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Abstract

The purpose of this paper is to investigate Galerkin schemes for the Stokes�

equations based on a suitably adapted multiresolution analysis� In particular� it

will be shown that techniques developed in connection with shift�invariant re�n�

able spaces give rise to trial spaces of any desired degree of accuracy satisfying

the Lady�senskaja�Babu�ska�Brezzi condition for any spatial dimension� Moreover�

in the time dependent case e�cient preconditioners for the Schur complements of
the discrete systems of equations can be based on corresponding stable multiscale

decompositions� The results are illustrated by some concrete examples of adapted

wavelets and corresponding numerical experiments�

In dieser Arbeit werden Galerkin�Verfahren f�ur das Stokes�Problem untersucht�

die auf speziell angepa�ten Multiresolution�Ans�atzen beruhen� Insbesondere wird

gezeigt� da� gewisse Konstruktionsprinzipien f�ur Wavelets auf gleichf�ormigen Git�

tern f�ur jede Raumdimension undbeliebige gew�unschte Exaktheitsordnung auf Paare

von Ansatzr�aumen f�uhren� die die Lady�senskaja�Babu�ska�Brezzi�Bedingung erf�ul�

len� Dar�uber hinaus ergeben sich auch im instation�aren Fall aus den entsprechen�

den stabilen Multiskalenzerlegungen e�ziente Vorkonditionierer f�ur die Schurkom�

plemente entsprechenden Systemmatrizen� Die Ergebnisse werden anhand einiger
konkreter Realisierungen und numerischer Tests illustriert�

Key words� Saddle point problems� LBB�condition� multiresolution analysis� wavelets�
time dependent problems� Schur complements� preconditioning�
AMS subject classi�cation� ��A��� ��Q��� ��F��� ��N��� 	�A�
� 	�A���

� Introduction

During the past few years very e�cient preconditioners for linear systems arising from
Galerkin discretizations of scalar elliptic boundary value problems have become available
��� ��� ��� ��
� These techniques combined with conjugate gradient schemes achieve opti�
mal multigrid complexity under minimal regularity assumptions� It is therefore natural to
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explore the potential of such techniques for other problem classes� As a typical example
we will focus here on the Stokes equations as a simpli�ed model for the motion of an
incompressible� viscous �uid in an n�dimensional domain � � IRn� where n � � or n � �
are of primary interest� In the non�stationary case the velocity �eld �u � �� ��� T 
� IRn

and the pressure p � �� IR are well�known to be related by the system

��u

�t
� ���u � grad p � �f in �� ��� T ��

div �u � � in �� ��� T ��

�u�x� �� � �u� in ��

�u � � on �� � ��� T 
�Z
�
p�x� t�dx � � for each t � ��� T ��

�����

Here � is the kinematic viscosity coe�cient of the �uid �the inverse of the Reynolds
number�� Let

�X �� H�
� ���

n� M � L�
���� ��

�
q � L���� �

Z
�
q�x� dx � �

�
� �����

where L���� and H�
� ��� stand for the usual space of square integrable functions on � and

the closure of the set of C��functions with compact support in � relative to the norm

kukH���� ��
�P

j�j�� kD
�uk�L����

����
� respectively� We will focus �rst on the stationary

version of ������ A possible approach to solving ����� numerically can be based on the
Leray formulation provided that divergence free trial functions are available �see e�g� ��

��
However� here we choose the following alternative weak formulation� Find a pair ��u� p� �
�X �M such that

� a��u��v� � b��v� p� � h�f��vi for all �v � �X�

b��u� �� � � for all � � M�
�����

where h�� �i denotes the dual pairing for �X and its dual �X�� induced by the standard scalar
product

�u� v�L���� ��
Z
�
u�x� v�x� dx�

and the bilinear forms a � �X � �X � IR and b � �X �M � IR are de�ned by

a��u��v� ��
nX

i�j��

�
�

�xi
uj�

�

�xi
vj

�
L����

�� �grad �u� grad �v�L����n �

b��u� q� �� �div �u� q�L���� �

���	�

respectively�
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In general� when the bilinear forms a��� �� and b��� �� are continuous� it is well�known
�see e�g� ��
� p� ���� that ����� has a unique solution if and only if a��� �� is elliptic on the
subspace

�V ��
n
�v � �X � b��v� �� � �� � �M

o
�

i�e�
a��v� �v� � � k�vk��X for all �v � �V � �����

and b satis�es the inf�sup condition

inf sup
��M �v� �X

b��v� ��

k�vk �X k�kM
� � � �� �����

In the particular case ���	� the forms a and b are obviously continuous and a is even
�X�elliptic where here �V � f�v � �X � div �v � �g� so that it remains to verify ������ When
� is a bounded simply connected domain with Lipschitz boundary� the inf�sup condition
is known to hold for the situation at hand� see e�g� ��
�

To solve ����� approximately one may choose �nite dimensional trial spaces �Xh �
�X�Mh � M � The classical Galerkin approach then requires �nding ��uh� ph� � �Xh �Mh

satisfying
� a��uh� �vh� � b��vh� ph� � h�f��vhi for all �vh � �Xh�

b��uh� �h� � � for all �h �Mh�
���
�

The unique solvability of ���
� for each mesh size h� its stable computability as well as
estimates for the accuracy of the resulting solutions �uh� ph are known to hinge on the
validity of the Lady�senskaja�Babu�ska�Brezzi �LBB� condition

inf sup
�h�Mh �vh� �Xh

b��vh� �h�

k�vhk �X k�hkM
� �� � �� �����

which is to hold uniformly in h�
Of course� given that ����� holds� ����� imposes conditions on the particular discretiza�

tions� The following result due to Fortin ���
 �see also ��� ��
� o�ers a way to check the
validity of ������

Proposition ��� Assume that the spaces �X and M satisfy the inf�sup condition ������
Then condition ����� holds with some �� � � uniformly in h if and only if there exist linear

operators Qh � �X � �Xh satisfying

kQh�vk �X 	
� k�vk �X � �v � �X� �����

and
b��v �Qh�v� �h� � �� �v � �X� �h �Mh� ������

Here A 	
� B means that A can be bounded by some constant multiple of B where the

constant is independent of the various parameters the quantities A and B may depend
on�



A Wavelet�Galerkin Method for the Stokes�Equations 	

Several concrete examples of bivariate �nite element spaces satisfying ����� are known�
For three space dimensions the list of �nite elements satisfying ����� is signi�cantly shorter�
In spite of the fact that in the �nite element context the criterion in Proposition ��� is
usually not very practicable� it turns out to be quite suitable in a somewhat di�erent set�
ting� In fact� utilizing Proposition ���� we propose in this paper a systematic construction
of nested trial spaces �Xh�Mh satisfying ������ We emphasize that the Stokes problem is
to be viewed as one example and that the approach applies as well to related saddle point
problems arising for instance from mixed formulations for elliptic problems�

Roughly speaking� the main idea can be described as follows� Instead of starting with
a speci�c �nite element space in �X� we construct a sequence of projectors Qhj � Qj

satisfying ������ and take their ranges �Xj � �Xhj as trial spaces� The construction of
the Qj� in turn� is based on the construction of a suitable multiscale basis� In Section
� we collect some relevant facts about such bases for later use� A convenient way for
constructing these bases is provided by shift�invariant re�nable spaces� often referred to
as multiresolution analyses� This together with the construction of the projectors Qj and
corresponding multiscale bases adapted to the problem at hand is described in Section
�� It should be also emphasized that the approach works independently of the number of
spatial variables� Moreover� the order of accuracy of the resulting trial spaces can easily
be raised� at the expense of larger supports of the basis functions� of course�

There are a few more consequences which are worth mentioning� Firstly� stable mul�
tiscale bases o�er a particularly convenient framework for local error control and adap�
tive techniques� This issue will be addressed in more detail elsewhere� The second is�
sue concerns the numerical solution of the linear systems arising from ���
�� De�ning

Aj � �Xj � �Xj�Bj � �Xj �Mj by

� a��uj� �vj� � hAj�uj� �vji� b��uj� �j� � �Bj�uj� �j�L����� ������

it is clear that Aj is symmetric positive de�nite and that ���
� amounts to solving the
saddle point problem �

Aj B�
j

Bj �

� �
uj

pj

�
�

�
f

�

�
� ������

The treatment of ������ is in one way or another tied to the Schur complement

Kj �� BjA
��
j B�

j

�see e�g� �	
�� In case ���	� and � not too small Kj is well�conditioned� However� when
employing implicit time stepping schemes for the non�stationary case ������ the condition
number deteriorates with decreasing time steps� Building up on recent investigations in
�	
� we will point out in Section 	 that the multiscale bases not only give rise to stable
discretizations in the sense of ����� but lead also to a convenient e�cient preconditioner
replacing the approach based on solving Neumann problems proposed in �	
� In Section �
we construct a class of examples that �t the conditions required in Section �� In Section �
we comment on computational issues� in particular� pertaining to the computation of the
entries of the right hand sides and sti�ness matrices� This is another instance of taking
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essential advantage of the shift�invariance of the trial spaces� Re�nability of the basis
functions allows one to reduce these quadrature tasks to solving once a certain linear
system whose size depends only on the supports of the generators of the multiresolution
analysis but not on the level of discretization� We conclude with some concrete examples
of stable pairs of trial spaces and present some numerical experiments for the Driven
Cavity Problem for two and three space variables�

� Multiscale Decompositions

In this section we collect a few general facts for later purposes� Suppose S � fSjg
�
j�� is

a sequence of closed nested subspaces of some Hilbert space H� Usually each space Sj is
de�ned as linear span of some basis �j � f
j�k � k � Ijg which is to be stable� i�e��

kck���Ij� �
���� X
k�Ij

ck 
j�k

����
H
� �����

where A � B means that both relations A 	
� B and B 	

� A hold� and kck���Ij� ��P
k�Ij jckj

�
����

� �j typically consists of functions with compact support whose diam�
eter remains uniformly proportional to the �meshsize� hj which in the following will be
assumed for simplicity to behave like ��j�

To update a given coarse approximation vj�� � Sj�� of some v � H it is convenient
to decompose

Sj � Sj�� �Wj

where Wj is some direct summand�
Suppose now that also a �uniformly� stable basis �j � f�j�k � k � Jjg of each comple�

ment space Wj is known� i�e� �j satis�es ����� uniformly in j� Then any vm � Sm can be
written in single�scale representation as

vm �
X
k�Im

ck 
m�k�

or� with �� �� ��� J� �� I�� in multiscale form as

vm �
mX
j��

X
k�Jj

dj�k �j�k�

The transformation
Tm � d� c �����

which takes the multiscale coe�cients dj�k into the single scale coe�cients ck is of central
importance in typical wavelet applications and will turn out to play a crucial role in the
present context as well� It is therefore essential that the Tj are e�ciently executable and
well�conditioned� As for the �rst issue note that the nestedness of the spaces Sj implies
the existence of re�nement matrices R��j � �rjl�k�l�Ij���k�Ij such that


j�k �
X

l�Ij��

r
j
l�k 
j���l� k � Ij� �����
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In all typical applications the R��j are uniformly banded� i�e�� all rows and columns of
R��j contain only a uniformly bounded number of nonzero entries� It is clear that �j�k
must have the form

�j���k �
X

l�Ij��

r
j
l�k 
j���l� k � Jj��� ���	�

where the composite matrix Rj � �R��j�R��j� with R��j � �rjl�k�l�Ij���k�Jj��
� is invertible�

One easily veri�es �cf� ���
� that the transformationTj has then the structure of a pyramid
scheme similar to the fast wavelet transform

Tj �  R� � � �  Rj�  Rl �

�
Rl �

� I

�
� �����

As a consequence one has

Remark ��� If R��j�R��j �and thus Rj� are uniformly banded� then the application of
Tj requires only O�dim Sj� operations�

As for the condition number of Tj� it is known that

cond� �Tj� � O��� �����

if and only if � � f�j�k � k � Jj� j � �� �� � � �g is a Riesz basis for H ���
� This means
that every v � H possesses a unique expansion

v �
�X
j��

X
k�Jj

dj�k�v� �j�k

and

kvkH �

�
� �X
j��

X
k�Jj

jdj�k�v�j
�

	
A
���

� ���
�

With the aid of the Riesz�representation theorem one easily derives from ���
� the
existence of a dual Riesz basis �� � f ��j�k � k � Jj� j � �� �� � � �g� i�e�

��j�k� ��j��k��H � �j�j� �k�k�� k � Jj� k
� � Jj�� j� j

� � IN�� �����

Thus the mappings

Qjv ��
jX

l��

X
k�Jl

�v� ��l�k�H �l�k� Q�
jv ��

jX
l��

X
k�Jl

�v� �l�k�H
��l�k �����

are uniformly bounded projectors with ranges Sj and �Sj� respectively� Obviously� Q�
j is

the adjoint of Qj� The following observations are useful �see e�g� ���
��

Remark ��� Let Qj be uniformly bounded linear projectors from some Hilbert space H
onto nested closed subspaces Sj of H� Then the following properties are equivalent�
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�i� The Qj commute� i�e�
QlQj � Ql� l 	 j� ������

�ii� Qj �Qj�� are also projectors�

�iii� the ranges �Sj of the adjoints Q�
j of Qj are also nested�

Note that the particular projectors Qj ����� induced by the Riesz basis do satisfy
������� Moreover� assuming that the �j are uniformly stable� then ���
� is equivalent to

kvkH �

�
� �X
j��

k�Qj �Qj���vk
�
H

	
A
���

� ������

As for the validity of ������ and hence of ����� in such a general Hilbert space context
we record some facts from ��	
� To describe under which circumstances ������ holds�
we call any subadditive uniformly bounded family of functionals 
��� t�� t � �� satisfying
limt��� 
�v� t� � � for v � H� a modulus� S is said to satisfy a Jackson and Bernstein
estimate relative to a modulus 
 if there exists some � � � such that the relations

inf
vj�Sj

kv � vjkH 	
� 
�v� ��j�� v � H� ������

and

�vj� t� 	�

�
min f�� t�jg

��
kvjkH � vj � Sj� ������

hold uniformly in j� respectively�

Theorem ��� For S� H as above� let Qj be uniformly bounded linear projectors onto Sj
satisfying ������� Assume that S and �S both satisfy Jackson and Bernstein estimates
������� ������ relative to some modulus 
 for some �� �� � �� respectively� Then ������
holds�

In view of the apparently pivotal role of condition ������� we record yet another equiv�
alent formulation of Remark ��� �iii� for later use� The projectors Qj can be represented
as

Qjv �
X
k�Ij

�v� �
j�k�H 
j�k� ����	�

where the set ��j � f �
j�k � k � Ijg is biorthogonal to �j� i� e��

�
j�k� �
j�l�H � �k�l� k� l � Ij� ������

Remark ��� The Qj satisfy ������ if and only if ��j is also re�nable� In fact� one has

�
j�k �
X

l�Ij��

�rjl�k �
j���l� k � Ij�

where �rjl�k � � �
j�k� 
j���l�H�
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We will apply Theorem ��� later to H � L���� or H � Hs for s � IR� where Hs may
stand for any of the spaces Hs���� Hs

����� �In fact� one could also assume homogeneous
Dirichlet conditions on part of the boundary�� The role of the modulus is then played
by the standard L��modulus of smoothness� Recall that the dth order L��modulus of
smoothness is de�ned by


d�v� t�L���� �� sup
jhj�t

k�d
hvkL���h�d�� ������

where �h�d �� fx � � � x � lh � �� l � �� � � � � dg and

�d
hv��� ��

dX
j��

�
d

j

�
����d�jv��� jh�

�see e�g� ���
�� When the modulus 
��� t� in ������ is chosen as the dth order L��modulus
de�ned in ������� it is well�known that� under mild assumptions on the regularity of the
domain� the validity of ������� ������ is equivalent to the direct estimates

inf
vj�Sj

kv � vjkL���� 	� ��sj kvkHs� v � Hs� s 	 d� ����
�

and the inverse estimates

kvjkHt 	� �j�t�s� kvjkHs� vj � Sj� s 	 t 	 �� ������

where one usually has � 	 d� This yields the following norm equivalences �see e�g� ��	
��

Proposition ��	 If the spaces Sj and �Sj satisfy ����
� and ������ for some d� �d � IN and
� 	 � 	 d� � 	 �� 	 �d� then one has

kvkHt �

�
� �X
j��

��tj
����Qj �Qj���v

����
L����

	
A
���

� t � ����� ��� ������

and

kvkHt �

�
� �X
j��

����Qj �Qj���v
����
Ht

	
A
���

� t � ����� ��� ������

A useful interpretation of these facts may be formulated as follows� Let

!sv ��
�X
j��

�js �Qj �Qj���v� ������

Then� under the assumptions in Proposition ����

k!svkHt � kvkHt�s for t� s � ���� ��� ������

This latter fact will play an important role for the issue of preconditioning�
We conclude this section with a comment on the condition ����
� which is taylored to

uniform mesh re�nements� Equivalences of the form ������ actually persist to hold under
weaker assumptions permitting spaces� Sj resulting from adaptive re�nements� In fact�
one way to show that ������ still holds� is to establish an estimate of the form

k�Qj �Qj���vmkL���� 	� 
d�vm� �
�j�L����� vm � Sm� j 	 m�

see ���
�
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� Multiscale Bases for the Stokes Problem

Combining the facts stated in the previous section with Proposition ��� suggests con�
structing multiscale basis functions �j�k in such a way that the corresponding projectors
Qj� de�ned by ������ satisfy on one hand ������ and on the other hand ������ as well as
relations of the type ����
�� ������ to ensure norm equivalences of the form ������� First
we will show that this task can conveniently be solved when � � IRn� In a second step
we will indicate possible ways of adapting the construction to bounded domains�

��� The Shift�invariant Case and Wavelets

The main ingredient of our construction is the concept of biorthogonal wavelets� Recall
from Remark ��	 that in the above general context biorthogonality was expressed through
condition ������� Suppose that �� �� are compactly supported functions in L��IR� which
are re�nable� i�e�� the relations

��x� �
X
k�ZZ

ak ���x� k�� ���x� �
X
k�ZZ

�ak ����x� k�� �������

hold for some masks a � fakgk�ZZ� �a � f�akgk�ZZ� We will call �� �� a dual pair if one has
in addition �

�� ���� � k�
�
L��IRn�

� ���k� k � ZZ� �������

It is easy to see that ������� forces both masks to be �nitely supported when � and �� have
compact support� Moreover� de�ning for g � L��IR�

gj�k �� �j��g��j � �k�� j� k � ZZ�

the functions derived from � and �� by dilation and integer shifts are stable in the sense of

kck���ZZ� �
���� X
k�ZZ

ck �j�k

����
L��IR�

� �������

Examples of such dual pairs can be found in ���
�
Denoting in the following for any collection F of functions in L� by S�F � the L��closure

of the span of F and setting
���j �� f�j�k � k � ZZg�

������� implies that the spaces Sj �� S����j�� �Sj �� S�����j� are nested� i�e��

Sj � Sj��� �Sj � �Sj��� j � ZZ� �����	�

This obviously �ts into the framework described in the previous section� Moreover� it is
easy to identify suitable complement bases� In fact� it is known that ���� ��
�

��x� �
X
k�ZZ

����k �a��k ���x� k�� ���x� �
X
k�ZZ

����k a��k ����x� k�� �������
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satisfy

��� ���� � k��L��IR� � ���k� ��� ���� � k��L��IR� � ���� ��� � k��L��IR� � �� k � ZZ� �������

One readily concludes from ������� and ������� that

��j�k� ��j��k��L��IRn� � ��j�k���j��k��� j� j �� k� k� � ZZ� �����
�

�see ������� Thus the �j�k give rise to a stable multiscale basis in the sense of Section ��
Moreover� the complement spaces Wj �� S����j�� �Wj �� S�����j� satisfy

�Wj
Sj��� Wj
 �Sj��� Wj
 �Wj� � j �� j �� �������

��� Modifying Dual Pairs

One reason for considering the above shift�invariant setting is that� given a dual pair of
generators �� ��� there is a relatively simple mechanism of generating new dual pairs ��� ���

which will turn out to be useful for constructing multiscale bases adapted to the Stokes
problem� To describe this it is convenient to introduce for a given mask a of re�nement
coe�cients appearing in ������� its symbol

a�z� ��
X
k�ZZ

ak z
k� z � IC� �������

In fact� the biorthogonality relation ������� implies

a�z��a�z� � a��z��a��z� � 	� �������

Moreover� when a�z� is divisible by ���z� �which is known to be the case when � � H��IR��
it is clear that the new pair of symbols

b�z� ��
�

� � z
a�z�� �b�z� �

� � z

�
�a�z��

still satis�es �������� Thus if the new masks b� �b still admit solutions to ������� one
ends up with a new dual pair which turns out to be related to the initial one through
di�erentiation and integration� This is made precise by the following observation which
is essentially due to Lemari"e�Rieusset ��	� ��
� It is a special case of a result established
in ��

�

Lemma ��� Let �� �� � L��IR� be compactly supported dual functions� which are re�nable
with masks a� and �a�� respectively� If � � H��IR� and

R
IR ��x� dx �

R
IR
���x� dx � �� then

there exists a dual pair ��� ��� of compactly supported functions in L��IR� such that

d

dx
��x� � ���x�� ���x� �� and

d

dx
����x� � ���x� ��� ���x� �������

holds� Moreover� their symbols satisfy the relations

a������z� �
�

� � z
a��z�� �a������z� �

� � #z

�
�a��z�� �����	�
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and the relations

d

dx
��x� � 	 ���x�� and

d

dx
����x� � �	 ���x� �������

are valid for the biorthogonal wavelets de�ned by ��������

Note that since� by �������� ��� belongs toH��IR�� ��� must be continuous� The essence of
the above statements is that� starting with a re�nable dual pair �� ��� a certain modi�cation
produces a new re�nable dual pair ��� ���� thus preserving the crucial property �������
The new pair will serve as the main building block for the construction of pairs of trial
spaces satisfying the LBB condition� The advantage of the shift�invariant setting lies
in the fact that the whole construction reduces to manipulating Laurent polynomials�
The modi�cation consists essentially of di�erentiation and integration illustrated by the
following �gure�

�

��
��

��
��
��

����������

biorthogonal

�� �

Di�erentiation PP
PP

PP
PP

Pi

PPPPPPPPPq

�

��� ��

Integration

��� ��

���� ���

The most convenient way of constructing multivariate dual pairs of re�nable functions
is to employ tensor products� i�e�� for x � IRn and any univariate dual pair of univariate
re�nable functions �� ��

��x� �� ��x�� � � � ��xn�� ���x� �� ���x�� � � � ���xn�� �������

are easily seen to form a multivariate dual pair� More generally� writing

�� �� �� ��� �� ��� �� �� �� ��� �� ���

and analogously for ��e �
���e � e � f�� �g� the corresponding multivariate scaling functions

and wavelets are given by

�e�x� ��
nY
i��

�ei�xi��
��e�x� ��

nY
i��

��ei�xi�� e � f�� �gn �� E� �����
�

where� of course� �� � �� ��� � ��� Moreover� de�ning the modi�ed functions ����
e � �����

e �
e � E� by

����
e �x� � �e��x�� � � � �e����x���� �

�
e��x�� �e����x���� � � � �en�xn�� �������

as well as

�����
e �x� � ��e��x�� � � � ��e����x���� ���e��x��

��e����x���� � � � ��en�xn�� �������
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Lemma ��� yields

�

�x�
�e�x� �


�
�
r��

���
e �x�� if e� � ��

	 ����
e �x�� if e� � ��

��������

and

�

�x�
�����
e �x� �


�
�

��
��e�x�� if e� � ��

��	� ��e�x�� if e� � ��
��������

where
r�f �� f���� f�� � e��� ��f �� f��� e��� f����

and the e� are the coordinate vectors� i�e�� �e���� � ������ �� �
� � �� � � � � n� Again we have

used the convention ��
���
� � ����� and �

���
� � �����

To indicate the relevance of the above manipulations with regard to the LBB condition�
let for E � f�� �gn� E� �� E n f�g

�j�k �� �nj���e��
j � ���� ��j�k �� �nj�� ��e��

j � ���� k � �e� �� � E � ZZn� ��������

and

�j �� f�j�k � k � f�g � ZZng� ��j � f��j�k � k � f�g � ZZng� ��������

�j �� f�j�k � k � E� � ZZng� ��j � f ��j�k � k � E� � ZZng�

One easily derives from the biorthogonality of the univariate factors �����
� that�
�j�k� ��j��k�

�
L��IRn�

� �j�j� �k�k�� j� j � � IN� k� k� � E� � ZZn� ������	�

In other words� this means

S� ��j�
S��j���� S��j�
S���j���� S��j�
S� ��j�� for j �� j �� ��������

Analogous relations hold for �j� ��j replaced by �
���
j � ��

���
j � � � �� � � � � n� Now set

Mj �� S��j�� �Xj �� S���
���
j �� � � � � S���

�n�
j �� ��������

and de�ne in analogy to ����	� the projectors �Qj by

� �Qj�v�� ��
X

k�f�g�ZZn

�
�v� � �

���
j�k

�
L��IRn�

��
���
j�k � � � �� � � � � n�

A glance at the corresponding multiscale representation ����� reveals that for any �v � �X

�v� � � �Qm�v�� �
�X

j�m��

X
k�E��ZZn

��v� � �
���
j�k �L��IRn�

��
���
j�k ��

�X
j�m��

��wj���

Obviously� �wj � S� ��
���
j �� � � � � S� ��

�n�
j �� We readily obtain from �������� that

div �wj �
X

k�E��ZZn

�dk ��j�k
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for some coe�cients �dk and� hence� div �wj belongs to the complement S� ��j� of S���j���
in S���j�� But by ��������� we have

S� ��j�
S��j���

which means here that�
div �wj� vm

�
L��IRn�

� b��wj� vm� � �� vm � S��m� � Mm� j � m�

Hence the projectors �Qj satisfy the conditions ����� and ������ in Proposition ��� which

shows that the pairs Mj� �Xj satisfy the LBB condition� Thus the LBB condition on all
of IRn amounts to the construction of suitably interrelated biorthogonal multiscale bases�
Our central objective is now to extend this mechanism to bounded domains� De�ning for
any collection V of functions ��V �� f �

�x�
v � v � V g� it will be useful to keep in mind

that the essence of the above argument is the relation

S��� ��
���
j � � S� ��j�� � � �� � � � � n� ������
�

��� Bounded Domains

It remains to establish multiscale bases for a given bounded domain� One possible strategy
is to work with restrictions of the spaces introduced in the last section to a given domain
and enforce essential boundary conditions by means of Lagrange multipliers� For scalar
elliptic problems this approach is studied in ���
� The advantage would be to preserve
possibly many properties of the shift�invariant multiresolution spaces while still being
able to treat relatively general domain geometries� On the other hand� the saddle point
problems become more complicated� These issues will be addressed in a forthcoming
paper� An alternative is to adapt the multiscale bases to the given domain by suitable
modi�cations of basis functions near the boundary�

The central task will then be to preserve the relation ������
� under these modi�ca�
tions� A general construction of multiresolution spaces and their stable decompositions
for essentially Lipschitz domains is proposed and analyzed in ��
� To focus on the essential
ideas and to avoid the technicalities entailed by the general case we will con�ne the subse�
quent discussions to the simple model case � � ��� �
n� In fact� the type of basis functions
will be the same in the general case where� however� the boundary near modi�cations
depend on the local behavior of the boundary� Since our main concern here is the LBB
condition we have decided not to address the general boundary adaptation here�

Throughout the rest of this paper let � � ��� �
n� Employing as above tensor products
of univariate functions ������� then reduces the problem to constructing suitable multiscale
bases on ��� �
� Several such constructions have been described in the literature ��� 
� ���
��� ��
� In particular� ��
 treats the case of biorthogonal wavelets which is needed here�
Unfortunately� one cannot apply these results directly since� on one hand� the stability in
the sense of ������ is not addressed there and� on the other hand� the stability properties
needed here require estimates of the form ����
�� ������ for the spaces spanned by both
the generator and its dual� which is not given in any of these papers� When indicating the
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corresponding necessary modi�cations we also collect the requirements on the generators
which will be relevant for subsequent applications and which will direct us later when
giving concrete examples�

In view of �������� we will again be concerned with a dual pair �� �� of univariate
re�nable functions� It will be seen that all relevant properties of the resulting spaces can
be conveniently expressed in terms of the regularity and exactness of �� �� in the following
sense� We will assume that �� �� are supported in ��l� l
 for some �xed l � IN � Firstly� we
require that

�� �� � H t�IR� for some t � �� �������

In fact� for the stationary problem it would be su�cient if only one of the generators has
Sobolev regularity exceeding one� Secondly� �� �� are to be exact of degree d� �� �d� �� for
some d� �d � IN � respectively� where� in particular� we will always assume that

�d � d � �� �������

Here � to be exact of degree d� � means that for r � �� � � � � d� �

xr �
X
k�ZZ

�
���r� ���� � k�

�
L��IR�

��x� k�� �������

It is well�known that the re�nability by itself already implies that ������� holds for r � �
��
� Many examples of dual pairs with higher degree of exactness can be found in the
literature� If one allows l to become large the parameters t� d� �d can be made arbitrarily
large ���
� It is also well�known that when ������� holds� linear combinations of the dilates
���j ��k�� k � ZZ� provide approximation orders O���jd�� j �
� for functions in Hd�IR��

Remark ��� Note that� since the exactness of a re�nable function is known to be deter�
mined by the power of the factor �� � z� in the symbol of its mask� the modi�ed function
��� given in Lemma 	�
 is under the above assumptions exact of degree �d�

We recall �rst the basic principle of constructing multiresolution spaces on ��� �
 gen�
erated by any given dual pair �� ��� The key idea is to retain as much structure as possible
from the spaces de�ned on all of IR while preserving the degree of exactness� It is clear
that when working just with the restrictions of the shifts ���j � �k� to ��� �
 one would
loose biorthogonality and stability� Thus one keeps possibly many shifts ���j � �k� whose
support is strictly inside ��� �
 as basis functions while modifying those interfering with
the end points of the interval in such a way that overall one obtains stable biorthogonal
basis functions which are still re�nable and span all polynomials up to a desired degree�
To be precise� �x integers N�M � l� d� set

Kj �� Kj�L �Kj�I �Kj�R� �����	�

where

Kj�L �� fN�d� � � � � N��g� Kj�I �� fN� � � � � �j�Mg� Kj�R �� f�j�M��� � � � � �j�M�dg
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for all j � j� with j� big enough so that Kj�L and Kj�R do not overlap� In principle� one
could take N � M � The reason for introducing a further parameter will become clear
later� Now let

�j�k �� �j�����j � �k�� ��j�k �� �j������j � �k�� k � Kj�I� �������

Furthermore� in view of �������� de�ne for r � �� � � � � d� �

�Lj�N�d�r �� �j��
N��X
m��l

�j
�
��j��r� ����j � �m�

�
L��IR�

���j � �m� j����	 �������

and

�Rj��j�M�d�r �� �j��
�j�lX

m��j�M��

�j
�
��j��� ���r� ����j � �m�

�
L��IR�

���j � �m� j����	 � �����
�

On account of �������� it is clear that the functions �j�k� k � Kj�I� together with the
functions �Lj�k� k � Kj�L� �

R
j�k� k � Kj�R� span all polynomials of degree at most d � � on

��� �
� The functions ��Lj�k�
��Rj�k are de�ned analogously with the roles of � and �� interchanged�

For simplicity� we con�ne ourselves here to reproduce thereby the same degree d � � of
exactness also for the dual side �see ��

 for the general case�� As in ��
 one can verify that
the �Lj�k� �

R
j�k are linearly independent and re�nable� It remains to biorthogonalize the sets

�Lj�k�
��Lj�k� k � Kj�L� and �Rj�k�

��Rj�k� k � Kj�R� respectively� For instance� it will be convenient
for later purposes to set

��j�k �� ��Lj�k� k � Kj�L� ��j�k �� ��Rj�k� k � Kj�R� �������

One then has to determine coe�cients Lj�k�m� Rj�k�m such that the functions

�j�k ��
X

m�Kj�L

Lj�k�m �Lj�m� k � Kj�L�

�j�k ��
X

m�Kj�R

Rj�k�m �Rj�m� k � Kj�R�
�������

satisfy �
�j�k� ��j�m

�
L������	�

� �k�m� k�m � Kj�L �Kj�R� ��������

De�ning now
$j �� f�j�k � k � Kjg� �$j �� f��j�k � k � Kjg� ��������

the following facts can be veri�ed �see also ��� �

��

Proposition ��� Under the above assumptions one has�

�i� diam supp ��j�k� � ��j� k � Kj� %Kj � �j�

�ii� The $j are uniformly stable�
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�iii� &r���� �
� � S�$j�� r � �� � � � � d � �� j � IN� j � j�� where &r���� �
� denotes the
space of all polynomials of degree r on ��� �
�

�iv� S�$j� � S�$j���� j � IN� j � j��

Analogous facts hold for �$j�

Note next that the quantities

�j��
�
��j��r� �j������j � �m�

�
L��IRn�

�
�
���r� ���� �m�

�
L��IRn�

�� �Lr�m ��������

are actually independent of the level j� De�ning �Rr�m� ��
L
r�m� ��

R
r�m in an analogous fashion

by exchanging ���r by ��� ��r and �� by �� respectively� the relations �������� �����
� take
the form �with N � M�

�Lj�N�d�r �
N��X
m��l

�Lr�m�
j�����j � �m� j����	�

��������

�Rj��j�N�d�r �
�j�lX

m��j�N��

�Rr�m�
j�����j � �m� j����	� r � �� � � � d� ��

and analogously ��Lj�N�d�r�
��Rj��j�N�d�r� Moreover� it is well�known that the members �� �� of

any dual pair can be normalized so that
R
IR ��x�dx �

R
IR
���x�dx � � so that� in particular�

�G��m � ��G��m � �� G � fL�Rg� m � ZZ� ������	�

Likewise it is easy to see that the coe�cients Lj�k�m� Rj�k�m in ������� do not depend on j

and hence have to be computed only once ��

�
It remains to determine the corresponding biorthogonal wavelets adapted to the inter�

val� Again one retains possibly many wavelets in the form ������� as long as their support
lies strictly in ��� ��� For the construction of the modi�cations near the endpoints we refer
to ��� ��� �

� Moreover� the explicit form of the modi�ed scaling functions and wavelets
for the present particular situation are recorded in ��

� Here it is important to note that
these coe�cients are also independent of the level j and therefore have to be determined
only once by solving small linear systems�

Remark ��� The particular choice of the boundary functions makes it easy to incorporate
homogeneous boundary conditions� The case of interest is

�$j�� �� �$j n f��j�N�d� ��j��j�N�dg� ��������

Note that� by construction� one can still represent near the boundary all polynomials of
degree d� � which vanish at the boundary as linear combinations of the elements in �$j���

It will be useful to keep the following observation in mind�
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Remark ��	 Independently of the choice of �� ��� N�M one has

dim �S�$j��� dim �S�$j���� � %Kj �%Kj�� � %Kj�I �%Kj���I � �j���

Suitable spaces on � � ��� �
n are now again obtained by taking tensor products� For
Ij �� Kj � � � � �Kj de�ne

�j ��
nO
i��

$j � f�j�k �� �j�k� � � � � � �j�kn � k � �k�� � � � � kn� � Ijg � ��������

and analogously ��j� where for x � �x�� � � � xn�
T we set �v��� � ��vn��x� �� v��x�� � � �vn�xn��

��� The Lady�senskaja�Babu�ska�Brezzi Condition

In the sequel we will always assume that ������� holds� and that the bases $j� �$j are
de�ned by �����	� where N � M in the de�nition of Kj �����	�� Given the bases �j� ��j

on �� de�ned by �������� relative to the multivariate dual pair �� �� of the form ��������

our main objective is to construct next bases �
���
j � ��

���
j � � � �� � � � n� according to the

modi�cations from Lemma ���� Since we have assumed that �� � are supported in ��l� l

it follows from ������� that

supp �� � ��l� l � �
� supp ��� � ���� l� l
� ���	���

Moreover� since �� essentially results from di�erentiation its degree of exactness is expected
to drop by one� This suggests the following partition for the corresponding index sets K�

j

to be properly related to Kj �see also ���
��

K�
j �� K�

j�L � K�
j�I � K�

j�R�

where

K�
j�L �� fN � d� �� � � � � N � �g� K�

j�I �� fN� � � � � �j �N � �g�

K�
j�R �� f�j �N � �� � � � � �j �N � dg� ���	���

i�e�� here we have M � N � �� The collections $�j � f��j�k � k � K�
j g are the de�ned as

described in Section ���� Similarly we set

�K�
j �� �K�

j�L � �K�
j�I � �K�

j�R�

where

�K�
j�L �� fN � d� � � � � Ng� �K�

j�R �� f�j �N � �� � � � � �j �N � d� �g�

�K�
j�I �� fN � �� � � � � �j �Ng� ���	���

�K�
j�L�� �� fN � d� �� � � � � Ng� �K�

j�R�� �� f�j �N � �� � � � � �j �N � dg�

The function ��� will be used to construct the trial spaces for the velocities� Homoge�
nizing boundary conditions if necessary it will be su�cient to construct these trial spaces
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as subspaces of H�
� ���� Therefore according to Remark ��	� we have de�ned the dimin�

ished index sets �K�
j�L���

�K�
j�R�� in ���	��� without the extreme indices N � d� �j � N � �

which correspond to those basis functions which facilitate reproduction of constants� Thus
constructing �$�j � f���j�k � k � �K�

j g as described in Section ���� and �$�j�� as in Remark ��	
relative to

�K�
j�� �� �K�

j�L�� � �K�
j�I � �K�

j�R���

we have
S��$�j��� � H�

� ���� �
�� ���	�	�

Moreover� note that
%K�

j � % �K�
j��� ���	���

More can be said which will be the �rst important observation �see also ���
�� In fact� the
following considerations prepare some necessary technical prerequisites for establishing
the relation ������
� for the modi�ed wavelets adapted to the domain �� To this end� we
de�ne for any collection $ of functions �$ �� f d

dx
� � � � $g�

Proposition ��
 One has
S�$�j� � S��$j�� ���	���

as well as
S���$�j��� � S��$j�� ���	�
�

Moreover�

�
g � g�x� �

Z x

�
v�t�dt� x � ��� �
� v � S��$j��

Z �

�
v�t�dt � �

�
� S��$�j���� ���	���

Proof� In analogy to �������� let

���Lr�m �� �j��
�
��j��r� �j�������j � �m�

�
L��IR�

� m � �l� � � � � N � ��

and analogously ���Rr�m� ��
��L
r�m� ��

��R
r�m� Observe �rst that these coe�cients satisfy discrete coun�

terparts to the functional equations �������� In fact� one readily derives from ������� and
�������� �see also ������	�� that

�Lr�m � �Lr�m�� � r�
��L
r���m� m � �l � �� � � � � N � �� r � �� � � � � d� ��

���	���

�Rr�m�� � �Rr�m � r�
��R
r���m� m � �j �N � �� � � � � �j � l� r � �� � � � � d� ��

and

����Lr�m�� � ����Lr�m � r��Lr���m� m � �l� � � � � N � �� r � �� � � � � d�

���	����

����Rr�m � ����Rr�m�� � r��Rr���m� m � �j �N � �� � � � � �j � l� r � �� � � � � d�
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As before we will write for the interior scaling functions ��j�k �� �j������j � �k�� k � K�
j�I�

and analogously for ��j�k� ��
�
j�k� k � Kj�I� �K

�
j�I� respectively� Utilizing ���	��� and ��������

straightforward calculations yield

d

dx
�Lj�k 	


�
�

�
j ��j�N � k 	 N � d�


j ��k �N � d
 ���Lj�k � �Lj�k�N�d�N���
�
j�N
� k � Kj�L n fN � dg�

d

dx
�j�k 	 
j���j�k � ��j�k��
� k � Kj�I � �������


d

dx
�Rj�k 	





�



�


j ��k � 
j �N � d
 ���Rj�k�� � �Rj��j�N�d�k��j�N���
�
j��j�N��
�

k � Kj�R n f

j �N � dg�


j��j��j�N��� k 	 
j �N � d�

Similarly� combining ���	���� with �������� provides

d

dx
����Lj�k � �j

�
�k �N � d���Lj�k�� � ����Lk�N�d

��j�N
�
� k � �K�

j�L���

d

dx
���j�k � �j���j�k�� � ��j�k�� k � �K�

j�I� ���	����

d

dx
����Rj�k � �j

�
����R�j�N�d���k��j�N

��j��j�N � ��j �N � d� �� k���Rj�k
�
� k � �K�

j�R���

One readily concludes now from ���	���� that

S��$j� � S�$�j�� ���	����

Moreover� to prove the converse inclusion note �rst that� again by ���	����� ���Gj�k � S��$j��
k � K�

j�G� G � fL�Rg� Thus� it su�ces to con�rm that ��j�k � S��$j�� k � K�
j�I� To this

end� note that

��j�k � ��j
d

dx
�j�k � ��j�k�� � � � � � ��j

�j�NX
m�k

d

dx
�j�m � ��j��j�N��

� ��j
�j�NX
m�k

d

dx
�j�m � ��j

d

dx
�j��j�N�d�

which proves ���	����
Clearly� ���	�
� follows from ���	����� Finally� to prove ���	���� let us denote for con�

venience also ���j�k � ����Gj�k � k � �K�
j�G� G � fL�Rg� and analogously ��j�k� Then ���	���� can

be brie�y rewritten as
d

dx
���j�k �

X
m�Kj

cj�k�m ��j�m� ���	��	�

Now let us denote the space de�ned on the left hand side of ���	��� by Vj� Since S��$
�
j��� �

H�
� ���� �
� one has

Z �

�

d

dx
���j�k�x� dx � �� k � �K�

j��� so that� by ���	����� S��$�j��� � Vj� To
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see that Vj � S��$�j���� de�ne b � IRKj by

bk ��
Z �

�

��j�k�x� dx� k � Kj�

and set hbi� �� fc � IRKj � cTb � �g� In these terms one obviously has

Vj �
�
g�x� �

X
k�Kj

ck

Z x

�

��j�k�t� dt � c � hbi
�
�
�

Since ���j�k � Vj� k � �K�
j��� the vectors formed by the coe�cients in ���	��	� belong to

hbi�� Consider the �% �K�
j��� � �%Kj� matrix B whose kth row contains the coe�cients

cj�k�m� m � Kj� It is easy to see that B has full rank % �K�
j�� � %Kj��� In fact� it is upper

triangular and has nonvanishing entries on the diagonal� Hence hbi� � fBT�c � �c � IR

K�

j��g�

Thus� whenever v�x� ��
X
k�Kj

ck

Z x

�

��j�k�t� dt � Vj� i�e�� c � hbi�� there exists �c � IR

K�

j��

with c � BT �c which� in view of ���	��	�� just means v �
P

k� 
K�

j��
�ck ���j�k� This completes

the proof� �

Now let
'j � f�j�k � k � Jjg� �'j � f��j�k � k � �Jj � Jjg

be the wavelet bases for the spaces S�$j� and S��$j�� respectively� As mentioned above
the wavelets with support in the interior of ��� �
 have the form �������� The remaining
ones interfering with the end points of the interval have to be properly modi�ed� Since
at this point we do not have to make use of their explicit representation we refer to ��


for a listing of the corresponding coe�cients� The important point here is to realize that
instead of applying an analogous construction also for the spaces S�$�j� and S��$�j���� the

bases 'j and �'j already determine the wavelets for these latter spaces� In fact� with
the above preparations at hand we can show next that as in the shift�invariant case the
wavelets corresponding to the spaces S�$�j� and S��$�j��� still arise from those for S�$j�

and S��$j� by di�erentiation and integration� respectively�

Theorem ��� De�ne

��j�k�x� �� ��j��
d

dx
�j�k�x�� x � ��� �
� k � Jj � J�j � ���	����

and
���j�k�x� �� ��j��

Z x

�
��j�k�t�dt� � x � ��� �
� k � Jj� ���	����

Then the collections

'�
j �� f��j�k � k � Jjg� �'�

j �� f���j�k � k � Jjg�
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are biorthogonal wavelet bases� i�e��

���j�k� ��
�
j�k��L������	� � �k�k�� k� k� � Jj� ���	��
�

and
S�$�j� � S�$�j���� S�'�

j�� S��$�j��� � S��$�j������ S� �'�
j�� ���	����

Moreover� one has
S��'j� � S�'�

j�� S�� �'�
j� � S� �'j�� ���	����

Proof� Clearly� ���	���� is an immediate consequence of ���	���� and ���	����� Moreover�
since S�$j��� contains all constant functions and since S�$j��� 
 S� �'j�� we have

���j�k��� � ��j��
Z �

�
��j�k�y�dy � ��

so that
���j�k��� � ���j�k��� � �� k � Jj� ���	����

Thus
S� �'�

j� � H�
� ���� �
�� ���	����

and we can employ integration by parts to conclude from ���	���� and ���	���� that

���j�k� ��
�
j�k��L������	� � ��j�k� ��j�k��L������	�� k� k� � Jj�

so that ���	��
� follows from the fact that 'j and �'j are� by construction� biorthogonal
bases� Hence� in particular� the collections '�

j and �'�
j consist of linearly independent

functions� and
dim �S�'�

j�� � dim �S� �'�
j�� � %Jj� ���	����

On account of Remark ��� and ���	����� it remains to verify the relations

S� �'�
j� � S��$�j���� S�'�

j� � S�$�j�� ���	����

and
S� �'�

j� � S��$�j����� � S�'�
j� � S�$�j��� � f�g� ���	��	�

To this end� ���	���� yields

��j�k � ��j��
d

dx
�j�k � S��'j� � S��$j��

so that the second part of ���	���� follows from ���	���� Furthermore� since S�$j� contains
constant functions so that� due to biorthogonality� the elements in S� �'j� have �rst order
vanishing moments� i�e��

R �
� ��j�k�x�dx � �� k � Jj� the �rst relation in ���	���� follows from

���	���� and ���	����
Now suppose that g ��

P
k�Jj ck��

�
j�k � S� �'�

j� � S��$�j������ By ���	��
�� one has

�g� ��j�k�L������	� � ck� On the other hand� since by ���	���� and the fact that �$�j���� �
H�

� ���� �
��

����j���k� �
�
j�k��L������	� � ���j��

� d
dx

���j���k� �j�k�
�
L������	�

�
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the relation S��$j��� 
 S�'j� ensures� on account of ���	�
�� that ck � �� k � Jj� which
con�rms the second part of ���	����� Similarly� for g ��

P
k�Jj ck�

�
j�k � S�'�

j��S�$
�
j��� we

obtain� in view of ���	��
�� ck � �g� ���j�k�L������	� � � since� by ���	���� S�$�j��� � S��$j���

and by ���	���� � d
dx
�j���k�� ��

�
j�k�L������	� � ��j����j���k�� ��j�k�L������	� � �� Here we have used

that �'�
j � H�

� ���� �
� and that S�$j��� 
 S� �'j� in the last step� This proves ���	���� and
completes the proof� �

Thus� in addition to the bases �j� ��j� de�ned according to ��������� we can now de�ne
the modi�ed bases as follows

�
���
j �� $j � � � � � $�j � � � � � $j� ���	����

and likewise
��
���
j�� �� �$j�� � � � � � �$�j�� � � � � � �$j��� ���	����

where $�j and �$�j�� are understood to occur at position � for � � �� � � � � n� Corresponding
wavelet bases are now obtained in a canonical fashion as

�
���
j ��

�
e�E�

�
���
e�j �

��
���
j ��

�
e�E�

��
���
e�j � ���	��
�

where for

'e� �j ��

�
$j� if e� � ��
'j� if e� � ��

and analogously '�
e� �j�

�'e� �j�
�'�
e� �j�

�
���
e�j �� 'e��j � � � � � '�

e� �j � � � � � 'en�j� ���	����

as well as
��
���
e�j �� �'e��j � � � � � �'�

e� �j � � � � � �'en�j� ���	����

Corollary ��� In view of �	���
��� one has

S��� ��
���
j � � S� ��j� ���	����

and by ���	�	��

S� ��
���
j � � H�

� ���� �

n�� ���	����

By our assumptions on the univariate generators �� ��� it is clear that the above con�
struction produces for every � � �� � � � � n bases ���� which are biorthogonal to the ������
Although the regularity of the �

���
j is now lower than that of the �j it still will be seen

to su�ce �see �������� to give rise to stable multiscale bases in the sense of Section �� In
fact� we will show that these wavelet bases form Riesz bases for certain scales of Sobolev
spaces� According to the results in Section �� the main prerequisites can be formulated
as follows�
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Proposition ��
 Under the above assumptions there exists some � � � such that for any
s 	 �

kvjkHs��� 	� �jskvjkL����� vj � Sj� ���	����

where Sj is any of the spaces S��j�� S���j�� S��
���
j �� S���

���
j�� �� � � �� � � � n� In particular�

� � t � � �see �	�	�
�� for Sj � S��j�� S���j�� S���
���
j�� �� Moreover� one has

inf
vj�Sj

kv � vjkL���� 	� ��js kvkHs���� v � Hs� s 	 d� ���	����

where Sj � S��j�� S���j� and Hs � Hs���� or Sj � S��j�
	 �� S��j� � L�

���� and

Hs � Hs��� � L�
����� or Sj � S���

���
j�� � and Hs � Hs��� �H�

� ���� � � �� � � � � n�

Proof� Since the claims are quite in keeping with what one expects under the given
circumstances we will only indicate the main steps here and refer to ��

 for a detailed
proof of the above statements� As for the inverse estimate ���	����� it is shown in ���

with the aid of Fourier transforms that e�g�

k�jn�����j � �k�kHs�IRn� 	� �sj�

Using kgkHs��� � inf
f�f j��g

kfkHs�IRn� this� in turn leads to

k�jn�����j � �k�kHs��� 	� �sj�

Then the same arguments as used in ���
 can be employed to show that


d�vj� t�L���� 	�

�
minf�� t�jg

�s
kvjkL����� vj � Sj�

where 
d��� t�L���� denotes the d�th order L��modulus of continuity �see �������� As pointed
out in Section �� an inequality of this latter type is equivalent to ���	���� �see ��	
��

The essence of the proof of the direct estimate is that polynomials of degree d� � are
contained in the spaces Sj under consideration and that biorthogonal bases consisting of
compactly supported functions are available� One should keep in mind that� by Lemma
��� and Remark ���� exactness and regularity of the spaces S���

���
j � are at least as high

as that of S���j�� In fact� denoting by Qj projectors of the form ����	�� and setting
�j�k �� ��j�k � ��� �
n�� k � ZZn� this fact can be used to show that for v � Hd���

kv �QjvkL���j�k� 	� inf
P��d��

kv � PkL���j�k�
	
� ��jdkvkHd��j�k��

where &d�� denotes the space of all polynomials of degree at most d�� and �j�k is a slightly
larger domain than �j�k whose diameter still remains proportional to ��j� Summing over
the above estimates and using interpolation leads to ���	����� As for the direct estimate
in ���	���� relative to Sj � S����

j���� one has to make also use of Remark ��	� So it remains
to comment on the case S��j�

	 � S��j� � L�
����� To this end� let

Pjq ��
X
k�Ij

�q� ��j�k�L���� �j�k� P�� �� �� ���	��	�
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and de�ne
P 	
j q �� Pjq � j�j��

Z
�

�Pjq��x�dx� ���	����

where� of course� in the present situation j�j � �� Observe that for v � L�
����

inf
vj�S�
j��

kv � vjkL���� 	 kP 	
j v � vkL���� 	� kPjv � vkL���� �

����
Z
�

�Pjv��x� dx
����

	 kPjv � vkL���� �
Z
�

j�Pjv��x�� v�x�jdx ���	����

	
� kPjv � vkL���� 	 inf

vj�S�
j�

n
kPjv � vjkL���� � kvj � vkL����

o
	
� inf

vj�S�
j�
kv � vjkL�����

since the Pj are uniformly bounded projectors� Now we can invoke the direct estimate
���	���� for the space Sj � S��j� to complete the proof� �

Now de�ne the spaces

Mj �� S��j�� �Xj �� S���
���
j���� � � � � S���

�n�
j�� �� ���	��
�

We will state next direct and inverse estimates for the spaces Mj� �Xj which in turn will
lead to norm equivalences of the type ������� ������� Due to the biorthogonality and

re�nability of the bases ����
j � �����

j�� � for each � � f�� � � � � ng the mappings

Q
���
j v ��

X
k�Ij

�
v� �

���
j�k

�
L����

��
���
j�k ���	����

are projectors and satisfy ������ where ���� �� � �see Remark ��	�� Thus� in particular�
Proposition ��� applies which combined with the inverse and direct estimates in Proposi�
tion ��� yields the following estimates for the spaces Mj and �Xj�

Corollary ���� Under the above assumptions one has for �t 	 s� 	 s 	 t the inverse
inequalities

k�vjkHs���n 	
� ��s�s

��jk�vjkHs����n � �vj � �Xj�

and
kqjkHs��� 	� ��s�s

��jkqjkHs� ���� qj �Mj�

Furthermore� the direct inequalities

inf
�vj� �Xj

k�v��vjkHs����n
	
� ��s

��s�jk�vkHs���n � �v � �H�
� ����H

s����n� � 	 s� 	 s 	 d� s� 	 t�

inf
qj�Mj

kq � qjkHs����
	
� ��s

��s�jkqkHs���� q � Hs���	�

hold where

Hs���	 ��
�
q � Hs��� �

Z
�

q�x�dx � �
�
�

Finally� the projectors Q
���
j � � � �� � � � � n� are uniformly bounded in H� �see 

�� 
����
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Let

� �� ��

��
j��

�j

and de�ne ����� ��� ����� in an analogous fashion� The main consequence of the above facts
can be formulated now as follows�

Theorem ���� Suppose that �� �� satisfy �	�	�
�� Then the pairs �� �� and ����� ������

� � �� � � � n� form biorthogonal Riesz bases for L����� Moreover� the spacesMj� �Xj de�ned
in �	���	�� ful�ll the LBB condition ����� uniformly in j�

Proof� The Riesz basis properties are consequences of Theorem ��� and Proposition
���� The rest of the argument follows now exactly the reasoning for the case � � IRn� In
fact� de�ne the projectors �Qj from �X onto �Xj by

� �Qj�v�� �� Q
���
j v� �

X
k�Ij

�
v�� �

���
j�k

�
L����

�����j�k � � � �� � � � � n�

so that for any �v � �X

�v� � � �Qm�v�� �
�X

j�m��

X
k�Jj

�
v� � �

���
j�k

�
L����

��
���
j�k ��

�X
j�m��

��wj���

where Jj �� Jj � � � � � Jj� Obviously� �wj � S� ��
���
j � � � � � � S� ��

�n�
j �� We readily obtain

from ���	���� that div �wj belongs to the complement S� ��j� of S���j��� in S���j�� But by
biorthogonality� we have

S� ��j�
S��j���

which means here that�
div �wj� vm

�
L����

� b��wj� vm� � �� vm � S��m� � Mm� j � m� ���	����

The assertion follows now from Proposition ��� since� by Corollary ����� the projectors
�Qj are bounded in H����n� �

In order to obtain a conforming discretization of the pressure� the corresponding trial
space should be in L�

����� i�e�� instead of working with Mj one should use

M	
j ��

�
vj � S��j� �

Z
�

vj�x� dx � �
�
�

Since M	
j � Mj so that still S� ��j�
M

	
j�� it is clear that the spaces M	

j �
�Xj also satisfy

the LBB condition�
The perhaps simplest way to ful�ll this constraint is to add an equation of the form

X
k�Ij

gj�k qk � �
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for the pressure coe�cients qk� k � Ij � Kj � � � � �Kj where gj�k ��
R
� �j�k�x�dx� Due to

the scale�invariant structure of the spaces the quantities gj�k can be easily retrieved from
the values

g��k �
Z
�

���k�x� dx� k � I��

which can be e�ciently computed with the aid of the techniques developed in ���
 �see ���

for the available software and its documentation�� Moreover� if the pressure coe�cients
are given in terms of the multiscale representation the additional equation involves only
the quantities g��k� k � I�� since the integrals of the wavelets vanish� Hence� in particular�
the projection ���	���� can be executed e�ciently by transforming q � Mj �rst into the
wavelet representation q �

Pj
���

P
k�J� d��k���k and subtracting then

P
k�I� d��kg��k� For a

detailed description see ���
�

Remark ���� So far we have assumed that �� has at least the same degree of exactness as
� and the above construction preserves this degree of exactness for both the spaces S�$j�
and S��$j� adapted to �� We emphasize� however� that �xing � and thereby a possibly low
degree of exactness for the pressure discretization� one could� in principle� choose �� to be
exact of arbitrarily high degree �d�� � d��� see 


� and Section � below for examples� This
gives rise to a whole family of trial spaces for the velocities with respective higher degree
of exactness� To ensure that the corresponding higher degree of accuracy shows its e�ect
not only in the interior of � but also near the boundary� one has to modify the de�nition
of the functions ��Lj�k�

��Rj�k somewhat� We dispense here with the precise technicalities and
refer to 

�� for the details�

��� Preconditioning

As pointed out in Section � �see also ��	� ��
 for details�� the direct and inverse estimates in
Proposition ��� and Corollary ���� entail a wider range of norm equivalences than just the
L��Riesz basis property� This will play a crucial role for preconditioning the linear systems
������ arising from Galerkin discretizations based on the above trial spaces� Moreover�
de�ning as above

Qj�v ��
�
Q
���
j v�� � � � � Q

�n�
j vn

�T
� �������

the results in Section � combined with Proposition ��� ensure that the mapping

!s�v ��
�
!���
s � � � � � !�n�

s

�
�v� �������

where

!���
s ��

�X
j��

�sj�Q
���
j �Q

���
j����

satis�es
k!s�vkHs� ���n � k�vkHs�s� ���n � s� s� � ��t � �� t�� �������

Similarly� with Pj de�ned in ���	��	��

(s ��
�X
j��

�js �Pj � Pj��� �����	�
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satis�es
k(sqkHs���� � kqkHs�s���� for s � s� � ��t� t�� �������

As a consequence� one has because of t � �

kPjqkH����� � k(��PjqkL���� � kPj(��qkL���� �������

	
� k(��qkL���� � kqkH������

In fact� the Pj are uniformly bounded on Hs���� s � ��t� t� ��	
�

As for the relevance of the relations ������� and ������� for preconditioning� note that�
since

kAj�vjkH�����n � k�vjkH����n � �vj � �Xj�

one obtains for �wj � !��vj� in view of ��������

k�wjkL����n � k�vjkH����n � kAj�vjkH�����n � k!�
��Aj�vjkL����n

� k!�
��Aj!�� �wjkL����n �

�����
�

Expanding �wj in multiscale form and using the fact that the wavelets form a Riesz basis
�����
� is� on account of ������ easily seen to be equivalent to saying that

cond��D��A�j
D��� � O���� j �
� �������

where A�j
is the sti�ness matrix relative to the wavelet basis and D�� is a diagonal

matrix with diagonal entries ��� corresponding to the level ��

Remark ���� Since the matrices A�j
are usually not as sparse as the sti�ness matrices

A
j
relative to the �ne scale basis functions one would rather compute and store the latter

ones� Thus� given the sparse sti�ness matrix relative to the �ne scale bases ��
���
j � a change

of bases realized by transformations of the form ����� followed by a symmetric diagonal
scaling is a suitable preconditioner� By Remark ��
� each application can be carried out
in O�dim �Xj� operations� see also the comments below at the end of Section ��

While the veri�cation of the LBB condition made only use of the relations ���	�����
���	���� between the di�erent wavelets� the above preconditioning strategy requires their
explicit representation of the form ���	� to form the corresponding multiscale transfor�
mations ������ Alternatively� the operators Aj could be preconditioned with the aid of
a BPX scheme ��
� We have mentioned the former possibility here since an analogous
scheme will be seen in the next section to work also for the Schur complement in the time
dependent case�

The development so far o�ers a systematic way of constructing stable discretizations for
the stationary Stokes problem for any spatial dimension� The remaining part of the paper
is devoted to pointing out several additional advantageous features of this concept� The
�rst one is concerned with preconditioning the systems arising from the time dependent
case� The second one is the fact that the use of shift�invariant re�nable functions o�ers
very e�cient ways of computing right hand sides and the entries of the sti�ness matrices
in a uni�ed fashion which is again essentially independent of the spatial dimension ���
�
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� The Time Dependent Case

The above construction produces pairs of trial spacesMj� �Xj satisfying the LBB condition
uniformly in j� Thus the discrete problems ������ are uniquely solvable� Various strategies
for iteratively solving saddle point problems of this type e�ciently have recently been
discussed in �	
�

The upshot of the discussion there is that ������ can be solved iteratively with asymp�
totically optimal complexity �i�e�� each iteration reduces the error by a factor which is
bounded away from one independently of the meshsize�� provided that the corresponding
trial spaces satisfy the LBB condition uniformly and that good preconditioners for the
blocks Aj and for the Schur complements Kj � BjA

��
j B�

j are available� As for Aj this
is known to be the case� One may either employ a BPX strategy ��� ��� ��� ��
 or a
change of bases as suggested by �����
� and ������� �see the remarks at the end of the
previous section�� Moreover� in the stationary case ����� �and � not too small� the Schur
complements Kj turn out to be already well conditioned �	
�

However� this is no longer the case when dealing with fully discretized versions

�
A	�j B�

j

Bj �

� �
uj

pj

�
�

�
f

�

�
�	���

of ������see �	
�� Here the Bj are de�ned as in ������ while now A	�j is de�ned by

�
A	�j�uj� �vj

�
� a	 ��uj� �vj�� �	���

where
a	 ��u��v� �� ��u��v�L���� � �a��u��v��

and � � � �t is related to the time step �t and the Reynolds number� The condition
number of the Schur complement increases with decreasing � � So adhering to the discus�
sion in �	
� we will concentrate on the issue of preconditioning the corresponding Schur
complements for the rest of this section�

The preconditioner proposed in �	
 is based on approximately solving Neumann prob�
lems with respect to the Dirichlet form

D�v� w� �� �grad v� gradw�L����

to produce a proper shift in the Sobolev scale� Its e�cient realization seems to hinge�
however� on the particular domain in an essential way� Here we propose a di�erent ap�
proach which works whenever a suitable multiscale basis is available� It is again suggested
by the remarks at the end of Section ����

In the following let us denote by K	�j �� BjA
��
	�jB

�
j the Schur complement for a fully

implicit discretization in the time dependent case�

Theorem ��� For � � ���j let (s�j �� (sPj � Pj(s and

C	�j �� �I �(���j(
�
���j� �	���
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Then for any q �Mj one has�
K	�jq� q

�
L����

� �q�C��
	�jq

�
L����

� �	�	�

i�e�� C	�j gives rise to uniformly bounded condition numbers�

Proof� Let Nj be de�ned by

D�uj� qj� � hN��
j uj� qji�

It is well�known that D��� �� is H����	�elliptic so that

hN��
j uj� uji � kujk

�
H����� uj �Mj� �	���

On the other hand� by ��������

kujk
�
H���� � k(��jujk

�
L���� � �(��juj�(��juj�L����

� �(�
��j(��juj� uj�L�����

which shows� in view of �	���� that N��
j and (�

��j(��j are spectrally equivalent� Thus Nj

and (���j(
�
���j are spectrally equivalent� Since � is a convex polyhedral domain and since

�������� Theorem ���� and Corollary ���� con�rm that the assumptions made in �	
 are
satis�ed here� the result in �	
 ensures that �I�Nj is a preconditioner for which the above
assertion holds� The claim follows now from the above spectral equivalence� �

The case � 	 ���j can also be treated as in �	
�
We conclude this section with a few comments on the application of C	�j� It su�ces

to discuss the term (���j(
�
���j� By ������ and �������� one has

�
(���j(

�
���jq� q

�
L����

� kqk�H����� �
jX

l��

���l k�P �
l � P �

l���qk
�
L����

�
jX

l��

���l
�
�Pl � Pl����P

�
l � P �

l���q� q
�
L����

�
jX

l��

���l
�
�Glql�ql

�

where
�Gl �

��
��l�k�� ��l�k

�
L����

�
k��k�Jl

� �ql�k � �q� �l�k�L�����

and ��� �� denotes the standard Euklidean inner product� By the stability of the bases
f ��l�k�gk��Jl one has �

�Glql�ql
�
� �ql�ql��

so that the operator

Rjq �
jX

l��

���l
X
k�Jl

�q� �l�k�L�����l�k

is spectrally equivalent to (���j(
�
���j�
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One can realize (���j(
�
���j in a slightly di�erent way� Note that for any selfadjoint

operator L on Mj and any q �Mj

(���j(
�
���jLq � (���j(

�
���jL(���j�(��jq��

Expanding q in terms of the multiscale basis f�l�kgl�j�k�Jl and denoting the coe�cients

by �q �
�
�q� ��l�k�L���� � k � Jl� l � �� � � � � j

�
� the term (�

���jL(���j simply involves a
symmetric diagonal scaling applied to the matrix representation L�j

of L relative to the
multiscale basis �see Remark ������ Of course� the sti�ness matrix L�j

is not as sparse
as the sti�ness matrix L
j

relative to the �ne scale basis� But it is not necessary to store
L�j

� In fact� since
L�j

� T�
jL
j

Tj

where Tj denotes the corresponding multiscale transformation de�ned in ������ the appli�

cation of Tj and T
�
j requires� in view of Remark ���� only O

�
dim S��j�

�
operations�

� Construction of Trial Functions

It remains now to identify concrete examples of trial functions to which the recipe proposed
in Section ��	 applies� Thus� we have to �nd a dual pair �� �� satisfying ������� and �������
for some t � � and d� �d � �� say �where a smaller d would su�ce for the stationary case��
We focus here on the perhaps simplest approach based on the concrete biorthogonal
wavelets constructed in ���
� We con�ne the discussion to the generators for the shift�
invariant setting since the adaptation to the boundaries of � follows the lines in Section
����

In the following� let Nm denote the shifted cardinal B�spline of order m � IN with
knots at the integers� It may be de�ned as the mth order divided di�erence

Nm�x� �� m��� �� � � � � m
�� � x� bm
�
c�m���

of the truncated power function or alternatively as the mth order convolution product of
the characteristic function N��x� �� �������x� shifted by bm

�
c� For various properties of

B�splines and their practical evaluation one may consult any text book on spline functions
such as ��
� In particular� Nm satis�es the re�nement relation

Nm�x� �
X
k�ZZ

���m
�

m

k � bm
�
c

�
Nm��x� k�� �����

For any m � IN a family of dual generators �Nm� 
m for m � �m even is constructed in ���

which realizes regularity and accuracy of arbitrary high order controlled by the parameter
�m � IN � Let us denote in the following by mak� m� 
m�ak the re�nement coe�cients of Nm

and �Nm� 
m� respectively� In view of ������ we have� in particular�

ma�z� � ���m z�b
m
�
c�� � z�m� mak � ���m

�
m

k � bm
�
c

�
� �����
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We recall from ���
 that the corresponding biorthogonal wavelets are then given by

m� 
m��x� �
X
k�ZZ

����k m� 
m�a��k Nm��x� k��

m� 
m
���x� �

X
k�ZZ

����k ma��k �Nm� 
m��x� k��
�����

It can be shown that

diam�supp�m� 
m��
�

� diam�supp�m� 
m
���
�

� m � �m� ��

The following concrete realizations of trial spaces are based on choosing the univariate
re�nable function � in Section ��� as the B�spline Nm� For the sake of simplicity we will
point this out only for the case of two spatial variables n � �� As shown in Section ��
the higher dimensional case can be handled in exactly the same manner� In order to
generate the velocity spaces by scaling functions with possibly small supports relative to
their regularity we let� according to ��������

�� �� Nm �Nm� ���	�

Thus� setting for any �m such that m � �m is even

� �� �Nm� 
m � �Nm� 
m� �����

�� �� form by our previous remarks a dual pair� De�ning N�
m as in Lemma ���� one readily

concludes from ����� and �����	� that

N�
m � Nm�� �����

and
�N�
m� 
m � �Nm��� 
m��� ���
�

This yields the following facts�

Proposition 	�� For � and �� de�ned by ���	� and ������ respectively� one has

����� � Nm�� �Nm

����� � Nm �Nm���
�����

The corresponding wavelets are

��
���
����� � Nm�� � m� 
m�� ��

���
����� � m��� 
m��� � m� 
m��

��
���
����� � m��� 
m��� �Nm�

A few comments on the choice of m� �m are in order� By ������ m � � is the smallest
possible order suggested by the above construction principle� The pressure spaces are then
spanned by piecewise multilinear functions� Since in this case m � d � � and � � H t�IR��
for some t � �� the previously discussed preconditioner for the Schur complement in
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Figure �� Bivariate biorthogonal wavelets generated by N� �N��

the time dependent case applies� To ensure that the stability relations ������ hold for
a su�ciently large range also for the velocity spaces� it su�ces to choose �m so that
�N�� 
m � H��
�IR� for some � � �� It is known that N�� �N��� form a dual pair of compactly
supported re�nable functions in L��IR� �see ���
� p� �	��� This implies that �N��� � H��IR�
for some � � �� see ��� ��
� By ���
� and �������� �N��� is in H����IR�� so that here �m � 	
is su�cient�

Figure � exhibits the graph of N�� �N��� and the corresponding biorthogonal wavelets

����� ��� ��� The bivariate wavelets corresponding to �� � N� �N� are

������� � N� � ����� ������� � ���� �N�� ������� � ���� � ���� �����

displayed in Figure ��
The graphs of the dual pairs N�

� � �N�
��� and the corresponding biorthogonal wavelets

����
���
e � ��� ��

���
e � e � E�� are shown in Figure ��

Finally the functions in Proposition ��� for m � �� �m � 	 are displayed in Figure 	�
The functions spanning the velocity spaces and the corresponding wavelets in the case

m � �� �m � 	 are given by

��� �

�
�����

�

�
� ��� �

�
�
�����

�
� ������
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�

���
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�
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�

�
�

���
�� � ���

��

�
�

������

where we have used superscripts to index vector�valued quantities�

� Computation of Sti�ness Matrices and Numerical

Examples

The computation of sti�ness matrices and right hand sides often take signi�cantly more
computational e�ort in classical �nite element settings than the actual solution process�
One principal advantage of employing ingredients of shift�invariant spaces is the fact that
the usual quadrature techniques can be replaced by a completely di�erent way of comput�
ing the relevant inner products� As shown in ���
 the �up to round o� exact� computation
of integrals of products of arbitrarily many re�nable functions or their derivatives can
be reduced to solving an eigenvector�moment problem whose size depends only on the
support of the involved re�nable functions ������� but not on the discretization level� and
which has to be solved only once� The fact that more than two factors are admitted
allows one to treat right hand sides and non constant coe�cients in a uni�ed essentially
dimension independent fashion for any desired degree of accuracy� Polynomial nonlinear�
ities could be handled even exactly� We will exemplify this here for the above choice of
re�nable functions� An implementation of these methods is documented in ���
� To keep
things simple we comment only on entries involving basis functions relative to interior
indices since the basis functions adapted to the boundary are linear combinations of those
latter ones where the coe�cients are independent of the re�nement level j�
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As mentioned before only the sti�ness matrices relative to the functions

��ij�k � �j��i��j � �k�� i � �� �� k � ZZ��

need to be computed� where the ��i� i � �� �� are de�ned in ������ and j denotes the highest

re�nement level� Speci�cally� one has to determine quantities of the form a
�
���j�k�

��
�
j�k�

�
�

b
�
���j�k� �j�k�

�
� i�e�

A
j
����k�k� �� a

�
���j�k�

��
�
j�k�

�
� B

j
��k�k� �� b

�
���j�k� �j�k�

�
� �����

First note that� by �������
A
j
����k�k� � � if � �� �� �����

The other entries are easily seen to be

A
j
����k�k� �

�
�

�x
������� � k��

�

�x
������� � k��

�
L��IR��

�

�
�

�y
������� � k��

�

�y
������� � k��

�
L��IR��

�

�����
which can e�ciently be computed due to the above remarks� Using �������� and biorthog�
onality� provides

B
j
��k�k� �

�
div ���j�k� �j�k�

�
L��IR��

�

�
�

�x�
��
���
j�k � �j�k�

�
L��IR��

� ��j
�
��

���� � k�� ��� � k��
�
L��IR��

� ��j ��k�e� �k� � �k�k�� �

Hence the matrices Aj and Bj have the following structure

Aj �

�
A

j
� �

� A
j
�

�
Bj �

�
B

j
�

B
j
�

�
� ���	�

where the blocks are given by

A
j
i �

�
A
j
i�i�k�k�

�
k�k�

and Bj
i �

�
B
j
i�k�k�

�
k�k�

�

As for the right hand side of the linear system� one can approximate each component
f� by a linear combination of some appropriately scaled re�nable functions of the formP

k�Ij ck �j�k� A convenient choice is � � Nm for some m � IN so that highly accurate
local quasi�interpolant schemes can be employed to determine the coe�cients ck �see

��
�� It remains then to evaluate again inner products of the form ��j�k� ��
���
j�k��L���� by the

techniques in ���� ��

Let us conclude this paper with some preliminary numerical experiments using those

functions constructed in Section ��	 and Section �� As a �rst step we treat the Driven
Cavity Stokes Problem in two and three space dimensions� which describes the �ow of a
viscous� incompressible �uid over a box� To be speci�c� we consider the system �����

���u� grad p � �f in ��

div �u � � in ��

�u � �g on )�

�����
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for � � ��� �
n� n � �� �� and the particular data exhibited in Figure ��

�f � � in ��

�g �
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Figure �� Particular data for the Driven�Cavity�Problem

To solve the weak problem ���
� we employ stable pairs of trial spaces for several
di�erent generators displayed in Section �� In this �rst implementation we treat the
boundary conditions by homogenization� To retain the e�ciency of computing inner
products we represent the homogenizing function also as a linear combination of re�nable
functions �see ���
��

More extensive numerical tests for the time dependent problem will be reported in a
forthcoming paper�

The saddle point problem ������ is solved here by the classical Uzawa algorithm using
conjugate directions �see e�g� ��
�� We view this also as a preliminary step to employ next
the alternatives described in �	
� The linear systems arising in the Uzawa iteration are
treated by means of a BPX�type preconditioned cg�method ��
 whose realization for the
present situation is described in ���� ��
�

Our experiments cover the following choices of generators�

a� �� � N� �N�� � � �N��� � �N��� �see Section ���

b� �� � N� �N�� � � �N��� � �N����

U Iteration steps of the Uzawa�algorithm
P Total number of iteration steps for the pcg�iteration in the Uzawa�alg�
Unkn� Total number of unknowns
Tol� Tolerance
CPU CPU time in seconds

Table �� Abbreviations used in the subsequent tables�
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Figure 
� Velocity for �� 	 N� �N��
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Figure �� Pressure for � 	 �N��� � �N����
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Figure �� Number of iterations for �� 	 N� �N��
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Figure ��� Velocity for �� 	 N� �N��
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Figure ��� Pressure for � 	 �N��� � �N����
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A �D Example

The construction of the trial spaces as well as the implementation of the algorithm is not
restricted to any particular spatial dimension� In the following we document some results
in �D�

N� �N� �N� ��� ���� ����� ������ ������� ��������
Unkn��Tol� U P U P U P U P U P U P CPU

	� � �
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� ���
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 �����
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� �� ��� 
������

����	� � �� � �� �
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Table �� Number of iterations for �� 	 N� �N� �N��
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Figure ��� Number of iterations for �� 	 N� �N� �N��

Figure �� shows some streamlines for the �D case� The di�erent grey scales at the
top corners of the cavity show the peaks in the pressure� As expected� one observes large
positive values in the top left corner and negative values of large magnitude in the opposite
corner� For a detailed description and further illustrations the reader is referred to ���
�

It should be mentioned that by far most of the pcg�iterations recorded above occur
during the �rst or �rst two Uzawa steps� The number of iterations drops then in all cases
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Figure ��� Streamlines in the �D case� Colors show the amount of pressure�

below ten� This indicates that a better choice of starting values will help reducing the
computational work signi�cantly� It seems reasonable to use approximations from lower
levels as starting values which we have not done yet� Nevertheless� even at the present
stage of a rather crude implementation one observes that the overall number of iterations
remains uniformly bounded� Each iteration involves an amount of computational work
and storage which is proportional to the number of unknowns �see Remark ������ This is
re�ected also by the recorded CPU times where� however� larger jumps on higher levels
relect the need for swapping data�

So far we have been interested mostly in the quality of the discretizations and the
basic preconditioning e�ects� Preliminary comparisons with e�g� the Taylor�Hood �nite
element seem to show that� for instance� the secondary vortices in the lower corners are
resolved at a somewhat earlier stage by the present approach�

Recent �rst experiences with a more systematic and sophisticated development of
software tools tuned to the particular features e�g� of the multiscale transformations and
data structures indicate a great potential for further speed up� A detailed account of
these ongoing investigations will be given elsewhere�
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