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Summary. This is a further development of [10] regarding multilevel p recondition-
ing for symmetric interior penalty discontinuous Galerkin  nite element approxima-
tions of second order elliptic problems. We assume that the mesh on the nest level
is a results of a geometrically re ned xed coarse mesh. The preconditioner is a mul-
tilevel method that uses a sequence of nite element spaces @ either continuous or
piece-wise constant functions. The spaces are nested, but de to the penalty term in
the DG method the corresponding forms are not inherited. For the continuous nite
element spaces we show that the variable V-cycle provides anoptimal preconditioner
for the DG system. The piece-wise constant functions do not have approximation
property so in order to control the energy growth of the inter -level transfer operator
we apply W {cycle MG. Finally, we present a number of numerical experim ents that
support the theoretical ndings.

1 Introduction

Consider the following model second order elliptic problemon a bounded
domain with a polygonal boundary RY, d=2;3:

r (@ax)ru)=f(x) in; uX)=g on@ : Q)

Here a is a uniformly positive in  and piece-wiseW ()-function that may
have jumps along some interfaces. The theoretical resultsam be easily ex-
tended to a coe cient matrix a and more general boundary conditions.

Our goal is to study iterative methods for a symmetric interior penalty
discontinuous Galerkin nite element approximations of (1) over a partition
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T of into nite elements denoted by T. We assume that the partition is
quasi uniform and regular. For a nite element T we denote by hy its size
and h = maxy2r hy. Further, we use the following notations concerningT :
EC is the set of all interior edges/faces,E” is the set of the edges/faces on
the boundary @ and E = E°[E P. In fact, T, E, etc are sets depending on
the mesh-sizeh. However, in order to avoid proliferation of indices and sirce
we are dealing exclusively with algebraic problems we shalhot explicitly
denote this dependence on the mesh-size. We also use a hietay of meshes
T1 T 5 which are obtained by geometric re nement of a coarse mesh
T;. Thus, T = T; and Tk is the mesh generated aftek 1 levels of re nement
of T;. When the index k, showing the dependence on the re nement level, is
suppressed this means that the quantities are de ned on the nest level.
We introduce the spaces

HS(T)= v2L?( ):vjt 2HS(T); 8T 2T ;fors 0 2)
and forr 0 integer we de ne the nite element space
Vi= V(T):= fv2 L2 ):vjr 2P (T); T2Tg; (3)

where P; is the set of polynomials of total degree at mostr restricted to T.
On V we de ne the bilinear forms
x Z x Z
(ar u;r V)1 = ar u;r vdx, hpjdg:= pq ds:
Tor T Foe F

OnF = Ty \ T, 2 E we de ne the jump of a scalar functionv 2 V by
M Vit,n1, + Vjr,n1,; F =T\ Ty ie. F 2EY

V] =

F vjiTnt: F=T\ @ ie F2EP

and the average value of the traces oér v for v2 V:

£ ar vk = $far vjr, + ar vjr,g; F=Ty\ To; i.e. F 2 E;
F ar vjr; F=T\ @ ie F2E"

Here nt is the external unit vector normal to the boundary @Tof T 2 T .
Next, we de ne the piecewise constant functionhg on E as

he = he(x) = jFjT1; forx2F;, F2E;d=2;3: (4)

And nally, we introduce the following mesh-dependent norm on V:

iivi®=(ar vir v)7 + het elvl; IVl ¢: (5)

The stabilization factor g is weighted by the coe cient a, namely, ¢ =
f agy, where f agy is the average value ofa from both sides of F 2 E. This
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choice of the penalty gives rise to a DG bilinear form (7) thatis equivalent to
the norm (5) with constants independent of the jumps ofa.

We consider the following symmetric interior penalty discantinuous Galerkin
(SIPG) nite element approximation of (1) (see, e.g. [1, 2])

nd up 2V suchthat A(up;v)= L(v) 8v2V; (6)

where V is the nite element space andA(; ), L() are bilinear and linear
forms onV de ned by

A(un;v)  (ar up;r v)T hf ar ung; [Vlig h [un]; T ar vogie
+ he' elunl; M ¢

and Z z
L(v)= fvdx + (hg' gv ar v n)gds: (8)
@

(7)

It is known (see, e.g. [2]) that SIPG (6) { (8) is stable for su ciently large

> 0 and has optimal convergence inH *-like norm (5). This is just one
example of a large number of DG FEM approximations of second mler elliptic
problems that have been introduced and studied in the last seeral years (see,
e.g. [2, 10]).

The aim of this paper is to introduce and study multilevel iterative meth-
ods for the corresponding algebraic problems. Note that thecondition number
of the DG FE system grows likeO(h ?) on a quasiuniform mesh with mesh-
sizeh. Therefore construction of optimal solution methods, i.e.with arithmetic
work proportional to the numbers of unknowns, that is robust with respect
to large variations of the coe cient a is an important problem from both
theoretical and practical points of view.

The work of Gopalakrishnan and Kanschat [11], the rst one weare aware
of, studied the variable V-cycle multigrid operator as a preconditioner of the
symmetric DG system. Under certain weak regularity assumptons on geomet-
rically nested meshes it was shown in [11] that the conditionrnumber of the
preconditioned system isO(1), i.e. bounded independently ofh. The analysis
of the preconditioner is based on the abstract multigrid theory [5] for non-
inherited bilinear forms and the estimates for interior penalty nite element
method. Further, Brenner and Zhao [8] studied V-cycle, W-cycle, and F-cycle
algorithms for the symmetric DG FE schemes on rectangular mshes and
showed that they produce uniform preconditioners for su ciently many pre-
and post smoothing steps. Their analysis is based on certaimesh dependent
norms and a relationship of the discontinuous FE spaces to soe higher order
continuous nite element spaces. Our approach is slightly derent, it could
be seen as the classical two-level method applied to the DGrlear systems.
We explore two di erent possibilities for a choice of the seond level, namely,
continuous piece-wise polynomial functions and piece-wésconstant functions.
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2 MG preconditioner using spaces of continuous
functions

We assume that we have a sequence of nested globally quasidamm tri-
angulations Ty, k = 1;:::;J, of the domain  with T; being the coarsest
triangulation. According to the convention from the introd uction the set of
all edges/faces of elements i is denoted byE, the sets of the interior and
boundary edges/faces are denoted by and EP, respectively, and h is the
diameter of a typical element in Ty and hg, is de ned by (4) on E.. Then
HS(Tx) and Vi are the spaces (2) and (3), respectively, de ned only. The
corresponding continuous discrete spaces are de ned a§ = Vi \ C( ):

For functions u and v in H3(Tg), s > % we de ne the interior penalty
(SIPG) bilinear and linear forms according to (7) for the mes Ty:

A(uiv) = (ar uir v+ hg! eV
hf ar ugg;[vlig, hf ar vag;[ulig ;
Z
Lk(v) = fv + hEkl Eg;vEE harv n;giEE:

With these de nitions, the interior penalty discontinuous Galerkin method
for the elliptic problem (1) reads: nd un 2 V; such that

As(Un;v) = Ly(v); 8v2Vj: )

there exists ¢ such that for > ( the following norm equivalence onV
holds Ay (v;Vv) ' jj vjjji ; 8v 2 Vi; with constants in the norm equivalence

independent of hy, i.e. Ak(v;v)% is a norm on V.

Lemma 1. Consider the case of homogeneous boundary conditiog,= 0, and
assume that the solutionu of (1) belongs toH'* ( ) for some % < 1
Let ux 2 Vi (or Vi) be the solution of Ay (uk;Vv) = Li(v); 8v 2 Vi (V¢): Then
the following error estimate holds

fiu ukji, Chykuky.
with a constant C independent ofhy.

Sketch of the proof To prove this estimate one can use the Galerkin or-
glogonality, the boundedness of Ax(; ) in the norm jiujj , = mumﬁ +
T2, NE jujf, ¢ foru 2 H™ (Tx) and the approximation properties of
the spaceVy. Note that in contrast to the work [11] instead of using the quan-
tity Ax(; )%, which in general is not a norm onH* (Ty), we work directly
in the norm fjujj , .
Now we de ne the variable V-cycle MG preconditioner.
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3 Variable V -cycle Multigrid Preconditioner

In this Section we shall follow the general theory of multigid methods as
presented by Bramble and Zhang in [5, Chapter Il, Section 7]We will use the
following sequence of nested spaceM ;.1 = V, i.e. this is the space where

operatorsAx : My ! My, Qc :L%( )! My, and Pg : Mgs1 ! My by

(Aku;v) = Ax(u;Vv); 8v2 Myg; k=1;:::;3+1;
(Qxu;v) = (u;v); 8v2 Mg, k=1;:::;3+1;
A(Pcu;v) = Aksr (U;v); 8v2 My, k=1;:::1;7,

where (; ) denotes the inner product in L?( ). Note that because of the
penalty term the forms Ay (u;v) de ned on the spacesVi vary. Assume we
are given the smoothing operatorsRy : My | My that satisfy appropriate

smoothing property (see, [5, Chapter Il, Section 7, p. 260]) One can show
that scaled Jacobi and Gauss-Seidel iterations satisfy tts requirement.

Let Bk be the operator of the MG method based on the sequence of space
M1 M; Mj+1, with mg pre- and post-smoothing steps with the
smoother Rg. Note that to retain the symmetry of certain operators on odd
steps we applyR, while on even steps we appyRf, where the transposition
is with respect to the (; )-inner product.

The following assumption will be used in the study of the MG mehod.

Assumption A.1: Forany f 2 H * () with % < 1 and g = 0 the
problem (1) has a unique solutionu 2 H** () and kuky 1+ C kfky
with a constant C .

For this setting, we prove the following main result (see, eg. [5]):

Theorem 1. Let the Assumption A.1 hold. Assume also that for somel <
0 1 we have gmy myg 1 1My: Then there is a constantM inde-
pendent ofk such that

CAKVIY) A ((BKAKV;Y)  KAK(V; V) 8V 2 My
with = Mnﬁ% and as in Lemma 1.

Sketch of the proof The proof essentially checks the conditions (of \smoothiny
and approximation") from [5] under which this theorem is proved. The rst
condition essentially requires that R¢ is a smoother. It is well known that
Gauss-Seidel or scaled Jacobi satisfy this condition.

Now we outline the main steps in the proof of the second condibn which
is: for some 2 (0;1] there is a constantCp independent ofk such that

kAka2

A Pc 1)v;v)j  Ce AVt (10)
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where | is the largest eigenvalue of the operatoiAg. This is established in
several steps.
First, we show that under the Assumption A.1 for all u 2 My, k =

2. J+1we havejju Py 1uji, ChkAcuk 1+ ; wherejjji ;. = iiii ;-
Next, we show that

kKAkuk 1 Cijjuji,; 8u2 My (12)

and
jiu P« qujj, ChgkAcuk 1+ Ch kAcuk®; kAguk : (12)

Finally, using the estimates (12) and (11) and the fact that H * ( ) is an
intermediate space betweerH *( ) and L?( ) we obtain

jAk(u P 1u;u)j  Ch kAcuk®; kAuk jjujj,

kAkUk o kAkUk2
=2 Ul e
k

2
C =C Ag(u;u)t =z

=2

which is exactly the required result with

Remark 1. This results is quite similar to the results of [11] and [8] inthe
sense that it proves the convergence of the variable V-cyclMG and ensures
better convergence for smoother solutions. The di erenced the choice of the
hierarchy of nite element spaces used on the consecutive \els and the proof
of the fundamental estimate (10). After closer inspection @ the proof one can
see easily that one can takeMy = Vy, for all k kg 1. In fact, making
this choice with kg = 1 will lead to the result of [11] (with a slightly di erent
proof).

4 Multigrid W -cycle for piece wise-constant spaces

In this section we consider a method for the solution of the carse problem,
when a two level method with coarse space, denoted here witM ;, of piece-
wise constant functions. We will also take a standard multilevel hierarchy of
this space, given by the subspacel! , of piecewise constant functions on grids
with size hi. Let us note that such two level algorithm is attractive, because
of its simplicity and low number of degrees of freedom. Howesr, it is well
known that using the hierarchy given by My and applying standard V-cycle
on M; does not lead to an optimal algorithm.

In this section we brie y describe how a general -fold cycle can be applied
to solve the coarse grid problem when piece-wise constant figtions are used
to de ne this problem. Note that on general meshes the pieceige constant
functions do not provide approximation and one cannot apply the theory of
MG methods in a manner used in [6] for cell-centered schemeshaegular
rectangular meshes. To introduce the -fold MG cycle algorithm, we consider
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the recursive de nition of a general multilevel method as in[5]. Assuming that
we know the action ofBx 3 on My 1, for a givenf 2 My we de ne the action
B«f as follows.

Recursive de nition of a multilevel algorithm:

1. x = RgaQ.
2.y=x+ZBx 1Q¢ 1(f  Akx).
3. Bxf = y+ Ri(g Axy).

Now, for a xed e2 My, we considerExe= (1 BgAk)e. It is easy to derive
the following error equation:

Exe=(l RLA)(  ZBk 1Ak 1Pk 1)(I  RiAy)e:

In the case, whenf Mgy, are the spaces of discontinuous piece-wise constant
functions we shall de ne Z, using the techniques from [13, 3, 4], namely we
shall chooseZy to be a polynomial in (Bx 1Ak 1). Indeed, in such case the
second term in the product form of the error equation is as fdbws.

Xgk=1 ZBk 1Ax 1Pk 1=1 (I p (Bk 1Ak 1))Px 1:

Usually, p (t) is of degree less than or equal to, p (t) is non-negative for

t 2 [0;1], andp (0) = 1. Taking p (t) = (1 t) gives the -fold MG cycle.
For = 1thisisthe V-cycle and for = 2, thisisthe W-cycle. Note also that,
forp (t)=(1 t) ,wehaveXy =1 Px 1+ E, ;Pc 1. Hence, if the degree
of the polynomial is su ciently large and Ey ; is a contraction on My 1,
then the corresponding -fold cycle can be made as close as we please to a
two-level iteration. As it is well known, the two level itera tion, is uniformly
convergent [10].

We would like to point out that an adaptive choice of the polynomials p
is possible, and we refer to [13, 3, 4] for strategies how to nka such choices
and also for many theoretical results for these methods.

A crucial property of the coarser spaces, that determines tk convergence
of such multilevel process, in general, is the stability of pojections on coarser
spaces. A basic assumption in the analysis is the existencé oonstantsq 1
and C (both independent of k and I) and such that

kQivk?  Cdf 'kvka,; 8v2 My; k>I: (13)

Clearly, if g = 1, then the resulting V-cycle algorithm has convergence rée
depending only logarithmically on the mesh size, without aty regularity as-
sumptions on the underlying elliptic equation (see [7]). Tre -fold cycle, how-
ever, works even in cases, wheq > 1, by increasing the polynomial degree
when needed. Since the goal is to construct an optimal algattim, the overall
computational complexity gives a restriction on . Practical values are =2
or =3.Incase =2 (W-cycle), which we have used in most of our nu-
merical experiments in the next section, a uniform convergece result can be
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proved in a fashion similar to the case of variabléV -cycle. In such analysis, an
essential ingredient are bounds org from (13) and such estimates for piece-
wise constant spaces on uniformly re ned hexahedral, quadiateral as well as
simplicial grids are given in [12, 10].

5 Numerical Experiments

We present three test problems of elliptic equation with homogeneous Dirichlet
boundary conditions:

Test Problem I The equation u =1 inthe cube =(0;1)3;

Test Problem 2 The equation r  (ar u)=1in  =(0;1)3n[0:5;1)° where
the coe cient a has jumps (a 3-D chess-board pattern) as followsa = 1, in

(la Ta 1)L U2 1o 1)[(ta 12 12)[ (12 11 Ix)anda= ,inthe

other parts of , wherel; =(0;0:5] and I, = (0:5;1], and we vary the value
of according to the data in the Tables;

Test Problem 3 The equation u =1 in the domain shown on Figure 1.

The second test problem is designed to check the robustnesétbe methods
with respect to jumps of the coe cient a. The mesh of test problem 3 has a
number of nite elements of high aspect ration and the aim wasto see how
the iteration methods perform on such grids.

For all test examples we have used a coarse tetrahedral meshieh is uni-
formly re ned to form a sequence of nested meshes. In SIPG wese linear and
quadratic nite elements. The value of the penalty term was experimentally
chosen to be =15 for linear, and = 30 for quadratic nite elements (cf.

®). (7))

Fig. 1. Coarse meshes for the second (left) and third (right) test pr oblems.

We test the following multilevel preconditioners for the SIPG method:

1. the V-cycle preconditioner based on continuous elements with an pre-
and one post-smoothing Gauss-Seidel iteration.

2. W-cycle preconditioner based on piecewise constant coarspaes using
one pre- and post-smoothing steps of symmetric Gauss-Seidemoother.
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3. variable V-cycle preconditioner based on continuous elements desbed
in Section 3 with one pre- and post-smoothing Gauss-Seidetdration on
the nest level and double the pre- and post-smoothing iteraion on each
consecutive coarser level.

The numerical results are summarised below. In each table wgive the number
of iterations in the PCG algorithm and the corresponding aveage reduction
factor for each test run. In addition we include the number of degrees of
freedom (DOF) in the DG space,V, and the DOF for the rst coarse space
(de ned on the nest mesh) of either continuous piecewise ptynomial func-

tions or piecewise constants.

Table 1. Numerical results for SIPG with linear FE: V-cycle based on continuous
linear FE and W -cycle based on piece-wise constant functions with one pre-and one
post-smoothing Gauss-Seidel iteration.

Test Problem 1 Level 2 | Level 3 | Level 4 | Level 5 | Level 6
DOF SIPG 3072 24 576 | 196 608 |1 572 86412 582 914
preconditioner DOF 189 1241 9 009 68 705 | 536 769
continuous FE 14/0.2556’14/0.2614 14/0.2572’14/0.2487’ 13/0.2344
preconditioner DOF 768 6 144 49 152 | 393 216 | 3 145 728
piecewise constant 24/0.4493’29/0.5238 30/0.5374’30/0.5342’ 29/0.5276

Table 2. Numerical results for SIPG with quadratic
based on continuous FE and W -cycle preconditioner based on piecewise constant

FE: V-cycle preconditioner

functions each with one pre- and one post-smoothing Gauss-®idel iteration.

Test Problem 1 Level1 | Level 2 | Level 3 | Level 4 | Level 5
DOF SIPG 960 7 680 61 440 | 491 520 |3 932 160
preconditioner DOF 189 1241 9 009 68 705 | 536 769
continuous FE 10/0.1414’11/0.1717’11/0.1747’11/0.1657 10/0.1514
preconditioner DOF 96 768 6 144 49 152 | 393 216
piecewise constant 22/0.4315’35/0.5810’42/0.6442’43/0.6509 43/0.6496’

In Tables 1 and 2 we present the computational results for tesproblem 1.
These results show that both preconditioners, theV -cycle, that uses contin-
uous nite elements, and the W -cycle, that uses piece-wise constant function
on all coarser levels are optimal with respect to the number biterations. The
W -cycle preconditioner, based on piecewise constant funatns, performs ac-
cording to the W-cycle theory. However, it needs two times more iterations
compared with the V-cycle, based on continuous functions. While the former
has a matrix of size about 6 times larger than size of the matni of the latter
(for linear FE), one should have in mind that in the case of piee-wise constant
functions the corresponding matrix has only ve nonzero enties per row, i.e.
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it is about ve times sparser than the matrix produced by continuous linear
elements. Unfortunately, we do not have a theory for theV-cycle.

Table 3. V-cycle and variable V-cycle based on continuous coarse spaces for the
SIPG with linear elements and stabilization factor ¢ that does not depend on the
jumps of a.

Test Problem 2 Level 1 | Level 2 | Level 3 | Level 4
DOF of SIPG 1344 10 752 | 86 016 | 688 128
precond. DOF - continuous linear 117 665 4 401 31 841
=1, V-cycle 15/0.2750|16/0.2946|15/0.2908(15/0.2838
=0:1, V-cycle 17/0.3322(19/0.3645/19/0.3717|19/0.3675
=0:01, V-cycle 17/0.3219(19/0.3632(19/0.3746(19/0.3713
=0:001, V-cycle 15/0.2929|17/0.3377|18/0.3527(18/0.3488
=1, variable V-cycle 15/0.2738(15/0.2900|15/0.2850| 15/0.2759
=0:1, variable V-cycle 17/0.3310|18/0.3593|19/0.3658(18/0.3566
=0:01, variable V -cycle 17/0.3211(18/0.3568]19/0.3684(18/0.3582
=0:001, variable V-cycle  [15/0.2919|17/0.3333|18/0.3457|17/0.3337

It is known that the choice of the stabilization factor g could a ect the
properties of the method. To test sensitivity of the precondtioners with re-
spect to the jumps of the coe cient a we considered two di erent choices,

e = fag, as dened in the SIPG method, and ¢ = kak.: = 15,
which obviously is independent of the jumps. As shown in Tabé 3 the vari-
able V-cycle preconditioner, covered by our theory, gives the samnumber of
iterations as the V-cycle. Both preconditioners are not sensitive to the choie
of g. From Table 3 one can see that the preconditioners based on otinuous
coarse spaces are robust in this case with respect to the junsgn a. However,
this is not the case for the preconditioners based on pieceise constant coarse
spaces. We observe this in Table 4 where the performance of el -cycle is
given. From these experiments we see that a proper weightingf the jumps is
essential for the performance of the/V -cycle iteration based on piece-wise con-
stant functions. In Table 5 we present results for test probem 2 with properly

Table 4. W-cycle based on piece-wise constant coarse spaces for the BG with
linear elements and stabilization factor g that does not depend on the jumps of a

Test Problem 2 Level 1 | Level 2 Level 3 Level 4

DOF of SIPG 1344 10 752 86 016 688 128

precond. DOF - piecewise constant 336 2 688 21 504 172 032
=1, W-cycle 22/0.4151| 27/0.4940 | 29/0.5224 | 29/0.5297

=0:1, W-cycle 38/0.6106| 72/0.7706 | 85/0.8027 | 91/0.8160
=0:01, W-cycle 48/0.6804|157/0.8869|210/0.9156/ 238/0.9255
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scaled stabilization parameter: ¢ = f agy. We tested the following precon-
ditioners: V-cycle and variableV -cycle based on continuous coarse spaces and
W -cycle based on piece-wise constant coarse spaces. Onceiagme can see
that V-cycle and variableV -cycle based on continuous coarse spaces perform
almost identically. Note that the iteration counts are slig htly larger than those

of the case g = kak_: (cf. Table 3) but they are insensitive to large jumps.

In the case of piece-wise constant coarse spaced/ {cycle) the advantage of
the weighted stabilization is evident { the numerical experiments show that
the number of PCG iterations is essentially independent of he jumps.

Table 5. Numerical results for Test Problem 2: SIPG with linear elements and
stabilization parameter g = f aw.

Test Problem 2 Level 1 | Level 2 | Level 3 | Level 4 | Level 5
DOF of SIPG 1344 10 752 | 86 016 | 688 128 |5 505 024
precond. DOF - continuous 117 665 4 401 31841 | 241 857
=1, V-cycle 15/0.2750|16/0.2946|15/0.2908|15/0.2838|15/0.2766
=0:1, V-cycle 16/0.3161|20/0.3812|21/0.4105{22/0.4187|22/0.4196
=0:01, V-cycle 20/0.3800|24/0.4539(29/0.5228|31/0.5518(33/0.5687
=0:001, V-cycle 19/0.3782|24/0.4603|30/0.5377|33/0.5674|36/0.5957
=10 %, V-cycle 18/0.3546|24/0.4535|30/0.5312(32/0.5622|34/0.5753
=10 °, V-cycle 18/0.3411|23/0.4488|28/0.5100{30/0.5405|32/0.5622
=10 °, V-cycle 17/0.3279|23/0.4416|26/0.4911|29/0.5298|30/0.5375
=1, var. V-cycle 15/0.2738|15/0.2900| 15/0.2850{15/0.2759|14/0.2628

=0:1, var. V-cycle 16/0.3157(20/0.3782(21/0.4038|21/0.4107|21/0.4056
=0:01, var. V-cycle 20/0.3796|24/0.4508|29/0.5170|31/0.5448|32/0.5559
=0:001, var. V-cycle 19/0.3779|24/0.4574|30/0.5329|33/0.5612|35/0.5886

precond. DOF - p.w. constant 336 2 688 21504 | 172 032 |1 376 256

=1, W-cycle 22/0.4151|27/0.4940|29/0.5224|29/0.5297|29/0.5251
=0:1, W-cycle 23/0.4400|28/0.5057|29/0.5284|30/0.5357(30/0.5343
=0:01, W-cycle 22/0.4300|28/0.5012|30/0.5321|30/0.5385(31/0.5420
=0:001, W-cycle 23/0.4410|28/0.5001|30/0.5332|30/0.5403|31/0.5438
=10 *, W-cycle 22/0.4302|27/0.4980|30/0.5333|30/0.5405(31/0.5442
=10 °, W-cycle 22/0.4209|26/0.4880|30/0.5333|30/0.5405(31/0.5442
=10 °, W-cycle 21/0.4112|25/0.4730|30/0.5333|30/0.5405|31/0.5442

Finally, in Table 6 we present the results iteration for V -cycle andW -cycle
preconditioners for test Problem 3. The mesh of this examplehas a number
of nite elements with high aspect ratio. The computations show that the
preconditioner based on piecewise constant functions isightly more sensitive
with respect to the aspect ratio.

Acknowledgments.  The authors thanks the referees for their helpful
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Table 6. Numerical results for Test Problem 3 for V-cycle and W -cycle for the
SIPG with linear elements.

Test Problem 3 Level 1 | Level 2 | Level 3 | Level 4
precond. DOF of SIPG 24 032 | 192 256 |1 538 04812 304 38
precond. DOF of cont. FE 1 445 / 9693 | 70633 / 538 513

V -cycle 18/0.3530(18/0.3559|18/0.3529| 19/0.3785
precond. DOF p.w. constants| 6 008 48 064 | 384 512 | 3 076 096
W -cycle 35/0.5907|40/0.6307|45/0.6578| 48/0.6788
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