PARABOLIC FINITE VOLUME ELEMENT EQUATIONS IN
NONCONVEX POLYGONAL DOMAINS

P. CHATZIPANTELIDIS 1, R.D. LAZAROV 2, AND V. THOM EE3

Abstract. We study spatially semidiscrete and fully discrete nite vo  lume el-
ement approximations of the heat equation with homogeneous Dirichlet bound-

ary conditions in a plane polygonal domain with one reentran  t corner. We show
that, as a result of the singularity in the solution near the r  eentrant corner,
the convergence rate is reduced from optimal second order, s imilarly to what

was shown for the nite element method in the earlier work [5] . Optimal or-
der convergence may be restored by mesh re nement near the co rners of the
domain.

1. Introduction

We shall consider the nite volume method, using continuous piecewise linear
approximating functions, for the model parabolic initial b oundary value problem

f() in ; withu(;t)=0 on @; fort> 0O
u(;0)=v in ;

(1.1) weo

where is a nonconvex polygonal domain in R2. We assume for simplicity that
exactly one interior angle! is reentrant, i.e., such that! 2 (; 2 ), and set =
=l 2 (3:1).

In [4] we showed anO(h?) error bound in L, in the case of a convex , and
in [5] we discussed the error in the nonconvex case for the e element method.
In the latter case the error in L, is reduced fromO(h?) to O(h? ), as a result of
the singularity which is present in the solution of (1.1) at the reentrant corner.
In this paper we show the corresponding result for a nite voume method. We
also discuss error estimations irH ! and in the maximum{norm. The present work
can be considered as a continuation of [4] and [5], and we refto these papers for
references to the literature.

The nite volume method relies on a local conservation propety associated with
the di erential equation. Namely, integrating (1.1) over any region V and
using Green's formula, we obtain .

1.2) u; dx ru nds= fdx; fort> O
\Y @V \Y

where n denotes the unit exterior normal vector to @V
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Figure 1. Left: A union of triangles that have a common vertex
z; the dotted line shows the boundary of the corresponding con
trol volume V,. Right: A triangle K partitioned into the three

subregionskK ;.

There are various approximation strategies in the nite volume (control-volume)
method. For comprehensive presentations and references texisting results and
various applications we refer to the monographs [7, 9]. Hereve shall study spatially
semidiscrete approximations of (1.1) by the nite volume element method, which
for brevity we will refer to as the nite volume method below. The approximate
solution will be sought in the space of piecewise linear nie elements

S Sn()= f 2C(): jk linear; 8K 2Th; j@ =0g0;

where fThgy< ; iS a family of regular triangulations of , with h denoting the
maximum diameter of the triangles of Ty. In the sequel, for simplicity, we shall
suppress the index in the notation for functional spaces.

The semidiscrete nite volume approximation un(t) 2 Sp, t 0, will satisfy the
relation (1.2) for V in a nite collection of subregions of called control volum es,
the number of which will be equal to the dimension of the nite element space
Sh. These control volumes are constructed as follows. Letx be the barycenter of
K 2 Tn. We connectzg with line segments to the midpoints of the edges oK,
thus partitioning K into three quadrilaterals K, z 2 Z,,(K'), where Z,(K) are the
vertices of K. Then with each vertexz 2 Z, = [ k 21, Zn(K) we associate a control
volume V;, which consists of the union of the subregions ;, sharing the vertex z
(see Figure 1). We denote the set of interior vertices oZ, by Z0. The semidiscrete
nite volume method is thento nd un(t) 2 S, fort 0 such that, with v, 2 S
a given approximation of v,

z Z Z

Uht dX ru, nds= fdx; 8z22Z2 t> 0, with up(0)= vy:
Vs @V Vs

This problem may also be expressed in a weak form. For this pyrose we intro-

duce the nite dimensional piecewise constant space

Yo=f 2Lo: jy, =constant; 822 Z2; jy, =0; 822 @ g:

We now multiply the integral relation above by an arbitrary (z), 2 Yj, and sum
over all z 2 Z? to obtain the Petrov{Galerkin formulation

(1.3) (Unt; )+ an(un; )=(f; ); 8 2Yh,; t> 0; with uy(0) = Vn;
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R
where (v;w) =  vwdx and the biligear forman(;): Sy Yn! Risdened by

X
an(v; )= (2) rvnds, v2Sy 2 VY
227 @y

Obviously, we can extend the de nition of an(v; ) for v in the fractional order
Sobolev spaceH 1* S, s > 1=2; and using Green's formula we easily see that

(1.4) an(v; )= (Vv;); 8 2Yy: V2H?Z
The stationary elliptic problem corresponding to (1.1) is the Dirichlet problem,
(1.5) u=f in ; withu=0 on@:

For this problem, the reentrant corner O gives rise to a singularity in the solution
with a leading term of the form ¢(f )r sin( ), in polar coordinates centered atO,
even whenf is smooth. This function is not in the spaceH *$ for any s

The nite volume method approximates the solution of (1.5) by u, 2 Sy, from

an(un; )=(f; )7 8 2V,
and the error may be shown to satisfy
(1.6) kuy, uk Ch® k ukyz 1; wherek k=k k.,and3< < 1

For the corresponding nite element method, 7

a(uy; )=(f; ); 8 2Sy; wherea(v;w) = rv r wdx;
we have an error bound of the same order, which requires lesggularity, namely
(1.7) ku, uk GCsh? k uky ws; for <s 1

As a guide to our analysis of (1.3) we use the corresponding ite element prob-
lem,

(1.8) (Unes )+ a(uy; )=(f ); 8 28y t>0; with uy(0) = vh:

Here, in the error analysis, it is customary to split the error into two terms by
Up(t) u(t)=(up(t) Rpu(t))+(Rault) u(t)) = #(t) + %t);

whereR; : H} ! S, denotes the elliptic, or Ritz, projection de ned by

1.9 a(Rpv; )= a(v; ); 8 2 Sh:
As a result of (1.7), we immediately have
(1.10) k%t)k Csh? k u(t)ky ws; for <s 1, t> 0

and we nd that # satis es
#H )+ al# )= (% ), 8 2S5y t> 0
This leads to an O(h? ) bound also for k#k, and thus of the total error.

For the error analysis of the semidiscrete method (1.3) it walld seem more natu-
ral to split the error using the nite volume elliptic projec tion Ry : H*S\ H 1 S,
s> 3, dened by
(1.11) an(Rhv; )= an(v; ); 8 2 Yh;
and thus write

(1.12) up(t) u(®) =(un(t) Rau(®)+(Rhu(t) u(t)) = #t)+ %At):
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The second term, %then represents the error in an elliptic problem whose exact
solution is u, and by (1.6) this term may be bounded by

k%t)k Ch? k u(t)ky. 1; fort> 0
For the rstterm in (1.12), #(t) 2 Sy, we have
(1.13) #; )+ an(# )= (% ), 8 2Yh t> 0

and it follows easily that k#(t)k, and thus also the total error, are of orderO(h? ).
However, as we shall see, these error bounds will require Higr regularity assump-
tions and compatibility conditions on data than for the nit e element method.

In an alternative analysis, proposed in [4], we split the eror using the nite
element Ritz projection Ry, and thus write

(1.14) up(t) u(t) =(un(t) Rau(®)+(Rpu(t) u(t))= #(t)+ %t):

We then have estimate (1.10) for% whereas# now satis es the somewhat more
complicated equation

(1.15) Ho )+t an )= (%) an(%), 8 2 Yy t> 0

This equation also makes it possible to show ar©(h? ) bound for # and thus for
up u. It turns out that the regularity requirements using this me thod, although
still slightly higher than for the nite element method, are less stringent than what
is needed by using the nite volume elliptic projection Rp.

Using the Ritz projection in the error splitting, i.e., (1.1 4), we also derive, as for
the nite element method in [5], an O(h ) bound for the gradient of the error and
an almost O(h ) global error estimate in maximum{norm. In maximum{norm, w e
also show anO(h? ) error bound, away from the corners, and nally demonstrate
that an almost optimal order O(h?) error bound holds when the triangulations are
appropriately re ned near the corners. The regularity requirements for these error
bounds, as in theL, norm estimate, are higher than those needed for the nite
element method.

The following is an outline of the paper. In Section 2 we briey recall from [5]
some de nitions of function spaces, regularity results, am error bounds for nite
element approximations for elliptic and parabolic problems, that will be useful
subsequently. The main section of the paper is Section 3, wie error bounds in
L,, and H? are shown together with the three maximum{norm error estimates,
mentioned above. In Section 4 we derive similar error boundsgor a fully discrete
scheme by discretizing also in time using the Backward Eulemethod.

As in [4] and [5], our error bounds will be expressed in terms fonorms of data,
together with compatibility conditions at @ for t = 0. This should be interpreted
to mean that if these bounds are nite, and the compatibility conditions are satis-
ed, then the exact solution will have enough regularity to secure the convergence
rate stated, uniformly down to t = 0. Under weaker regularity assumptions, lower
convergence rates have to be expected. In the error bound€, will denote constants
which may depend on and on geometrical properties of Ty, but are independent
of h and data. Several of the constants in our error and regulariy bounds grow with
t, and in order to not to have to account for their precise growh, we will assume
throughout that t T, for some positive T, without indicating the dependence of
the constant on T. Also, in our analysis, sometimes norms in the spatial variale
of fractional order occur, and, for easier reading, we then ften replace such norms
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with bigger norms of integral order in our statements. Further, for simplicity, we
shall choose the discrete initial valuess, as the elliptic projection of the givenv. By
the stability of (1.3), other natural choices of v;, would give the same error bounds.

2. Review of the error analysis for finite element approximatio ns

In this section we collect some material from [5] that we willneed in our subse-
guent analysis, namely some de nitions relating to fractional order Sobolev spaces,
regularity results for the Dirichlet problem (1.5) and the p arabolic model problem
(1.1), and error bounds for the Ritz projection Ry,. Also, in order to be able to
compare our new results for the nite volume solution of (1.1) with the correspond-
ing error bounds for the nite element solution, we include ome of the latter. For
more details and references to the literature, we refer to [b

Letting H *=(H{)? denote the dual space oH3, with respect to the L, inner
product, we de ne the variational solution of (1.5) for f 2 H ! as the function
u 2 Hg which satis es

(2.1) (rur')=(f"); 8 2HE

thus also de ning the operator : H}! H 1. Itis well{known that this problem
has a unique solution, and that

kr uk k fky 1:

In order to discuss further regularity results we shall needto use fractional order
Sobolev spaces. LeH™ with norm k kym» denote the standard Sobolev spaces of
order m, with m integer. The spaceH S, for s non integer,s= m+ ,0< < 1,
is de ned by the real interpolation method, HS = [H™;H™*1].,. Also, let H§,
0 s 1, be the fractional order Sobolev space obtained by interplation between
Lo andHg. Note that H§ = HS for0 <s < %, which meansH§ does not require any
boundary condition for small s. Further, we denoteH s =(Hg§) ,forO<s< 1.
For the error analysis of (1.8) and (1.3) we also use the Hilbe spacesH> de ned
by the norms

kvk, s = S(v;'p)? Y2 fors 1 v2H L
j=1
wheref' jgjl:l are the orthonormal eigenfunctions andf ,-gjlzl the corresponding
eigenvalues of in .

Since bothH S and H S are the uniquely de ned interpolation space between
LoandH !, wehaveH S=H Sfor0 s 1,andforl s 2; HS consists
of the functions u 2 H¢ such that u is in the spaceH S 2. Further it is obvious
that  gives an isomorphism between H'* S and H. **S. Thus,

kK uky s Ck uky 1.s=Ckuky..; forO s L

It is well{known that the nonconvex corner of bounds the reg ularity of the
solution u of (1.5). Thusu 2 H¥S for0 s < for f smooth enough, and
Kukys Cskfky s, but u2H™ . A somewhat more sophisticated regularity
result makes it possible to show the following error boundsn L, and energy norms,
for the Ritz nite element projection Rj, de ned by (1.9).

Lemma 2.1. For u the solution of (1.5) or (2.1), we have, for <s 1,
(2.2)  kRpu uk+h kr (Rhu u)k  Csh? k uky s Csh? Kukys. s
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Further,
(2.3) kRhu uk Ch kuky::

In the maximum{norm kvkc = sup,, jv(x)j the following almost O(h ) error
estimate holds.

Lemma 2.2. Let u be the solution of (1.5). If the triangulations Ty, are such that
hmin ~ Ch for some > 0, where hyin = mint, diam( ), then

kRhu ukc Cgs,hkukyss,; for 0 s<si<:
We recall that for quasiuniform triangulations the logarit hmic stability estimate
kRnvkc C hkvke;  where ', = max(log(1 =h); 1);

may be used to improve the maximum{norm convergence rate tdO(h “y).

Away from the corners of the domain , the convergence in maximum{norm is
of the same orderO(h? ) as in the global L, error estimate. For this we quote the
following lemma, where we denote the norm inC* by k kcs.

Lemma 2.3. Let u be the solution of (1.5). If ¢ 1 is such that 1
does not contain any corner of and the distance betweer@ ;\ and @ o\ is
positive and if the T;, are quasiuniform in 1, then we have, for <s 1,

kRhu Ukc( 0) Csh2 kUkCZS( 1)'l'k UkH 1+ s Csh2 kukCZS( 1)+kUKH.1*$ :

Optimal order O(h?) and O(h) convergence inL, and H?!, respectively, and
almost optimal O(h?) convergence in the maximum{norm, may be obtained by
systematically re ning the triangulations toward the corn ers of . In the case of
the maximum-norm, to which we shall restrict ourselves here such triangulations
can be described as follows. It is known, cf. [8], that a cormeP; of gives rise
to singularities, expressed in terms of polar coordinatesentered at P;, of the form
cr™ isin( i ),with ;= =!';2(0;2), where!;is theinteriorangle,% <! <2,
and m is a positive integer. Assuming that the triangulations are quasiuniform away
from the corners, the re nement near P; has the “local mesh-sizeh(x) at x 2
with h(x)  min (hdi(x)* 2" ;h?= 1), with d;(x) the distance from x to P;, thus
with mesh-sizes smaller neaP; the bigger the ! ;. This may be done in so that
dimS;, Ch 2. The condition on T, of Lemma 2.2 is satis ed. For details, see
[5]; below we shall simply refer to such triangulationsT,, as appropriately re ned.

Lemma 2.4. Let u be the solution of (1.5), and let the triangulations T, be ap-
propriately re ned. Then we have

(2.4) kRhu uk+ hkr (Rhu  u)k  Ch?k uk = Ch2kf k:
Further, for any s< 2and p< 1 su ciently large, we have with C = Cg,,
(2.5) kRhu ukc Ch%k uk., = Ch%kfk,:

We turn now to the parabolic problem. A basic weak solution of (1.1) is such
that u 2 L,(0; T;H3), with u; 2 Lo(0;T;H 1), forany T > 0, and a unique such
solution exists ifv2 Lo andf 2 L,(0; T;H ). However, in our search for maximal
order convergence, the following stronger regularity reslis, expressed in terms of
the data v and f , will be needed. We will use the notation

(2.6) go= u(0)= v+ f(0); forv2 HZ; f(0)2 Ly:



Note that v 2 H2 contains the compatibility condition v = 0 on @ between initial
data and the boundary condition in (1.1).

Lemma 2.5. Let u be the solution of (1.1) and assumev = 0 on @ . Then we
have, fort T,

Z t Z t
(2.7) ) kutk?:d  C kgok? + . kfkd . d
and, if in addition go =0 on @ , then
Z t Z t
(2.8) (k uk®+ kugk?)d  C kgok3. +  kfk?d
0 0
Further,
Z t Z t
(2.9) (Kutky s s + kugky ws)d  Cs kgok+  kfikd ; for 0 s< 1;
0 0
and, if gg2 H ,
Z t Z t

(2.10) (ku¢ky 2 + kug k)d C kgoky + kftkw d ; 0< < %:
0 0

For comparison with the nite volume results to be shown in Section 3 we state
some error estimates for the spatially semidiscrete nite é&ement approximation
(1.8) of the solution of (1.1).

Theorem 2.1. Let u, and u be the solutions of (1.8) and (1.1) with v=0 on @
and let go be de ned by (2.6). Then if v, = Ryv, we have, fort T,

t
ku () u(t)k Ch? k vk+ kgk+  kfkd
0

and
Zt Zt

kr u,(t) r u(t)k Ch k vk+ kgok + kfikd + kfek? . d =z
0 0

Also, we have the following maximum{norm error estimates.

Theorem 2.2. Under the assumptions of Theorem 2.1, if the triangulationsT,, are
such that hyin Ch for some > 0, we have, forO<s <Z andt T.
t t _
kuy(t) u(t)ke Csh® kvke + kf (O)k+  kfkd + kfk2 .d 72
0 0
Further if o 1 is such that ; does not contain any corner of and the
distance between@ ;\ and @ o\ is positive and if the triangulations T}, are
quasiuniform in 1 andgo =0 on @ , then we have, for <s< landt T,

t

kun(t) u(kg o) Csh? "2 Kku(t)kess( )+ k Vk+kgokyi+  Kfk?d 72
0

Note that the rst term in the parenthesis is nite provided v andf are smooth
in the interior of .
In the presence of the appropriate re nements the convergece is almostO(h?).

Theorem 2.3. Under the assumptions of Theorem 2.1, if the triangulationsT,, are
appropriately re ned, and go =0 on @ , then v%e have, for anst <2andt T,
t t
kup(t) u(t)kc Csh® kgoky: + kf (O)kc + kfikcd + kfk?d
0 0

1=2
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3. The semidiscrete finite volume method for the parabolic probl em

We begin this section by recalling some basic material coneceing the nite
volume method, cf. [1, 2, 6, 7, 9], and then proceed with our epr bounds.

We shall rst rewrite the Petrov-Galerkin method (1.3) as a G alerkin method.
For this purpose, we introduce the inte)r(polation operatorJy, : C 7!'Y, by

Jnu(x) = u(z) 2(x);
227

where the setf , : z 2 Z2g, with , the characteristic function of the nite
volume V;, is a basis ofY,. We recall that the bilinear form ( ;J p ) is symmetric,
positive de nite on Sy, thus an inner product, and that the corresponding discrete
norm is equivalent to the L, norm, uniformly in h, i.e., with C c¢> 0,

(3.1) ck k ji ji Ckk 8 2Sy wherejj ji (;3n )%

It is wel{known, cf., e.g., [1], that

(3.2) a(; )=a(;JIn ), 8; 2S5
and it follows that there exists ¢ > 0, such that
(3.3) an(;Jp ) ckr K% 8 2 S

With this notation, (1.3) may equivalently be written in Gal erkin form as
(Unt;dn )+ an(un;dn )=(F;dn ); 8 2 S, t> 0; with up(0) = Vn:
In the analysis we shall need the error functional',( ; ), de ned by
"W )=(fdn ) (F); 8 2HS; l<s 1, 2
and recall the following bound, cf. [2, Lemma 5.1]:
Lemma 3.1. Letf 2 H®, with 0 s 1. Then we have
i"n(f; )j Chi*Skfkysk kyi; 8 2Sh; i=0;1:

Our next purpose is to derive anL, norm error estimate for the semidiscrete
nite volume method (1.3), using the nite volume elliptic p rojection R, de ned
in (1.11). The proof is based on the following error bound. N¢e that (3.5) requires
more regularity than the corresponding result for the Ritz projection in (2.2).

Lemma 3.2. Let u be the solution of (1.5). Then we have
(3.4) kr (Rhu  u)k  Csh k uky »s  Csh kuky..o; for <s 1
Further

(3.5) kRhu uk Ch? k ukyz 1:
Proof. The estimate (3.4) is shown in [3, Theorem 5.2]. For the proobf (3.5) we
employ a duality argument. For 2 H§ satisfying = Ryu u, we have

kRhu uk?®= a(Rhau u; Rn )+ a(Rpu  uw;Rp )= 1+ II:
For the rst term we obtain, using (3.4) and (2.2) for s=1,since2 1> 0,
jlj kr (Rhu u)kkr (Rp )k Ch? k ukk Kk
Ch? k uky> :kRhu uk:



To bound now the second term we note that by (3.2), (1.11) and (.4), we get
a(RhUu;Rn ) = an(Rhu;InRh ) = an(U;dnRn )= ( U;dnRn );
sothatll = ",( u;Rp ), and hence, by Lemma 3.1,
jlli Ch? k uky. 1kr Rn k Ch? k uky: 1kr k

Ch? k uky: :1kRhu uk:
Together these estimates show

kRhu uk?® Ch? k uky: :1kRhu uk;
which completes the proof.

We are now ready for ourL, norm error estimate for (1.3). Here and below we
denote

(3.6) = Ug(0)= go+ f(0) for go 2 H2; £((0) 2 Ly:

Theorem 3.1. Let u, and u be the solutions of (1.3) and (1.1), respectively, and
assumev =gy =0 on @ . Then, if v, = Ryv, we have, fort T,
t

kun(t) u(thk Ch2 Kk vky:+ kgik+  (Kfgk+ kfiky:)d
0

Proof. Writing up, u= #+ %as in (1.12), we nd by (3.5)
z t z t
kogt)k k %0)k + ko%k d Ch? k vkyz 1+ kK uky: :d
3.7) 0 Z, 0
Ch? Kk vky:+  (kugky: + kfiky1)d
0

where in the last step we have used the factthat2 1 1and u; = uyg fy.
Since u; satis es (1.1), with f and v replaced byf; and u;(0) = go, respectively,
the regularity estimate (2.9) with s =0 shows

z t z t
(3.8) kug k2 d C kgik+ kfikd

0 0

which applied to (3.7) bounds%as desired. We now turn to#, which satis es (1.13).
Choosing = Jp# we nd

#F;Inf) + an(FInH) = (% In#);

and hence by standard energy argumentg we obtain
t

Kk C  k%kd :
0

In view of (3.7) and (3.8), this completes the proof.

We now show anL ; norm error estimate for (1.3), using instead the nite element
Ritz projection Ry, in the analysis. Note that in this case the regularity requirements
on data are weaker than in Theorem 3.1.

Theorem 3.2. Let uy and u be the solutions of (1.3) and (1.1), respectively, and
assumev =0 on @ . Then, if v, = Rpv, we h%ve, fort T,
t

Kun(t) u(t)k Ch2 k vk+ kgok+  (kf(k®+ kfkZ,)d 72
0
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Proof. We write uy, u=#+ %asin (1.14). Then (2.2) with <s< 1 and (2.9)
give
z t z t
kot)k k %0)k+  k%kd Ch? kvkyws+  Kukyssd
(3.9) 0 Z, 0
Ch? k vk+ kgok + kfikd
0

which yields the desired estimate for%
We turn to the estimation of #, which satis es the equation (1.15). In view of

(3.2), (1.4) and (1.9), we have

(3.10) an(%; 9 )= aRpu; )+( wdn )="np( u; ); 8 2 Sy

Using this, (1.15) with = J,# is transformed into

(#;In#) + an(H In#) = (% dn#)  "n( U#):

By the symmetry of (;J , ) on Sy, this shows, in view of Lemma 3.1,
E%jjj#jjj2+ an(#,Jn#) Ck%kk#k + Ch? k uky. 1k#ky:
Cko%kk#k + Ch?  kucky: + kf kg1 kr #k:

Using (3.3) to kick back kr #k, and integrating, we obtain, since#(0) = 0, and in
view of (3.1) and (2.7), that
Z t z t
k#(t)k?> C  kopkk#kd + Ch*  (kuik?. + kfk.)d
0 0
z t z t
C  k%kk#kd + Ch* kgok?+  (kfik% .+ kfkZ.)d
0 0
Setting ( t) Supys  k#(S)k, this shows
z t z t
k#(t)k> ()2 C kpkd ( t)+ Ch* kgok?+  (kfk3 .+ kfk3.)d
0 0

which, together with (3.9), gives the desired bound for#.
Next, we show anO(h ) estimate for the gradient of the error.

Theorem 3.3. Under the assumptions of Theorem 3.2, we have
t

kr (un(t) u(t)k Ch k vk+ kgok+  kfk’d
0

Proof. In view of (2.2) we have, with <s< 1,
z t z t

(311) krogk ki %Ok+ krokd  Ch kvk.t ki d

2 tort, T

and (2.9) then gives the desired bound for % To bound r # we choose = Jn#
in (1.15), and using (3.10) with the fact that an (#; Jn#) = %d‘it a(#; #); we get

1d
(3.12) m#tm2+ >4t a##) = (% In#)  "n( uj#y):
Substituting u=f u yields

.., 1d d
i #efi 2 + SqrEH = Cdn#)  “n(ugH)+ S n(G#) n(fo#):
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Integrating, using #(0) = 0, together with (3.1) and Lemma 3.1, we nd
z t
kit k’d + %kr #(t)k?>  Chkf (t)kkr #(t)k
z t
+ (k%K k#k + Ch(kuiky 1 k#ik + kf (kkr #k)) d :
0
R
After kicking back é k#.k?d , this together with (2.3) implies, since < 1, that
z
t t
kr #(t)k*> Ch? ki ()k®+  (kuik?. + kfik?)d  + C  kr #k°d :
0 0

0

Using Gronwall's lemma, the estimate .

t
kf (k2 C k vk?+ kgok?+  kfk2d
0

and (2.7), we nally nd
z t

(3.13) kr #()k? Ch2 k vk®+ kgok®+  kfk?d
0

which shows the desired bound fo#t.

By a slight modi cation of the above analysis of r #, we can show the following
\super“{closeness of the gradients ofu, and Ryu.

Lemma 3.3. Under the assumptions of Theorem 3.2, legp =0 on @ and g; be
de ned by (3.6). Then we have, fort T,
z t
kr #(t)k Ch? k vky: + kgik + (Kf k& + kfg k3 1)d
0

1=2

Proof. Rewriting the right hand side of equation (3.12) in the form

1d d
[ . = 0 . . n . n . .
Zdt a(#!#) (/pv‘]h#t) dt h( u!#)+ h( ut!#)i
integrating, using #(0) = 0, together with Lemma 3.1, and (3.1), we nd
z t
jii #i 2+ %kr #(t)k> Ch? k u(t)kyz okr #(t)k
0 z .
+  (k%kjji#ii + Ch? k uiky: 1kr #k)d:
0
Together with (2.2) for s =1 and the fact that 2 1 1, this gives
z t Z t
kr #(t)k* Ch* k vkZ.+ . (kug k21 + kfk3.)d  + C ) kr #k2d :
Since u; satis es (1.1), with f and v replaced by f; and u;(0) = go, respectively,
the regularity estimate (2.7) shows
z t z t
(3.15) kugkZ: C kgk*+  kfyk3 .d
0 0
Using this together with Gronwall's lemma, we obtain the desred estimate.

(3.14) i #ejii 2 +

We now turn to error estimates in maximum{norm, and begin with global such
estimate of order almostO(h ), cf. Theorem 2.2 for the corresponding result for
the nite element method, under almost the same regularity assumptions.
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Theorem 3.4. Under the assumptions of Theorem 3.2, if the triangulationsT;, are
such thathmi, ~ Ch for some > 0, then we have, fors2 (0; ) andt T,
t

kun(t) u(t)ke CshS k vk+ kgok+  kfk?d
0

1=2 |

Proof. We have by Lemma 2.2, withs; 2 (s; ),
z t

K%t)ke  Cos, °KU(D)Ky s,  Cos,h® kvkyss, +  Kugkyis, d
0

which is bounded as desired by (2.9).
In [5] we showed that the following discrete Sobolev type inquality, is valid for
triangulations satisfying the condition assumed in this theorem

(3.16) k ke CF%kr ki 8 2 Sy

Hence, in view of (3.13) we get
Z t
K#(t)ke Ch "2 k vk+ kgok+  kfk*d 72 ;
0

which implies the desired estimate for#.

We note that under the stronger assumption =1, i.e., when the T, are globally
quasiuniform, one can show arO(h ") maximum{norm estimate, under slightly
weaker regularity assumptions on data, cf. the comment afte Lemma 2.2.

Next, we derive an almostO(h? ) error estimate away from the corners of , cf.
Theorem 2.2 for the nite element method.

Theorem 3.5. Under the assumptions of Theorem 3.4, legp =0 on @ and g; be
de ned by (3.6). If o 1 is such that ; does not contain any corner of
and the distance betweer@® ;1\ and @ ¢\ s positive, and if the triangulations
Th are quasiuniform in 1, then we have, fort T,Z

t

kun(t) u(t)kg( o) Ch? "1™k vkus + kark + (K + Kk d )12

Proof. By Lemma 2.3 we have, with <s< 1,
(3.17) k%t)ke( o) Ch? ku(t)kees( ) + k u(t)k Ch? k u(t)ky::
Here we have used that by Sobolev's inequality, an interior egularity estimate, and
kuk Ck uk Ck uky:, we have

Kukces¢ ;) Ckukyse ;)  C(k uky: + kuk) Ck uky::

We now bound the last term in (3.17), using u; = uyg f; and (3.8), as
t
(318) k U(t)kHl k VkHl + (kun kHl + kftkH l)d
0 z,
C k vky: + kgrk+  (kfgk+ kfikg)d
0

so that %is estimated as stated. Using the supercloseness result oeinma 3.3
together with (3.16), # as bounded as desired, which completes the proof.

We nally show the following almost O(h?) convergence result in the presence
of the appropriate re nements, cf. Theorem 2.3.
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Theorem 3.6. Under the assumptions of Lemma 3.3, with the triangulationsTy
appropriately re ned, we have, fors< 2andt T,
z t
kun(t) u(t)kc Ch® k vky: + kgik + (kf k21 + kfyk?)d =z .
0
Proof. To bound %we use (2.5) forp su ciently large, and a standard Sobolev
inequality, to obtain, with C = Cg,

kot)ke Chk u(tk., Ch°k u(t)ky:

and hence (3.18) gives the desired bound fo¥
We next derive a superconvergentO(h?) order estimate for kr #k based on the
L, norm error bound of (2.4). For this we follow the proof of Lemma 3.3, and
obtain this time, after the application of Gronwall's lemma,
z t
kr #()k* Ch* k vki.+  (kugk?. + kfkZ.)d
0

which, in view of the regularity estimate (3.15) and (3.16) completes the proof.

We note that under somewhat weaker assumptions on the re nerants of the Ty
than those introduced before Lemma 2.4, one can show optimadrder O(h?) and
O(h) convergence, inL, and H* norm, respectively, for the erroruy,  u, cf. [5] for
a corresponding result for the nite element approximation u,,.

4. The backward euler fully discrete scheme

In [5], in addition to the semidiscrete nite element problem (1.8), also fully
discrete methods were considered. These were obtained bysdretizing (1.8) in
time by the backward Euler and Crank-Nicolson methods. The ime discretization
resulted in slightly higher regularity requirements on data than those summarized
in Section 2 above, and we refer to [5] for details.

In this section, by application of our analysis of the semidscrete nite volume
problem (1.3) to a fully discrete scheme, we will show some eor estimates for the
discretization in time by the Backward Euler method. Letting k denote the time
step, t = t, = nk, U" the approximation in Sy of u", where' " = ' (tp) for '
denedin[0;T], and @U = (U" U" 1)=k, we consider the fully discrete scheme

(4.1) (@U; )+ an(U"; )=(f" ); 8 2 Yy with U%= vy = Ryw:

We rst show the following error estimate in Ly, with go de ned in (2.6).

Theorem 4.1. Let U™ and u(t,) be the solutions of (4.1) and (1.1), respectively,

and assumev =0 on @ . Then we have, fort, T and 2 (0;3), with C=C,
Z,

KU" u(ty)k C(h? + k) k vk+ kgoky + (kf K31 + kfk3.)d
0

1=2

Proof. Analogously to (1.14) we write
U u(ta) =(U"  Rau(tn))+(Rhu(tn) u(tn)) = #" + 98:
Here %8 is bounded as desired by (3.9). To boundt" we note that
(@%F )+ an(#; )= (@% )+(ul @O; ) an(%;)

“-2) = (") an(%; ), 8 2VYh;
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where
(4.3) IM=11+12=(Ry 1@ty)+(@Qtn) u(tn)):
Choosing = Jp#" in (4.2) we obtain, in view of (3.10),
SeG#TI7 G # ) i T an (9"
= (P™3n#") "h(ud f7HD)
= (05an#") (V3:#Y) "n(@0 fMHN):

Multiplying this by 2 k, employing Lemma 3.1 and (3.1), and kicking backkr #"k,
we get

ii#i% G #" i+ Ck(k! Tk + K! JK)jj#"jj + CKh*(k@OKZ, + Kf "K2,):
Letnow " =maxo j n k# k. Then, since#° = 0 and using again (3.1),
n2 ny2 X j j n 4)<1 2 j 1.2
(4.4) k#"'k® (") Ck (klik+ k!ik) "+ Ckh (k@ukg . + kflkg1):
j=1 j=1

To bound the rst term on the right, we employ the case p = 1 of the inequality

X . X z t VA th
45 k j@g® ck k' jgjd ° C jgjfd; 1 p<1;
i=1 i=1 o1 0
wherej j is a norm in a linear space, and (2.2) withs = 1, to nd
X ) . X _ z t
Ck (kl'ik+ kllk) Ck h? k@Uk,,, + kuy kd
i=1 j=1 G o1
(4.6) ] ! Z, l Z.,
Ch? kutk,.d + Ck  Kkugkd:
0 0

For the last term in (4.4), we use the inequality
X Zy,
k jdi®? t maxjg( )iZ? C . (i9i* + jgi*)d
j=1
and (4.5) with p =2 to obtain
X Zy,
(4.7) k (k@Uk%, + kflkZ.) C  (kukd. + kf k%, + kfkZ.)d:
j=1 0
Altogether, (4.4), (4.6) and (4.7) give
z th z th
k#"K?  Ch* kugkyod 2+ (kugk?s + kFKZ s + kfkZ)d
OZ . 0
+ Ck? kuy kd
0

In view of (2.7) and (2.10) this completes the proof.

Next, we will show the following error estimate for the gradient.
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Theorem 4.2. Under the assumptions of Theorem 4.1, lefgp = 0 on @ . Then
we have, fort, T,
Z,,
kr (U" u(ta)k C(h + k) k vk+ kgoky: + kf k?d
0

Proof. Herer 9 is bounded as desired by (3.11) and (2.9). To estimate #", we
choose = Jy@# in (4.2). Using (3.2) together with the identity 2 a(#"; @#) =
@r #"k? + kkr @#k?, and (3.10), we then obtain

§@Fii*+ J(@r #K+ Kkt @BK) = (1"0,@8) "n( U @B):

1=2 |

Multiplying by 2 k, using (3.1), eliminating jj @#jjjz, and summing in time, we nd

(4.8) kr #1k> Ck Kk'1Kk® k "n( u;@¥®:
i=1 i=1

Since#° = 0, the last term can be rewritten as

k  "n( U;@8)= "h( uh#EN)+ ko h(@UG# )
j=1 j=1
Thus, employing this identity and Lemma 3.1 (with i =1; s=0) in (4.8), we get

) X . .
(4.9) kr #'k° Ck (k! K?+ k! Lk?)
j=1
X _ X 1 .
+Ch?k u"k®+k k@ uk® +Ck  kr #Kk%:
j=1 j=0
The last term is eliminated by using the discrete version of Gonwall's lemma, and
using (4.5) with p =2 we easily nd
X Zy,
k u"k®+k k@ UWk® Ck vk?+ k uk’d
j=1 0
Hence by (2.8), the second to last term in (4.9) is bounded as&kired. Using (2.3)
and again (4.5) with p =2, we obtain
X : : X ) z t
k (klK*+ k' Lk?) Ck h? k@UKZ . + kuy kd
j=1 =1 bt
z t z t

Ch? kukZd + Ck?  kugk?d;
0 0

which is bounded as desired by (2.7) and (2.8). This completethe proof.

2

We nally demonstrate the following time discrete version of the maximum{norm
error estimate of Theorem 3.4.

Theorem 4.3. Under the assumptions of Theorem 4.2, if the triangulationsT;, are
such thathmi, ~ Ch for some > 0, then we have, forO s< andt, T,
Z,

KU"  U(ta)ke  Cs(h®+ K22 k vk + kgoky: + kf (k2d
0

1=2 |
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Proof. The term 98 is bounded as stated in the proof of Theorem 3.4. Fo#" we
have, using (3.16) and the bound forr #" of the proof of Theorem 4.2,

Z,
kike [k #k C(h + KRk vk kaokn o Kk T

which completes the proof.

We refrain from stating and proving the straight{forward an alogues of Theorems
3.5and 3.6.
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