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Abstract

Based on the theory developed in �DM��� a C�� program is described which
computes function values and derivatives of re�nable functions and integrals of
products of re�nable functions �called re�nable integrals� for up to four factors in
the integral in one and two dimensions� In the three	dimensional case� integrals
with at most three factors can be computed� The routines calculate the desired
values exactly up to round	o
 while avoiding any quadrature rules by using the
re�nement equations for the computations� As input data� only the mask of the
re�nable functions and some parameters like the dimension and the number of
re�nable functions are needed�

Key words� C���program� computing re�nable integrals� evaluating multivariate
functions� re�nable shift�invariant spaces�

� Introduction

The problem of quickly computing re�nable integrals� that is� integrals of products of
�derivatives of� functions� arises in various �elds� not only when one wants to generate
linear systems derived from Wavelet�Petrov�Galerkin schemes for �nding the approx�
imate solution of an elliptic boundary value problem� In this case� one usually has to
compute integrals involving partial and normal derivatives induced by the underlying
partial di�erential operator� and L��inner products for the right hand side� For in�
stance� for a problem with variable coe	cients� one is lead to compute quantities of
the formZ

IRd
������d c���x� �D

�����
mx� ��� �D�����
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where ��� �� are some trial functions each of which satis�es a re�nement equation

�i�x� �
X

��ZZd

ai� �
i�
x � �� � x � IRd� i � �� 
 � ���
�

Usually one chooses these functions to have compact support such that their masks
ai 
� fai� 
 � � ZZdg are also compactly supported� i�e� only a �nite number of the
coe	cients do not vanish� To approximate the non�constant coe	cients� one could
choose a possibly di�erent re�nable function �� along with some local approximation
scheme

�B��f��x� 
�
X
��ZZd

F�����f� ���

��x� �� � �����

where the F���� are suitable functionals supported in a small neighborhood of 

����� and

replace c���x� in ����� by �B�� c����x�� Such approximation schemes are well understood
when �� is for instance a tensor product B�spline or a box spline� see �BH� DM��
DM
�� Here �� has to be chosen so that the overall accuracy is not decreased by the
resulting �quadrature error�� In particular� one can take a characteristic function and
can thus approximate non�smooth coe	cients locally� By a reduction process described
in �DM��� the integrals ����� employing ����� can be transformed into quantities like
����� below�

The construction of wavelet�type functions often requires the computation of L��
inner products as well� Or� since convolutions of box splines on a regular grid are again
box splines� one can use the calculation of the integrals as a method for evaluating box
splines rather than employing a recurrence formula� see �K
��

In general� the program can be used to determine any type of re�nable integrals

Z
IRd

���x�
�Y

i��

�D�i�i��x� �i� dx � �i � ZZd � �����

quickly and exactly up to round�o� in up to three dimensions where each �i is assumed
to be re�nable with compact support� Note that with four possible factors in the
integral� one can compute any type of quantities from the applications mentioned here�
In the three�dimensional case� the total number of factors is currently restricted by
three since the actual version of the program would not be able to allocate enough
storage needed for the computations�

By applying the re�nement equation for the integral ����� corresponding to ���
�
which is given in �
��� below� one can further obtain the terms ����� for all dyadic
points � � �

�p � � � ZZd� p � ZZ� fast�
As for the theory� there have been some attempts in the univariate case to compute

inner products of re�nable functions or wavelets where only one of the factors is allowed
to have derivatives� see �Be� LRT� �called �connection coe	cients� in the latter report��
Using the re�nement equations ���
�� the computation of such quantities is usually
reduced to the solution of an eigenvector problem� However� in the case of more
than one factor having derivatives in the univariate case or even multivariate functions
and integrals� the solution of the eigenvector problem is no longer unique� Based






on asymptotic expansions of the corresponding stationary subdivision schemes and on
determining eigenvectors for compressed subdivision schemes� it is shown in �DM�� how
uniqueness can be guaranteed for integrals of products of several re�nable multivariate
functions with an arbitrary number of derivatives in the integrals� The method is
based on function evaluations of a re�nable multivariate function at integers and can
therefore be used as well for the fast evaluation of �derivatives of� multivariate re�nable
functions�

This paper is structured as follows� In Section 
� we brie�y review the main results
from �DM��� Section � is devoted to a description of the C���program that performs
the computation� In Section �� we show how to apply the program� and Section �
�nally provides several examples� �More examples and data can be found in �K
���

Access� The source code in C�� and the example data from Section � can be
obtained via anonymous ftp as follows


�ftp ftp�igpm�rwth�aachen�de

Name� anonymous

Guest login ok� send ident as password�

Password�

ftp� cd programs�integrals

ftp� prompt

ftp� mget �

ftp� quit

Please notify the author by sending an e�mail to

kunoth�isc�tamu�edu

when you have got the programs and to report any errors or comments� In that way
you will be informed of updated versions and extensions of the program�

The program runs under the operation system UNIX on SGI� HP� SUN Worksta�
tions with e�g� a CC or g�� compiler� The collection of �les contain one which is
called read�me� It brie�y states how to obtain the executable �le and how to run the
program� see also Section �� All computations are performed in double precision�

This report is an update of the �rst version �K��� The main di�erence is that the
format of all output data was changed to �oating point representation�

� Theoretical Results

To brie�y review the main results from �DM�� needed for the understanding of the
performance of the program� let �i� i � �� � � � � �� be compactly supported continuous
functions on IRd where each satis�es a re�nement equation of the form

�i�x� �
X
��ZZd

ai� �
i�
x� �� � x � IRd � �
���
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with some �nitely supported masks ai 
� fai� 
 � � ZZdg� �At the end of this section�
we recall how to compute these mask coe	cients for B� and box splines�� In addition�
we assume that �i is stable for each i � �� � � � � �� i�e�

k X
��ZZd

	� �
i�� � ��kL��IRd� �

�
� X
��ZZd

j	�j�
�
A

���

�
�
�

for any 	 � ���ZZd��
We are interested in evaluating the terms

H��� � H���� � � � � ��� 
�
Z
IRd

���x�
�Y

i��

�D�i�i��x� �i� dx �
���

on ZZs� s � �d� �The implementation described in this paper covers � � � for d � �� 

and � � 
 for d � ��� Since each �i satis�es a re�nement equation �
���� the function

F ��� 
�
Z
IRd

���x�
�Y

i��

�i�x� �i� dx �
���

de�ned on IRs� does too�

F �x� �
X
��ZZs

c� F �
x� 
� � x � IRs � �
���

with mask coe	cients

c� 
� 

�d

X
��ZZd

a��

�Y
i��

ai���i � �
���

Thus� the computation of terms �
��� on all dyadic points reduces to evaluate H at
lattice points� All other values of H can be obtained from these quantities by inserting
the re�nement equation for H�


�j�jH�x� �
X
��ZZs

c�H�
x� �� � x � IRs � �
���

where j
j � j
�j� � � � � j
�j is the total number of derivatives in �
����
By a change of indices� this equation can be rewritten as


�j�jH��� �
X
��ZZs

c����H��� � � � ZZs � �
���

Since all masks involved have �nite support� equation �
��� can be interpreted as the
problem of computing an eigenvector� Thus� one needs conditions that determine
among possibly several eigenvectors the correct eigenvector uniquely�

One possibility involving appropriate factorizations of the symbols

ai�z� 
�
X

��ZZd

ai� z
�

�



corresponding to the masks ai� i � �� � � � � �� according to partial derivatives in the
integrals is described in �DM�� which is extended to directional derivatives in �K�� �see
also �K
��� In this case� only the highest eigenvalue of the system �
��� has to be
computed which can be done iteratively by using the power method for large systems�
This will be implemented in a forthcoming version of the program�

To state the main result� let us recall that for a mask a on ZZs of �nite support�
the stationary subdivision scheme

�Sa	�� 
�
X
��ZZs

a����	� � � � ZZs � �
���

is said to converge if for any 	 � ���ZZs� there is some f� � C�IRs� such that

lim
k��

�
sup
��ZZs

�����Sk
a	�� � f�

�
�


k

�����
�
� � � �
����

It was shown in �CDM� Theorem 
��� p� ��� that a convergent Sa implies the existence
of a unique � � C��IRs� which is re�nable with respect to a� Conversely� a�re�nability
and ���stability of � � C��IRs� imply convergence in the sense of �
����� see �CDM�
Proposition 
��� p� 
��

Based on asymptotic expansions of the stationary subdivision operator related to
the mask �
���� it is shown in �DM�� how in the multivariate case and with deriva�
tives in the integrals �
��� additional moment conditions guarantee uniqueness of the
eigenvector�

Theorem ��� Let �j � Cm� �IRd� be aj�re�nable and ���stable for each j � �� � � � � ��
Then� for every 
 � ZZs

	� j
j � m� there exists a unique �nitely supported sequence
fW� 
 � � ZZsg satisfying

X
��ZZs

c����W� � 
�j�jW� � � � ZZs � �
����

X
��ZZs

����� W� � 
� ��� � j�j � j
j � �� 
 � ZZs
	 �

where c is the mask given in ����� for the function F de�ned by ���	�� Moreover� one
has

H��� � ����j�jW� � � � ZZs � �
��
�

Remark ��� This theorem actually holds for far fewer smoothness assumptions� For
instance� practically one can take �� as characteristic function and �i to be 
i times
continuously di
erentiable� i � �� � � � � �� �D� when one wants to compute integrals with

i as in ���
��

Remark ��� If one wishes to evaluate any multivariate function F satisfying a re�
�nement equation ����� with mask coe�cients c or compute its derivatives at lattice
points� the solution W� of ������ already gives the wanted quantities�
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Mask coe�cients for B�splines and box splines
For univariate cardinal B�Splines of order k� Nk� the mask coe	cients are computed
as

Nk�x� � 

��k

kX
j��

�
k

j

�
Nk�
x� j� � x � IR � �
����

see e�g� �DLy�� giving� for example� for k � �� a� � a� �
�


� a� � a� �

�


�

In higher dimensions� let
X � fd�� � � � � drg �
����

be a set of direction vectors in IRd containing a basis for IRd� From the corresponding
symbol

a�z� � 
d�r
rY

���

�� � zd
�

�� �
����

see also �DLy�� the mask coe	cients are obtained by expanding the product� �If one
has several vectors� it is reasonable to use some symbolic system like Mathematica or
MATLAB for the computation��

For example� the bivariate box spline with direction vectors

X �

��
�

�

�
�

�
�

�

�
�

�
�

�

�
�

�
�

�

�
�

�
�

�

�	

which is denoted by M�xjX� and which we will use in Section � has the symbol
a�z� � 
���� � z��

��� � z��
��� � z�z��

�
�

�
�
�

�
z� �

�

�
z� �

�

�
z�z� �

�

�
z�� �

�

�
z�� �

�



z��z� �

�



z�z

�
� �

�

�
z��z

�
�

�
�

�
z��z� �

�

�
z�z

�
� �

�

�
z��z

�
� �

�

�
z��z

�
� �

�

�
z��z

�
�

so that the indices of the mask coe	cients range from � to 	 each and the nonzero
mask coe	cients are given by

a
��
�� � ��
�� a
��

� � ���� a
��
�� � ��
��

a

�
�� � ���� a

�

� � ����� a

�
�� � ���

a

�
	� � ��
�� a
��
�� � ��
�� a
��

� � ���

a
��
�� � ����� a
��
	� � ���� a
	�

� � ��
��

a
	�
�� � ���� a
	�
	� � ��
�� �

� Description of the Program

For the description of the program� we assume that the reader is familiar with pro�
gramming in C at least� Almost all parts of the C���program are in fact functions or
structures from C except the classes mask �for d � ��� Mask �d � 
� and MMask �d � ��
where quantities with multiindices like the coe	cients in �
��� are stored� Their de��
nitions can be found in intmisc�
hC�� We comment on their element functions below�
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The main program intmain�C reads in the names of input �and possibly output�
data �les� the dimension� the derivatives �if di�erent from zero� and the number of
re�nable functions in the integral� nrefin� nfrefin�
 stands for function evaluations
or derivatives of a function at integers� nrefin�� means computing inner products�
and nrefin�	 and nrefin�� compute the integrals for three� respectively four� factors
in the integrand� Finally in intmain�C the function integrals�� is called which has
dimension d and number of re�nable functions nrefin as its arguments� The �le
intref�C contains only this function which distinguishes between di�erent cases for
d and nrefin� In each case� �rst the �rst and last nonvanishing indices of the mask
coe	cients from the re�nement equation �
��� for i � � are read in �which could be
negative� and stored in the vector k �� Then the mask coe	cients are read in and
stored in the vector a � �d � ��� the matrix A � �d � 
� or the tensor AA � �d � ���
Note that for the latter two cases� the data in the input �le should be ordered relative
to the loops

for �i�id� i�� iu� i���

for �j�jd� j�� ju� j���

for �r�rd� r�� ru� r���

read a�ijr �

i�e�� the last index is counted �rst� for example for d � 
�

a��� a��
 a���

a�
� a�

 a�
�

a��� a��
 a���

or for d � ��

a���� a���
 a����

a��
� a��

 a��
�

a���� a���
 a����

���

a���� a���
 a����

a��
� a��

 a��
�

a���� a���
 a���� �

For control purposes� the mask data is given out into the output data �le� If none
is speci�ed� it will be the �le called stdout� In the literature� the mask coe	cients
are often scaled in di�erent ways� e�g� in �Dau
� one assumes that the sum of all mask
coe	cients is

p

 in the univariate case� According to the theory in �CDM� and �DM���

the mask coe	cients will be scaled in the program such that

X
��ZZd

a���� � � � � � ZZd � �����

If nrefin 
 �� this procedure is repeated for i � nrefin
 �rst the �rst and last
nonvanishing indices of the mask coe	cients are read in and stored in the vector k 
�

�



then the mask is read� stored in a 
� A 
 or AA 
 and scaled relative to ������ and so
on�

All quantities �vectors� matrices� tensors� allocate their storage dynamically de�
pending on the supports of the masks stored in k i� �Recall that supp �i � �k i���� k i����
when the mask ai for �i has nonvanishing coe	cients ak i���� � � � � ak i���� Thus� the ranges
of the masks determine the support of the functions F and H which are zero whenever
the supports of all re�nable functions in the integrals do not overlap�� In particular�
the size of the eigenvector problem �
���� is determined by these values�

Denoting by C the coe	cient matrix of the �rst equation in �
���� and by W the
vector with W� as its ��th component� the system �
���� can be written as�

C � 
�j�jI
M

�
W �

�
�
r

�
� ���
�

Here M is the matrix built from the left hand side of the second equation in �
����
and r is the corresponding right hand side� Note that r has only one nonzero entry
and that the system in ���
� has at least as many rows as columns� The additional
rows ensure that the system has full rank� In the �le intref�
hC�� the functions
matrix �d�d �nfac�nfac�� set up the matrix A such that the last column of A is the
right hand side



�
r

�
�

For nrefin�
� the coe	cients c� in �
���� are computed in the �overloaded� func�
tions n�� of the classes mask� Mask and MMask in intmisc�
hC�� �In the case nrefin�
�
the c� are the a� from the re�nement equation� and no new coe	cients have to be com�
puted��

For the setup of the matrix A� the coe	cients with multiindices are transformed
as in ������ Now the QR�factorization of A �with right hand side as last column
of A� qr�A�� � �� and subsequent backsubstitution backsub�� yields a long vector
h
vd��� � ��h
vu�� The transformation of this vector back into coe	cients with mul�
tiindices �the classes mask� Mask and MMask� is performed as in the example d�
�

nfac��

h
lenr�lenj�i � lenr�j � r� � W�i�j�r� �����

where len and lenr are the �length� of the second and third indices� This tranformation
is done in the �overloaded� element function s�� of the classes mask� Mask and MMask for
nrefin�
� �if nrefin�
� this element function is called sf���� Finally in backsub��

the solution H��� is computed as in �
��
� and its nonzero values are printed out�
Note that pointers to the masks cc� hh �respectively Cc� Hh or CC� HH� are returned
by the functions used in the function integrals�� so that one could take up these to
write new functions that e�g� compute the values of H��� at dyadic points�

� Application of the Program

�For a short version of this section with examples� see the �le read�me�� After getting
the source code as explained at the end of Section �� the executable �le app to com�
pile and link the �les is obtained by typing Make within the UNIX operating system

�



with g���compilers� If error messages are reported here� move the �le Makefile to
Makefile�old and makefile�old to makefile and try the command make� In the case
of another C���compiler like CC� replace all commands g�� by your C���command
in Makefile or makefile and type make again�

After app has been generated� it is to be called by

� app �i maskin �n nrefin

and these are minimal parameters that have to be given in� The number nrefin after
�n denotes the number of re�nable functions in the integral� Here nrefin�
 stands
for evaluating a function or its derivative� nrefin��means two factors in the integral�
so this is like an inner product� and nrefin�	 or � relates to three� respectively four�
factors in the integral� maskin is a �le containing some necessary input data that must
�t to the number given after �n� For example� the input data �le for evaluating the
univariate B�Spline of order three� N�� at integers would be 
 �nrefin�
�

���maskin���




� 	

���� ���� ���� ����

������������

The �rst number is the dimension d of the underlying space �d�
 in this example�
otherwise d�
�� or d�	�� In the one�dimensional case� the next two numbers are
the �rst and last nonvanishing indices of the mask of the re�nable function� here N��
followed by the mask coe	cients a
�������� a

������� a
�������� a
	�������
In two dimensions� the next four numbers after the dimension must be the �rst and last
nonvanishing indices of the �rst and second index of the mask of the re�nable function
followed by the mask coe	cients like a
��
�����
��� a
��

������ etc when the
input data �le contains the following data� Here is an example for nrefin�
� evaluating
the bivariate box spline already mentioned at the end of Section 
 with twice the
direction vector ��� ��T � twice the direction vector ��� ��T and once the direction vector
��� ��T 


���maskin���

�

� 	 � 	

��
�� ���� ��
�� ���

���� ����� ��� ��
��

��
�� ��� ����� ����

��� ��
�� ���� ��
��

������������

If the mask values do not satisfy ������ they will be scaled accordingly�
When nrefin��� the input data �le must contain two pairs of indices and two

masks �which could be equal� in the order 
 range of indices of the �rst mask� �rst

�



mask coe	cients� range of indices of second mask� second mask coe	cients� and so on�
for example� when d�



���maskin���




� 	

���� ���� ���� ����

�
 


��� 
�� ���

������������

Note that the order of the numbers is essential for the program to deliver correct values�
Correspondingly� for nrefin�	 or �� one must give in three� respectively four� pairs of
indices and three� respectively four� masks �which could all be equal��

When the program has run correctly� it writes

���������finished����������� �

Without any parameters besides �i and �n indicated above� the program calculates
the desired values without derivatives and writes them into the �le stdout� Type in
app to get further options 


� app �i maskin �n number 
�d derivatives� 
�o dataout�

When �o together with a �lename is used� the output data is written into this �le
instead of stdout� The derivatives one wants to compute can be typed in after �d
�without spacing between these numbers�� For instance�

� app �i bspline	in �n 
 �d 
 �o bspline	out

computes the �rst derivative of the B�Spline N� at integer values and writes the result
into the �le bspline	out when bspline	in contains the mask coe	cients of N��

When the �le �bspline	in contains four times the mask of N��

��� �bspline	in����




� 	

���� ���� ���� ����

� 	

���� ���� ���� ����

� 	

���� ���� ���� ����

� 	

���� ���� ���� ����

�����������������������

one could type in

��



� app �i �bspline	in �n � �d 
�
 �o �bspline	out

to obain the values

hh�i�j�r� � integral of

phi���x���D�
 phi�
��x�i���D�� phi����x�j���D�
 phi�	��x�r�dx

for i� j� r � ZZ�
In the two�dimensional case� the derivatives should be ordered to give all the deriva�

tives for each function one after another� for instance� when boxsplinein is some input
data containing three bivariate mask coe	cients for box splines� type in

� app �i boxsplinein �n 	 �d 
��


to compute the values

Hh�i� j� r� s� �
Z
IRd

�� �D���������x� i� y � j� �D���������x� r� y � s� dx dx �

In the case where the number of derivatives is too high according to the smooth�
ness of the re�nable function� the program should terminate since then the desired
eigenvector is not uniquely determined�

� Examples

In this section we provide several examples to demonstrate the use of the program�
Except for the last two examples which need a couple of minutes on an SGI IP
�
�Irix��
� workstation� all the other examples are computed within a few seconds� For
two and three dimensions and more than two factors� the QR factorization of the matrix
A takes up most of the time� It is planned to use an iterative solution method in a
future version to speed up this computation and make it feasible to compute re�nable
integrals in three dimensions with four factors�

In order to save space here in the printouts below� the mask and data is printed in
two columns� To �t these� at times some zeroes have been discarded�

The �rst example evaluates the Daubechies� re�nable function �N generating or�
thogonal wavelets with compact support for N � � at integers� see �Dau�� and there
in particular p� ��� for the mask coe	cients� The remaining values for N � 
� �� � � � � �
as well as the values for the Daubechies biorthogonal re�nable functions � and �� for
some N and �N from �CDF� can be found in the appendix in �K
��

Example ��� �Evaluation of Daubechies	 re
nable function ���

Task
 Compute ����� for � � ZZ

Dimension
 d�


Number of re�nable functions
 nrefin�


Input �le
 
 
b

��



����� 
�
b �����������������������




� �

��		����������

�������
���	



�����������

�

���
	��

����
�

��������
��	���

���	������
���

���������������������������������������

Call
 app �i 
 
b �n 


Output �le
 stdout

����� stdout ��������������������������

read�in�file� 
�
b

read�out�file� stdout

���������������������������������������

mask�

a
 ��� 	�	�����������e��
 a
 
�� ������
���	

�e��


a
 ��� ����������

��e��
 a
 	���
�	��

����
��e��


a
 ���������
��	�����e��� a
 ��� 	�������
�����e���

alpha � ��� �

sum of mask coefficients before scaling � ����
����

���e��


sum of mask coefficients after scaling � 
�����������

alpha � �
� �

sum of mask coefficients before scaling � ����
����

���e��


sum of mask coefficients after scaling � 
�����������

mask coefficients after scaling�

a
 ��� ��������������e��
 a
 
�� 
�
�


��
��	�e���

a
 ��� ����	���������e��
 a
 	���
����	��
�����e��


a
 ����
����	����	
��e��
 a
 ��� ����
�����	
��e���

���������������������������������������

solution�

�D�� phi��
� � 
����		������
e��� �D�� phi���� � �	����	���
����e��


�D�� phi��	� � �����������
��e��� �D�� phi���� � ���	�	���
����e��	

���������������������������������������

In the following examples� the mask coe	cients already satisfy ����� so that the printout
of the scaled mask coe	cients has been discarded�

�




Example ��� �Evaluation of a bivariate box spline�

Task
 Compute D�����M

�
�

���� � � � � �� � � � �

�
for � � ZZ�

Dimension
 d��

Number of re�nable functions
 nrefin�


Input �le
 � 
 ��


������ ��
���
 ������������������������

�

� 	 � 	

��
�� ���� ��
�� ���

���� ����� ��� ��
��

��
�� ��� ����� ����

��� ��
�� ���� ��
��

���������������������������������������

Call
 app �i � 
 ��
 �n 
 �d �


Output �le
 stdout

������ stdout �������������������������

read�in�file� ��
���


read�out�file� stdout

���������������������������������������

mask�

a
 ��
 �� � 
�������������e��
 a
 ��
 
� � ��������������e��


a
 ��
 �� � 
�������������e��
 a
 
�
 �� � ��������������e��


a
 
�
 
� � ��������������e��
 a
 
�
 �� � ��������������e��


a
 
�
 	� � 
�������������e��
 a
 ��
 �� � 
�������������e��


a
 ��
 
� � ��������������e��
 a
 ��
 �� � ��������������e��


a
 ��
 	� � ��������������e��
 a
 	�
 
� � 
�������������e��


a
 	�
 �� � ��������������e��
 a
 	�
 	� � 
�������������e��


���������������������������������������

solution�

�D����
� phi�� 
� 
� � ����e��
 �D����
� phi�� 
� �� � �����e��


�D����
� phi�� �� 
� � ����e��
 �D����
� phi�� �� �� � �����e��


���������������������������������������

Example ��� �Evaluation of a three�dimensional box spline�

Task
 Compute M

�
��

������
� � � � � �
� � � � � �
� � � � � �

�
A

for � � ZZ�

Dimension
 d�	

Number of re�nable functions
 nrefin�


Input �le
 	 
 �
�


��



������ 	�
��
�
 �������������������������

	

� � � � � �

������ ������ ��� ��� ���

������ ��
�� ������ ��� ���

��� ������ ������ ��� ���

��� ��� ��� ��� ���

��� ��� ��� ��� ���

������ ��
�� ������ ��� ���

��
�� ��	
�� ���� ������ ���

������ ���� ��	
�� ��
�� ���

��� ������ ��
�� ������ ���

��� ��� ��� ��� ���

��� ������ ������ ��� ���

������ ���� ��	
�� ��
�� ���

������ ��	
�� ��� ��	
�� ������

��� ��
�� ��	
�� ���� ������

��� ��� ������ ������ ���

��� ��� ��� ��� ���

��� ������ ��
�� ������ ���

��� ��
�� ��	
�� ���� ������

��� ������ ���� ��	
�� ��
��

��� ��� ������ ��
�� ������

��� ��� ��� ��� ���

��� ��� ��� ��� ���

��� ��� ������ ������ ���

��� ��� ������ ��
�� ������

��� ��� ��� ������ ������

���������������������������������������

Call
 app �i 	 
 �
�
 �n 


Output �le
 stdout

������ stdout �������������������������

read�in�file� 	�
��
�


read�out�file� stdout

���������������������������������������

mask�

a
 ��
 ��
 �� � �����������e��� a
 ��
 ��
 
� � �����������e���

a
 ��
 
�
 �� � �����������e��� a
 ��
 
�
 
� � 
����������e��


a
 ��
 
�
 �� � �����������e��� a
 ��
 ��
 
� � �����������e���

��



a
 ��
 ��
 �� � �����������e��� a
 
�
 ��
 �� � �����������e���

a
 
�
 ��
 
� � 
����������e��
 a
 
�
 ��
 �� � �����������e���

a
 
�
 
�
 �� � 
����������e��
 a
 
�
 
�
 
� � 	�
��������e��


a
 
�
 
�
 �� � �����������e��
 a
 
�
 
�
 	� � �����������e���

a
 
�
 ��
 �� � �����������e��� a
 
�
 ��
 
� � �����������e��


a
 
�
 ��
 �� � 	�
��������e��
 a
 
�
 ��
 	� � 
����������e��


a
 
�
 	�
 
� � �����������e��� a
 
�
 	�
 �� � 
����������e��


a
 
�
 	�
 	� � �����������e��� a
 ��
 ��
 
� � �����������e���

a
 ��
 ��
 �� � �����������e��� a
 ��
 
�
 �� � �����������e���

a
 ��
 
�
 
� � �����������e��
 a
 ��
 
�
 �� � 	�
��������e��


a
 ��
 
�
 	� � 
����������e��
 a
 ��
 ��
 �� � �����������e���

a
 ��
 ��
 
� � 	�
��������e��
 a
 ��
 ��
 �� � �����������e��


a
 ��
 ��
 	� � 	�
��������e��
 a
 ��
 ��
 �� � �����������e���

a
 ��
 	�
 
� � 
����������e��
 a
 ��
 	�
 �� � 	�
��������e��


a
 ��
 	�
 	� � �����������e��
 a
 ��
 	�
 �� � �����������e���

a
 ��
 ��
 �� � �����������e��� a
 ��
 ��
 	� � �����������e���

a
 	�
 
�
 
� � �����������e��� a
 	�
 
�
 �� � 
����������e��


a
 	�
 
�
 	� � �����������e��� a
 	�
 ��
 
� � 
����������e��


a
 	�
 ��
 �� � 	�
��������e��
 a
 	�
 ��
 	� � �����������e��


a
 	�
 ��
 �� � �����������e��� a
 	�
 	�
 
� � �����������e���

a
 	�
 	�
 �� � �����������e��
 a
 	�
 	�
 	� � 	�
��������e��


a
 	�
 	�
 �� � 
����������e��
 a
 	�
 ��
 �� � �����������e���

a
 	�
 ��
 	� � 
����������e��
 a
 	�
 ��
 �� � �����������e���

a
 ��
 ��
 �� � �����������e��� a
 ��
 ��
 	� � �����������e���

a
 ��
 	�
 �� � �����������e��� a
 ��
 	�
 	� � 
����������e��


a
 ��
 	�
 �� � �����������e��� a
 ��
 ��
 	� � �����������e���

a
 ��
 ��
 �� � �����������e���

���������������������������������������

solution�

�D�������� phi�� 
� 
� 
� � ��������������e���

�D�������� phi�� 
� 
� �� � ����										e���

�D�������� phi�� 
� �� 
� � ����										e���

�D�������� phi�� 
� �� �� � ��������������e���

�D�������� phi�� �� 
� 
� � ����										e���

�D�������� phi�� �� 
� �� � ��������������e���

�D�������� phi�� �� �� 
� � ��������������e���

�D�������� phi�� �� �� �� � 	�������������e��


�D�������� phi�� �� �� 	� � ��������������e���

�D�������� phi�� �� 	� �� � ��������������e���

�D�������� phi�� �� 	� 	� � ����										e���

�D�������� phi�� 	� �� �� � ��������������e���

�D�������� phi�� 	� �� 	� � ����										e���

�D�������� phi�� 	� 	� �� � ����										e���

�D�������� phi�� 	� 	� 	� � ��������������e���

��



���������������������������������������

Example ��
 �Four factors in the integral�

Task
 ComputeR
IR ������ N��x� i� N �

��x� j� N �
��x� r� dx

�N� cardinal B�Spline of order ��
for i� j� r � ZZ

Dimension
 d�


Number of re�nable functions
 nrefin��

Input �le
 
 �a

������ 
��a ���������������������������




� 



�� 
��

� 	

���� ���� ���� ����

� 	

���� ���� ���� ����

� 	

���� ���� ���� ����

���������������������������������������

Call
 app �i 
 �a �n � �d �



Output �le
 stdout

������ stdout �������������������������

read�in�file� 
��a

read�out�file� stdout

���������������������������������������

mask of first factor�

a
 ��� 
����������e��� a
 
�� 
����������e���

���������������������������������������

mask of second factor�

a
 ��� �����������e��
 a
 
�� �����������e��


a
 ��� �����������e��
 a
 	�� �����������e��


���������������������������������������

mask of third factor�

a
 ��� �����������e��
 a
 
�� �����������e��


a
 ��� �����������e��
 a
 	�� �����������e��


���������������������������������������

mask of fourth factor�

a
 ��� �����������e��
 a
 
�� �����������e��


a
 ��� �����������e��
 a
 	�� �����������e��


���������������������������������������

��



hh�i�j�r� � integral of

phi���x���D�� phi�
��x�i���D�
 phi����x�j���D�
 phi�	��x�r�dx �

hh���������� � 
�������������e��
 hh��������
� � ���������������e���

hh������� �� � ���������������e��� hh�����
���� � ���������������e���

hh�����
��
� � ��������������e��� hh�����
� �� � ��												e��	

hh���� ����� � ���������������e��� hh���� ���
� � ��												e��	

hh���� �� �� � 
�������������e��� hh��
������� � ��
�����������e��


hh��
�����
� � �
�������������e��
 hh��
���� �� � �
�
�����������e��


hh��
��
���� � �
�������������e��
 hh��
��
��
� � ��������������e��


hh��
��
� �� � �
�������������e��
 hh��
� ����� � �
�
�����������e��


hh��
� ���
� � �
�������������e��
 hh��
� �� �� � ��
�����������e��


hh� �������� � 
�������������e��� hh� ������
� � ��												e��	

hh� ����� �� � ���������������e��� hh� ���
���� � ��												e��	

hh� ���
��
� � ��������������e��� hh� ���
� �� � ���������������e���

hh� �� ����� � ���������������e��� hh� �� ���
� � ���������������e���

hh� �� �� �� � 
�������������e��


���������������������������������������

Example ��� �Three factors in the integral�

Task
 ComputeR
IR� ��������x� y� �D

�����M�
�
x� i� y � j

���� � � � � �� � � � �

�

��D�����M�
�
x� r� y � s

���� � � � � �� � � � �

�
dx dy

for i� j� r� s � ZZ

Dimension
 d��

Number of re�nable functions
 nrefin�	

Input �le
 � 	 ��


����� ��	���
 ��������������������������

�

� 
 � 



�� 
��


�� 
��

� 	 � 	

��
�� ���� ��
�� ���

���� ����� ��� ��
��

��
�� ��� ����� ����

��� ��
�� ���� ��
��

� 	 � 	

��
�� ���� ��
�� ���

���� ����� ��� ��
��

��
�� ��� ����� ����

��� ��
�� ���� ��
��

���������������������������������������

��



Call
 app �i � 	 ��
 �n 	 �d 
�
�

Output �le
 stdout

����� stdout ��������������������������

read�in�file� ��	���


read�out�file� stdout

���������������������������������������

mask of first factor�

a
 ��
 �� � 
����������e��� a
 ��
 
� � 
����������e���

a
 
�
 �� � 
����������e��� a
 
�
 
� � 
����������e���

���������������������������������������

mask of second factor�

a
 ��
 �� � 
����������e��
 a
 ��
 
� � �����������e��


a
 ��
 �� � 
����������e��
 a
 
�
 �� � �����������e��


a
 
�
 
� � �����������e��
 a
 
�
 �� � �����������e��


a
 
�
 	� � 
����������e��
 a
 ��
 �� � 
����������e��


a
 ��
 
� � �����������e��
 a
 ��
 �� � �����������e��


a
 ��
 	� � �����������e��
 a
 	�
 
� � 
����������e��


a
 	�
 �� � �����������e��
 a
 	�
 	� � 
����������e��


���������������������������������������

mask of third factor�

a
 ��
 �� � 
����������e��
 a
 ��
 
� � �����������e��


a
 ��
 �� � 
����������e��
 a
 
�
 �� � �����������e��


a
 
�
 
� � �����������e��
 a
 
�
 �� � �����������e��


a
 
�
 	� � 
����������e��
 a
 ��
 �� � 
����������e��


a
 ��
 
� � �����������e��
 a
 ��
 �� � �����������e��


a
 ��
 	� � �����������e��
 a
 	�
 
� � 
����������e��


a
 	�
 �� � �����������e��
 a
 	�
 	� � 
����������e��


���������������������������������������

solution�

Hh�i�j�r�s� � integral of

phi���x�y���D��
���phi�
��x�i�y�j���D��
���phi����x�r�y�s� dx dy �

Hh�������������� 	�������������e��� Hh�����������
�� ��	�����������e���

Hh���������� ��� 
�	�����������e��	 Hh��������
����� ���������������e���

Hh��������
��
�� ���
�����������e��	 Hh��������
� ��� ��
�����������e��	

Hh������� ������ ���������������e��	 Hh������� ���
�� �	�������������e���

Hh������� �� ��� ���������������e��	 Hh�����
�������� ��	�����������e���

Hh�����
�����
�� 
���										e��
 Hh�����
���� ��� ��	�









e���

Hh�����
��
����� ���������������e��� Hh�����
��
��
�� ���
�����������e���

Hh�����
��
� ��� 
�������������e��� Hh�����
� ������ ���������������e��	

Hh�����
� ���
�� ���������������e��� Hh�����
� �� ��� �	�������������e���

Hh���� ��������� 
�	�����������e��	 Hh���� ������
�� ��	�









e���

Hh���� ����� ��� ��												e��	 Hh���� ���
����� �
�	�����������e��	

Hh���� ���
��
�� �����										e��� Hh���� ���
� ��� ���������������e��	

Hh���� �� ���
�� ���������������e��	 Hh���� �� �� ��� ���������������e��	

��



Hh��
����������� ���������������e��� Hh��
��������
�� ���������������e���

Hh��
������� ��� �
�	�����������e��	 Hh��
�����
����� ��������������e���

Hh��
�����
��
�� ��������������e��� Hh��
�����
� ��� ���������������e��	

Hh��
���� ������ ���������������e��	 Hh��
���� ���
�� 
�������������e���

Hh��
���� �� ��� ��
�����������e��	 Hh��
��
�������� ���
�����������e��	

Hh��
��
�����
�� ���
�����������e��� Hh��
��
���� ��� �����										e���

Hh��
��
��
����� ��������������e��� Hh��
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In the last example� we list here the mask coe	cients in the input and the output only
once�
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