
For simplicity, we confine ourselves here to reproduce thereby the same degree d — 1 of
exactness also for the dual side (see [17] for the general case). As in [1] one can verify that
the §jL,k, ffk are linearly independent and refinable. It remains to biorthogonalize the sets
£ ~jL7k, ke K, and £, éfk, k € K; g, respectively. For instance, it will be convenient
for later purposes to set

gj,k: = g—]L’k, k € Kj,L; gj,k: = gﬁk, k € Kj,R- (338)

One then has to determine coefficients L,y , jk,m such that the functions

Sk = O Lipm&m k€KL
meRr 3.3.9
& = Y, Rigm&on keKjpg, ( )
mEKj,R
satisfy .
(fj,k, gj,m)LQ([O’I]) = Opym, k,m € Kj1 UKjp. (3.3.10)
Defining now . .
Ej = {gj,k ke Kj}, Ej = {gj,k ke Kj}, (3311)

the following facts can be verified (see also [1, 17]).

Proposition 3.3 Under the above assumptions one has:
(i) diam supp (k) ~ 277, k € K;, #K; ~ 2.

(i) The =; are uniformly stable.
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(vit) 11.([0,1]) € S(5;), r =0,...,d =1, j € IN, j > jo, where II,([0,1]) denotes the
space of all polynomials of degree v on [0, 1].

(iv) S(E;) C S(Ej4+1), j €N, j = Jo

Analogous facts hold for éj.

Note next that the quantities

212 (217, 2112(2 _m))LZ(an) = ()&~ m))mmn) = al,, (3.3.12)

are actually independent of the level j. Defining af &% ~af in an analogous fashion

romo r,ms r,m

by exchanging (-)" by (1 — )" and £ by &, respectively, the relations (3.3.6), (3.3.7) take
the form (with N = M)

N-—1
gﬁN—d+r = Z a£m2]/2€(2] - =m) 0,1,
m=—1
(3.3.13)
gjl?Qj—N—l-d—r = Z afm2]/2§(2j : _m) o1, T = 0,...d—1,
m=2i —N+1

and analogously fﬁN_dH, foijerfr. Moreover, it is well-known that the members &, 5 of

any dual pair can be normalized so that [, &(z)dz = [ &(x)dz = 1 so that, in particular,
Ge{L, R}, me Z. (3.3.14)

Likewise it is easy to see that the coefficients L, s, Rjkm in (3.3.9) do not depend on j
and hence have to be computed only once [17].

It remains to determine the corresponding biorthogonal wavelets adapted to the inter-
val. Again one retains possibly many wavelets in the form (3.1.5) as long as their support
lies strictly in (0, 1). For the construction of the modifications near the endpoints we refer
to [1, 12, 17]. Moreover, the explicit form of the modified scaling functions and wavelets
for the present particular situation are recorded in [17]. Here it is important to note that
these coefficients are also independent of the level ;7 and therefore have to be determined
only once by solving small linear systems.

Remark 3.4 The particular choice of the boundary functions makes it easy to incorporate
homogeneous boundary conditions. The case of interest is

3,0 += éj \ {5j,N—d,§:j,2ij+d}- (3.3.15)

Note that, by construction, one can still represent near the boundary all polynomials of
degree d — 1 which vanish at the boundary as linear combinations of the elements in Z;p.

[Tt

It will be useful to keep the following observation in mind.
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Remark 3.5 Independently of the choice of £,€, N, M one has
dim (S(Z;)) —dim (S(Z;1)) = #K; —#K; = #K;1 — #K; 1y =2""
Suitable spaces on €2 = [0, 1]” are now again obtained by taking tensor products. For
[j :K] X oo XKj define

n

D =QZ = {djp =&k @&k, = k= (ki,... . kn) € L}, (3.3.16)

=1

and analogously ®;, where for x = (zy,...2,)" we set (1,@- - -@uy)(2) 1= v1 (1) - - - v ().

3.4 The Ladysenskaja—Babuska—Brezzi Condition

In the sequel we will always assume that (3.3.1) holds, and that the bases Ej,éj are

defined by (3.2.4) where N = M in the definition of K; (3.3.4). Given the bases ®;, ®;
on €, defined by (3.3.16) relative to the multivariate dual pair ¢, ¢ of the form (3.2.6),
our main objective is to construct next bases <I>§~V), (fg."), v = 1,...n, according to the
modifications from Lemma 3.1. Since we have assumed that &, & are supported in [—[, ]
it follows from (3.2.3) that

supp & C [—1,l — 1], supp £ C [—1—1,1]. (3.4.1)

Moreover, since £* essentially results from differentiation its degree of exactness is expected
to drop by one. This suggests the following partition for the corresponding index sets K7
to be properly related to K; (see also [29]).

where

Ky, = {N—-d+1,...,N—-1}, K/ :={N,...,2 = N+1},
Kip = {2 -N+2...,2 - N+d}, (3.4.2)

i.e., here we have M = N — 1. The collections =} = {{5; : k € K} are the defined as
described in Section 3.3. Similarly we set

where
K;, = {N—-d,....N}, K p={2-N+1,...,2 - N+d+1},
Ky, = {N+1,...,27 =N}, (3.4.3)
K;(,L,O :: {N_d+1,...,N}, K;,R,O::{2]_N+1""’2]_N+d}7

The function £* will be used to construct the trial spaces for the velocities. Homoge-
nizing boundary conditions if necessary it will be sufficient to construct these trial spaces
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as subspaces of Hj(f2). Therefore according to Remark 3.4, we have defined the dimin-
ished index sets K|, Kjpo in (3.4.3) without the extreme indices N — d,2/ — N + 1
which correspond to those basis functions which facilitate reproduction of constants. Thus
constructing =5 = {7, : k € K} as described in Section 3.3, and =5, as in Remark 3.4
relative to 3 . 3 .
K;,U = K;,L,O U K;,I U K;,R,07

we have .

S(Z5,) C© Hy([0,1]). (3.4.4)
Moreover, note that

#KT = #K,. (3.4.5)

More can be said which will be the first important observation (see also [29]). In fact, the
following considerations prepare some necessary technical prerequisites for establishing
the relation (3.2.17) for the modified wavelets adapted to the domain €. To this end, we
define for any collection = of functions 0= := {%{ 1€ e =)

Proposition 3.6 One has

(=) = S(0%), (3.4.6)
as well as
S(923,) € S(Z)). (3.4.7)
Moreover,
T - 1 -
{g : g() :/0 o(t)dt, w € [0,1], ve SE,), /0 w(t)dt = o} = S(Z5,).  (348)

Proof: In analogy to (3.3.12) let

ol = 9i/2 ((2j.)r, 2j/2g*(2j . —m))

r,m

, m=-l,...,.N—1,
L2(R)

and analogously a2 al @t Observe first that these coefficients satisfy discrete coun-
terparts to the functional equations (3.2.3). In fact, one readily derives from (3.2.3) and

(3.3.12) (see also (3.3.14)) that

af,m—af,m_l = TCY:LLLm, m=—-l+1,...,.N—1, r=0,...,d—1,
(3.4.9)
af,  —al, = raif’_RLm, m=2—-N+2,...,22+1, r=0,...,d—1,
and
Gy —ark = rak,,, m=-1...,N-1,r=0,....d
(3.4.10)

~%,R ~x,R . ~R Y 5 .
Ao — Oplpgr = TQ 1, m=2—N+1,....224+1, r=0,...,d.
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As before we will write for the interior scaling functions &7 := 20/26%(27 - —k),k € K;p,

and analogously for éj,k,é;yk, k € ijl,K] 7, respectively. Utilizing (3.4.9) and (3.2.3),
straightforward calculations yield

d o —27 &y, k=N —d,
I j7 - ] *,L *
2 (k=N +d) &y —aly_nian—ibn)s k€Ki \{N —d},

d | (% *

%gj,k = 2 (fj,k - fj,k+1)a ke Kjp, (3.4.11)
' j % R

d 2 ((k=2"+ N —d) &7y + O‘j,2j—N+d—k,2j—N+1f;,2j—N+1)’

&k = k€ Kjr\ {2 — N +d},

2J€;,2J;N+1’ k=2 —N+d.

Similarly, combining (3.4.10) with (3.2.3), provides

d - . .
dx JkL - ((k N+ d)gyk 17 G LN+d§J N) ke Ko,

d -, . X -

ke = P(Er-r = &p)s ke Ky (3.4.12)
d - . | ) .
61 = P (0w Gy — (- Nt d+ 1= R)ER) ke Kp,

One readily concludes now from (3.4.11) that
S(0Z5) € S(Z3). (3.4.13)

Moreover, to prove the converse inclusion note first that, again by (3.4.11), f;,f € S(0=)),
k€ K;q G € {L,R}. Thus, it suffices to confirm that &}, € S(0Z;), k € K;;. To this
end, note that

o d ‘2J -N d
g;':k = 2 gj,k+€;,k+1 = .- =27 E: dr €]m+€]2j N+1
m=k
2 —N
. d d
= 27 E j,m j,29 — )

which proves (3.4.6).
Clearly, (3.4.7) follows from (3.4.12). Finally, to prove (3.4.8), let us denote for con-
venience also 5* = ]k , ko€ K*G,G € {L, R}, and analogously ;. Then (3.4.12) can

be briefly rewritten as
d

d:L- ]7

= 5 Cikm & (3.4.14)

mekK;

Now let us denote the space defined on the left hand side of (3.4.8) by V;. Since S(é;ﬂo) C
Ld s * =%

HL([0,1]) one has /0 (@) do =0, k € K, 50 that, by (3.4.12), S(Z;,) € V5. To



A Wavelet—Galerkin Method for the Stokes—Equations 20
see that V; C S(Z1,), define b € IR" by

1 .
by, ::/ Ei(x) do, k€ K,
0

and set (b)* := {c € IRXi : ¢b = 0}. In these terms one obviously has

Vi = {g(:r) = > /Oméj,k(t) dt: ce€ (b)L}.

kEK;

Since é;k € Vi,k € f(;"O, the vectors formed by the coefficients in (3.4.14) belong to

(b)t. Consider the (#K;,o) X (#K;) matrix B whose kth row contains the coefficients

Cjkmsm € Kj. It is easy to see that B has full rank # K7, = #K; — 1. In fact, it is upper

triangular and has nonvanishing entries on the diagonal. Hence (b)+ = {BT¢ : ¢ € IR"i0}.

Thus, whenever v(z) := > ¢ /OI Er(t) dt €V}, ie., ¢ € (b)t, there exists ¢ € R0
keK;

with ¢ = B?¢ which, in Viev; of (3.4.14), just means v = Zkef(ﬁo Cr é;k This completes

the proof. O

Now let i ~

be the wavelet bases for the spaces S(Z;) and S(Z;), respectively. As mentioned above
the wavelets with support in the interior of [0,1] have the form (3.1.5). The remaining
ones interfering with the end points of the interval have to be properly modified. Since
at this point we do not have to make use of their explicit representation we refer to [17]
for a listing of the corresponding coefficients. The important point here is to realize that

instead of applying an analogous construction also for the spaces S(=}) and S(E}‘,O), the

bases T; and Tj already determine the wavelets for these latter spaces. In fact, with
the above preparations at hand we can show next that as in the shift-invariant case the

wavelets corresponding to the spaces S(=F) and S (é}‘-yo) still arise from those for S(=,)

and S(Z;) by differentiation and integration, respectively.

Theorem 3.7 Define

* —j— d *
Ma(@) =277 —mip(e), w€(0,1], ke J;=Jj, (3.4.15)
and . N
Tix(1) = —2]”/0 nk(t)dt, ,x€0,1], k€ Jj. (3.4.16)

Then the collections

Yi={n: ke, Yi={i,:kel}

J
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are biorthogonal wavelet bases, i.e.,

(77;'(,1437 ﬁ;,k:’)LZ([O,I]) = (5k,k’7 k, kl - J]; (3417)
and . . .
S(E;) = S(E;_l) &) S(T}‘), S(E;,O) = S(E;_LO) S5) S(T}‘). (3.4.18)
Moreover, one has . .
S(0Y;) = S(T}‘), S(@T;) = S(7;). (3.4.19)

Proof: Clearly, (3.4.19) is an immediate consequence of (3.4.15) and (3.4.16). Moreover,
since S(Z;_1) contains all constant functions and since S(Z;_;) L S(Y;), we have

i 1
k(1) = _2]”/0 Mk (y)dy = 0,
so that
1;6(0) = 05,(1) =0, k€ J; (3.4.20)

Thus
S(Y3) € Hy([0,1]), (3.4.21)

and we can employ integration by parts to conclude from (3.4.15) and (3.4.16) that
(i Ty ) 22(0,1) = (Mjges )2 o)y, Ko K € 5,

so that (3.4.17) follows from the fact that Y; and Tj are, by construction, biorthogonal
bases. Hence, in particular, the collections T} and Y} consist of linearly independent
functions, and

dim (S(Y})) = dim (S(T3)) = #J;. (3.4.22)
On account of Remark 3.5 and (3.4.22), it remains to verify the relations
S(Y5) € S(E50), S(T;) C S(E), (3.4.23)
and ) i
S(Y5)NS(Ej_1,) = S(X5)NS(E;_,) = {0}. (3.4.24)

To this end, (3.4.15) yields
o d _
Mk =27 Tonie € S(9Y;) C S(9E),

so that the second part of (3.4.23) follows from (3.4.6). Furthermore, since S(=;) contains
constant functions so that, due to biorthogonality, the elements in S(Y;) have first order
vanishing moments, i.e., [) 7;x(2)dz = 0,k € J;, the first relation in (3.4.23) follows from
(3.4.16) and (3.4.8). ) )

Now suppose that g := Yic ckflj, € S(T;) N S(Ej_1,). By (3.4.17), one has
(9 k) z20,) = k- On the other hand, since by (3.4.15) and the fact that é}fq,o C
Hi([0, 1)), d

=% * —j—2 =%
(gj—l,kanj,k’)LQ([O,l]) =27 (%qu,kanj,k')Lz([O’ID,



A Wavelet—Galerkin Method for the Stokes—Equations 22

the relation S(Z; ;) L S(Y;) ensures, on account of (3.4.7), that ¢, = 0,k € J;, which
confirms the second part of (3.4.18). Similarly, for g := Yy cnj, € S(T7)NS(Z;_ ;) we
obtain, in view of (3.4.17), cx = (9,7} 1) >(0,1)) = 0 since, by (3.4.6), S(Z}_,) = S(0Z;_1)
and by (3416) (%é‘jfl,k’aﬁ;k)LQ([O,l}) = _2j+2(€j71,k’7ﬁj,k)LQ([O,l}) = 0. Here we have used
that T;‘ C H([0,1]) and that S(Z,_;) L S(Y,) in the last step. This proves (3.4.18) and
completes the proof. O

Thus, in addition to the bases @, i)j, defined according to (3.3.16), we can now define
the modified bases as follows

=@ F, (3.4.25)

and likewise ) i
B =200 - ®5 @ ® Iy, (3.4.26)

where =} and Z7 are understood to occur at position v for v = 1,...,n. Corresponding
wavelet bases are now obtained in a canonical fashion as

V) ._ v W ._ )
v = J vy, = J v, (3.4.27)
ecE* ecE*
where for
L Ej, lf €y, = 0,
Tey,_] - — { "I‘], lf €, = 1,
and analogously 17 Teu,j, sz,j,
V=T, 00T @@, (3.4.28)
as well as ) ) i ]
\IIE:]) = Telyj R R sz,j R ® Ten,j- (3429)

Corollary 3.8 In view of (3.4.19), one has
S(8,9) = S(;) (3.4.30)

and by (3.4.4),
Sy < HE([0,1]7). (3.4.31)

By our assumptions on the univariate generators &, 5, it is clear that the above con-
struction produces for every v = 1,...,n bases ®*) which are biorthogonal to the o),
Although the regularity of the (IDE-V) is now lower than that of the ®; it still will be seen
to suffice (see (3.3.1)) to give rise to stable multiscale bases in the sense of Section 2. In
fact, we will show that these wavelet bases form Riesz bases for certain scales of Sobolev
spaces. According to the results in Section 2, the main prerequisites can be formulated
as follows.
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Proposition 3.9 Under the above assumptions there exists some v > 0 such that for any
s <7

vl @) < 2%(lvillr2@), vj € S, (3.4.32)
where S; is any of the spaces S((Dj),S( i), ( ),S( ) = 1,...n. In particular,
y=1t>1 (see (3.3.1)) for S; = S(P;), S(&)j),S(q)g'j)) Moreover one has

1nf v =villze) <27 P \ollas )y, veE H®, s<d, (3.4.33)
J
where S; = S(®;),S(®;) and H® = H*(Q), or S; = S(®;)° S(® )ﬂLZ( ) and

H® = H*(Q) N L3(Q), or S; = S(BL)) and H* = H*(Q) N H&(Q) =1,.

Proof: Since the claims are quite in keeping with what one expects under the given
circumstances we will only indicate the main steps here and refer to [17] for a detailed
proof of the above statements. As for the inverse estimate (3.4.32), it is shown in [15]
with the aid of Fourier transforms that e.g.

1277227+ —k) || s (mmy < 2.

Using ||g||ms() = f}|nf || f|| rs(mny this, in turn leads to

12772 p(27 - —k))|

me) S 27
Then the same arguments as used in [15] can be employed to show that
. y $
wd(vj, t)Lz(Q) 5 (mln {1, t2]}) ||’Uj||L2(Q), v S Sj,

where wy(+, t) 12(q) denotes the d-th order L*-modulus of continuity (see (2.16)). As pointed
out in Section 2, an inequality of this latter type is equivalent to (3.4.32) (see [14]).

The essence of the proof of the direct estimate is that polynomials of degree d — 1 are
contained in the spaces S; under consideration and that biorthogonal bases consisting of
compactly supported functions are available. One should keep in mind that, by Lemma,
3.1 and Remark 3.2, exactness and regularity of the spaces S (@gy)) are at least as high
as that of S(&)j). In fact, denoting by Q; projectors of the form (2.14), and setting
Ok =279 (k +[0,1]"),k € Z™, this fact can be used to show that for v € H%(()

lo = Qsvllze,0 S L0l o= Pl S 27 0llmaa; 0,
where I[I;_; denotes the space of all polynomials of degree at most d—1 and A ; is a slightly
larger domain than 0, whose diameter still remains proportional to 277. Summing over
the above estimates and using interpolation leads to (3.4.33). As for the direct estimate

n (3.4.33) relative to S; = S(Cf;fyo), one has to make also use of Remark 3.4. So it remains
to comment on the case S(®;)° = S(®;) N L3(2). To this end, let

ij = Z (q, dgj,k)Lz(Q) Qﬁj’k, P_1 = 0, (3434)

kGI]‘
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and define
Piqi=Pg~ 10" [(Po)()de, (3.4.35)
Q
where, of course, in the present situation || = 1. Observe that for v € L(Q)

ot o= vile < 1B = ol S 10 = vl + | [(Po)@) da
v €5(®;5) o
< P = vllpga) + / (Pv)(x) — v(x)|de (3.4.36)
Q
S P = vl < inf {1120 = vjllz2g) + llv = vllz2@) }
< ' — v,
S dnf v = villee),

since the P; are uniformly bounded projectors. Now we can invoke the direct estimate
(3.4.33) for the space S; = S(®;) to complete the proof. O

Now define the spaces
M; = S(®;), X;:=5(d) x -~ x 5(@%). (3.4.37)

We will state next direct and inverse estimates for the spaces Mj,)zj which in turn will
lead to norm equivalences of the type (2.19),(2.22). Due to the biorthogonality and

refinability of the bases <I>§~V), é;’:g, for each v € {0,...,n} the mappings

W, ._ (v) (V)
QY= (v,quyk)Lz(m o\ (3.4.38)

kel;

are projectors and satisfy (2.10) where ¢(®) := ¢ (see Remark 2.4). Thus, in particular,
Proposition 2.5 applies which combined with the inverse and direct estimates in Proposi-
tion 3.9 yields the following estimates for the spaces M; and X;.

Corollary 3.10 Under the above assumptions one has for —t < s’ < s < t the inverse
inequalities '
15| o S 2070713

'@ Ui € X,

and

gl < 2 ]lg]
Furthermore, the direct inequalities

wyn, UE (Hy(QNH*(Q)", 0<s' <s<d, s <t,

e BV S Mj.

nf ([T =G| ooy S 2|91
UjEA;

I — g (s'=5)j SO0
qjlgj\gj llg = gl w52 lqll ey, a € H¥(Q)°,

hold where
HY(Q)° = {q e H(9) : [ gfw)ds = o}.

Finally, the projectors ng), v=1,...,n, are uniformly bounded in H* (see [1{, 15]).
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Let -
.= (1)0 U \I/j
7=1
and define U®) ¥, ¥ in an analogous fashion. The main consequence of the above facts
can be formulated now as follows.

Theorem 3.11 Suppose that &,€ satisfy (3.3.1). Then the pairs ¥,V and ¥™) I@),
v =1,...n, form biorthogonal Riesz bases for L*(2). Moreover, the spaces M;, X; defined
in (3.4.37) fulfill the LBB condition (1.8) uniformly in j.

Proof: The Riesz basis properties are consequences of Theorem 2.3 and Proposition
3.9. The rest of the argument follows now exactly the reasoning for the case (2 = IR". In
fact, define the projectors Q] from X onto X by

33— W, ¥) 7(v) _
(Q_]’U)V - Q] UV - Z (’UV} ¢]’k)L2(Q) ¢j,k7 vV = 1, . .,n,

kel;

so that for any v € X

@i = 33 (U)o B = 3 @
j=m+1keJ; g=m+1
where J; := J; x --- x J;. Obviously, @; € S(\ifg-l)) X e X S(\i{gn ). We readily obtain
from (3.4.30) that div@; belongs to the complement S(¥;) of S(®;_;) in S(®;). But by

biorthogonality, we have .
S(¥;)LS(®;-1)

which means here that

(div i, vm) , o = b, 0m) = 0, vy € S(®p) = My, j > m. (3.4.39)

(@)

The assertion follows now from Proposition 1.1 since, by Corollary 3.10, the projectors
Q; are bounded in H'(Q)". 0

In order to obtain a conforming discretization of the pressure, the corresponding trial
space should be in L}(Q2), i.e., instead of working with M, one should use

M; = {Uj € S(®;): /vj(x) dr = 0}.

Since M7 C Mj so that still S(\TJJ-)J_M]‘-L1 it is clear that the spaces M?, )?j also satisfy
the LBB condition.
The perhaps simplest way to fulfill this constraint is to add an equation of the form

> Gik ar =0

kGI]‘
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for the pressure coefficients g, k € I; = K; x - -- x K; where g;; := [, ¢j,(x)dz. Due to
the scale-invariant structure of the spaces the quantities g; can be easily retrieved from
the values

Jok = /¢0,k($) dz, k€ Iy,
)

which can be efficiently computed with the aid of the techniques developed in [18] (see [23]
for the available software and its documentation). Moreover, if the pressure coefficients
are given in terms of the multiscale representation the additional equation involves only
the quantities g, k € Iy, since the integrals of the wavelets vanish. Hence, in particular,
the projection (3.4.35) can be executed efficiently by transforming ¢ € M; first into the
wavelet representation ¢ = Y7_, > ke, de ke, and subtracting then 3,/ dorgor. For a
detailed description see [29].

Remark 3.12 So far we have assumed that 5 has at least the same degree of exactness as
¢ and the above construction preserves this degree of exactness for both the spaces S(Z;)
and S(éj) adapted to ). We emphasize, however, that fixing & and thereby a possibly low
degree of exactness for the pressure discretization, one could, in principle, choose §~ to be
exact of arbitrarily high degree d—1 > d—1, see [11] and Section 5 below for examples. This
gives rise to a whole family of trial spaces for the velocities with respective higher degree
of exactness. To ensure that the corresponding higher degree of accuracy shows its effect
not only in the interior of Q but also near the boundary, one has to modify the definition
of the functions éﬁk,éj}k somewhat. We dispense here with the precise technicalities and
refer to [17] for the details.

3.5 Preconditioning

As pointed out in Section 2 (see also [14, 15] for details), the direct and inverse estimates in
Proposition 3.9 and Corollary 3.10 entail a wider range of norm equivalences than just the
L?-Riesz basis property. This will play a crucial role for preconditioning the linear systems
(1.12) arising from Galerkin discretizations based on the above trial spaces. Moreover,
defining as above

T
Q7= (QVvr,.... Q") (3.5.1)
the results in Section 2 combined with Proposition 3.9 ensure that the mapping
AG =AY @@ AM)7, (3.5.2)
where N
A = 3200~ Q).
§=0
satisfies
AT o yn ~ 18 st s 5 8" € (=t + 1,2). (3.5.3)
Similarly, with P; defined in (3.4.34),
Q, = Z 9Js (P; — Pj_y) (3.5.4)

J=0
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satisfies
195l s 0y ~ allgs+s oy for s + 8" € (—t,1). (3.5.5)

As a consequence, one has because of t > 1

IPyallnsio) ~  10-1Pale = 1P0-1gllxo (256)
S N0adllae ~ gz @)

In fact, the P; are uniformly bounded on H*(Q),s € (—t,t) [14].

As for the relevance of the relations (3.5.3) and (3.5.5) for preconditioning, note that,
since
1A Tl -1 ~ 1]l a1 @ns 7 € X,

one obtains for @; = A7}, in view of (3.5.3),

ldill2@r  ~ illar@e ~ [|AT]la1@n ~ A AT L2

(3.5.7)
~/ ||A";1AJA,11D'J||L2(Q)n

Expanding @; in multiscale form and using the fact that the wavelets form a Riesz basis
(3.5.7) is, on account of (2.6), easily seen to be equivalent to saying that

condy(D_1Ay,D_;) = O(1), j— o0, (3.5.8)

where Aq;j is the stiffness matrix relative to the wavelet basis and D_; is a diagonal
matrix with diagonal entries 27¢ corresponding to the level .

Remark 3.13 Since the matrices Ay, are usually not as sparse as the stiffness matrices
A, relative to the fine scale basis functions one would rather compute and store the latter
ones. Thus, given the sparse stiffness matriz relative to the fine scale bases (ig-y), a change
of bases realized by transformations of the form (2.2) followed by a symmetric diagonal
scaling is a suitable preconditioner. By Remark 2.1, each application can be carried out

in O(dim )Z']) operations, see also the comments below at the end of Section /.

While the verification of the LBB condition made only use of the relations (3.4.15),
(3.4.16) between the different wavelets, the above preconditioning strategy requires their
explicit representation of the form (2.4) to form the corresponding multiscale transfor-
mations (2.5). Alternatively, the operators A; could be preconditioned with the aid of
a BPX scheme [5]. We have mentioned the former possibility here since an analogous
scheme will be seen in the next section to work also for the Schur complement in the time
dependent case.

The development so far offers a systematic way of constructing stable discretizations for
the stationary Stokes problem for any spatial dimension. The remaining part of the paper
is devoted to pointing out several additional advantageous features of this concept. The
first one is concerned with preconditioning the systems arising from the time dependent
case. The second one is the fact that the use of shift-invariant refinable functions offers
very efficient ways of computing right hand sides and the entries of the stiffness matrices
in a unified fashion which is again essentially independent of the spatial dimension [18].
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4 The Time Dependent Case

The above construction produces pairs of trial spaces M;, Xj satisfying the LBB condition
uniformly in j. Thus the discrete problems (1.12) are uniquely solvable. Various strategies
for iteratively solving saddle point problems of this type efficiently have recently been
discussed in [4].

The upshot of the discussion there is that (1.12) can be solved iteratively with asymp-
totically optimal complexity (i.e., each iteration reduces the error by a factor which is
bounded away from one independently of the meshsize), provided that the corresponding
trial spaces satisfy the LBB condition uniformly and that good preconditioners for the
blocks A; and for the Schur complements K; = BjAj’lB;-‘ are available. As for A; this
is known to be the case. One may either employ a BPX strategy [5, 16, 26, 31] or a
change of bases as suggested by (3.5.7) and (3.5.8) (see the remarks at the end of the
previous section). Moreover, in the stationary case (1.3) (and v not too small) the Schur
complements K; turn out to be already well conditioned [4].

However, this is no longer the case when dealing with fully discretized versions

AT,j B; u; _ f (41)
Bj 0 | 0
of (1.1)(see [4]). Here the B, are defined as in (1.11) while now A, ; is defined by
(Ar,jﬁj; ?7]) = ar (ﬁj, ’17]'), (42)

where
ar (i, V) := (i, V) 2(q) + T0(l, V),

and 7 = v At is related to the time step At and the Reynolds number. The condition
number of the Schur complement increases with decreasing 7. So adhering to the discus-
sion in [4], we will concentrate on the issue of preconditioning the corresponding Schur
complements for the rest of this section.

The preconditioner proposed in [4] is based on approximately solving Neumann prob-
lems with respect to the Dirichlet form

D(v,w) := (grad v, grad w) 2

to produce a proper shift in the Sobolev scale. Its efficient realization seems to hinge,
however, on the particular domain in an essential way. Here we propose a different ap-
proach which works whenever a suitable multiscale basis is available. It is again suggested
by the remarks at the end of Section 3.5.

In the following let us denote by K ; := BjA;Jl-B;‘- the Schur complement for a fully
implicit discretization in the time dependent case.

Theorem 4.1 For 7 > 27% let O, ; := O,P; = P;O, and

CT,j = 7_[ + @71,]@i1,] (43)



A Wavelet—Galerkin Method for the Stokes—Equations 29

Then for any g € M; one has

-1
(KT’jq’ q)L2(Q) ~ (@ CT’jq)LZ(Q)’ (4.4)
i.e., C,; gives rise to uniformly bounded condition numbers.

Proof: Let N; be defined by
D(uj,q;) = (N; 'uy, q;).
It is well-known that D(-,-) is H'(Q)°-elliptic so that
(Nj gy ug) ~ llugllingy,  u; € M;. (4.5)
On the other hand, by (3.5.5),

||Uj||%11(9) ~ ||@1,juj||%2(sz) = (@1,j“ja@1,j“j)L2(Q)

= (@jf,j@l,j“jﬂuj)m(ﬂ)ﬂ

which shows, in view of (4.5), that Nj_l and ©7 ;0 ; are spectrally equivalent. Thus N;
and ©_, ;0" ; are spectrally equivalent. Since {2 is a convex polyhedral domain and since
(3.5.6), Theorem 3.11 and Corollary 3.10 confirm that the assumptions made in [4] are
satisfied here, the result in [4] ensures that 7/+Nj; is a preconditioner for which the above
assertion holds. The claim follows now from the above spectral equivalence. O

The case 7 < 272 can also be treated as in [4].
We conclude this section with a few comments on the application of C, ;. It suffices
to discuss the term ©_, ;0% ;. By (2.19) and (3.5.5), one has

J
(0-102150.0) gy~ lallirsoy ~ 327 (B = BLi)allPacoy
=0
J J 5
= 22 ((P= Po) (P = L) g = 22 (Gld o)
1=0 1=0
where
él = ( b &) b ) ) Ne = )
(%,k wz,k)ﬂ(m - @)k = (¢ Yik)r2(@)

and (+,-) denotes the standard Euklidean inner product. By the stability of the bases
{1 }rres, one has
(G'd,d') ~ (d',d),
so that the operator .
j
Rig = > 277> (¢, Yur) 12k
1=0 ke

is spectrally equivalent to ©_, ;0% .
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One can realize ©_1 ;0" ; in a slightly different way. Note that for any selfadjoint
operator L on M; and any q € M,

@,17j@t1’qu = @,1,]'@)‘;1,]11@,17]' (@qu).

Expanding ¢ in terms of the multiscale basis {1k }i<jkes, and denoting the coefficients
by q = ((q,z/;l,k)Lz(Q) ke J,1=0,. ..,j), the term ©*, ;-LO_; ; simply involves a
symmetric diagonal scaling applied to the matrix representation Ly, of L relative to the
multiscale basis (see Remark 3.13). Of course, the stiffness matrix Ly, is not as sparse
as the stiffness matrix Lg; relative to the fine scale basis. But it is not necessary to store

Ly,. In fact, since
Lq;j = T;Lq;.j Tj

where T; denotes the corresponding multiscale transformation defined in (2.5), the appli-
cation of T; and T requires, in view of Remark 2.1, only O(dim S(d>j)) operations.

5 Construction of Trial Functions

[t remains now to identify concrete examples of trial functions to which the recipe proposed
in Section 3.4 applies. Thus, we have to find a dual pair &, § satisfying (3.3.1) and (3.3.2)
for some t > 1 and d,d > 2, say (where a smaller d would suffice for the stationary case).
We focus here on the perhaps simplest approach based on the concrete biorthogonal
wavelets constructed in [11]. We confine the discussion to the generators for the shift—
invariant setting since the adaptation to the boundaries of {2 follows the lines in Section
3.3.

In the following, let N,, denote the shifted cardinal B-spline of order m € IN with
knots at the integers. It may be defined as the mth order divided difference

Nm(l') = m[oa 17 HRI) m]( - T — L%J)Til

of the truncated power function or alternatively as the mth order convolution product of
the characteristic function Ny(z) := x,1)(z) shifted by [%Z|. For various properties of
B-splines and their practical evaluation one may consult any text book on spline functions
such as [2]. In particular, N, satisfies the refinement relation

Np(z) = 3 2t (k " > N (22 — k). (5.1)

keZ + %]

For any m € IN a family of dual generators N, for m + 1 even is constructed in [11]
which realizes regularity and accuracy of arbitrary high order controlled by the parameter
m € IN. Let us denote in the following by ,ax, mmar the refinement coefficients of IV,
and Nm,m, respectively. In view of (5.1), we have, in particular,

ma(z) =21 BN )™ =20 (k f[mJ). (5.2)
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We recall from [11] that the corresponding biorthogonal wavelets are then given by

m,fnﬂ}(x) = Z (_l)k m,mdl—k Nm(2x - k),

(@) = ST i N2 — B). (5.3)

keZ

It can be shown that

diam(supp(m,mw)) = diam(supp(m,mzz)) = m+m-—1.

The following concrete realizations of trial spaces are based on choosing the univariate
refinable function £ in Section 3.3 as the B-spline N,,. For the sake of simplicity we will
point this out only for the case of two spatial variables n = 2. As shown in Section 3,
the higher dimensional case can be handled in exactly the same manner. In order to
generate the velocity spaces by scaling functions with possibly small supports relative to
their regularity we let, according to (3.2.6),

¢ =N, ® Np,. (5.4)
Thus, setting for any m such that m + m is even

o, gz; form by our previous remarks a dual pair. Defining N}, as in Lemma 3.1, one readily
concludes from (5.2) and (3.2.4) that

N* =N, | (5.6)

and )
]V)k 5 — m—1,m+1- (57)

This yields the following facts.

Proposition 5.1 For ¢ and ¢ defined by (5.4) and (5.5), respectively, one has

Ay
®

=
|

%(1) = Npp1 @ N
0] Ny @ Nyyq.

The corresponding wavelets are
(8

él = Nm+1® m,rhw, 7;87)1) == m+1,7~h71¢® m,ﬁlwa
o

(
(
(1,00 — m—+1,m—1 me

A few comments on the choice of m,m are in order. By (5.8), m = 2 is the smallest
possible order suggested by the above construction principle. The pressure spaces are then
spanned by piecewise multilinear functions. Since in this case m = d > 1 and ¢ € H'(IR?)
for some t > 1, the previously discussed preconditioner for the Schur complement in
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Figure 1: Generators and biorthogonal wavelets according to the dual pair ¢ = Ny and ¢ = Noy.

Figure 2: Bivariate biorthogonal wavelets generated by No ® Ns.

the time dependent case applies. To ensure that the stability relations (2.19) hold for
a sufficiently large range also for the velocity spaces, it suffices to choose m so that
Ng,m € H'™(IR) for some € > 0. It is known that N3, Ng’g form a dual pair of compactly
supported refinable functions in L?(IR) (see [11], p. 548). This implies that N33 € H*(IR)
for some £ > 0, see [9, 30]. By (5.7) and (3.2.3), Ny 4 is in H'**(IR), so that here /m = 4
is sufficient.

Figure 1 exhibits the graph of Ny, ]\72,4 and the corresponding biorthogonal wavelets
2,41, 2,4@/;. The bivariate wavelets corresponding to (,ZNS = Ny ® N, are

z/;(0,1) = Ny ® 247, @/;(1,0) = 24 @ No, Y1) = 24% ® 249 (5.9)

displayed in Figure 2.

The graphs of the dual pairs Nj, N;A and the corresponding biorthogonal wavelets
24, 2,41/;8), e € B*, are shown in Figure 3.

Finally the functions in Proposition 5.1 for m = 2, m = 4 are displayed in Figure 4.

The functions spanning the velocity spaces and the corresponding wavelets in the case
m = 2, m = 4 are given by

- ne -
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3333333333

o (D N ® 249 o (O Y _ (150 © Ny,
77Z)1_< (&1))_( 15024 ) , ¢2_< (1,0) — 1,5 0 2,4 :
1) - -
o @ZJ(,) _ 1,57?@2,47/)) *4:<~ >:<~ 0 ~>
(e ( (1)1 ) ( 0 , W w((g?l) Nos® 150 ) (5.11)

P= (o )= Cwom ) 7=l )= Lo )
v _<¢((i)o) 24 ®Nis )7 V= w((i)l) 2@y )7

where we have used superscripts to index vector-valued quantities.

6 Computation of Stiffness Matrices and Numerical
Examples

The computation of stiffness matrices and right hand sides often take significantly more
computational effort in classical finite element settings than the actual solution process.
One principal advantage of employing ingredients of shift-invariant spaces is the fact that
the usual quadrature techniques can be replaced by a completely different way of comput-
ing the relevant inner products. As shown in [18] the (up to round off exact) computation
of integrals of products of arbitrarily many refinable functions or their derivatives can
be reduced to solving an eigenvector-moment problem whose size depends only on the
support of the involved refinable functions (3.1.1) but not on the discretization level, and
which has to be solved only once. The fact that more than two factors are admitted
allows one to treat right hand sides and non constant coefficients in a unified essentially
dimension independent fashion for any desired degree of accuracy. Polynomial nonlinear-
ities could be handled even exactly. We will exemplify this here for the above choice of
refinable functions. An implementation of these methods is documented in [23]. To keep
things simple we comment only on entries involving basis functions relative to interior
indices since the basis functions adapted to the boundary are linear combinations of those
latter ones where the coefficients are independent of the refinement level j.
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Wavelet 1/38 7)0)

Generator ¢

o

Wavelet z/;((f 7)0)

Figure 4: Modified functions
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according to Proposition 5.1.
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As mentioned before only the stiffness matrices relative to the functions
biw = 24927 —k), i=1,2, ke Z?

need to be computed, where the ¢7i, i = 1,2, are defined in (5.10) and j denotes the highest
refinement level. Specifically, one has to determine quantities of the form a(gbj'{k, qﬁ?’k,),

b(a;,ka ¢j,k’) y i.e.

A‘I{,u,k,k’ = a(_“l;’k,&?’k/), Bg,k,k)’ = b(_?]j-yk,¢j’k/). (61)
First note that, by (5.10), _
The other entries are easily seen to be
; 0 ~ 0 ~ 0 ~ 0 -~
Al = —¢(”)-—k,—¢(”)-—k’> +<—¢(")-—k,—¢(”)-—k'> ,
= (GG n) (A g w)
(6.3)

which can efficiently be computed due to the above remarks. Using (3.2.11) and biorthog-
onality, provides

. N a _
Bik o = (div ¢4, dj o/ oy <—¢('Vk), ¢',k'>
Ky ( 75 J )L (IR?) 63:,, 75 J LAY
= 27] (Aud)( - k), ¢( - k-l))LQ(IRQ) - 27J (6k—e”,k’ — 6k,k’) .

Hence the matrices A; and B; have the following structure

Al 0 B!
Aj:< 01 A%) Bj:<Bz>, (6.4)

where the blocks are given by
A.Z] == (A‘Z,i,k,k,)k,k/ and B'Z == (Bl{k’k,)k:,k;’ .

As for the right hand side of the linear system, one can approximate each component
f, by a linear combination of some appropriately scaled refinable functions of the form
Yker; Ck Gjk- A convenient choice is ( = N, for some m € IN so that highly accurate
local quasi-interpolant schemes can be employed to determine the coefficients ¢ (see
[2]). It remains then to evaluate again inner products of the form ({jy, égfg,)Lz(Q) by the
techniques in [18, 23]

Let us conclude this paper with some preliminary numerical experiments using those
functions constructed in Section 3.4 and Section 5. As a first step we treat the Driven
Cauvity Stokes Problem in two and three space dimensions, which describes the flow of a
viscous, incompressible fluid over a box. To be specific, we consider the system (6.5)

—At+gradp = f in €2,
divag = 0 in €2, (6.5)

U = g on [
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for Q@ =[0,1]", n = 2,3, and the particular data exhibited in Figure 5.

- (1
(0,1) 9= (0) (1,1)

f =0 inQ . o
(0) 50\ {5 = 1} g‘:(o) Q=10,1? 9:(0)
g _ 0 n — )
((1]) on 0N {x, =1}.

(0,0) ~ 70\ 40
9= (0)

Figure 5: Particular data for the Driven—Cavity—Problem

To solve the weak problem (1.7) we employ stable pairs of trial spaces for several
different generators displayed in Section 5. In this first implementation we treat the
boundary conditions by homogenization. To retain the efficiency of computing inner
products we represent the homogenizing function also as a linear combination of refinable
functions (see [28]).

More extensive numerical tests for the time dependent problem will be reported in a
forthcoming paper.

The saddle point problem (1.12) is solved here by the classical Uzawa algorithm using
conjugate directions (see e.g. [3]). We view this also as a preliminary step to employ next
the alternatives described in [4]. The linear systems arising in the Uzawa iteration are
treated by means of a BPX-type preconditioned cg—method [5] whose realization for the
present situation is described in [22, 28].

Our experiments cover the following choices of generators:

a) b = Ny@N,, ¢ = N2,4 ® NQA (see Section 5),

b) <i~5 = N3 ® N3, ¢ = N3,3®N3,3-

U I[teration steps of the Uzawa—-algorithm

P Total number of iteration steps for the pcg-iteration in the Uzawa—alg.
Unkn. | Total number of unknowns

Tol. Tolerance

CPU | CPU time in seconds

Table 1: Abbreviations used in the subsequent tables.
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| | |
645 2821 11781

Number of unknowns

T
133

T
48133 259080

Ny, ® Ny 0.1 0.01 0.001 || 0.0001 | 0.00001 0.000001
Unkn./Tol. [ U| P|U|P|U| P|U| P|U| P|[U| P| CPU
21| 2| 3 3| 4] 3 41 3 41 3 41 3 4 0.007
133 | 2|40 || 5|77 6| 89| 9| 119 | 12| 144 | 13 | 151 0.504
645 || 138 | 3| 7L 7 [132] 11| 182 | 17| 234 || 20 | 253 3.406
2821 || 1|44 | 144 4| 92| 9] 161 | 14| 208 || 20 | 244 | 16.366
11781 1149 1149 2| 63 5102 || 10 | 153 || 16 | 189 | 63.894
48133 || 1|51 || 1|51 1| 51 1] 51| 6| 95| 12| 126 | 534.326
194565 || 1|51 1|51 1| 51| 1| 51| 1] 51| 7| 76 |646.017
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Figure 6: Number of iterations for
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Figure 7: Velocity for ¢ = Ny @ N.
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Figure 8: Pressure for ¢ = ]\72,4 ® ]\72,4.
N3 ® N3 0.1 0.01 0.001 0.0001 || 0.00001 0.000001
Unkn./Tol. [U[P|UJ] P|[U] P|UJ] P|[U] P|[U[] P|] CPU
8 2 3 2 3 2 3 2 3 2 3 2 3 0.004
96 3| 64 71129 || 11 | 184 || 15 | 232 || 17 | 252 || 19 | 270 0.252
560 1|52 71208 || 14 | 369 || 22 | 522 || 29 | 623 || 40 | 748 5.393
2640 1|52 1 52 || 11 | 297 || 22 | 527 || 34 | 720 || 47 | 862 38.694
11408 1148 1| 48 1| 48 || 14 | 301 || 27 | 502 || 40 | 636 180.762
47376 1|46 1| 46 1| 46 1] 46 || 16 | 250 || 30 | 375 | 509.175
193040 11|44 1 44 1 44 1 44 1 44 || 18 | 162 | 1060.282
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Figure 9: Number of iterations for gg = N3 ® Nj.
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The construction of the trial spaces as well as the implementation of the algorithm is not
restricted to any particular spatial dimension. In the following we document some results

in 3D.
Ny ® Ny ® Ny 0.1 0.01 0.001 0.0001 | 0.00001 0.000001
Unkn./Tol. [U] P | U] P| U] P|U] P|U| P| U] P| CPU
81 5 12 7 16 8 18 9 19 || 10 20 || 10 20 0.024
1225 71156 || 12 | 246 || 20 | 364 || 23 | 403 || 29 | 464 || 36 | 512 6.571
12825 1 47 231 || 19 | 433 || 31 | 626 || 39 | 727 || 46 | 794 213.457
116281 1 47 1 47 || 12] 269 || 23 | 462 || 35 | 617 || 48 | 737 | 2299.035
Table 2: Number of iterations for ¢ = No ® No @ No.
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Figure 12: Number of iterations for q~5 = Ny ® Ny @ No.

Figure 13 shows some streamlines for the 3D case. The different grey scales at the
top corners of the cavity show the peaks in the pressure. As expected, one observes large
positive values in the top left corner and negative values of large magnitude in the opposite
corner. For a detailed description and further illustrations the reader is referred to [29)].

It should be mentioned that by far most of the pcg—iterations recorded above occur
during the first or first two Uzawa steps. The number of iterations drops then in all cases
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Figure 13: Streamlines in the 3D case. Colors show the amount of pressure.

below ten. This indicates that a better choice of starting values will help reducing the
computational work significantly. It seems reasonable to use approximations from lower
levels as starting values which we have not done yet. Nevertheless, even at the present
stage of a rather crude implementation one observes that the overall number of iterations
remains uniformly bounded. Each iteration involves an amount of computational work
and storage which is proportional to the number of unknowns (see Remark 3.13). This is
reflected also by the recorded CPU times where, however, larger jumps on higher levels
relect the need for swapping data.

So far we have been interested mostly in the quality of the discretizations and the
basic preconditioning effects. Preliminary comparisons with e.g. the Taylor-Hood finite
element seem to show that, for instance, the secondary vortices in the lower corners are
resolved at a somewhat earlier stage by the present approach.

Recent first experiences with a more systematic and sophisticated development of
software tools tuned to the particular features e.g. of the multiscale transformations and
data structures indicate a great potential for further speed up. A detailed account of
these ongoing investigations will be given elsewhere.
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