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A nonlinear system of two coupled partial differential equations models miscible displacement of
one incompressible fluid by another in a porous medium. Conservation of mass for the mixture leads to
an elliptic equation for pressure, and conservation for the displacing fluid yields a convection-
dominated parabolic equation for the concentration of that fluid. A sequential implicit time-stepping
procedure is defined, in which the pressure and Darcy velocity of the mixture are approximated
simultaneously by a mixed finite element method and the concentration is approximated by a
combination of a Galerkin finite element method and the method of characteristics. Optimal-order
convergence in L? is proved. Time-truncation errors of standard procedures are reduced by time
stepping along the characteristics of the hyperbolic part of the concentration equation; temporal and
spatial errors are lessened by direct computation of the velocity in the mixed method, as opposed to
differentiation of the pressure. Several extensions of these results are outlined.

0. Introduction

Miscible displacement of one incompressible fluid by another in a porous medium 2 over
time interval J = [0, T'] is modeled by the system

k o
v (N(C)(Vp-‘y(c)Vd)>=V u=gq, x€0, t€J, 0.1a)
$ 5V (D)Ve - uc) = &, XEQ, 1€, (0.1b)
u-n=DwW)Vc—uc)-n=0, xXeEa, tel, 0.1¢)
c(x,0)= co(x), xeEN. 0.1d)
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We assume that the medium is vertically homogeneous and take 2 C R?, except at the end of
the paper where extensions to {2 CR* are considered. The dependent variables are p(x, t), the
pressure in the fluid mixture, and c(x, t), the concentration of a solvent injected into resident
oil. In this tertiary oil-recovery process, solvent is injected at certain wells in a petroleum
reservoir, mixes with oil to form a single phase, and flows to other wells where oil is produced.
(0.1a) and (0.1b) represent conservation of mass for the fluid mixture and the injected solvent,
respectively. The coefficients and data in (0.1) are k(x), the permeability of the porous rock;
wn(c), the viscosity of the fluid mixture; y(x, ¢) and d(x), the gravity coefficient and vertical
coordinate; u(x, t), the Darcy velocity of the mixture (volume flowing across a unit cross-
section per unit time); q(x, t), representing flow rates at wells, commonly a linear combination
of Dirac measures; ¢(x), the porosity (proportion of volume available to porous flow) of the
rock; D(x, u), the coefficient of molecular diffusion and (anisotropic velocity-dependent)
mechanical dispersion of one fluid into the other; é(x,f), the injected concentration at
injection wells and the resident concentration at production wells; and co(x), the initial
concentration. The initial pressure is determined only up to an additive constant by (0.1a) and
(0.1c); this indeterminacy holds at all later times as well, but it is of no consequence since u is
uniquely determined by (0.1a), and only u (not p) appears in (0.1b). Related to the
indeterminacy is the compatibility condition [ q(x, t)dx =0 that must be imposed on the
data. A detailed derivation of (0.1) appears in [18].

The principal variable of physical interest in (0.1) is the concentration, 0 <c(x,f)<1,
because it shows how much of the reservoir is swept by solvent, or equivalently, how much oil
is recovered. In realistic displacements D is quite small, so that (0.1b) for c¢ is strongly
convection-dominated. Standard upwind finite difference methods used in the petroleum
industry for such problems artificially smear concentration fronts with excessive numerical
dispersion and produce solutions that depend strongly on the orientation of the difference grid
relative to the streamlines of flow. Other standard techniques without upwinding produce
unacceptable nonphysical oscillations in the concentration approximations. In this paper we
approximate ¢ by a modified method of characteristics that reduces these difficulties sub-
stantially.

This procedure was introduced and analyzed for a single parabolic equation by Douglas and
one of the authors in [10], using either finite differences or finite elements to discretize in
space. The nine-point finite difference version of the method has been analyzed for (0.1b) in
combination with either a five-point difference scheme [6] or a mixed finite element method
[5] for (0.1a). The finite element version for (0.1b) has been analyzed with a standard Galerkin
procedure for (0.1a) [17]. Optimal-order rates of convergence were obtained in all cases,
assuming smooth data. Pironneau [15] has analyzed a closely related finite element procedure
for the Navier-Stokes equations from a different viewpoint, allowing D to go to zero while
proving suboptimal convergence. In this paper, we analyze the finite element method of [10]
applied to (0.1b) with a mixed method for (0.1a); this combination has produced the best
numerical results we have seen [13].

The numerical behavior of the modified method of characteristics for (0.1b) depends
strongly on the accuracy of the approximation of the velocity u. Thus, it is not surprising that a
mixed method, which computes p and u simultaneously without differentiation of p and
multiplication by the rough coefficient k/u, improves the approximation of c¢. The mixed
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method considered here was introduced and analyzed for second-order elliptic problems by
Raviart and Thomas [16]. For (0.1a), the method has been analyzed in combination with a
standard Galerkin procedure for (0.1b) in [8] and [9], using continuous and discrete time,
respectively. Optimal results were proved for smooth data; for singular data (e.g., Dirac
measures) and o independent of ¢, suboptimal convergence was demonstrated in [8]. As noted
above, the mixed method has also been analyzed with the nine-point finite difference version
of the modified method of characteristics for (0.1b) [5]. A more detailed summary of previous
analysis and numerical work with these methods is given in [18].

This paper is organized as follows. In Section 1 we refine the statement of our problem and
list the assumptions needed for the convergence analysis. We define the finite element version
of the modified method of characteristics in Section 2, using spaces satisfying certain ap-
proximation and quasi-regularity properties; we also define a useful projection of ¢ into these
spaces. Section 3 defines the mixed method and associated spaces and projections, concluding
with the time-stepping algorithm that combines the two methods. Optimal-order convergence
is proved in Section 4, and some extensions of the theory are outlined. The proof combines the
techniques of [8] and [17], with considerable modification and reorganization.

1. Statement of the problem

We introduce here a nondivergence form of (0.1) that is used in our numerical scheme. We
also define certain Sobolev spaces of functions, list the smoothness assumptions on the
solution of (0.1), and indicate the properties required of the coefficients.

The nondivergence form is obtained by expanding the convection (V- (uc)) term in (0.1b)
with the product rule and using (0.1a). This leads to

V-u=gq, x€EN tel], (1.1a)
$ %+ u-Ve-V-(DWVe)= (- ). xEMQ, tel, (1.1b)
u-n=DW)Ve)-n=0, xX€E, tel, (1.1¢)
c(x, 0) = co(x), xEN, (1.1d)

where § = max{q, 0} is nonzero at injection wells only. To avoid technical boundary difficulties
associated with the modified method of characteristics for (1.1b), we assume that 2 is a
rectangle and that (1.1) is {2-periodic. This is physically reasonable, because the no-flow
condition (1.1c) can be treated as a reflection boundary, and because boundary effects in
reservoir simulation are of considerably less interest than interior flow patterns. Throughout
the rest of this paper, all functions will be assumed to be spatially Q2-periodic. The boundary
conditions (1.1¢) can be dropped.
On {2, we define the following Sobolev spaces and norms:
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In particular, H(Q2) = L*(2) and W({2) = L™({2). The inner product on L*((2) is denoted by

(h.9)= ] foax.

We also require spaces that incorporate time dependence. Let [a, b] C J and let X be any of
the spaces just defined. If f(x, f) represents functions on {2 X [a, b], we set

2
dt<oo,a$m},
X

[
H @b ) ={f: [ |Zhe,

1l e s 3y = {2,[ dt] , m=0,

5 O

Wﬁ(&,b;X}={f:es{i§?p“—a—{£( ;}u <icc,a<<.m},

1 w2 ca, 55 30 =

a“ ¢ t)ux’

asm [a,b]
Ia,b; X)=H%a,b; X), L™ab;X)=Wiab;X).

If [a, b]=J = [0, T, we drop it from the notation. We also drop £2; thus, we write L*(W?) for
L™, T; Wi({2)).

If f=(fu, f2) is a vector function, such as the velocity u in (1.1), we say that fE X if fi€ X
and f, € X. We also define the special vector-function spaces and norms

Hr(divi)y={f:f,., V- fEH"({])},
I lam@w = Q5 + AR +IV-FIR12, m=0,
H(div; Q) = H°(div; £2).

Our assumptions on the regularity of the solution of (1.1) are denoted collectively by
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c€ L*(H")Yn HYH"*Y N L(WL) N HY(LY),
(R) peL*H"Y,
u € L>(H**'(div)) N L*(WL)N WiL*)n H¥L?),

where [ =1 and k =0 are integers to be chosen for the approximation schemes. In practice, [
and k are the degrees of piecewise polynomials approximating ¢ and p, respectively.

Note that p and u are required to have the same order of smoothness. This might seem out
of balance, since u depends on Vp. However, in the physical problem the coefficient k/u may
be quite rough or even discontinuous. If, for example, k is discontinuous at an interface of
rock types, then the physical p and u should be continuous, but Vp should be discontinuous.
Under such circumstances an assumption such as p € H', u € H'(div) is quite plausible and
even natural.

The hypotheses in (R) enforce tacit conditions on the coefficients in (1.1). We will make
explicit use of

0<av<ill<at, 0<4.<p()=¢*. 0<D.<Dxu),

©) ]ﬂg.é&)(x, c)} + }%} (x, C)l + |V (x)| + l%—g(x, u)l +G(x, 1)+ l%?(x, t)l <K*,

for constants ax, a*, ¢+, ¢*, D, K*. The assumptions on k/u, ¢, and D are reasonable; D is a
tensor that depends on the first power of the magnitude of u [18]. However, the bound on § in
the physical problem will be very large, since the reservoir length scale is 3 to 4 orders of
magnitude above that of a well diameter. Our analysis will show that our methods are
mathematically justified, but it will apply in a practical sense only to a smoothed idealization
of (1.1). For realistic convergence rates, it will be necessary to examine the behavior of the
approximations as § tends toward a singular Dirac measure. Of the studies of this physical
problem, only [14] has moved in that direction.

2. A modified method of characteristics for the concentration

The modified method of characteristics is a time-stepping procedure that can be combined
with any spatial discretization. We define the procedure here and apply it to (1.1b), assuming
that a velocity from (1.1a) is known. Then we introduce a finite element mesh, consider a
projection of ¢ into the mesh, and show how the spatial and temporal discretizations are
combined.

The basic idea is to think of the hyperbolic part of (1.1b), namely, ¢ dc/3t+ u -V, as a
directional derivative. Accordingly, let s denote the unit vector in the direction of (u,, u,, ¢) in
2 x J, and set

Y(x) = [u@) + S(xY1" = [un(x)* + ua(xy + b (x)]".

Then (1.1b) can be rewritten in the form
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Y-V (DY) + e = ge. 1)

Note that (2.1) has the form of the heat equation, so that its numerical approximations should
be better behaved than those of (1.1b) if a reasonable treatment of the ‘time’ derivative dc/ds
can be found.

Partition J into 0=<¢'<--- <N =T, with At?=¢"— """, Our analysis is valid for
variable time steps, but we drop the superscript from Af, for convenience. For functions f on
2 x J, we write f"(x) for f(x,t"). Approximate (dc"/ds)(x)= (dc/ds)(x,t") by a backward
difference quotient in the s-direction,

ac” c™(x)- c""(x - g-%% Arc)

o

s AN+ D)1 (x) @2
If we let X = x — (u(x)/¢(x))At. and f(x) = f(%), then
Vi e

Since the problem is 2-periodic, £"' is always defined; the tangent to the characteristic (i.e.,
the s-segment) cannot cross a boundary to an undefined location. The difference quotient
relates the concentration at a given x at time ¢" to the concentration that would flow to x from
time ¢*! if the problem were purely hyperbolic.

The time difference (2.3) will be combined with a standard Galerkin procedure in the space
variables. For h.>>0 and an integer /=1, let M C Wi(£2) be a family of finite-dimensional
subspaces indexed by h. and having the following approximation and inverse properties:

int 1~ x1+ ol = xh+ hellf = xll=+ hellf = xlwdl < Kokl
“)

2em=sl]+1,
llwe < Kohlixlh,  Ixlle=<Koh'xll, Il < KohZfix|
forallye M,

where K, is independent of h.. These properties hold, for example, for continuous piecewise
polynomials of degree <I on a quasi-uniform mesh of diameter <h..

Our convergence analysis will use a technique of one of the authors [19] that relies on a
projection of the exact concentration ¢ into M. If u is the exact Darcy velocity, define
C(-,H)E M by

D@OVER), Vx)+ (€@, )+ @NCE), x) =
= (D@O)Ve(r), Vx) + (c(®), x) + (§(c (), x)

== (620, x )~ () Ve ), )+ €O, O+ EOE@ ), XEMIET. (24)

As in [11,17], we can use (R), (C), (A.), and (L) to obtain the following facts about C:

(L)
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lle = Clli=ar + hellc = Clle=amy < Kih Tllcl =aim , 2.5

“i(c - C‘)“ < Kh?cllewt@my, 2sm<I+1, (2.6)
ot Lad

ICll=ewsy < K1, 2.7)

where K, is independent of ¢ and h. and depends on |u|wie= and Dx. We will define a
numerical approximation C of ¢ in (3.10) below; with (2.5) known, the convergence analysis
will have only to estimate [|C— CJ.

We can obtain a weak form of (2.1) by multiplying by a test function in H'(2) and
integrating by parts in the diffusion-dispersion term. A Galerkin discretization of this weak

form using M and the characteristic backward difference in (2.3) is given by C%, Cs, ..., CY €
M such that

9= @0

T 2.8)

n_ n-1
(¢ Cx ~ * ,x>+ (DW")VCE, Vx)+G°CE x)= "¢ x), XEMn=1.

In practice, u™ must be replaced by a numerical approximation to be determined in the next
section; an analogue of the translate ¥ using that approximation will be defined.

Note that all occurrences of C% are standard; the translation along characteristics using X
applies only to Ci™'. By thus looking backward in time along characteristics, we make it
possible to solve (2.8) on a static or simply-defined dynamic mesh. Schemes that look forward
along characteristics, such as moving-point or front-tracking methods, are difficult to imple-
ment in two or three dimensions; these difficulties do not apply to our method.

Note also that (2.8) leads to a symmetric positive-definite matrix at each time step, unlike
standard methods in which the dominant convection term is nonsymmetric. Thus, (2.8) is more
suitable than standard methods for solution by sparse iterative algorithms, which are necessary
when the number of nodes in the spatial mesh is large.

3. A mixed method for the pressure and velocity

The modified method of characteristics in (2.8) requires an accurate approximation of the
velocity u” in order to translate well along characteristics. This approximation will be provided
by the mixed finite element method described in this section. We define a coupled weak form
of (0.1a), discretize with special finite element spaces, and introduce projections of the exact
pressure and velocity into those spaces. Then we exhibit our fully discrete coupled time-
stepping procedure for (1.1).

The weak form of (0.1a) seeks p € L*({2) and u € H(div; ). Since p is only determined up
to an additive constant, all references to test functions in L2 L? norms of p and of its
approximations, and so on, should be understood to mean the quotient space L?/{constant
functions}. Separate (0.1a) into two equations,
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__k_
r(c)

V-u=gq, XEN te], (3.2)

u= (Vp-v(c)Vd), x€N, teJ, 3.1

representing Darcy’s law and conservation of mass, respectively. For «k € L*(2), a, B E
H(div; 2), and 7 € L*(02), define the bilinear forms

Alx; o, B) = (ﬂkﬂ o, B) , (3.3a)
Bla,m)= —(V-a, 7); (3.3b)

in (3.3a), the inner product is for vector functions in L*(£2). Multiply (3.1) by u/k and a test
function v € H(div; 2), integrate over {2, and integrate (Vp, v) by parts. Multiply (3.2) by a
test function w € L*(f2) and integrate over 2. Then (3.1)}-(3.2) is equivalent to the time-
parametrized saddle-point problem of finding a map (4, p): J - H(div; 2) x L*(£2) such that

A(c; u, v)+ B(v, p) = (y(c)Vd,v), v€ H(div; 2), (3.4a)
B(u, w)=—(q, w), wE L¥ ). (3.4b)

For h,>0, we discretize (3.4) in space on a quasi-uniform triangularization or quadrila-
teralization of {2 with elements of diameter <h,. Let V* C H(div; 2) and W* C L*({2) be
Raviart-Thomas [16] spaces of index k =0 for this mesh. For example, if the mesh were
rectangular, the first component of V* would be continuous piecewise polynomials of degree
<k + 1 in the x;-direction tensored with discontinuous ones of degree <k in the x,-direction,
the second component would be the reverse (thus V- V* C L?), and W* would be the tensor
product of discontinuous polynomials of degree <k in both directions. These spaces possess
the approximation and inverse properties

inf, |If - vll < K| fllh5
vEV
(Ap) inf, If — vl < Kall fllm@ivhs
inf [g—wl|<Kigllhy, l<sm<k+1,
weW

o= =< Kzh3Yoll, vE \ %

lollwie < Koh Y ollsey, v € V* T an element of the mesh .

(T)

As in (2.4), it is useful to define projections of the exact solutions into the mesh. Define the
map (U, P): J - V¥ x W* by
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A(c(r); U@), v)+ B(v, P(t)) = (y(c())Vd, v), vE V*, (3.5a)
B(U(1), w)=~(q(1), w), (3.5b)

where c(¢) is the exact solution of (1.1). By arguments in [4, 8], the map exists and (A,) implies
that

lu = Olle=qrainn + I = Pllan < K[ inf, u = vlla@n+ inf lp—wl]
vEV weW
< Kis(||ull =gty + 1P =)™ - (3.6)

The constant K; depends on constants in (C) but is independent of h,, u, p and c. In the same
way that (2.7) held, the estimate (3.6) and (I,) imply that

10|l 2ay<Ks. (3.7)

The mixed method for pressure and velocity, given a concentration approximation C at a
time t € J, consists of U € V* and P € W* such that

A(C; U, v)+ B(v, P) = (y(c)Vd, v), vE V*, (3.82)
B(U, w)=—(q, w), we Wk, (3.8b)

Existence and uniqueness of U and P is proved in [8], based on ideas of [4, 16]. As in [8],
comparison of (3.5) and (3.8) implies that

U = Ullaam+ IP = Pll< Ku(1 + | U=)le - €| - 39)

The estimates (3.6) and (3.9) will handle the coupling of concentration and velocity errors in
the convergence analysis.

We now present our sequential time-stepping procedure that combines (2.8) and (3.8). In
practice, the velocity may change less rapidly in time than the concentration, even if
characteristics are taken into account. Thus, it is appropriate to consider using a longer time
step for (3.8) than for (2.8). Partition J into pressure time steps 0= t, <t; <--- <ty = T, with
Aty = t, — t,-1. Each pressure step is also a concentration step, i.e., for each m there exists n
such that t, = t"; in general, At,> At.. We may vary At,, but except for At} we drop the
superscript. For functions f on 2 X J, we write f,(x) for f(x, t,); thus, subscripts refer to
pressure steps and superscripts to concentration steps.

If concentration step ¢" relates to pressure steps by t,-; <t" <t,, we require a velocity
approximation for (2.8) based on U, -, and earlier values. If m =2, take the linear extrapola-
tion of U,,_; and U ,,—, defined by

tn_tm_l U 2.

In—1— lm-2

tn - tm_1

bn—1— bn-2

EU" = (1+ ) Upr—
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if m=1, set
EU" = Uo .

We retain the superscript on At because EU" is first-order correct in time during the first
pressure step and second-order during later steps.

The combined time-stepping procedure is a map C:{°¢,...,t"}>M and a map
(U, P):{to, t1, ..., ty} > V¥ X W* defined by

c=C, (3.10a)
cr—C! o o

(d’ At. ’X>+(D(EU WVCL V) +(@GC x)=(4"¢" x), XEM, n=1,
(3.10b)

A(Cr; Up, 0)+ B(v, P) = (y(Ca)Vd, v), vE V*, (3.10c)

B(Um’ W)=_(qm, W), WE Wk’ m;o’ (310d)

where
Anctg oy — metpgy — me1 (4 EU"(X
= o) = o (x- Egridan).

We solve for C°, then (U, Po), then C', C%, ..., C™ such that " = t,, then (U,, P;), and so on.
The convergence analysis will make use of an analogue of £ defined for the exact velocity
u". If f is a function on (2, set

£\ o EU" ‘
flx) = ) = (x - E5E8d o)

the time step " will be clear from the context. Throughout the analysis, K will denote a
generic constant, independent of h., h,, Af. and At,, but possibly depending on constants in
(C), norms in (R), and K, 0 <i <4, Similarly, £ will denote a generic small positive constant.

4. A priori error estimates

In this section we demonstrate that the mixed/modified-characteristic approximation (3.10)
converges at an optimal rate in L*(£2) to the exact concentration for any order of approximat-
ing polynomials (k =0, / = 1). Optimal error estimates for velocity in H(div; £2) and pressure
in L*(02) follow at once from (3.6) and (3.9). Possible extensions of the analysis to estimates in
H'(2) and to modifications of (3.10) will be noted.

THEOREM 4.1. Suppose that the assumptions (R), (C), (AJ), (1), (A,) and (1,) hold. For 1 =1
and k =0, assume that the discretization parameters obey the relations

At.=o(h,),  hI'=0(hy), (A)?=0(h,).  (Ak) =O(h,).
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Then the error of the approximation (3.10) of (1.1) satisfies
max |jc" — C"||< K[h& + 5T + At + (A + (ALY .
0=n<N

The size of the At term depends principally on ||0°c/37%|, where T approximates the characteristic
direction s of (2.1). The sizes of the At, terms depend principally on |du/3t|| and ||6*u/3t%|. The
spatial terms depend principally on the H'"*' and H**' norms in (R).

PROOF. Set ¢ =c—C, = C—- C By (R) and (2.5) it suffices to show that
sup |¢"| < K[hE™ + b5+ At + (A1) + (Mg, @.1)

To obtain a suitable variational equation for £, subtract (2.4) from (3.10b) and manipulate to
the form

(6 5555 x)+ @, ) -

([d) L Eu" Vc”] - ¢ —cn—;—tc:—n-_—l,,\/) +([u" - Eu"]-Vc*, x)

+ (D"~ DEUHIVE, T+ (6 £55—, x)—(§", 0= (@80

At
R )
(¢§“ f“ )+(¢§"-1A;tc£,x), XEMn=>1. 42)

For an L? estimate of ¢, choose y = ¢" as a test function and denote the resulting terms on the
right-hand side of (4.2) by Ty, T, ..., Tu. The inequality a(a — b) = 3(a®— b?) shows that

A6, )= @0, )+ DEUWE V)< T+ Tyt o+ T (43)

We now estimate T, through T, after which the discrete Gronwall lemma will yield (4.1).
For the estimate of T3, let

o(x) =[xy + |Eu"(x)P]">,
so that

¢ o YO T %% (x, 1)
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where 7 approximates the characteristic unit vector s of (2.1). Let 7 € {0, 1] parametrize the
approximate characteristic tangent from (x, ¢")[7 = 0] to (¥, t*"")[7 = 1]. In the same way that
we derived (2.3), we see that ¢(c" — ¢"')/At. is a backward-difference approximation of
o dc"/dt along the tangent. The usual backward-difference error equation, over a 7-segment of
length oAt./¢, is

acn C" - én i (x, £") v - a2c
ar "“‘g“ At a’itc gy T (= TR oz dr @.4)

Multiplying (4.4) by ¢ and taking the square of the L*({2) norm, we obtain

A A & o-AtC?-J'(’”") 3% |2
“ or ¢ At, sf.f} Af][ ¢] (x:"“)a‘fsz dx
3 {x, t")
<At, 5'— -—-—2 * dr dx
& " ‘)
<ae| & a . (rx+(1—7-)x t)j de dx. @.5)

By a change-of-variable argument to be presented in detail in the estimate of Ty, (7% +
(1— 7)x, t) can be replaced by (x, ¢) in (4.5) at the cost of a multiplicative constant. Thus,

|T1| a

A+ K|gm|P . (4.6)

L2n1nL2

In (4.6), note that 7(x,¢) is equal to v(x',¢"), where x' is such that the approximate
characteristic tangent at (x', f") passes through (x, r). The difference between 7(x, t) and the
true characteristic direction could be reduced by a modification of the method, in which £
would be determined by an approximate characteristic polygon corresponding to a partition of
[¢"1, "] into sub-timesteps. This has been done in practice [13] near wells, where u varies
rapidly in space. In any case, for convection-dominated problems the norm of §%c/dr*
appearing in (4.6) is much smaller than the corresponding d%c/df* of standard procedures, so
that time-truncation error is reduced and larger At. is appropriate.

Next, we routinely see that
u ||?

T <" - Burll Vel < Kan | 4

+ Kl P, (4.7)

L3(tm-2, tm3 LY

where £, and ,-, are the previous pressure time levels that define the extrapolation Eu" at
concentration time level ¢". If " <t,, so that Eu" = y, (extrapolation not possible), then the
temporal error term is replaced by K(At3)|0u/0t|}=, 1 13-

For the T; bound, note that by (3.6),

|Eu" — EU"|| < K|[thn1 = Um-ill + Kl|thm-2~ Upn-al|< K[| p | =ast*y, 6éll =err+ainn £
4.8)
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and that by (3.9) and (2.5),

IEU™ - EU™||< Klicm-1~ Cil| + Kllem-2— Crmal|
< K||ém-all + Kl|ém-2fl + Kl|&m-1ll + K| 2]}
< K{llell =t n]h ! + K|Em-ill + K]l -

Thus, using (4.8), (4.9) and the estimate in (4.7),
|Ts| < K{llu" — Eu"ll +|Eu" - EU"||+ |[EU" - EU" IV C" iV ¢

<K(@t) + K[l p =y, lullcarrapl b o>

2
3’ L¥tm-2, tm; L)

+ Kllcll=ren] he? + K| gmal + Kl dm -l + €]V .

The remark after (4.7) about the temporal error term applies here as well.
By (2.6), we have

T <K + K|

Lz(tn—l, o LZ)

Ean

+ K| < K(A‘J_l“ %%

< K@t el oy + KICIP
and (2.5) yields at once

|Ts| < Klllel| =] e + KIIEIF
| Tel < Klig"|F -
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4.9)

(4.10)

(4.11)

(4.12)

The estimates of T, Ts and T fit into the following general picture. Let f be defined on 2;
in the three estimates, f will be ¢, ¢ and ¢, respectively. Let z denote the unit vector in the

direction of EU™ — Eu"™. Then

=@y [ o[ L@ x4 290z 1 #len ox
- L Uol%;((l— B)E+ 2f)dz] [E(u— UY|{" dx,

4.13)

where Z € [0, 1] parametrizes the segment from X to £ and we have used the fact that

£~ % = AMtfEu*(x)~ EU"(x)])/¢(x). Let

g(x)= j ((1 2)X + z£)dz ;
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then we can write three special cases of (4.13),

| TH < llgelle=E( = Uy llllg™l
| Tol < llgellECu — UYllig™ = (4.14)
|Tsl < llgelE @ = Ui le- -

In the T; estimate, we showed that
|E@u— UYy|F < Kh3*?*+ Kh2*? + K||fp -l + K| Gm—al - (4.15)

Since g.(x) is an average of certain first partial derivatives of ¢!, which are bounded by
le™ Ylwe, (4.14) leads to

|| < K|E(u - Uy + K" (4.16)
To bound ||g|| and ||g;|l, we require an induction hypothesis. Assume that

172
U .11L~\[§,] , i=1,2, (4.17)

If concentration time level " coincides with pressure level t,, we verify (4.17) for U, at the
end of the proof. Now note that

1 a -1 . . 2 _
o= [ | L -2+ axaz. @.18)
Define the transformation

Gox)=(1— 2)i+ 28 = x - [E;;(L)) z E(Ud)(”))"Q] At,. (4.19)

Letting  run over the elements in the pressure mesh, (4.18) becomes

lsP<| S [ | L. axaz. (4.20)

The Jacobian of G; is the identity matrix, plus At times terms involving first partial derivatives
of ¢ and Eu (which are bounded) and of EU (which exist on each J; U is discontinuous at
pressure mesh edges). On each 7, the V(EU)At, terms can be bounded by (I,) and (4.17),

2
IV(EU)|AL < Kh | Up_illisAt. < K {Ah:]’ =o(l), 4.21)

since At. = o(h,). Thus
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det DG; =1+ 0(1). 4.22)

Changing variables in (4.20), it then follows that

-aﬁ—(x)l “dx dz. (4.23)

-1
8z

gl =<2 f; ; Li(g)

We also see that G; is a one-to-one mapping on each 7, because (4.19) and (4.21) imply that
|G:(x)~ G:(x")| = |x — x'|[1 - KALV(EU)||e=(s]
= lx = x|(1- o1); (4.24)

furthermore, G; maps 7 into itself and its immediate-neighbor elements, since

|G:(x) ~ x| = At, {O(l)+ 0 [[i}i]l/z“
= O(At) + O[h2At¥?]
N (4.25)

Hence, G; is globally at most finitely-many-to-one (with repetition factor bounded by the
number of neighbors of an element) and maps {2 into itself and its immediate-neighbor
periodic copies. This implies that the sum in (4.23) is bounded by finitely many multiples of an
-integral, so that

llge I < Kfjwr~i . (4.26)

We now apply (4.26) to (4.14) and use an argument of Douglas [5]. Douglas cites a theorem
of Bramble [1] which, since {” is a test function in two dimensions, implies that

¢ =< Kllog h["|¢"|h - @.27)
By (4.14), (4.26), (4.27} and (2.5), we have

|Tol < K[[V¢" | E(u — U)y{lltog hel¢ I
< KhZ'llog h||E(u - UY'|*+ ell¢"[F
<K[E@-Uy|F+elm|i. (4.28)

From (4.15), it is clear that [|[E(u— U)"[|= o(llog h™'?), since our theorem will prove (in-
ductively) that |£,, .|| = O[R{™ + hEY + At + (A13)? + (At,¥]. Thus, emulating (4.28),

|Ts| < KIE(u - UY|llog he/*1¢" |1}
<e|¢|li- (4.29)
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Combining (4.15), (4.16), (4.28) and (4.29), we have
| Tol+ | Tl + | To| < Khg*? + Kh& + KllfmalP + Kl + K| P+ el7I7. 4.30)

Before estimating Ty, we examine (4.13). The difference (f" — f*"Y/At, behaved like a
spatial derivative of f times |£ — £|/At.. Similarly, we expect (£"1 — £""1)/At. in T}, to be like a
spatial derivative of ¢ times |x — X|/At, = |Eu™(x)|/¢(x) = O(1). To obtain an optimal (O(hl™"))
L? error estimate, we must therefore use an H™* norm on (£"~' — £""%)/At. and an H' norm on
the function ¢{". We have

I £

ey EWX),, .
Gx)=X=x 50) At

n~1_. Fn—1

ngl_ e {m‘ f [ ) - & ‘(x)}f(x)dx] (4.31)

Set

by periodicity, G may be considered as a differentiable mapping of £ into itself. We claim that
G is in fact a differentiable homeomorphism of {2 onto itself.

First we note that analogues of (4.22), (4.24), and (4.25), with O(At.) in place of o(1) and
o(h,), hold for G; they are easier to demonstrate, since U is not involved and G is smooth. It
follows from the analogue of (4.22) and the inverse function theorem that G is locally a
differentiable homeomorphism onto its image, and the analogue of (4.24) shows that G is
globally one-to-one. Since {2 is compact, G is a closed one-to-one mapping of 2 and is
therefore globally a homeomorphism onto its image. It remains only to show that G is onto.
Let 0 be the union of £ and its neighboring periodic coples and suppose that there exists
xo € {2 such that x, & G{£2). Let I be a loop in £ wrapping around x, at distance greater than
|Eu/¢|l-At. from x, and 3. By the G-analogue of (4.25), G(I') still wraps around
X0 & G(€2). But G(f2) is simply connected since 2 is, so we have a contradiction. This proves
the claim.

Thus, we can change variables in (4.31) and write

| i‘tﬁ‘ﬁ“ | =5 (g L e wree
- L £1(x)f(G(x)) det DG(x)"* de
< Zl?;fseug [W%“—l fn £71(x)f (01 - det DG(x)] dx]

+arsup [ | €79~ F(G ()] det DG x|
=W,+ W,. 4.32)

The G-analogue of (4.22), with O(At.) instead of o(1), yields
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| Wil <K sup [lg IIF M1 < Kl . @33)

A bound for det DG(x)™' and an argument like (4.13) lead to

Wy < A%c sup [ﬁ Jn £ (g 300k — G dx | (4.34)

feEH
where

1
* g 5 * - 5 * 5 %
g1 = [ Lo (- 29670+ 2x)dz
and z* is the unit vector in the direction of x — G™'(x). By the G-analogue of (4.25), we have
|x — G'(x)| < KAt. . (4.35)

Since G™' is continuous and differentiable, a simpler global version of the argument leading to
(4.26) tells us that

lg 7t =< KIIfll - (4.36)
Combining (4.34), (4.35) and (4.36), we have

|Wal < KIlg"|. (4.37)
By (4.32), (4.33), (4.37) and (2.5), we have the estimate

| Thol < Kh2*2+ €|12"|13. (4.38)
The same argument gives

| Tul < K[lg" P + ell¢"|I% - (4.39)

We now combine (4.3) with the estimates (4.6), (4.7), (4.10), (4.11), (4.12), (4.30), (4.38) and
(4.39) to see that

A0, ) @0, ]+ (DEU 2 Vo)<
< K(lell=ar=s)h 22+ Kliclzrer, o 22 (AL)

+ K (| p |l =g+, Jull cogarsamnp)h 262

¥c|? 9%u
ar? L, :';Lz)Atc-!-K at

+ KI|¢" + K+ Klldm-alf + Klm-alF + e[V - (4.40)

2

+ K

@Ay

L(tm-2, tm; L)
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If " <1, the remark after (4.7) applies. Multiply (4.40) by A¢. and sum on n, noting that the
(At,Y’, Lm-1 and {.-» terms repeat At,/At, times and that the (Ati)? term of the remark after
(4.7) repeats Aty/At. times. The e term hides on the left-hand side of (4.40), and the ¢ terms
disappear by the discrete Gronwall lemma (with an obvious generalization to cover the
2 ||lZ.|PAt, term) at the cost of a multiplicative constant. Since ¢° = 0, we obtain

max [P+ X [V PAL < K(h2*2 + h22 + (ALY + (AL + (At)Y), 4.41)

from which (4.1) follows at once.
It remains to check the induction hypothesis (4.17), if t" = ,,. We have, by (3.7), (I,), (3.9),
(2.5) and (4.41), that
Ul < 1 Unll=+ U = Ul
<K+ Kh YU, - U,
<K+ KhpYc, — G,
<K+ Kh;'(l¢"]+17[l)
<K+ Khy'[hE + hET + A+ (A2 + (At )
<[
At,

for h, sufficiently small, since At.= o(h,) and the other terms in parentheses are O(h,). This
completes the proof. [

]”2 4.42)

By combining Theorem 4.1 with (3.6) and (3.9), we obtain at once the following result.

COROLLARY 4.2. Under the assumptions of Theorem 4.1, the errors in velocity and pressure
are bounded by

max(tm — Unllstiv oy + [P = Pull) < K[ + B3 + At + (A1) + (ALY -

Extensions and remarks. Of the mesh restrictions in Theorem 4.1, the only significant one
is At. = o(h,), and it is important only in the case k = 0. We would prefer to be able to choose
At.= O(h,) in that case. If the pressure mesh is uniform, this minor difficulty can be
circumvented with a postprocessing method of Douglas [7]. In that work, the computed
velocity U is convolved with a Bramble-Schatz kernel [2, 3] that takes advantage of supercon-
vergent points to double the global order of accuracy in h,. It is clear that the proof of
Theorem 4.1 would go through with this higher order, so that the requirement At. = o(h,)
would become insignificant even when k = 0.

As we noted after (4.6), the modified method of characteristics reduces the time-truncation
error of standard procedures. We see also in (4.40) that the mixed method causes most error
terms that would otherwise be pressure-dependent to depend on norms of the velocity, which
is a smoother function. Numerical computations {13] have shown that this combination of
methods can use long time steps; the approximations improve over those of standard schemes
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from the viewpoints of stability, rotation invariance, and avoidance of numerical dispersion.

It is possible to obtain an optimal-order error estimate in H'(§2) by using the test function
({" - ¢"Y)/A¢L. in (4.2). The proof is a straightforward modification of the proof of Theorem 4.1
if the diffusion-dispersion coefficient D is independent of velocity (i.e., if it represents
molecular diffusion only). In the velocity-dependent case considered here, a lengthy argument
based on summation by parts in time is necessary to handle the analogue of T; in Theorem
4.1. It is also possible to incorporate into the analysis an approximate solution of the algebraic
equations, such as preconditioned conjugate-gradient iteration, at each time step. The tech-
niques needed to analyze these extensions have appeared in [12, 17].

It should also be possible to extend the results to three space dimensions. To obtain (2.7)
and (3.7), we would have to assume ¢ € L*(H?), p € L*(H?), and u € L*(H*(div)). We would
have to replace k' by h;*” in (4.42), At = o(h,) by At = o(h}?) in Theorem 4.1, and (k,/Az.)"
by h;"?[h/AL]? in (4.17). Then (4.21), as modified, would still hold. Assuming that (4.27)
could be replaced by O[h:"?|log h.{[|{"[li]}, we would replace 2 by 2/—1 in (4.28) and the
entire proof would still go through. The tightened restriction At = o(h)*) would be serious
when k = 0, making the postprocessing procedure mentioned above potentially useful in that
case.

Acknowledgment

Much of this work traces back to ideas of Jim Douglas, Jr., who has influenced all of the
authors greatly. The second author thanks the management of Marathon Oil Company for

permission to publish this paper. The first author is supported in part by the U.S. Army
Research Office.

References

[1] J.H. Bramble, A second-order finite difference analog of the first biharmonic boundary value problem, Numer.
Math. 4 (1966) 236~249,

{2] 1.H. Bramble and A H. Schatz, Estimates for spline projections, RAIRO Anal. Numér, 10 {1976) 5-37.

[3}] 1.H. Bramble and A.H. Schatz, Higher order local accuracy by averaging in the finite element method, Math.
Comp. 31 {1977) 94~111.

[4] F. Brezzi, On the existence, uniqueness and approximation of saddle-point problems arising from Lagrangian
multipliers, RAIRO Anal. Numér. 2 (1974) 129-151.

[5] J. Douglas, JIr., Simulation of miscible displacement in porous media by a modified method of characteristic
procedure, in Numerical Analysis, Dundee 1981, Lecture Notes in Mathematics 912 (Springer, Berlin, 1982).

[6] J. Douglas, Jr., Finite difference methods for two-phase incompressible flow in porous media, SIAM J. Numer,
Anal. 20 (1983) 681696,

[7] J. Douglas, Jr., Superconvergence in the pressure in the simulation of miscible displacement, Paper 814/83,
Laboratdrio de Computagio Clentffica, Brazil, 1983,

[8] J. Douglas, Jr., R.E. Ewing and M.F. Wheeler, Approximation of the pressure by a mixed method in the
simulation of miscible displacement, RAIRO Anal. Numér. 17 (1983) 17-33.

[9] J. Douglas, Jr., R.E. Ewing and M.F. Wheeler, A time-discretization procedure for a mixed finite element
approximation of miscible displacement in porous media, RAIRO Anal. Numér. 17 (1983) 249-265.

[10] J. Douglas, Jr. and T.F. Russell, Numerical methods for convection-dominated diffusion problems based on

combining the method of characteristics with finite element or finite difference procedures, SIAM J. Numer.
Anal. 19 (1982) 871--885.



92 R.E. Ewing et al., Analysis of an approximation of miscible displacement

[11] T. Dupont, G. Fairweather and J.P. Johnson, Three-level Galerkin methods for parabolic equations, SIAM J.
Numer. Anal. 11 (1974) 392-410.

[12] R.E. Ewing and T.F. Russell, Efficient time-stepping methods for miscible displacement problems in porous
media, SIAM J. Numer. Anal. 19 (1982) 1-67.

[13] R.E. Ewing, T.F. Russell and M.F. Wheeler, Simulation of miscible displacement using mixed methods and a
modified method of characteristics, Paper SPE 12241, Proceedings, Seventh SPE Symposium on Reservoir
Simulation (Society of Petroleum Engineers, Dallas, TX, 1983) 71-81.

{14] R.E. Ewing and M.F. Wheeler, Galerkin methods for miscible displacement problems with point sources and
sinks—unit mobility ratio case, Proceedings of the Special Year in Numerical Analysis, Lecture Notes No. 20
(Univ. of Maryland, College Park, 1981) 151-174.

[15] O. Pironneau, On the transport-diffusion algorithm and its application to the Navier-Stokes equations, Numer.
Math. 38 (1982) 309-332.

[16] P.A. Raviart and J.M. Thomas, A mixed finite element method for second order elliptic problems, in:
Mathematical Aspects of the Finite Element Method, Rome 1975, Lecture Notes in Mathematics 606 (Springer,
Berlin, 1977).

[17] T.F. Russell, An incompletely iterated characteristic finite element method for a miscible displacement
problem, Ph.D. Thesis, University of Chicago, 1980; SIAM J. Numer. Anal., submitted.

[18] T.F. Russell and M.F. Wheeler, Finite element and finite difference methods for continuous flows in porous
media, in: R.E. Ewing, ed., The Mathematics of Reservoir Simulation (SIAM, Philadelphia, PA, 1984) Ch. 2.

[19] M.F. Wheeler, A priori L; error estimates for Galerkin approximations to parabolic partial differential
equations, SIAM J. Numer. Anal. 10 (1973) 723-759.



